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1 3.  ABSTRACT  (Maximum  200  words) 

This  is  the  third  time  for  worldwide  DNS/LES  experts  to  get  together  to  introduce  research  progress,  exchange  ideas,  and 
discuss  future  research  directions  since  the  US  Air  Force  Office  of  Scientific  Research  (A.FOSR)  sponsored  the  First  AFOSF. 
International  Conference  on  DNSILES  (FAICDL)  at  Louisiana  Tech  University  in  1997.  The  second  conference  was  held  at 
Rutgers  -  The  State  University  of  New  Jersey  in  1999. 1  am  very  pleased  that  many  scientists  and  engineers  are  interested  in 
this  conference.  I  have  received  over  90  regular  papers,  in  addition  to  19  invited  papers.  It  clearly  shows  that  the  DNS/LES 
community  is  much  larger  than  ever  before. 

Significant  progress  has  been  achieved  during  the  past  decade.  It  is  difficult  to  give  a  complete  review  in  this  area.  People 
may  take  a  reference  from  reviews  by  Moin  &  Mehesh  (1998)  for  DNS  and  Leseiur  &  Metais  (1996)  and  Piomelli  (1999)  for 
LES.  Sagaut  (2000)  just  published  a  LES  book,  which  gives  discussions  on  many  issues  related  to  LES.  It  is  also  very 
difficult  to  invite  all  of  the  important  contributors  to  give  invited  lectures  for  the  conference.  During  this  conference, 

Germano  will  give  a  review  on  LES;  Visbal  and  Gatski  will  talk  about  Air  Force  and  NASA  needs  on  DNSILES  and  their 
applications;  Sagaut,  Kato,  and  Shan  will  talk  about  complicated  configurations  and  industrial  application;  Jolsin  will  talk 
about  DNS  for  flow  control;  Adams  and  Thong  about  high  speed  flow  transitions;  Givi  about  LES  for  reacting  flow,  Shu  and 
Jiang  about  high  order  discretization,  Karniadakis  about  DNS  for  unstructured  grids;  Vasilyev  about  some  important  LES 
constrains.  In  addition,  Knight,  Piomelli,  Satofuka,  Verstappen  will  also  give  lectures  about  their  own  distinguished  work. 
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Third  AFOSR  International  Conference  on 
Direct  Numerical  Simulation  and  Large  Eddy  Simulation 

(TAICDL) 

University  of  Texas  at  Arlington 
August  5-9, 2001 


1.  Conference  Location  and  Date: 

The  conference  was  held  at  Nedderman  Hall,  University  of  Texas  at  Arlington  on 
August  5-9,  200 L  The  conference  chairperson  is  Chaoqun  Liu,  Professor  of  UTA  and  PI 
of  this  grant. 

2.  Conference  Participants: 

The  conference  attracted  104  participants  from  15  countries  and  regions  all  over  the 
world.  Dr.  Tom  Beutner  from  AFOSR  attended  the  conference  and  gave  a  welcome 
speech  at  the  opening  ceremony.  A  foil  list  of  all  participants  is  attached  as  appendix  A. 

3.  Conference  Presentations  and  Proceedings: 

We  have  18  invited  papers  (appendix  B)  and  70  regular  contributions.  Most  of  invited 
speakers  are  worldwide  recognized  experts.  A  conference  schedule  can  be  found  from  the 
attached  abstracts  book.  All  papers  presented  in  the  conference  have  been  collected  as  a 
book  titled  as  ‘DNS/LES  -  Progress  and  Challenges’  and  edited  by  Liu,  Sakell,  and 
Beutner,  which  is  published  by  Greyden  Press,  a  scientific  publisher  at  Columbus,  Ohio. 

4.  Scientific  advisory  committee: 

The  committee  consists  of  30  people  form  14  countries  including  Dr.  Sakell  and  Dr. 
Herklotz  from  AFOSR.  Most  of  committee  members  are  worldwide  well-known  experts 
on  DNS/LES.  A  committee  member  list  is  attached  as  appendix  C. 

5.  Local  organizing  committee: 

The  local  committee  was  formed  by  9  personnel  from  UTA.  Most  of  them  are  UTA 
students.  A  committee  member  list  is  attached  as  appendix  D. 

6.  Sponsorship: 

AFOSR  International  Conference  on  Direct  Numerical  Simulation  (DNS)  and  Large 
Eddy  Simulation  (LES)  is  a  major  international  conference  focused  solely  on  the 
development  and  application  of  DNS  and  LES,  and  sponsored  by  the  US  Air  Force 
Office  of  Scientific  Research  (AFOSR).  AFOSR  provided  a  grant  of  $15,000,  Lockheed- 
Martine  Aeronautics  gave  a  support  of  $5,000  in  cash,  and  UTA  provided  space, 
equipment,  and  secretary  support  for  the  conference. 

7.  Conference  History: 

The  first  conference  was  held  in  August  1997  at  Louisiana  Tech  University,  Ruston, 

LA.  The  written  papers  were  published  in  ‘Advances  in  DNS/LES,’  Greyden  Press,  1997. 
The  second  conference  was  held  on  June  7-9,  1999  in  Rutgers  -  The  State  University  of 
New  Jersey,  New  Brunswick,  New  Jersey.  Contributions  were  published  in  ‘Recent 
Advances  in  DNS  and  LES’,  Kluwer  Academic  Publishers,  1999. 
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Delft  University  of  Technology 
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The  Netherlands 

Tel:  +31  15  2787979 

Fax:  +31  15  2782947 

Email:  b.j .boersma@wbmt.tudelft.nl 

Braun,  Carsten 
Mechanics  Department 
RWTH  Aachen,  Templegraben  64 
Aachen  52062,  Germany 
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Email:  carsten@lufinech.rwth- 
aachen.de 


Amati,  Giorgio 
CASPUR 
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Italy 
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Avancha,  Ravikanth 
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Iowa  State  University 
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USA 
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Purdue  University 
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USA 
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Chem,  Shuhyi 
Lockheed  Martin 
P  O  Box  179 
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Denver,  CO.  80201 
USA 

Tel:  303-971-4279 

Email:  shuhyi .v.chem@lmco.com 


Chyczewski,  Thomas 
Applied  Research  Laboratory 
Penn  State  Univ. 

P  0  Box  30 

State  College,  PA  16804 
USA 

Tel:  814-865-2251 
Fax:  814-865-8896 
Email:  tsc@wt. arl.psu.edu 


De  Lange,  H.C. 

Section  Engergy  Technology 
Dept,  of  Mechanical  Engineering 
Eindhoven  University  of  Technology 
PO  Box  513  (wh  3.128) 
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Deng,  Shutian 
Department  of  Mathematics 
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USA 
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Engineering 
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Das,  A. 
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Applied  Mechanics 
Univ.  of  Illinois 
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Tel:  217-333-3578 
Email:  arupdas@uiuc.edu 


Debliquy,  Olivier 
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De  Stefano,  Giuliano 
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DNS/LES  PERSPECTIVE 


(Preface  for  TAICDL  Proceedings) 

CHAOQUN  LIU,  PhD 
Professor  and  TAICDL  Chairman 
Department  of  Mathematics,  University  of  Texas  at  Arlington 
Arlington ,  TX  76019-0408,  USA 
September  1 5,  2001 

For  the  third  time  in  the  last  four  years,  DNS/LES  experts  from  all  over  the 
world  gathered  at  the  University  of  Texas  at  Arlington  for  the  Third  AFOSR 
International  Conference  on  DNS/LES  (TAICDL)  to  introduce  research 
progress,  exchange  ideas,  and  discuss  future  research  directions.  The  US  Air 
Force  Office  of  Scientific  Research  (AFOSR)  sponsored  the  First  AFOSR 
International  Conference  on  DNS/LES  (FAICDL)  at  Louisiana  Tech  University 
in  1997.  The  second  conference  was  held  at  Rutgers  -  The  State  University  of 
New  Jersey  in  1 999.  The  number  of  papers  I  received  this  time,  In  fact  more  than 
90  regular  papers  and  18  invited  papers  were  received,  clearly  demonstrates  the 
tremendous  growth  in  the  research  on  DNS  and  LES. 

Not  so  long  ago,  catching  the  shocks  and  small  vortices  by  a  single  high 
order  scheme  was  considered  the  Holy  Grail.  Now  it  has  become  reality  (Joslin, 
Pruett,  TAICDL;  Adams,  Shu,  Jiang,  TAICDL).  Real  engineering  applications 
using  LES  was  another  overriding  concern  in  the  eyes  of  scientists  and  engineers, 
but  has  been  reported  by  a  number  of  authors  at  TAICDL  (e.g.  Kato,  Sagaut, 
TAICDL).  Significant  progress  has  been  achieved  during  the  past  decade.  For  a 
more  complete  review,  people  may  read  review  papers  by  Moin  &  Mehesh 
(1998)  for  DNS  and  Leseiur  &  Metais  (1996)  and  Piomelli  (1999)  for  LES. 
Sagaut  (2000)  just  published  a  LES  book  which  gives  discussions  on  many 
issues  related  to  LES.  However,  it  was  not  possible  to  invite  all  of  the  important 
contributors  in  this  field  to  give  invited  lectures  for  the  conference.  Some  of  the 
highlights  in  invited  talks  presented  during  this  conference  included:  Germano, 
review  on  LES;  Visbal  and  Gatski,  Air  Force  and  NASA  needs  on  DNS/LES  and 
their  applications;  Sagaut,  Kato,  and  Shan,  complicated  configurations  and 
industrial  applications;  Jolsin,  DNS  for  flow  control;  Adams  and  Zhong,  high 
speed  flow  transitions;  Givi,  LES  for  reacting  flow;  Vasilyev,  some  important 
LES  constraints;  Shu  and  Jiang,  high  order  discretization;  Kamiadakis,  DNS  for 
unstructured  grids;  Knight,  unstructured  LES  for  supersonic  turbulent  flow; 
Piomelli,  immersed  boundary  technique;  Satofuka,  Lattice  Boltzmann  method; 
and  Verstappen,  symmetry-preserving  discretization. 

Besides  the  outstanding  invited  talks,  many  excellent  papers  on  a  wide 
variety  of  topics  are  included  in  this  volume.  These  papers  address  numerical 
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methods,  new  filters  and  subgrid  models,  applications  in  flow  transition, 
chemical  reaction,  aero-acoustics,  geophysical  flow,  flow  around  automobiles 
and  constructions,  and  other  engineering  applications.  I  particularly  note 
important  work  done  by  Pruett,  Pantelis,  Layton,  and  De  Stefano  who  gave 
important  comments  on  LES  from  a  mathematical  point  of  view.  Moser,  Wang, 
and  Yee  also  introduced  their  new  ideas  and  methods.  There  is  no  doubt  that  we 
are  now  understanding  the  mathematical  foundation  for  LES  and  DNS  much 
better  than  ever  before.  While  many  authors  are  focusing  on  the  consistency 
between  the  filter  and  subgrid  models,  we  also  need  to  observe  the  consistency 
between  the  LES  method  and  numerical  discretization. 

The  feasibility  of  numerical  simulation  for  fluid  flow  using  Navier-Stokes 
system  is  based  on  the  following  two  assumptions: 

1.  The  time  dependent  Navier-Stokes  equations  are  the  governing  system  for 
both  laminar  and  turbulent  flow. 

2.  The  time  dependent  Navier  Stokes  equations  have  a  unique  solution. 

After  more  than  one  hundred  years  of  effort  in  developing  effective  flow 
prediction  methods  for  transitional  and  turbulent  flow,  we  are  still  far  away  from 
the  end  and  still  face  serious  obstacles.  The  Reynolds  averaged  Navier-Stokes 
(RANS)  (see  Speziale,  1991)  approach,  which  is  widely  used  by  the  industry,  can 
only  predict  the  mean  value,  but  does  not  provide  useful  information  for 
instantaneous  quantities,  which  is  important  for  many  time  dependent  processes 
like  flow  transition,  aero-acoustics,  wakes,  separations,  shock-boundary  layer 
interaction,  active  flow  control,  interaction  between  fluid  flow  and  structures,  etc. 
Even  for  the  mean  value,  RANS  has  closure  problems  and  the  RANS  model  is  in 
general  empirical  and  case  related.  Most  popular  eddy  viscosity  models  assume 

uV  =  v  (—  +  — )  ,  here  u  and  v  are  mean  values  and  u'  and  v'  are 
•  '  dy  dx 

fluctuations,  but  modem  fluid  mechanics  has  found  that  there  is  no  such  a 
correlation  even  for  very  basic  flows,  which  means  RANS  eddy  viscosity  models 
do  not  have  any  solid  scientific  foundation.  People  realize  that  we  have  to  use 
direct  numerical  simulation  (DNS)  (Orszag,  S.  A.  &  Patterson,  G.  S.,  1972;  Moin 
and  Mahesh,  1998)  to  resolve  all  important  time  dependent  scales.  However,  it 
will  lead  to  extremely  high  computational  cost.  Then  the  large  eddy  simulation 
(LES)  (Lilly,  1966;  Leseiur  &  Metais,  1996;  Sagaut,  2000)  is  the  most  promising 
choice  for  the  near  future.  However,  LES  is  not  very  matured  yet.  First,  LES  still 
needs  very  fine  grids  and  very  small  time  steps  for  engineering  applications, 
otherwise  LES  will  meet  the  same  problem  as  RANS,  and,  second,  the  subgrid 
model  is  still  not  very  reliable. 

Let  us  first  take  a  look  at  a  typical  LES  (RANS  is  similar)  process.  The 
original  incompressible  N-S  equation  can  be  written  as: 
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A  LES  low-pass  filter  can  be  defined  as  a  convolution  product: 

Q(X,t)=rr4>(£,oG(x-;,t-t')dt'd3z  (2) 
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Assume  the  filter  is  commutable,  we  can  obtain  the  following  filtered  N-S 
system: 
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There  is  a  unknown  term  representing  the  unresolved  scales: 
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Let  us  use  a  term,  XM  ,  to  represent  the  subgrid  scale  (SGS)  model  we  use,  we 
have 

3m.  3m.  h  3 2 m .  dp  .  .  _ 
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dx:  dx; 


We  then  use  the  finite  difference  method  to  discretize  the  filtered  N-S  system: 
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where  T{  h  is  the  truncation  error  and  A  represents  the  finite  difference  operator. 
The  discretized  system  for  an  approximation  is  given  by 
Av.  Avf  Vj  A2v,.  A  P 


At 


Ax, 


At 


A  2  •  A  +  V*  =0 

Ax ..  Ax; 
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where  v  ^  u ,  in  general. 


The  idea  case  is  that  Xu  h  -  XMh  +  Xih  =  0  and  we  can  then  obtain  the  exact 
solution  for  the  filtered  large  scales.  However,  it  is  very  difficult  to 
get  Tu,h  ~~TM,h  +r/,Ai  =  0  because  Xuh  and  Xih  are  not  predictable  while 

XM  h  is  specified  by  the  resolved  scales.  The  requirement  to  avoid  a  case-related 
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and  grid-related  solution  should  include  that,  first,  Tv  h  is  very  small  and, 

second,  the  first  two  terms  have  higher  orders  than  the  last  term,  which  obviously 
requires  the  use  of  very  fine  grids  to  resolve  most  of  the  important  scales  and 
very  accurate  subgrid  models.  For  flow  instability  and  transition  problems,  the 
dominant  scales  are  comparable  with  the  grid  size,  which  means  Ty  h  is  trivial, 

and  the  perturbation  is  very  small  in  magnitude.  The  high-order  accuracy  of  the 
schemes  is  then  essential  in  catching  physics.  However,  for  turbulent  flow 
especially  for  high  Reynolds  number  flows  with  complex  geometry,  the 
unresolved  scales  are  important  and  large  in  magnitude,  in  other  words,  Ty  fl  \s 

large.  We  cannot  achieve  fourth  or  higher  order  accuracy  if  the  SGS  model  is  not 
very  accurate  although  a  fourth  or  higher  order  scheme  is  used.  Numerical 
experiment  (Visbal  et  al,  2001)  has  shown  a  fourth  or  higher  order  is  necessary 
for  even  a  simple  vortex  development  case.  Unless  we  use  an  extremely  fine 
grid,  we  need  to  use  at  least  fourth-order  schemes  for  large  eddy  simulation  if  we 
really  want  to  resolve  large  scale  modes  accurately. 

We  must  also  consider  what  experimental  data  is  needed  to  validate  or 
advance  the  LES  simulations.  In  this  regard,  some  of  the  data  available  for 
RANS  validation  is  not  suitable  for  LES  validation.  In  particular,  it  is  important 
to  compare  LES  simulations  with  instantaneous  experimental  data  before  the 
LES  can  be  a  useful  tool  for  flow  prediction  and  design.  Most  people  believe  we 
should  select  some  fundamental  flow  with  simple  geometry  but  some  complex 
physics  (Piomelli,  Sagaut,  TAICDL),  channel  flow  or  cavity  flow  for  example. 
There  is  a  serious  question  of  how  to  document  the  inflow  condition  for  LES? 
There  will  not  be  any  significant  validation  if  LES  uses  a  different  inflow 
condition  from  the  measured  one.  We  also  have  serious  problems  in  the  near  wall 
region  where  we  cannot  resolve  the  extremely  small  but  very  important  scales  for 
the  wall  bounded  flow  with  high  Reynolds  numbers  and  complex  geometries. 
We  need  ‘wall  modeling’.  Some  methods  have  been  proposed  which  use  RANS 
for  the  near  wall  region  and  LES  for  others,  but  some  people  argued  we  will  meet 
the  same  problem  with  RANS  again  and  it  is  difficult  to  match  RANS  results 
with  LES  simulations.  The  problem  is  particularly  important  for  industrial 
applications  and  cannot  be  bypassed  (Piomelli,  TAICDL). 

There  are  still  a  number  of  other  questions  regarding  current  LES 
approaches: 

1.  What  kind  of  filter  we  should  use  based  on  the  low-pass  property  and 
computation  cost? 

2.  Can  we  use  the  same  SGS  model  (e.g.  Smagorinsky)  for  all  different 
filters  when  the  filtered  subgrid  scales  are  quite  different? 
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3.  Should  the  unresolved  term,  Xuh ,  and  the  SGS  model  term,  XMh ,  have 
the  same  or  higher  order  than  the  truncation  error,  Xih  ,  when  a  fourth  or 
higher  order  is  preferable  for  LES? 

4.  How  to  use  the  filter  and  subgrid  model  set  for  non-uniform  grid  and 
complex  configurations? 

Frankly,  it  is  very  difficult  to  find  industrial  interest  if  we  cannot  reduce  the 
DNS/LES  cost.  A  coarse  grid  DNS  (CGDNS)  or  coarse  grid  LES  without 
explicit  filter  and  subgrid  model  were  tried  by  a  number  of  authors.  For  DNS, 
XUh  =  0  and  XMh  =  0  ;  In  CGDNS,  XUh  *0  but  XM  h  =  0  ;  In  any  case, 

xt  h  ^  0  .  CGDNS  has  been  successful  in  many  applications  such  as  low 
Reynolds  number  channel  or  flat  plate  flow,  receptivity,  flow  instability,  flow 
transition,  noise  prediction,  etc.  because  Xu  h  is  small.  Here  CGDNS  means 

using  a  grid  acceptable  by  currently  available  computers.  The  high-order 
schemes  and  adaptive  grids  then  become  critical  for  CGDNS  in  achieving  a 
maximum  resolution  and  accuracy  with  limited  computational  resources.  Sagaut 
(TAICDL)  points  out  we  need  CGDNS  and  Germano  (TAICDL)  emphasizes  we 
should  study  why  it  works  without  SGS  model.  One  possible  answer  is  ‘no 
model  is  better  than  bad  models  for  complex  geometry  but  rather  coarse  grids’. 
Therefore,  we  should  improve  SGS  models  which  will  lead  to  better  results  than 
CGDNS.  In  order  to  do  it,  we  need  cooperation  among  researchers  (Germano, 
TAICDL). 

My  prediction  on  future  flow  simulation  is  as  follows: 

1.  RANS  will  continue  to  be  used  heavily  by  industry  due  to  its  low  cost 
while  RANS  models  have  no  solid  theoretical  foundation  and  are  grid  related  and 
case  related. 

2.  LES  will  be  more  and  more  applied  not  only  for  basic  research,  but  also 
for  some  engineering  applications.  However,  consistency  between  filter,  subgrid 
model,  and  numerical  disretization  should  be  studied  and  more  reliable  sets 
should  be  developed.  Critical  experiments  for  some  fundamental  time-dependent 
flows  should  be  conducted  and  documented  for  validating  the  LES  simulations. 

3.  DNS  will  continue  to  play  roles  in  prediction  for  flow  instability,  flow 
transition,  flow  separation,  flow  control,  fluid  flow  and  structure  interaction,  and 
low  Reynolds  number  turbulent  flow  as  the  computer  capability  increases  and 
numerical  methods  advance. 

4.  Coarse  grid  DNS  or  coarse  grid  LES  without  explicit  filter  and  subgrid 
model  for  acceptable  DNS  or  LES  results  will  be  sought  for  engineering 
applications. 
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5.  Large  scale  DNS  and  LES  will  be  continued  for  basic  research  and  as  a 
database  for  turbulence  modeling. 

6.  More  advanced  numerical  algorithms  and  computing  technologies  will  be 
developed  which  will  allow  us  to  use  more  grid  points  and  get  more  accurate 
results  especially  for  shocks  and  other  discontinuities. 

In  closing,  I  would  like  to  express  my  appreciations  to  all  of  the  TAICDL 
Scientific  Committee  and  Paper  Review  Committee  members  for  their  faithful 
services  and  all  of  the  invited  speakers  for  their  outstanding  work  and  lectures.  I 
am  grateful  to  Beverly  Higbee  and  all  of  the  local  committee  members  for  their 
hard  work.  I  also  like  to  thank  all  of  the  participants  for  their  contributions.  I 
appreciate  the  financial  support  and  sponsorship  of  the  Lockheed-Martin  tour 
from  Lockheed  Martin  Aeronautics.  In  particular,  I  would  like  to  thank  Dr. 
Sakell,  Dr.  Herklotz,  Dr.  Beutner  and  the  Air  Force  Office  of  Scientific  Research 
for  their  sponsorship  which  makes  this  international  conference  possible. 
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Abstract.  In  the  paper  the  different  current  approaches  to  the  Large  Eddy 
Simulations  of  turbulent  flows  are  examined  and  critically  discussed.  A  LES 
is  usually  defined  as  a  numerical  computation  in  which  some  scales  are  cap¬ 
tured  and  others  are  modelled,  but  different  procedures  are  used  for  such 
decomposition.  As  regards  the  modeling  of  the  unresolved  scales  they  are 
in  the  paper  tentatively  classified  as  exact  modeling  and  statistical  model¬ 
ing.  A  third  procedure,  the  dynamic  modeling  is  examined  as  a  technique 
based  on  the  use  of  general  relations  that  connect  the  subgrid  scale  turbu¬ 
lent  stresses  at  different  levels.  Their  implementation  to  standard  models, 
like  the  Smagorinsky  eddy  viscosity  one,  can  improve  the  results  and  can 
efficiently  extend  the  range  of  their  application.  The  connections  between 
LES  and  RANS,  the  simulations  based  on  the  Reynolds  Averaged  Navier- 
Stokes  equations,  are  finally  examined  and  some  critical  issues  related  to 
the  extraction  of  the  statistical  averages  from  LES  databases  are  discussed. 


1.  Introduction 

An  overview  of  the  many  approaches  that  can  be  classified  as  Large  Eddy 
Simulations,  (LES),  of  turbulent  flows,  cannot  be  done  without  considering 
the  limiting  procedures  of  the  Direct  Numerical  Simulation,  (DNS),  and 
the  Reynolds  Averaged  Navier-Stokes  Simulation,  (RANS).  If  compared 
with  the  complex  scenario  of  different  definitions,  filtering  operators,  trun¬ 
cations  and  models  adopted  by  the  current  different  LES  techniques,  these 
two  asymptotic  approaches  to  the  simulation  of  turbulent  flows  should  ap¬ 
pear  well  defined,  consolidated  basic  points,  but  that  is  far  from  true.  As 
regards  the  Reynolds  averages  the  only  thing  that  we  can  say,  following 
Frisch  (1995),  is  that  for  the  m,oment  the  partial  understanding  of  chaos  in 
deterministic  systems  gives  us  the  confidence  that  a  probabilistic  descrip- 
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tion  of  turbulence  is  justified ,  and  as  regards  the  DNS  it  is  important  to 
remark  with  Lee  (1995)  that  an  instantaneous  flowfield  of  direct  numerical 
simulation  must  be  viewed  not  as  the  true  solution  of  the  Navier  Stokes 
equations,  but  only  as  a  snapshot  of  the  evolving  flowfield  at  some  fictitious 
time.  Uncomfortable  as  it  can  be,  anyway  we  can  only  conclude  with  Lee 
(1995)  that,  due  to  the  chaotic  nature  of  the  turbulent  field,  the  only  viable 
outcome  of  both  approaches ,  DNS  and  RANS,  is  prediction  of  the  aver¬ 
aged  flow  quantities ,  and  that  is  only  the  beginning  of  a  lot  of  problems.  A 
statistical  description  needs  the  definition  of  a  statistical  ensemble  of  flow 
realizations,  and  following  with  the  citations  let  us  notice  now  with  Aubry 
(1991)  that  this  definition  in  the  applications  has  been  quite  flexible.  As  a 
matter  of  fact  the  statistical  ensemble  usually  consists  of  a  temporal  domain 
under  the  ergodicity  assumption,  or  of  a  symmetry  group  under  which  the 
equations  for  that  particular  flow  are  invariant,  or  of  an  ensemble  of  dis¬ 
crete  times  conditionally  determined.  The  basic  ensemble,  a  set  of  initial 
conditions,  is  usually  never  considered,  for  obvious  practical  considerations. 

Let  us  now  examine  the  LES.  From  the  basic  point  of  view  a  Large 
Eddy  Simulation  should  produce  a  filtered  representation  (a) / 

(a)f  =  Ha)  W 

of  the  original  quantity  a,  where  T  is  a  general  filtering  operator  provided 
with  some  particular  smoothing  properties.  One  particular  aim  of  this  ap¬ 
proach  is  to  derive,  given  the  evolutionary  equation  of  a,  the  evolutionary 
equation  for  the  filtered  quantity  (a)/.  That  is  not  so  easy,  and  different 
approaches  can  be  imagined.  Let  us  define  as  usual,  Leonard  (1974),  the 
filtered  quantity  (a) /  as  given  by 

{a)f  =  Ja(t')F(t-t')dt'  (2) 

where  F(z)  is  a  frequency  function,  see  Hirschman  &  Widder  (1955).  If 

ft =  ^(a)  (3) 

is  the  evolutionary  equation  for  a,  the  evolutionary  equation  for  (o>/ 

d(a)f  _  (4) 

dt 

will  usually  contain,  if  non  linear,  unresolved  moments.  Three  basic  ap¬ 
proaches  can  be  conceived,  one  strictly  deterministic  and  the  others  sta¬ 
tistical  in  order  to  close  this  filtered  equation.  The  first  one,  that  we  will 
call  exact  modeling,  is  based  on  the  analytic  properties  of  the  convolution 
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kernel,  the  frequency  function  F(z),  and  it  is  clear  that  for  very  high  res¬ 
olutions  a  LES  is  similar  to  a  DNS,  so  that  statistical  ingredients  seem 
unadapted.  We  remark  that  the  statistical  approaches  are  based  on  a  prob¬ 
abilistic  interpretation  of  the  definition  (2),  and  that  seems  a  little  difficult 
to  understand.  It  is  however  easy  to  see  that  we  can  read  this  physical  de¬ 
terministic  average  in  terms  of  a  filtered  density  function  pf(a)t).  We  can 
write 

(a)f  =  /  pf(a,t)ada  (5) 

where 

Pf(a,  t)=  I  %  -  a{t)]F(t  -  t')d£  (6) 

and  two  statistical  procedures  can  be  conceived,  the  first  one  based  on 
the  derivation  of  the  evolutionary  equations  for  the  different  moments  that 
appear  in  the  evolutionary  equation  of  (a)  f  and  the  second  one  based  on 
the  evolutionary  equation  for  the  filtered  density  function  pf(a,t).  That  is 
similar  to  RANS.  Also  in  this  case  the  usual  definition  of  the  mean,  easy 
to  compare  with  the  experiments,  is  based  on  an  infinite  time  average,  but 
from  the  fundamental  point  of  view  it  is  more  correct  to  think  in  terms  of 
an  ensemble  operator  £  based  on  a  set  of  initial  conditions 

(a)e=  f  Pe(a)a(a,t)da  (7) 

where  Pe(a)  is  a  probability  density  function  on  the  initial  states  at  the 
time  t  =  0 

a  =  a(0)  (8) 

If  , 

f  =  A{a)  (9) 

is  the  evolutionary  equation  for  a,  also  in  this  case  the  basic  problem  is  to 
derive  the  evolutionary  equation  for  {a)e 


d{pj)e 

dt 


(10) 


and  we  remark  that  if  we  write 

(a)e  =  f  Pe(a,t)ada  (11) 

where  now  pe(a ,  t)  is  a  probability  density  function  on  o,  given  by 
pe(a,t)  =  J  5[a  —  a(a,t)]Pe(a)da 


(12) 
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another  challenging  problem  is  to  derive  the  evolutionary  equation  for 

Pe(M)  _ 

^  =  ...  (13) 

dt 

In  the  following  we  will  examine  these  two  approaches,  the  exact  model¬ 
ing  and  the  statistical  modeling ,  in  some  detail  and  we  will  finally  make 
some  comments  on  a  third  modeling  technique  that  is  of  some  usefulness 
in  improving  dynamically  the  previous  procedures.  We  will  call  it  dynamic 
modeling  and  we  remark  that  it  is  based  on  general  operational  relations 
that  any  modeling  procedure,  deterministic  or  not,  must  verify,  like  the 
tensorial  or  the  Galilean  invariance. 

2.  Exact  modeling 

We  tentatively  classify  as  exact  modeling  the  procedures  based  on  the  an¬ 
alytical  properties  of  an  explicit  convolutional  filtering  operator  T 

/oo 

a(t')F(t  —  t')dt'  (14) 

-OO 

where,  as  remarked  in  the  introduction,  the  kernel  F(z)  is  a  frequency 
function.  It  is  interesting  to  notice,  Hirschman  &  Widder  (1955),  that  if 
L(s)  is  the  inverse  of  the  bilateral  Laplace  transform  of  F(z) 

1  roc 

-f-  =  /  F(z)e~zsdz  (15) 

L(s)  J— oo 

a  useful  inversion  formula  is  the  following 

L(V)(a)f=a  (16) 

where  V  stands  for  the  derivative  operator 

V  =  4  (17) 

dt 

Prom  the  operational  point  of  view  the  differential  operator  L(T })  is  the 
inverse  of  the  integral  operator  T 

L(V)  =  ?~l  (18) 

and  an  interesting  class  of  filters  is  the  following 

T'x  =  (1  -  aiD)((l  -  a2V)  •  •  •  (1  -  anV)  (19) 

It  can  be  shown  that  these  filters  are  variation  diminishing  in  the  sense  that 
the  number  of  changes  of  sign  of  the  filtered  function  (a)  f  never  exceeds  the 
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number  of  changes  of  sign  of  the  original  function  a,  and  other  interesting 
properties  are  related  to  the  mean  rrif  and  the  variance  vj  of  the  kernel  of 
the  inverse  convolutional  filter,  the  frequency  function  F(z),  given  by 


n 

rrif  =  — 

l 


1 

Oik 


(20) 


We  remark  that  the  smoothing  properties  of  the  variation  diminishing 
transform  are  particularly  interesting  for  LES,  and  till  now  unexplored. 
Historically  they  were  first  introduced  by  Schoenberg,  and  are  connected 
to  the  zero  crossing  rate  of  a  turbulent  fluctuation  that,  as  remarked  in  the 
past  by  Liepmann,  is  directly  related  to  the  dissipation. 

Many  other  different  filters  have  been  proposed  for  LES,  and  a  complete 
review  of  all  them  should  require  many  pages.  We  refer  for  that  to  the  recent 
book  of  Sagaut  (2001)  where  definitions  and  properties  of  classical  filters 
for  LES  are  discussed  both  for  the  homogeneous  and  the  inhomogeneuos 
case.  This  last  issue  is  very  important  for  the  applications,  and  we  remark 
that  a  general  class  of  differential  filters ,  Germano  (1986),  is  particularly 
interesting  in  order  to  explore  what  happens  when  nonhomogeneous  filter¬ 
ing  operators  do  not  commute  with  differentiation,  Germano  (2000).  As  an 
example  let  us  consider  a  linear  differential  form  of  the  second  order 


V  =  X  +  dVt  +  AkVk  +  A  klVkVt  (21) 


where 


Vf  = 


d_ 

at 


Vk  = 


d 


dxk 


(22) 


and  let  us  associate  to  this  differential  operator  a  filtering  operator  T  de- 
fined  as 


1  =  VF 


(23) 


where  X  is  the  identity.  It  is  interesting  to  remark  that  the  differential 
operator  V  is  by  definition  the  inverse  of  the  filtering  operator  T 


V  =  T~1 


(24) 


and  formally  T  can  be  expressed  by  an  integral  convolution  with  a  ker¬ 
nel  given  by  the  Green’s  function  associated  to  V.  We  notice  that  if  the 
parameters  $,  A*,  A^  are  not  constant  the  operator  T  does  not  commute 
with  the  derivatives  Vt  and  Vk ,  and  what  is  interesting  with  these  filters 
is  that  provided  with  the  exact  inverse  of  T  we  can  easily  write  the  exact 
expressions  for  the  commutative  terms 


TVt~VtT 


TVk  -  VkT 


(25) 
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In  fact  if  Q  is  a  generic  operator  we  obtain  by  applying  the  relation  (23) 

QVT  =  VTG  (26) 

and  we  can  write 

(QV  -  VQ)T  =  V(TQ  -  GT)  (27) 

If  we  now  compare  this  relation  with  the  relation  (23)  we  obtain 

TG  -GT  -  T(GV  -  VG)T  (28) 

that  provides  the  exact  form  for  the  commutative  errors  in  terms  of  the 
filtered  quantities. 

3.  Statistical  modeling 

As  remarked  before  statistical  modeling  reads  the  filtering  length  as  an 
interval  of  indeterminacy  that  separates  what  can  be  calculated  analytically 
from  what  has  to  be  guessed  statistically.  This  point  of  view  can  be  similarly 
applied  to  a  projection.  If  we  express  the  generic  turbulent  velocity  field  ui 
in  terms  of  a  generalized  Fourier  expansion 

00 

Ui  =  u'Wk  (29) 

1 

where  cpk  is  a  particular  set  of  basis  functions  and  Uik  are  random  Fourier 
coefficients,  following  Yoshizawa  (1982)  we  can  define  a  partial  statistical 
operator  £f  that  applied  to  it*  gives  the  JF-level  statistical  representation 

/  OO 

£f(ui)  =  ^UikWk  +  Y^Uik^eipk  (30) 

1  /+ 1 

The  partial  statistical  theory  of  turbulence  is  at  the  beginning,  and  in 
the  opinion  of  the  author  the  Large  Eddy  Simulation  has  stimulated  the  re¬ 
search  in  the  field.  We  recall  that  the  probability  density  function  approach 
has  been  pioneered  in  turbulence  by  Lundgren  (1967).  His  method  derives 
directly  the  evolutionary  equation  for  the  ensemble  pdf  from  the  differen¬ 
tial  equations  which  define  the  conservation  laws,  and  the  principal  fields 
of  application  are  the  reacting  turbulent  flows,  but  recently  this  approach 
has  been  extended  to  LES,  see  Pope  (1990)  and  Gao  &;  O’Brien  (1993). 
This  concept  of  a  pdf  within  the  subgrid ,  Madnia  &;  Givi  (1993),  is  very 
promising  for  LES  and  some  first  simulations  based  on  a  velocity  filtered 
density  function  computed  by  a  Lagrangian  Monte  Carlo  procedure  have 
been  recently  performed  by  Gicquel  et  al.  (2001). 
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As  remarked  in  the  introduction  the  exact  and  the  partial  statistical 
modeling  based  on  filtered  pdf  could  seem  incompatible.  If  the  filtering 
operation  is  defined  as  a  convolution  in  the  physical  space 


(i a)f =  f  a(x')F(x  —  x')dx 
J  X 


we  have 

Tf(a,b)  =  Tf{-a,-b)  (32) 

where  by  definition  the  generalized  central  moment  associated  to  the  quan¬ 
tities  a  and  b  is  given  by 

Tf(a,b)  =  (ab)f-(a)f{b)f  (33) 

and  this  condition  of  reversibility  should  be  respected  by  modeling.  It  is 
however  important  to  recall  that  the  Smagorinsky  model,  based  on  sta¬ 
tistical  considerations  and  applied  to  the  anisotropic  part  of  the  subgrid 
turbulent  stress, 

Tf(ui,Uj )  ~  Mf(ui,  uj)  =  -2 Vf(sij)f  (34) 

is  such  that 

Mf(ui,Uj)  =  —Mj(—Ui,—Uj)  (35) 

and  this  condition  is  violated.  This  situation  is  reminiscent  of  the  reversibil¬ 
ity  paradox  related  to  the  connections  between  the  statistical  kinetic  theory 
and  the  microscopic  laws  of  mechanics  that  are  invariant  under  time  rever¬ 
sal.  We  remark,  Germano  (2001),  that  if  we  rewrite  the  integral  (31)  in  its 
Lebesgue  version 

<«>/=/*  a(x')F(x  —  x)dxf  —  J  ap(x ,  a)da  (36) 

where 

p(x,  a)  =  J  F(x  —  xf)S[a  —  a(x')\dx'  (37) 

the  Smagorinsky  model  could  be  recovered  by  an  assumed  probability  dis¬ 
tribution  p(x,  Ci)  given  by 

p(x,Ci)  =  (27t£/2)-3/2  exp[— (72/2[/2]  * 

f  Uf  |YC2  5\  CtdU2  |  Qjs^fCj]}  (  . 
j1  U2[\2U2  2  )U2dxi+  U2  Jj 


where  C%  —  ui  —  (u{) f ,  C2  —  C{Ci  and 


3  U2  =  Tf(ui,Ui) 
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It  seems  in  conclusion  that  the  eddy  viscosity  model  could  only  be  justified 
on  the  basis  of  probabilistic  arguments,  and  that  the  irreversible  LES  could 
only  find  its  formulation  in  the  large  eddy  probabilistic  density  function. 


4.  Dynamic  modeling 

The  dynamic  modeling  procedures  are  based  on  identities  that  relate  the 
subgrid  scale  stresses  at  different  resolution  levels.  The  simplest  one  is  the 
following 

Tfg(Ui,Uj)  =  ( Tf{Ui,Uj))g  +  Tg((Ui)f,  ( Uj)f )  (40) 

where  the  various  terms  are  given  by  definition  by  the  expressions 


Tf(uhUj) 
Tfg{Ui,Uj) 
( Tf{Ui,Uj))g 
Tg((ui)fi  iuj)f) 


T(uiUj)  -  T(ui)T(uj) 

QT(uiUj)  -  QT{u{)QT(uj) 

Q(T{ui)T(u: ,■))  -  QT{ui)QT(uj) 

(41) 


and  where  T  and  Q  are  respectively  the  LES  filter  and  the  test  filter.  Also 
in  this  case  to  discuss  the  many  applications  and  variants  adopted  since  the 
first  dynamic  model,  Germano  et  al.  (1991),  should  require  a  lot  of  space, 
and  we  refer  to  a  recent  paper  of  Piomelli  (1999)  for  a  critical  analysis. 
It  is  perhaps  more  interesting  for  this  brief  review  to  remark  that  this 
procedure  is  based  on  purely  formal  properties  and  can  only  improve  an 
existing  model,  like  the  Smagorinsky  eddy  viscosity  model,  or  the  structure 
function  model.  That  is  good  from  one  side,  because  as  such  its  range  of 
application  is  very  large,  and  we  recall  a  recent  interesting  extension,  Im 
et  al  (1997),  of  the  dynamic  procedure  applied  to  the  so  called  G-equation 
that  predicts  the  evolution  of  the  propagating  front  of  laminar  flamelets 
corrugated  by  turbulent  eddies.  From  the  other  side  however  that  is  a  limit, 
because  in  some  sense  there  is  nothing  new  that  is  added  physically  by  this 
procedure,  and  the  improvement  is  due  to  a  better  consistency  with  the 
formal  properties  of  the  real  subgrid  stresses.  This  point  seems  to  the  author 
very  important  and  has  been  the  matter  of  an  interesting  criticism  by  Pruett 
(1997).  With  reference  to  the  relation  (40)  he  states  that  this  identity  is 
mathematically  tautological ,  and  unnecessary  as  a  basis  for  dynamic  SGS 
models ,  and  in  our  opinion  this  criticism  is  applicable  or  not  according  to 
the  situation.  Let  us  examine  the  identity  (40)  from  the  point  of  view  of 
the  exact  modeling.  In  this  case  we  assume  that  both  the  test  filter  Q  and 
the  LES  filter  T  are  explicitly  known,  and  as  in  Brun  &  Friedrich  (2000) 
we  can  expand  them  in  one  dimension  as  follows 

T  =  I  +  afV  +  bfV2  +  cfV*-‘- 
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6  =  X  4-  a9V  +  bgV2  +  cgV3  ■  ■  •  (42) 

where  V  stands  for  the  derivative.  If  the  problem  is  to  find  an  expression 
for  the  turbulent  stress  at  the  TQ 

Tfg(ui,uj)  =  QT{uiUj)  -  QT(ui)QT{uj)  (43) 

we  can  in  this  case  derive  an  explicit  expression  for  TQ 

g?  =  l  +  afgV  +  bfgV2  +  cSgV 3---  (44) 

where 


df  +  ag  =  dfg 

bf  +  dfdg  +  bg  -  bfg 

Cf  +  bfdg  +  dfbg  +  Cg  =  Cfg 

(45) 


and  it  is  clear  that  in  this  case  Pruett  is  right.  In  fact  we  can  easily  derive 
directly  that 

rfgiuiiuj)  =  $b/g  —  ft/p)^(wi)^(wj)  4"  *  *  *  (46) 


and  the  identity  (40)  is  unessential.  On  the  contrary  if  we  are  provided 
only  with  an  explicit  LES  model ,  and  we  do  not  exactly  know  the  explicit 
originating  LES  filter ,  we  can  only  write  that 


( Tf(Ui,Uj))g  =  Tf(v,i,Uj)  +  ag 


dTf{Ui,Uj)  b  d2Tf(Uj,Uj) 


dx 


dx 2 


+ 


r9{(ui)f ,  (Uj)f)  =  (2 bg  -  d2g)V((ui)f)V((uj)f)  +  *  •  •  (47) 

and  the  only  way  to  derive  the  turbulent  stress  at  the  TQ  level  remains  to 
apply  the  identity  (40). 


5.  Connections  between  LES  and  RANS 

The  comparisons  among  DNS,  LES  and  RANS  databases  pose  a  lot  of 
problems  that  in  some  cases  can  be  neglected,  but  that  conceptually  remain. 
The  first  concerns  the  recovery  of  the  statistical  data  from  a  LES  database. 
We  remark  that  what  we  produce  by  LES  are  filtered  quantities,  for  example 
the  filtered  values  of  the  velocity  field,  (ui)f.  When  we  apply  an  explicit 
model  we  have  no  idea  of  its  explicit  generating  filter,  if  ever  exist.  If  we 
define  the  LES  fluctuations  u[  to  the  statistical  mean  as 

ui  =  (ui)e  —  { ui)f 


(48) 


10 


M.  GERMANO 


we  notice  that  only  in  the  case  (w^)e  =  0  the  simple  usual  relations 

Te(Ui,Uj)  =  {u'iu'j)e  + {Tf{Ui,Uj))e 
Te(ui,Uj,Uk)  =  (u-UjU'^e  +  (Tf{ui,Uj,Uk))e  +  («<T/ {Uj,  Uk))e  + 

+  (UjTf(uk,Ui))e  +  {ufkTf(Ui,Uj))e  (49) 

are  valid,  and  that  is  not  so  good.  As  remarked  in  Hussaini  et  al  (1989) 
if  higher  order  turbulence  statistics  are  needed  beyond  the  mean  velocity , 
the  problem  of  defiltering  arises ,  and  this  problem  becomes  most  critical 
when  more  than  10  -  20%  of  the  turbulent  kinetic  energy  is  in  the  subgrid 
scale  motions.  The  literature  on  the  estimation  of  the  second  and  the  third 
order  statistical  moments  based  on  LES  databases  is  relatively  poor,  and 
in  some  cases  we  are  obliged  to  think  that  probably  the  subgrid  models 
are  considered  very  important  dynamically,  in  order  to  compute  the  mean 
values,  but  not  so  reliable  in  order  to  be  implemented  in  the  relations  (49). 
We  remark,  Germano  (2001),  that  only  in  the  case  that  the  following  chain 
of  relations  is  satisfied 


<*4>e  =  0 

(Tf(Ui,Uj))e  =  0 

(UiTf(Uj,u  k))e  =  0 

(Tf(Ui,Uj,Uk))e  =  0 


(50) 


the  filtering  procedure  produces  statistical  moments  simply  given  by 

Te{Ui)Uj)  =  ( ui'0>j)e 

Te(ui)Uj,Uk)  =  (lLjUjUk)e 
Te{y>i,Uj  ,Uk,Ui)  =  (ui'U‘jukul)e 

...  =  ...  (51) 

and  the  study  of  explicit  filters  or  explicit  models  that  implement  these 
statistical  constraints  are  currently  under  way. 

6.  Conclusions 

The  various  modeling  approaches  and  numerical  procedures  that  since  the 
first  applications  in  meteorology  have  been  applied  to  simulate  the  large 
scales  of  turbulence,  have  stimulated  during  the  time  a  lot  of  different  in¬ 
terests  and  have  raised  a  lot  of  different  questions.  A  general  overview  of  all 
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that  is  nearly  impossible,  and  inevitably  is  a  little  biased  by  the  particular 
attitudes  or  tendencies  of  the  reviewer.  If  we  look  at  the  agenda  of  this 
meeting  we  can  see  that  the  applications  of  LES  are  very  promising  and 
wide-spread  on  a  lot  of  different  fields  of  application,  from  the  aeronautical 
engineering  to  the  estimate  of  the  pollution  dispersion,  in  reactive  flows  as  in 
heat  transfer.  Industrial  needs  and  interests  motivate  obviously  the  future 
of  LES,  that  will  probably  still  remain  for  a  long  time  the  only  viable  way 
for  accurate  calculations  of  turbulent  flows.  Hybrid  RANS-LES  strategies 
like  the  Detached  Eddy  Simulation  or  time  dependent  RANS  are  presently 
developed  in  order  to  simulate  complex  turbulent  flows  and  to  combine 
LES  with  standard  and  well  developed  computational  and  modeling  proce¬ 
dures.  In  this  particular  case,  as  in  many  others,  practical  and  theoretical 
issues  are  strongly  intermixed.  From  one  side  the  motivation  of  these  hy¬ 
brid  procedures  is  mainly  practical  :  LES  remains  after  all  very  expensive, 
and  simplest  computational  strategies  remain  very  attractive.  From  another 
side  however  the  final  goal  is  very  ambitious  and  aims  to  construct  a  unified 
turbulence  model  useful  for  all  purposes,  from  wall  modeling  to  the  wake. 
This  point,  as  many  others,  is  a  real  challenge  and  imposes  a  big  effort  in 
a  lot  of  different  fields,  from  the  exploration  of  higher  order  computational 
schemes  to  the  basic  research  on  turbulence,  from  the  study  of  unstruc¬ 
tured  grids  to  the  speculations  about  statistical  and  deterministic  issues  in 
chaotic  systems.  The  fundamentals  of  turbulence  remain  one  of  the  most 
fascinating  unresolved  problem  and  the  hopes  placed  in  a  more  rational 
design  of  aircraft,  automobiles,  turbines  and  many  others  industrial  pro¬ 
cesses  based  on  an  improved  computational  ability  of  fluid  flows  are  more 
and  more  increasing.  In  order  to  cope  with  all  these  problems  we  need  the 
effort  of  everybody  and  a  strong  cooperation  among  different  partners. 


References 

Aubry  N.  1991  On  the  hidden  beauty  of  the  Proper  Orthogonal  Decomposition.  Theoret. 
Comput.  Fluid  Dynamics ,  2,  page  341 

Brun,  C.  &  Friedrich,  R.  2000  Modelling  the  Germano  identity.  An  alternative  dy¬ 
namic  approach.  ( Submitted  for  the  publication) 

Frisch  U.  1995  Turbulence.  The  legacy  of  A.  N.  Kolmogorov.  Cambridge  University 
Press ,  page  39 

Gao  F.,  &  O’Brien  E.  E.  1993  A  large  eddy  simulation  scheme  for  turbulent  reacting 
flows.  Phys.  Fluids ,  A5,  1282-1284 

Germano  M.  1986  Differential  filters  for  the  large  eddy  numerical  simulation  of  turbulent 
flows.  Phys.  Fluids  29,  1755-1757 

Germano,  M.,  Piomelli,  U.,  Moin,  P.  &  Cabot,  W.  H.  1991  A  dynamic  subgrid-scale 
eddy  viscosity  model.  Phys.  Fluids  A3,  1760-1765 

Germano  M.  2000  On  the  physical  effects  of  variable  filtering  lengths  and  times  in  LES. 
Proceedings  of  the  EUROMECH  Colloquium  2,  (submitted) 

Germano,  M.  2001  Ten  years  of  the  dynamic  model.  Modern  simulation  strategies  for 
turbulent  flows ,  Geurts  B.  J.  ed.,  Edwards,  173-190 


12 


M.  GERMANO 


Gicquel  L.  Y.  M.,  Givi  P.,  Jaberi  F.A.,  &  Pope  2001  Velocity  filtered  density  func¬ 
tion  for  large  eddy  simulation  of  turbulent  flows,  (private  communication) 

Hirschman  I.  I.  WlDDER  D.  V.  1955  The  convolution  transform.  Princeton  University 
Press ,  Princeton,  NJ 

HUSSAINI  M.  Y.,  Speziale  C.  G.,  &  Zang  T.  A.  1989  The  potential  and  limitations  of 
direct  and  large  eddy  simulations.  Whither  turbulence?  Turbulence  at  the  crossroads , 
Lecture  Notes  in  Physics  357,  J.L.Lumley  ed.,  Springer,  354-368 

Im,  H.  G.,  Lund,  T.  S.  &  Ferziger,  J.  H.  1997  Large  eddy  simulation  of  turbulent 
front  propagation  with  dynamic  subgrid  models.  Phys.  Fluids  9,  3826-3833 

Lee  J.  1995  Chaos  and  direct  numerical  simulation  in  turbulence.  Theoret.  Comput. 
Fluid  Dynamics ,  7,  page  391 

Leonard  A.  1974  Energy  cascade  in  Large-Eddy  Simulations  of  turbulent  fluid  flows. 
Adv.  in  Geophysics ,  18 A,  237-248 

Lundgren  T.  S.  1967  Distribution  functions  in  the  statistical  theory  of  turbulence.  Phys. 
Fluids  10,  969-975 

Madnia  C.  K.  &  Givi  P.  1993  Direct  numerical  simulation  and  large  eddy  simulation  of 
reacting  homogeneous  turbulence.  Large  eddy  simulation  of  complex  engineering  and 
geophysical  flows,  Galperin  B.  and  Orszag  S.  A.  eds.,  Cambridge  University  Press, 
315-346 

Piomelli,  U.  1999  Large-eddy  simulation  :  achievements  and  challenges.  Progress  m 
Aerospace  Sciences  35,  335-362 

Pope  S.  B.  1990  Computations  of  turbulent  combustion:  progress  and  challenges.  Twenty 
Third  Symposium  (International)  on  Combustion,  Plenary  Lecture ,  Orleans,  France, 
July  22-27,  1990 

Pruett,  C.  D.  1997  Toward  simplification  of  dynamic  subgrid  scale  models.  Advances 
in  DNS/LES,  eds.  Liu  C.  and  Liu  Z.,  Greyden  Press,  291-298 

Sagaut  P.  2001  Large  Eddy  Simulation  for  incompressible  flows.  Springer 

Yoshizawa  A.  1982  A  statistically  derived  subgrid  model  for  the  large-eddy  simulation 
of  turbulence.  Phys.  Fluids  25,  1532-1538 


HIGH-ORDER  SCHEMES  FOR  DNS/LES  AND  CAA 
ON  CURVILINEAR  DYNAMIC  MESHES 


M.  VISBAL,  D.  GAITONDE  AND  D.  RIZZETTA 

Air  Force  Research  Laboratory 
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1.  Introduction 

Despite  significant  progress  in  computational  sciences,  challenges  persist  in 
the  accurate  numerical  simulation  of  a  broad  spectrum  of  dynamic,  multi¬ 
physics  phenomena  relevant  to  aerospace  systems.  These  challenging  areas 
include  the  direct  and  large-eddy  simulation  of  turbulence,  aeroacoustics, 
fluid/structure  interactions,  electromagnetics,  and  magneto-gasdynamics. 
In  order  to  reduce  the  severe  computational  requirements  of  standard  low- 
order  schemes,  higher-order  formulations,  as  well  as  massively  parallel  ap¬ 
proaches  are  being  actively  pursued.  Due  to  their  spectral-like  resolution 
and  ease  of  extension  to  multiple  disciplines,  high-order  compact  schemes[l] 
represent  an  attractive  choice  for  reducing  dispersion,  anisotropy  and  dis¬ 
sipation  errors  associated  with  spatial  discretizations.  Until  recently,  these 
schemes  have  mostly  been  used  in  conjunction  with  explicit  time-integration 
methods  to  address  complex  flow  physics  on  simple  Cartesian  geometries. 

Recent  work  performed  at  the  Air  Force  Research  Laboratory  [2,  3,  4, 
5,  6,  7]  has  extended  the  use  of  compact  algorithms  to  more  practical  ap¬ 
plications.  This  has  been  achieved  through  the  development  and  improved 
treatment  of  the  various  critical  elements  comprising  the  overall  numerical 
approach.  Particular  attention  has  been  focused  on  enhanced  high-order 
(up  to  lOth-order)  low-pass  filtering  techniques,  accurate  and  robust  near¬ 
boundary  formulations,  proper  metric  evaluation,  multi-domain  implemen¬ 
tation  strategies,  and  sub-iterative  implicit  time-advancement  methods.  As 
an  outcome  of  this  sustained  effort,  the  highly  accurate  compact  algorithm 
has  been  successfully  applied  to  efficiently  solve  a  range  of  multi-physics 
phenomena  described  by  the  Euler,  Navier-Stokes  and  MHD  equations  on 
3-D  curvilinear  and  dynamic  grids  using  either  explicit  or  implicit  time 
integration  approaches. 
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These  high-fidelity  computational  tools  are  currently  being  transitioned 
to  the  multidisciplinary  simulation  of  complex  phenomena  relevant  to  Air 
Force  systems,  including:  weapon-bay  cavity  acoustics,  hypersonic  flow  con¬ 
trol,  high-  angle-of-attack  aerodynamics,  and  non-linear  aeroelastic  response. 
A  brief  description  of  the  governing  equations,  the  various  elements  of  the 
numerical  approach,  as  well  as  a  few  representative  applications  are  in¬ 
cluded  in  this  paper. 


2.  Governing  Equations 


In  order  to  develop  a  procedure  suitable  for  nonlinear  fluid  dynamic,  aeroa- 
coustic  and  aeroelastic  applications  over  complex  configurations,  the  full 
Navier- Stokes  equations  are  selected  and  are  cast  in  strong  conservative 
form  introducing  a  general  time- dependent  curvilinear  coordinate  trans¬ 
formation  (x,y,  z,  t)  ->  (£,/?,  <,t).  In  vector  notation,  and  employing  non- 
dimensional  variables,  these  equations  are: 


d_ 

dr 


dF  dG  dJH 
+  +  drj  + 


1  rdFv  ,  dGv  ,  dHv 1  ,  8t7 

Te[^-  +  'frr  +  -K]  +  S/J 


(1) 


where  U  —  {p,  pu,  pu,  piu,  pE}  denotes  the  solution  vector,  F,  <3,  H,  Fv,  Gv, 
Hv  are  the  fluxes,  S  denotes  a  source  term,  and  J  =  d  (£ ,  rj,  C,  r)  /d  (x,  y,  2,  t) 
is  the  transformation  Jacobian  which  for  dynamic  meshes  is  a  function  of 
time. 


3.  Numerical  Method 


3.1.  SPATIAL  DISCRETIZATION 


A  finite-difference  approach  is  employed  to  discretize  the  governing  equa¬ 
tions.  This  choice  is  motivated  by  the  relative  ease  of  formal  extension  to 
higher-order  accuracy.  For  any  scalar  quantity,  0,  such  as  a  metric,  flux 
component  or  flow  variable,  the  spatial  derivative  </>'  is  obtained  in  the 
transformed  plane  by  solving  the  tridiagonal  system: 


r$_i  +  <Pi  +  r</>-+1  -  b 


(t>i+ 2  ~  +  a<fc+l  ~  1 


(2) 


where  T,  a  and  b  determine  the  spatial  properties  of  the  algorithm.  The  for¬ 
mula  yields  the  compact  five-point,  sixth-order  C6 ,  and  three-point  fourth- 
order  C4  schemes  [1]  with  T  =  1/3,  a  =  14/9,  b  =  1/9  and  T  =  1/4, 
a  =  3/2,  b  ~  0  respectively.  Equation  (2)  also  incorporates  the  standard 
explicit  fourth-order  (E4)  and  second-order  (E2)  approaches  for  which  the 
coefficients  are  (T  =  0,  a  =  4/3,  b  =  —1/3)  and  (r  =  0,  a  =  1,  b  =  0)  re¬ 
spectively.  The  dispersion  characteristics  and  truncation  error  of  the  above 
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schemes  can  be  found  in  Refs.  [1,  5].  It  should  be  noted  that  for  a  given 
order  of  accuracy,  the  compact  schemes  are  significantly  superior  to  their 
explicit  (non-compact)  counterparts.  The  scheme  of  Eqn.  (2)  cannot  be  ap¬ 
plied  at  a  few  points  near  each  boundary  where  the  stencil  protrudes  the 
domain.  Here,  special  one-sided  boundary  schemes,  such  as  those  described 
in  Refs.  [5,  8]  are  employed. 

In  order  to  compute  the  residual,  the  derivatives  of  the  inviscid  fluxes  are 
obtained  by  first  forming  the  fluxes  at  the  nodes  and  subsequently  differenti¬ 
ating  each  component  with  the  above  formulas.  Viscous  terms  are  obtained 
by  first  computing  derivatives  of  the  primitive  variables.  The  components 
of  the  viscous  flux  are  then  constructed  at  each  node  and  differentiated  by 
a  second  application  of  the  same  scheme.  Although  this  approach  is  not 
as  accurate  as  that  in  which  a  Pade-type  scheme  is  employed  directly  for 
the  second-derivative,  it  is  significantly  cheaper  to  implement  in  curvilinear 
coordinates.  As  previously  demonstrated  in  Ref.  [2],  successive  differentia¬ 
tion  yields  an  accurate  and  stable  method  in  conjunction  with  the  added 
filtering  component  which  is  described  next. 

3.2.  HIGH-ORDER  FILTERING  SCHEME 

Compact- difference  discretizations,  like  other  centered  schemes,  are  non- 
dissipative  and  are  therefore  susceptible  to  numerical  instabilities  due  to  the 
unrestricted  growth  of  high-frequency  modes.  These  difficulties  originate 
from  several  sources  including  mesh  non- uniformity,  approximate  bound¬ 
ary  conditions  and  nonlinear  flow  features.  In  order  to  extend  the  present 
solver  to  practical  simulations,  while  retaining  the  improved  accuracy  of  the 
spatial  compact  discretization,  a  high-order  implicit  filtering  technique  [2,  4] 
is  incorporated.  If  a  typical  component  of  the  solution  vector  is  denoted  by 
</>,  filtered  values  4>  satisfy, 

1  +  +  Otf(j)i+ 1  =  £ ™=o~2~  +  fii—n)  (3) 

Equation  (3),  with  the  proper  choice  of  coefficients,  provides  an  2ATth-order 
formula  on  a  2 N  +  1  point  stencil.  The  N  +  1  coefficients,  a0,  aj, ....,  fljv5 
are  derived  in  terms  of  a f  with  Taylor-  and  Fourier-series  analyses  and 
are  found  in  Refs.  [2,  3]  along  with  some  spectral  filter  responses.  The  ad¬ 
justable  parameter  af  satisfies  the  inequality  —0.5  <  a f  <  0.5,  with  higher 
values  of  a f  corresponding  to  a  less  dissipative  filter.  In  multi-dimensional 
problems  the  filter  operator  is  applied  sequentially  in  each  coordinate  di¬ 
rection.  For  the  near-boundary  points,  the  filtering  strategies  described  in 
Refs.  [2,  3]  are  employed.  Up  to  tenth-order  filter  formulas  have  been  suc¬ 
cessfully  applied  to  solve  the  Maxwell  [4],  Navier-Stokes  [2,  9,  10,  11],  and 
MHD  [12]  equations  in  curvilinear  geometries. 
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3.3.  METRIC  EVALUATION  FOR  CURVILINEAR  DYNAMIC  MESHES 

The  extension  of  high-order  schemes  to  3-D  curvilinear  meshes  demands 
that  issues  of  freestream  preservation  and  metric  cancellation  be  carefully 
addressed.  These  errors,  which  arise  in  finite-difference  discretizations  of 
governing  equations  written  in  strong-conservation  form,  can  catastrophi¬ 
cally  degrade  the  fidelity  of  standard  second-order  as  well  as  higher-order 
approaches  [3].  In  deriving  the  flow  equations  in  strong-conservation  form, 
the  following  metric  identities  have  been  implicitly  invoked, 


h  =  (UJk  +  (W  A  +  (UJ)  C  =  0  (4) 

h  =  (£j y/J)s  +  (Vy/ J)n  +  (Cy/ J)  c  =  0  (5) 

h =  (6/ A  +  (W  A  +  (6/ A  =  0  (6) 

h  =  (1/J)r  +  (6/ A  +  (W  A  +  (Ct/j)  c  =  0  (7) 


In  Ref.  [2]  it  was  shown  that  on  stretched  curvilinear  2-D  meshes,  the  com¬ 
pact  scheme  exhibits  freestream  preservation  when  the  metrics  are  evalu¬ 
ated  with  the  same  finite-difference  expressions  as  those  employed  for  the 
fluxes.  It  was  also  demonstrated  that  the  practice  of  prescribing  analytic 
metrics  on  stretched  curvilinear  grids  can  lead  to  unacceptable  errors  and 
therefore  should  in  general  be  avoided.  The  previous  straightforward  ap¬ 
proach  of  calculating  the  metrics,  although  effective  in  2-D,  fails  to  provide 
metric  cancellation  for  general  3-D  curvilinear  configurations.  To  illustrate 
this  point,  consider  the  standard  metric  relations: 

tx/J  =  Vvz C  "  V& i 

Vx/J  =  -  yzH  (8) 

C X/J  =  yszy  -  ynH 

associated  with  the  identity  h.  Evaluation  of  the  y  and  z  derivatives  in  the 
previous  expressions  using  explicit  or  compact  centered  schemes  does  not 
satisfy  Iu  and  as  a  result,  significant  grid-induced  errors  may  appear.  To 
extend  the  high-order  compact  scheme  to  general  geometries,  the  metric 
terms  are  rewritten  prior  to  discretization  in  the  equivalent  (‘conservative’) 
form  [13]: 

i x/J  = 

rtx/J  =  (Vcz)s  ~  (V(z)(  (9) 

C x/J  =  (Viz)y  -  (Vnz)i 

Similar  expressions  are  employed  for  the  remaining  metric  terms  in  order  to 
satisfy  the  identities  I2  and  1$  above.  When  the  transformation  metrics  are 
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recast  in  this  manner,  and  the  derivatives  are  evaluated  with  the  same  high- 
order  formulas  employed  for  the  fluxes,  freestream  preservation  is  again 
recovered  in  general  time-invariant  3-D  curvilinear  geometries  [3], 

For  deforming  and  moving  meshes,  the  identity  I4  must  be  also  satisfied 
to  eliminate  metric  cancellation  errors  and  to  ensure  freestream  preser¬ 
vation  [6].  This  metric  identity  is  referred  to  in  the  literature  [13]  as  the 
Geometric  Conservation  Law  (GCL).  For  the  time- integration  methods  em¬ 
ployed  in  this  work,  the  time-derivative  term  in  Eqn.  (1)  is  split  using 
chain-rule  differentiation  as  follows: 

(U/J)r  =  (1  /J)Ur  +  U(l/J)r  (10) 

Rather  than  attempting  to  compute  the  time  derivative  of  the  inverse  Ja¬ 
cobian  directly  from  the  grid  coordinates  at  various  time  levels  (either  ana¬ 
lytically  or  numerically),  we  simply  invoke  the  GCL  identity  I4  to  evaluate 


(l/.7)r,  i.e. 

(1  /J)t 

=  -[(6/J)?  +  (■ m/J ),  +  K t/J)(] 

(11) 

where 

II 

~[Xt((,x/J)  +  yAZy/J)  +  ^Aiz/J)] 

m/J  = 

—[xt(t]x/ J)  4"  yAVy/J)  “1"  zt{Vz/ J)} 

(12) 

£> 

II 

~[xt(Cx/J)  +  VriCy/J)  +  zt(Cz/ •!)] 

For  the  case  of  an  analytically  prescribed  dynamic  mesh  transformation,  the 
grid  speeds  ( xT ,  yT,  zr)  are  obtained  from  the  corresponding  analytic  expres¬ 
sions.  An  example  in  which  the  grid  speeds  are  known  analytically  corre¬ 
sponds  to  the  case  of  a  maneuvering  wing  when  the  entire  mesh  moves  in 
a  rigid  fashion.  In  many  practical  applications  involving  deforming  meshes 
(e.g.  dynamic  aeroelastic  simulations),  the  grid  speeds  are  not  known  a 
priori,  and  must  therefore  be  approximated  to  the  desired  degree  of  ac¬ 
curacy  employing  the  evolving  grid  coordinates  at  several  time  levels.  As 
demonstrated  in  Ref.  [6],  the  high-order  method  retains  its  superior  accu¬ 
racy  on  rapidly  distorting  meshes  when  the  procedure  outlined  above  is 
incorporated  for  the  time  metrics. 

3.4.  TIME-INTEGRATION  SCHEME 

Two  different  time-integration  approaches  are  incorporated  in  the  present 
family  of  solvers.  For  wave  propagation  applications,  the  equations  are  in¬ 
tegrated  in  time  with  the  classical  fourth-order  four-stage  Runge-Kutta 
method  ( RK4 )•  The  scheme  is  implemented  in  low  storage  form  requiring 
three  levels  of  storage.  For  wall-bounded  viscous  flows,  the  stability  con¬ 
straint  of  the  explicit  time-marching  scheme  is  found  to  render  the  approach 
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too  restrictive  and  inefficient.  Therefore,  the  implicit,  approximately-factored 
method  of  Beam  and  Warming  [14]  is  also  incorporated  and  augmented 
through  the  use  of  Newton-like  subiterations  in  order  to  achieve  second- 
order  time  accuracy.  In  delta  form,  the  scheme  may  be  written  as 


r-iP+i 


(2) 


T-1P+1  I 


dFP\ 

~mr) 


._]p+i 


+  (f>1  A  rS 


(2) 


dHP 

dU 


=  —(f)1  At  [  J' 
+Uni/J)rp  +  5i(F^ 
5V  (&)  +  (HP) 


JP+lx 

JP+lx 


)]AG 


-1 P+1  (l+<j>)UP-(l+‘2(f>)Un+<l>U 


n  —  l 


At 


+ 


(13) 


where  dF/dU  etc  are  flux  Jacobians,  S  represents  the  spatial  difference 
operator  and  A U  =  Up+l  -  Up.  For  improved  efficieny,  the  method  incor¬ 
porates  the  diagonalization  procedure  of  Ref.  [15].  In  addition,  nonlinear 
artificial  dissipation  terms  [16]  are  appended  to  the  implicit  operator  to  en¬ 
hance  stability.  Note  that  while  the  derivatives  of  the  flux  Jacobians  have 
been  obtained  to  second-order  accuracy  (denoted  with  the  superscript  (2)  in 
Eqn.  (13)),  those  on  the  right  hand  side,  i.e.,  in  the  residual,  are  evaluated 
with  the  compact-difference  higher-order  method.  In  order  to  reduce  errors 
associated  with  these  simplifications,  a  sub-iteration  strategy  is  employed. 
Thus,  for  the  first  subiteration,  p  —  1,  Up  =  Un  and  as  p  oo,  Up  Un+1. 
Typically,  three  subiterations  are  applied  per  time  step.  A  range  of  numer¬ 
ical  experiments  suggests  that  second-order  accuracy  in  time  is  adequate 
for  the  problems  considered  [6]. 


3.5.  MULTI-DOMAIN  STRATEGY 

Domain-decomposition  techniques  constitute  an  important  component  of 
modern  computational  strategy.  Due  to  their  spatially  implicit  nature, 
Pade-type  schemes  are  more  difficult  to  utilize  in  a  multi-domain  environ¬ 
ment  than  explicit  methods.  However,  a  finite-size  overlap  can  be  employed 
with  the  present  compact /filtering  methodology  to  generate  a  powerful  ap¬ 
proach  applicable  to  complicated  curvilinear  meshes  [3].  Figure  1  depicts 
schematically  the  problem  of  a  vortex  traveling  to  the  right  in  a  recti¬ 
linear  path.  The  domain  of  computation  is  divided  into  two  parts  to  be 
distributed  to  different  processors.  Each  sub-domain  is  supplemented  with 
several  points  from  the  adjacent  sub-domain  to  form  an  overlap  region, 
whose  details  for  a  five-point  vertical  overlap  are  also  shown  in  Fig.  1. 
Although  the  overlap  points  are  collocated  they  have  been  shown  slightly 
staggered  for  clarity.  Each  vertical  line  is  denoted  by  its  i-index.  Data  is 
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exchanged  between  adjacent  subdomains  at  the  end  of  each  sub-iteration  of 
the  implicit  scheme  (or  each  stage  of  RK4),  as  well  as  after  each  application 
of  the  filter.  The  values  at  points  1  and  2  of  Mesh  2  are  set  to  be  identically 
equal  to  the  corresponding  updated  values  at  points  IL  -  4  and  IL  —  3 
of  Mesh  1.  Similarly,  reciprocal  information  is  transferred  through  points  4 
and  5  of  Mesh  2  which  “donate”  values  to  points  IL-  1  and  IL  of  Mesh  1. 
More  details  on  the  accuracy  and  robustness  of  the  present  multi-domain 
approach  can  be  found  in  Ref.  [3]. 

4.  Results 

The  previous  computational  methodology  has  been  successfully  demon¬ 
strated  for  a  number  of  applications,  including:  unsteady  vortical  flows  [2], 
DNS  of  pulsed  walljet  [9]  and  synthetic  jet  actuators  [17],  LES  of  subsonic 
and  supersonic  flows  [10,  11],  non-linear  fluid  structure  interaction  [18], 
and  benchmark  problems  for  acoustic  scattering  [7]  and  MHD  [12].  In  the 
interest  of  brevity,  only  a  subset  of  these  results  is  presented  here. 

4.1.  MULTI-DOMAIN  ACOUSTIC  SCATTERING  SIMULATION 

The  low  dispersion  error  characteristic  of  compact-difference  schemes  is  an 
attractive  property  in  the  simulation  of  wave  propagation  phenomena  asso¬ 
ciated  with  acoustic  and  electromagnetic  scattering.  In  order  to  demon¬ 
strate  the  capability  of  the  present  numerical  approach  to  treat  acous¬ 
tic  phenomena  in  a  multiple-domain  situation,  consider  the  scattering  of 
a  periodic  acoustic  source  with  the  two-zone  overlap  configuration  shown 
schematically  in  Fig.  2a. 

The  single-domain  grid,  consisting  of  361  x  321  points,  is  split  along 
6  —  90°,  where  extra  £-lines  are  added  to  form  a  five-point  overlap  as  in 
Fig.  1.  Solutions  are  advanced  separately  on  each  subdomain,  and  informa¬ 
tion  is  exchanged  at  the  overlap  points  in  the  manner  previously  discussed 
in  Section  3.5.  The  C6  scheme  is  employed  for  interior  points  along  with 
fourth-  and  fifth-order  compact  operators  at  the  boundary  and  next-to- 
boundary  points  respectively  whereas  RK4  is  utilized  for  time-integration. 
In  the  interior  of  each  domain,  a  lOth-order  filter  is  utilized  while  high-order 
one-sided  techniques,  described  in  Refs.  [3,  7],  are  invoked  near  boundaries. 
For  all  filter  operators,  the  coefficient  af  =  0.45  is  specified. 

Figure  2b  displays  instantaneous  pressure  contours  in  the  vicinity  of 
the  cylinder.  It  is  apparent  that  the  pressure  waves  cross  the  grid  interface 
without  producing  any  noticeable  disruptions  of  the  interference  pattern 
even  though  pressure  waves  generated  by  the  source  propagate  through  the 
overlap  region  in  an  oblique  direction  to  the  zonal  interface.  A  quantitative 
comparison  of  the  single-domain,  multiple-domain  and  analytic  solutions 
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is  given  in  Fig.  2c  in  terms  of  the  directivity  of  the  radiated  sound  at 
r/D  =  5.  The  directivity  obtained  with  a  6th-order  near-boundary  filter 
in  the  overlap  region  is  essentially  the  same  as  the  corresponding  single¬ 
domain  baseline  solution,  and  both  results  are  in  excellent  agreement  with 
the  theoretical  solution.  These  results  highlight  the  potential  of  the  present 
high-order  methodology  for  domain-decomposition  applications  on  parallel 
computers.  Additional  details  on  the  manner  in  which  the  high-order  filter 
may  be  applied  to  yield  a  robust  farfield  radiation  treatment  for  acoustic 
simulations  may  be  found  in  Ref.  [19]. 

4.2.  DNS  OF  A  PULSED  WALLJET 

As  another  example,  the  method  has  been  employed  to  simulate  the  three- 
dimensional  transition  of  a  forced,  finite  aspect-ratio,  plane  wall  jet  [9].  The 
wall  jet  configuration  considered  is  shown  in  Fig.  3a.  The  main  parameters 
governing  the  flow  are  the  Reynolds  number,  the  disturbance  characteristics 
at  the  jet  nozzle,  the  aspect  ratio  of  the  channel,  and  the  length  of  the  wall. 
In  the  present  study,  the  Reynolds  number,  based  on  jet  maximum  velocity 
(Umax)  nozzle  height  (h),  is  2150.  The  aspect  ratio  of  the  channel  is 
2 b/h  =  20.  The  mean  velocity  profile  in  the  normal  direction  at  the  nozzle 
exit  is  parabolic  and  corresponds  to  a  fully-developed  laminar  channel  flow 
in  that  direction.  The  flow  is  forced  at  the  nozzle  exit  with  a  frequency  of 
200 Hz  and  amplitude  corresponding  to  6%  of  the  jet  centerline  velocity. 

The  overall  flow  structure  is  shown  in  Fig.  3b  in  terms  of  an  iso-surface 
of  vorticity  magnitude.  The  transition  process  begins  with  the  formation 
of  shear-layer  and  wall  vortex  pairs  which,  due  to  the  energetic  forcing, 
appear  close  to  the  nozzle  exit  and  are  phased-locked  for  a  short  distance 
downstream.  In  the  process  of  their  spanwise  evolution,  the  rollers  are  first 
split  into  a  double- helical  structure,  which  is  clearly  discernable  near  the 
sidewalls.  This  feature  propagates  toward  the  center  while  also  expanding 
in  the  radial  direction.  The  spiral  vortex  branches  are  wound  in  a  sense 
opposite  to  that  of  the  swirl  direction  of  the  vortex,  but  consistent  with 
the  direction  of  the  induced  axial  flow  which  exists  within  the  vortex  core. 
This  vortex  branching  and  helical  twisting  spreads  rapidly  through  self- 
induction  effects,  and  eventually  reaches  the  symmetry  plane  where  the 
vorticity  magnitude  within  the  vortex  core  is  drastically  diminished  (hence 
the  apparent  break  in  the  iso-surface,  region  ‘7’  in  Fig.  3b).  The  ability  of 
of  the  present  high-order  solver  to  discern  the  fine-scale  breakdown  to  tur¬ 
bulence  is  shown  in  Fig.  3c  which  displays  contours  of  vorticity  magnitude 
on  a  horizontal  plane  (y/h  =  0.5).  Additional  details  of  the  simulation,  as 
well  as  comparison  with  high-resolution  experimental  measurements  may 
be  found  in  Ref.  [9]. 


HIGH-ORDER  SCHEMES  FOR  DNS/LES 


21 


4.3.  LES  OF  A  SPATIALLY-EVOLVING  SUPERSONIC  BOUNDARY  LAYER 

This  simulation  considers  a  zero-pressure-gradient,  flat-plate  boundary  layer 
at  a  Mach  number  of  2.25  and  Reg  ~  6000,  which  corresponds  to  the  com¬ 
putational  studies  of  Refs.  [20,  21]  Details  of  the  stretched  Cartesian  grids 
and  the  initial/boundary  conditions  employed  are  given  in  Ref.  [11].  In  this 
section,  only  results  (denoted  as  ‘no-model’)  obtained  using  the  lOth-order 
low-pass  filter  without  the  inclusion  of  an  SGS  model  are  considered.  So¬ 
lutions  for  both  the  Smagorinsky  and  dynamic  subgrid-scale  stress  models 
can  be  found  in  Ref.  [11]. 

Figure  4a  shows  the  spanwised- averaged,  mean  skin- friction  coefficient. 
Downstream  of  the  transition  location  (which  is  sensitive  to  the  numeri¬ 
cal  scheme  and  forcing  employed),  the  present  results  compare  favorably 
with  those  of  Ref.  [20].  This  fact  is  encouraging  since  a  coarser  mesh 
(371  x  61  x  151)  is  used  in  the  present  computations  with  the  sixth-order 
compact  approach.  The  calculations  of  Ref.  [20]  were  performed  on  a  much 
finer  grid  (971  x  55  x  321)  utilizing  a  fifth-order  upwind-bias  algorithm  for 
the  convective  terms.  Reasonable  agreement  in  terms  of  the  mean  stream- 
wise  velocity  profile  is  also  shown  in  Fig.  4b.  Finally,  contours  of  the  instan¬ 
taneous  spanwise  vorticity  component  at  a  height  of  y+  «  1.0  are  shown  in 
Fig.  4c  and  display  the  longitudinal  structures  characteristic  of  turbulent 
wall-bounded  flows. 

4.4.  BOUNDARY-LAYER  TRANSITION  OVER  A  FLEXIBLE  PANEL 

As  a  final  example  of  a  simulation  of  multi-disciplinary  physics  with  the 
present  methodology,  consider  a  transitional  boundary-layer  flow  over  a 
flexible  finite  panel  embedded  in  a  rigid  surface  as  shown  schematically  in 
Fig.  5a.  This  problem  is  closely  related  to  classic  panel  flutter  phenomena, 
as  well  as  to  viscous  flow  over  compliant  surfaces.  The  panel  of  length  a 
and  thickness  h  extends  over  the  region  0.5  <  x/a  <  1.5.  The  leading-edge 
region  of  the  plate  (—0.5  <  xja  <  0.0)  is  formed  by  an  ellipse  of  half¬ 
thickness  0.05 h  (i.e.  aspect  ratio  10).  An  additional  challenge  posed  by  this 
aeroelastic  simulation  is  the  need  to  accomodate  the  surface  deflection  with 
a  dynamically  deforming  mesh.  The  problem  has  been  examined  in  great 
detail  in  Ref.  [18]  which  should  be  consulted  for  details  regarding  boundary 
condition  implementation  and  mesh  resolution  studies. 

For  brevity,  only  select  results  obtained  at  =  0.8  and  Rea  =  105 
are  summarized  here  to  highlight  the  ability  of  the  method  to  capture  the 
complicated  unsteady  phenomena  under  the  influence  of  flow-induced  sur¬ 
face  deformation.  At  low  values  of  the  dynamic  pressure,  a  steady  flow  is 
obtained  despite  the  adverse  pressure  gradient  induced  by  the  downward 
deflection  of  the  panel.  At  higher  dynamic  pressures,  however,  a  travelling- 
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wave-flutter  phenomenon  is  observed  as  summarized  in  Fig.  5b,  c.  The 
instantaneous  panel  shapes  (not  shown)  display  a  seventh-mode  oscillation 
with  a  dominant  nondimensional  frequency  St  =  fa/Uoo  =  1.52  which  is 
substantially  higher  than  the  fundamental  frequency  of  the  elastic  plate. 
The  high-mode  flexural  deflections  are  observed  to  travel  along  the  panel 
and  to  reflect  at  the  panel  edges.  These  high-frequency  fluctuations  re¬ 
sult  in  a  pronounced  acoustic  radiation  pattern  above  the  vibrating  plate, 
shown  in  Fig.  5b  in  terms  of  the  instantaneous  pressure  field.  Downstream 
of  the  flexible  surface,  a  regular  train  of  vortical  disturbances  is  observed 
(Fig.  5c)  with  characteristic  wavelength  and  frequency  compatible  with 
those  of  Tollmien- Schlichting  (T-S)  instability.  The  travelling  wave  flutter 
appeared  to  originate  from  the  coupling  of  the  T-S  waves  with  the  panel 
high-mode  transverse  fluctuations,  and  this  convective  instability  ceases 
below  a  critical  value  of  Reynolds  number. 
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Figure  1.  Schematic  of  mesh  overlap  for  multi-domain  strategy 
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1.  Introduction 

While  both  direct  numerical  simulation  (DNS)  and  large  eddy  simulation 
(LES)  are  at  or  near  the  top  of  a  hierarchy  of  solution  methods  for  tur¬ 
bulent  flow  fields,  the  Reynolds  number  constraints  and  extensive  compu¬ 
tational  requirements  preclude  their  widespread  use  as  a  practical  tool  in 
aerodynamic  applications.  Nevertheless,  these  methodologies  can  be  used 
in  support  of  more  practical  engineering  tools  such  as  Reynolds- averaged 
Navier-Stokes  (RANS)  formulations. 

Aerodynamic  flow  fields  present  several  challenges  even  for  the  most  ro¬ 
bust  RANS  approaches.  Geometric  complexity,  Mach  number  effects,  and 
Reynolds  numbers  of  0(1O7)  contribute  significantly  to  the  stringent  re¬ 
quirements  needed  for  successful  flow  field  computations.  Nevertheless,  even 
with  this  apparent  disparity  between  the  capabilities  of  DNS  and  LES  and 
the  requirements  for  accurate  prediction  of  relevant  aerodynamic  flow  fields, 
both  types  of  simulations  can  provide  useful  information  if  properly  chosen 
“unit  problems”  are  studied.  Two  examples  of  practical  aerodynamic  flow 
fields  will  serve  to  highlight  some  of  the  critical  dynamical  problems  as  well 
as  the  need  for  well  chosen  simulations  that  can  help  improve  the  predictive 
capability  of  RANS  calculations  or  composite  solution  approaches. 

The  inability  of  RANS  formulations  to  correctly  predict  critical  dynamic 
features  of  complex  flow  fields  lies  with  inadequacy  of  the  closure  models 
for  the  higher-order  correlations  that  appear  in  the  RANS  formulation.  A 
detailed  discussion  of  such  closures  is  outside  the  scope  of  the  current  topic; 
however,  correlations  involving  the  pressure-strain  rate  or  pressure  velocity, 
triple-velocity  and  (tensor)  dissipation  rate  all  can  contribute  significantly 
to  the  predictive  accuracy  of  a  RANS  formulation.  Since  experimental  stud- 
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ies  are  unable,  in  general,  to  accurately  measure  these  higher-order  correla¬ 
tions,  numerical  simulations  that  can  help  delineate  the  role  of  such  terms 
in  complex  flows  is  extremely  useful. 

Ever  increasing  computational  power  as  well  as  improved  understand¬ 
ing  of  the  effect  of  filter  cut-off  on  subgrid  scale  models  will  continue  to 
move  LES  (and  DNS)  towards  the  realm  of  an  engineering  tool.  In  ad¬ 
dition,  extensions  of  RANS  formulations  to  unsteady  RANS  and  related 
methodologies  will  continue  to  move  these  type  of  formulations  closer  to¬ 
ward  the  realm  of  a  large-eddy  solution  technique.  The  future  of  obtaining 
such  composite  formulations  will  depend  on  the  inherent  consistency  be¬ 
tween  the  (velocity)  fields  computed.  An  example  of  such  a  consistency 
requirement  will  be  discussed  here  and  its  effect  on  model  development. 

2.  Airframe  Dynamics 

High-lift  devices  composed  of  multi-element  airfoils  (Fig.  1)  generate  com¬ 
plex  aerodynamic  flow  fields.  At  cruise  conditions,  these  flows  are  generally 
at  the  high  subsonic  speed  range  although  conditions  can  exist  in  some  re¬ 
gions  for  shocks  to  develop.  Each  element  of  the  multi-element  system  has 
characteristic  features  which  are  of  interest  in  their  own  right  (Rumsey  et 
al,  1998). 
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Figure  1.  Sketch  of  multi-element  airfoil  configuration  and  important  dynamic  charac¬ 
teristics  (C.  L.  Rumsey,  private  communication) 


Common  to  all  elements  is  the  need  for  accurate  (natural)  transition  pre¬ 
diction.  Within  a  RANS  formulation,  the  turbulence  closure  models  need 
to  be  properly  sensitized  to  the  transition  process.  Corresponding  to  the 
usual  practice  of  turbulence  model  calibration  using  both  DNS  and  LES 
results,  can  such  simulations  be  performed  on  (natural)  transitioning  flows 
with  the  goal  of  providing  the  information  needed  for  calibration  of  RANS 
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closure  models?  Simulations  of  transitional  flows  have  been  undertaken  pre¬ 
viously;  however,  the  motivation  was  not  to  develop  a  data  base  for  model 
development  but  was  to  obtain  a  detailed  description  of  the  (nonlinear)  sta¬ 
bility  process  leading  to  a  turbulent  flow.  As  such,  parameter  ranges  and 
dynamics  studied  did  not  focus  on  the  data  needed  to  help  refine  models  for 
disturbance  stress  fields  which  would  be  suitable  for  RANS-type  closures. 

Another  feature  of  this  multi-element  system  is  that  all  the  elements  are 
dynamically  coupled  through  the  interaction  of  a  wake(s)  generated  by  an 
upstream  element  and  the  boundary  layer  of  a  downstream  element.  It  has 
not  been  possible  to  accurately  predict  the  downstream  evolution  of  these 
generated  wakes  and  as  such,  the  downstream  predictions  have  not  been 
accurate  as  well  (Rumsey  and  Gatski,  2002).  It  is  not  clear  whether  the  clo¬ 
sure  model  deficiencies  are  due  to  the  strong  pressure  gradients  imposed  on 
these  wakes  (such  as  the  slot  generated  wake),  or  the  sequence  of  pressure- 
gradients  the  developing  wakes  experience  as  they  evolve  downstream.  In 
isolation,  prediction  of  the  near-wake  flow  field  has  been  successful,  at  least 
over  a  limited  range  of  pressure  gradients  (Carlson  et  a/.,  2000).  While 
DNS  of  a  wake  flow  has  been  performed  previously  (Moser  et  al ,  1998), 
it  did  not  focus  on  effects  of  pressure  gradient  or  other  issues  related  to 
the  multi-element  dynamics  of  interest  here.  Nevertheless,  a  well-posed  and 
accurate  DNS  (or  LES)  could  be  used  to  validate  the  predictive  capability 
of  a  RANS  model  for  such  wakes  in  relative  isolation  to  other  complicating 
dynamic  features  associated  with  the  full  configuration. 

In  addition  to  transition  location  and  wake  evolution  which  affect  the 
global  behavior  of  the  multi-element  flow  field,  each  element  of  the  system 
also  has  some  characterizing  dynamic  features.  The  slat,  for  example,  is 
composed  of  a  curved,  transitional  flow  which  can  sustain  shocks  depend¬ 
ing  on  configuration,  and  a  possible  unsteady,  transitioning  shear  flow  in  the 
lower  surface  cove  region.  Thus,  shock  boundary-layer  interaction  predic¬ 
tion  on  the  curved  upper  surface  can  be  an  important  feature  of  any  overall 
prediction  scheme  of  high-lift  dynamics.  Unfortunately,  the  ability  to  accu¬ 
rately  predict  such  shock-boundary  layer  interactions  are  strongly  problem 
dependent.  On  the  lower  surface  of  the  slat  experiments  have  shown  an  in¬ 
herent  unsteadiness  in  the  flow.  Unfortunately,  such  measurements  are  dif¬ 
ficult  and  detailed  mappings  are  unavailable.  In  any  case,  such  unsteady  ef¬ 
fects  produce  a  significant  challenge  to  any  prediction  scheme.  Well-focused 
simulations  of  model  flows  which  can  partially  capture  some  of  these  key 
features  of  the  practical  configuration  can  be  critical  to  identifying  specific 
deficiencies  of  a  particular  RANS  closure  scheme. 

The  main  element  has  been  less  problematic  once  the  transition  location 
is  properly  predicted  or  fixed.  Errors  in  the  slat  wake  predictions  inherently 
persist  downstream;  however,  the  slat  wake  velocity  deficit  only  begins  to 
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interact  with  the  main  element  boundary  layer  near  the  aft  portion  of  the 
element.  In  addition,  the  flow  over  the  flap  is  moderately  curved  which 
further  complicates  the  dynamics.  Turbulence  models  currently  available 
are  only  moderately  successful  in  capturing  all  these  dynamics,  even  in  well- 
posed  comparative  studies  with  experiments.  Clearly,  a  significant  challenge 
is  to  identify  suitable  test  flow  fields  that  can  be  accurately  computed  with 
DNS  or  LES  approaches,  and  still  provide  a  database  that  can  be  used  to 
validate  turbulent  closure  models  that  could  lead  to  improved  closures. 

The  mean  velocity  field  over  the  flap  is  characterized  by  a  velocity  deficit 
produced  by  the  merging  of  the  slat  wake  with  the  main  element  boundary- 
layer  flow  and  an  altered  inner  layer  velocity  field  due  to  the  gap  between 
the  main  element  and  flap.  As  the  angle-of-attack  increases,  flow  separation 
over  the  high-lift  device  may  be  initiated  over  the  flap  adding  to  the  com¬ 
plexity  of  the  flow.  Obviously,  prediction  schemes  are  not  successful  over  a 
wide  parameter  range  and  could  benefit  from  simulations  which  isolate  key 
features.  One  area  of  particular  interest  would  be  the  flow  field  dynamics 
in  the  region  downstream  of  the  separation  point.  A  detailed  mapping  of 
this  flow  would  hopefully  allow  for  improved  model  development. 

3.  Engine  Flow  Fields 

A  second  example  of  a  complex  aerodynamic  flow  field  is  that  associated 
with  scramjet/ramjet  engines  (Fig.  2).  The  inlet  flow  field  is  composed 
of  complex  shock  boundary-layer  interactions  and  the  detailed  dynamics  of 
such  flows  is  not  well  understood.  Downstream  in  the  combustor,  high  speed 
fuel  injection  occurs  resulting  in  a  complex  mixing  process  with  shocks 
present. 
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Figure  2.  Sketch  of  inlet  flow  field  of  scramjet/ramjet  engine  and  important  dynamic 
characteristics  (J.  A.  White,  private  communication) 

Once  again,  such  flow  field  predictions  are  beyond  the  capabilities  of  ei- 
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ther  direct  or  large-eddy  simulations.  Thus,  at  this  time  a  RANS  approach 
is  the  only  practical  means  of  obtaining  predictions  of  the  flow  field.  The 
challenge,  then,  is  to  identify  important  dynamical  features  which  charac¬ 
terize  different  regions  of  the  flow  field  and  formulate  suitable  DNS  and 
LES  unit  problems  that  can  be  studied  to  improve  the  RANS  closure  mod¬ 
els.  Compressible  RANS  approaches  using  Favre-averaged  variables  have 
been  the  methodology  most  commonly  used  in  such  flows.  Such  approaches 
yield  additional  correlations  in  the  governing  equations  which  are  due  to 
compressibility  and  for  which  closure  models  need  to  be  developed.  These 
may  include  heat  and  mass  flux  models  as  well  as  dilatation  models.  De¬ 
pending  on  the  degree  of  compressibility,  the  turbulence  can  be  significantly 
altered  from  its  incompressible  behavior.  If  so,  several  modeling  issues  arise 
which,  unlike  the  incompressible  case,  need  to  be  resolved.  While  numerical 
simulations  have  been  performed  in  the  last  decade  on  compressible  flow 
fields  (e.g.  Freund  et  al.  2000,  Sarkar  and  Pantano  1999),  the  results  have 
not  been  extensively  utilized  in  model  development.  Thus,  at  the  outset  it 
would  be  beneficial  to  examine  simulations  already  performed  and  evaluate 
their  usefulness  on  improving  existing  currently  available  models. 

As  Fig.  2  shows,  the  inlet  region  is  dominated  by  a  complex  shock  pat¬ 
tern  which  has  a  significant  impact  on  the  flow  field.  Useful  information 
could  be  obtained  from  a  simple  boundary-layer  computation  with  an  im¬ 
pinging  shock  (e.g.  Adams  2000).  Such  a  calculation  would  give  some  insight 
into  the  dominant  dynamic  features  that  would  need  to  be  considered  in  the 
full  problem.  Another  important  feature  of  such  flows  is  the  high-speed  fuel 
injection  process.  The  injection  produces  a  very  complex  flow  field  which  is 
very  challenging  to  predict.  Can  a  representative  DNS  or  LES  unit  problem 
be  devised  that  would  successfully  replicate  some  of  the  important  physics? 
Such  a  database  could  be  used  to  validate  existing  models  or  lead  to  the 
development  of  improved  closure  models. 

Certainly  complex  flow  field  dynamics  are  not  limited  to  the  scram- 
jet/ramjet  engines.  Unlike  the  scramjet/ramjet  engines,  turbofan  engines 
contain  a  rotor/stator  assembly  which  introduces  extra  strain  effects  into 
the  turbulent  flow  field.  Flow  curvature  and  non-inertial  effects  adds  to  an 
already  complex  flow  that  includes  leading-edge  shocks  ahead  of  the  rotor 
blades,  shedding  vortices,  and  unsteady  wakes. 

4.  Future  Challenges 

Many  new  challenging  problems  continue  to  arise  predicated  on  the  need  to 
better  control  the  flow  field  dynamics  in  complex  configurations.  Adaptive 
flow  and  noise  control  are  but  two  examples  along  with  the  continuing  need 
to  improve  the  predictions  of  the  type  of  flow  fields  discussed  in  the  previous 
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sections. 

Adaptive  or  active  flow  control  comprise  a  closed  system  where  a  con¬ 
tinuous  feedback  loop  exists  to  optimize  some  flow  field  characteristic.  Ac¬ 
tive  cavity,  fluid/structural  shaping  and  separation  are  examples  of  control 
mechanisms  that  can  be  used.  Each  of  these  control  mechanisms  when 
embedded  in  complex  aerodynamic  configurations  would  require  highly  re¬ 
solved  simulations  in  order  to  adequately  describe  the  complex  flow  field 
dynamics.  The  same  holds  true  for  improved  airframe,  fan  and  jet  noise 
control.  Detailed  simulations  of  full  configuration  slat  leading  edge,  flap 
trailing  and  side-edge,  and/or  landing  gear  geometries  are  prohibitive. 

As  in  the  previous  sections,  DNS  and  LES  methodologies  may  be  best 
suited  to  problems  that  describe  the  complex  flow  field  structure  in  simpli¬ 
fied  geometries  but  which  still  capture  the  key  dynamic  features  of  the  full 
flow  field.  Another  approach  would  be  to  develop  composite  methodologies 
capable  of  achieving  the  accuracy  of  the  DNS  and  LES  methodologies,  but 
in  full  configurations.  Such  composite  or  hybrid  approaches  have  begun  to 
be  formulated  and  these  include  the  Detached  Eddy  Simulation  (DES)  (e.g. 
Spalart  1999)  and  the  Flow  Simulation  Methodology  (FSM)  (e.g.  Zhang  et 
al  2000). 

Such  composite  approaches  can  be  constructed  from  modified  Reynolds 
averaged  Navier-Stokes  (RANS)  and  LES  formulations,  for  example.  The 
usual  RANS-type  formulations  are  probably  unacceptable  since  they  do 
not  in  general  handle  non-equilibrium  effects  properly  and  are  not  properly 
sensitized  to  the  broad  spectrum  of  scales  present.  Extensions  to  the  usual 
RANS-type  formulations  include,  for  example,  the  triple-decomposition  ap¬ 
proach  originally  proposed  by  Reynolds  and  Hussain  (1972)  and  the  Semi- 
Deterministic  Method  (SDM)  (Ha  Minh  and  Kourta  1993).  Such  extensions 
inherently  solve  time-dependent  RANS-type  formulations  and  as  such  have 
been  referred  to  as  unsteady  RANS  (URANS),  time-dependent  RANS  (T- 
RANS)  and  VLES.  The  label  VLES  (Very  Large  Eddy  Simulation)  of  course 
being  put  forward  to  establish  a  formal  link  with  the  LES  approach.  Some 
new  alternatives  to  LES  are  now  also  appearing  such  as  the  Navier- Stokes¬ 
es  model  which  includes  nonlinear  dispersive  effects  (Chen  et  al.  2000),  and 
the  Coherent  Vortex  Simulation  (CVS)  approach  (Farge  et  al  2000,  see  also 
Goldstein  et  al  2000).  It  remains  to  be  seen  whether  such  approaches  pro¬ 
vide  better  modeling  insight  for  RANS-type  closures  or  a  more  conducive 
basis  for  composite  formulations. 

It  should  be  recognized  that  while  the  RANS  and  LES  equations  are 
formally  equivalent,  the  flow  field  is  being  described  differently  due  to  the 
disparity  of  scales  being  resolved.  Thus,  one  might  naturally  ask  whether 
there  is  some  way  in  which  both  methods  would  produce  the  same  flow  field 
as  described  by  the  velocity  field,  for  example. 


DNS/LES  FOR  NASA  AERODYNAMIC  NEEDS 


31 


It  is  worthwhile  to  look  at  a  strategy  proposed  by  Germano  (1999). 
Consider  the  ensemble  mean  of  both  the  velocity  and  pressure  fields  and 
assume  that  for  /(x,  t)  (u*(x,  £)  or  p(x,t)) 


Eifi^t)}  =  E{/(M)}  -  £(x^ 

DNS  LES  ANS 


(1) 


The  ambiguity  associated  with  averaged  Navier-Stokes  variable  is  inten¬ 
tional.  In  both  DNS  and  LES,  the  statistical  average  of  the  variable  (DNS) 
or  the  filtered  variable  (LES)  is  performed  simultaneously  with  (or  post- 
processed  after)  the  numerical  solution  of  the  Navier-Stokes  equations.  In 
R ANS- type  formulations  (which  are  labeled  here  as  ANS  for  Averaged 
Navier-Stokes),  it  is  the  averaged  variable  which  is  solved  for  directly.  For 
this  reason,  the  ANS  mean  velocity  and  pressure  will  simply  be  represented 
by  Ui  and  P,  respectively. 

Now,  in  addition  to  Eq.  (1)  which  assumes  the  equivalence  of  the  en¬ 
semble  mean  of  the  filtered  quantity  with  the  ensemble  mean,  it  is  also 
required  that  the  corresponding  mean  momentum  equations  be  equivalent, 
then 
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Note  that  here  the  second-moment  of  the  fluctuating  velocity  ry  is  given 
by  some  statistical  average  of  (ui  -  Ui )  ( Uj  -  Uj). 

The  partitioning  suggested  by  <Sles  can  a^so  clearty  shown  in  spec¬ 
tral  space.  For  a  statistically  homogeneous  field  using  a  sharp  cut-off  filter 
(G( k)  =  H(kc  -  |fc|)) 


E{(~i  -£{«<})  (~j  =  ^kG2(k)<fy(k,i) 


where  the  energy  spectrum  tensor  $ij  (k,  t)  is  related  to  the  Fourier  trans¬ 
formed  instantaneous  velocity  Ui  by 

E{(ui  -  E{ih})  (uj  -  E{uj})}  =  ^3(k  +  kO^(k,  t)  (11) 

Equations  (9)  and  (10)  show  that  as  the  cut-off  wavenumber  increases,  the 
contribution  from  r|ps  diminishes  and  the  LES  formulation  evolves  toward 
a  full  DNS;  whereas,  as  the  cut-off  wavenumber  decreases,  the  contribution 
from  r^GS  increases  and  more  of  spectrum  needs  to  be  modeled. 

In  order  that  the  velocity  fields  E{ui}  and  Ui  computed  from  either  an 
LES  Eq.  (3)  or  a  RANS-type  Eq.  (4)  formulation  be  the  same,  a  formal 
requirement  for  consistency  between  the  two  methodologies  would  be 

Tij  =  E{(ui  -£{“i})  (~j  -E{uj})}  +  E{t??s},  (12) 

or  using  Eqs.  (9)  and  (10), 

/  d3k$ij(k,t)=  [  <f3k$y(M)+  [  d3k<MM).  (13) 

JVk  J\k\<kc  J\k\>kc 

The  relation  in  (12)  can  also  be  shown  to  be  a  direct  consequence  (Germano 
1999)  of  the  initial  assumption  about  the  mean  fields  in  Eq.  (1).  Germano 
(1999)  used  the  result  in  Eq.  (12)  to  derive  a  simple  relation  for  the  subgrid 
scale  eddy  viscosity.  An  alternative  view  would  be  to  use  (12)  as  a  guide  to 
improved  modeling  of  Tij. 

In  a  statistically  steady  flow,  where  the  ANS  is  simply  the  usual  RANS 
(e.g.  long  time  average)  formulation,  ry  contains  the  entire  effect  of  the 
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turbulence  on  the  mean  flow,  and  in  a  sense  corresponds  to  the  limiting 
value  for  a  decreasing  cut-off  wavenumber  kc.  However,  in  statistically  un¬ 
steady  flows  where  methods  such  as  unsteady  RANS  (URANS  or  T-RANS, 
VLES)  may  be  needed,  contributions  from  both  Eqs.  (9)  and  (10)  need  to 
be  properly  represented  by  T{j  in  order  for  consistency  with  an  LES  for¬ 
mulation.  In  practice,  for  inhomogeneous  flows  the  mean  (velocity)  fields 
obtained  from  a  RANS- type  formulation  are  associated  with  temporal  av¬ 
erages.  This  further  complicates  any  consistency  arguments  due  to  the  fact 
that  any  coupling  between  such  a  temporal  average  and  the  spatial  filtering 
associated  with  an  LES  would  necessarily  involve  a  complicated  (and  prob¬ 
ably  unknown)  dispersion  relation  (Pruett,  2000)  that  needs  to  be  taken 
into  account. 

5.  Summary 

While  direct  and/or  large  eddy  simulations  are  probably  not  going  to  be  ca¬ 
pable  of  predicting  complex  aerodynamic  flow  field  themselves,  the  method¬ 
ologies  can  and  should  be  utilized  to  solve  flow  problems  that  replicate  the 
essential  dynamic  features  of  the  full  problem.  In  the  near  term,  this  may  be 
the  most  useful  role  of  such  methodologies  rather  than  as  a  substitute  to  the 
currently  available  RANS- type  models.  These  simulation  results  can  then 
be  used  to  develop  improved  closure  models  for  higher-order  correlations 
that  appear  in  the  models  for  the  Reynolds  stress  tensor. 

Within  this  framework,  examples  of  complex  aerodynamic  flow  fields 
including  a  high-lift  system  composed  of  a  multi-element  airfoil  configura¬ 
tion  and  a  scramjet /ramjet  engine  configuration  were  used  to  highlight  the 
need  for  well  chosen  unit  problems  that  would  isolate  the  key  dynamics 
associated  with  such  flows. 

Currently,  composite  methodologies  are  appearing  which  attempt  to 
utilize  both  the  LES  and  RANS-type  formulations.  Formal  and  complete 
methods  which  correctly  utilize  these  two  formulations  may  need  to  satisfy 
some  consistency  requirements  in  order  to  insure  that  both  the  LES  and 
RANS-type  formulation  will  yield  the  same  mean  flow  fields. 
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Abstract. 

This  paper  presents  a  general  overview  of  the  recent  works  dealing  with 
LES/DNS  carried  out  at  ONERA.  The  emphasis  is  put  on  developments 
aiming  at  extending  or  using  these  techniques  for  complex  flows  directly 
connected  with  practical  applications. 


1.  Introduction 

Unsteady  numerical  simulation  of  flows  of  theoretical  and  practical  interest 
is  more  and  more  popular.  It  allows  us  to  gain  a  deeper  insight  in  involved 
physical  mechanisms,  and  practical  experience  shows  that  it  reduces  the 
constraint  on  the  turbulence  modeling  (when  compared  to  steady  RANS 
computations),  since  a  significant  part  of  the  turbulent  motion  is  directly 
captured.  Main  drawbacks  are  that  the  solution  is  often  much  more  sen¬ 
sitive  to  numerical  errors  than  steady  RANS  computations  and  that  huge 
amounts  of  grid  points  is  needed  to  obtain  a  satisfactory  solution. 

The  rapid  increase  of  the  computing  power  makes  it  now  possible  to 
perform  DNS  and/or  LES  of  complex  flows,  which  cannot  be  considered  as 
” academic  test  cases”. 

In  this  paper,  we  will  discuss  some  applications  of  DNS  and/or  LES  to 
flows  of  practical  interest  performed  at  ONERA  : 

—  Subsonic  flow  around  a  two-dimensional  wing  near  stall. 

—  Flow  around  a  Delta  wing  with  vortex  breakdown. 

—  Flow  around  a  low-pressure  turbine  blade. 
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For  all  these  applications,  the  parameters  of  the  wind-tunnel  experi¬ 
ments  (geometry,  Reynolds  number)  are  strictly  reproduced  in  the  simula¬ 
tions.  All  these  flows  involve  a  wide  range  of  physical  phenomena,  such  as 
transition,  separation,  boundary  layer,  wake,  etc.  As  a  consequence,  they 
are  challenging  cases  for  LES  and  DNS,  since  they  cannot  be  treated  with 
one  of  these  approaches  only.  Because  of  the  high  value  of  the  Reynolds 
number  (up  to  several  millions  in  some  cases),  a  full  DNS  cannot  be  em¬ 
ployed  over  the  whole  computational  domain,  and  LES  must  be  used.  But 
transitional  region  must  be  treated  with  DNS  or  quasi-DNS  resolution. 
This  kind  of  complex  applications  thus  requires  the  development  of  hybrid 
approaches,  based  on  self-adaptive  subgrid  models  and  ad  hoc  numerical 
techniques,  which  must  be  able  to  provide  some  numerical  stabilization 
without  polluting  the  solution. 

New  developments  dealing  with  zonal  muitiresolution  DNS/LES  tech¬ 
niques  are  presented  in  Sec.  2.  Problems  dealing  with  the  control  of  numer¬ 
ical  dissipation  are  discussed  in  Sec.  3.  Results  dealing  with  the  previously 
mentioned  applications  and  obtained  making  use  of  the  zonal  techniques 
are  presented  in  Sec.  4.  Then,  new  ways  to  reduce  the  computational  cost 
of  DNS/LES  are  discussed  in  Sec.  5. 

2.  Development  of  zonal  multiresolution  DNS/LES  techniques 

Most  of  the  known  works  dealing  with  LES  (see  [1]  for  a  recent  review)  and 
DNS  on  structured  meshes  make  use  of  monodomain  numerical  algorithm, 
or  conformal  multidomain  approach.  This  results  in  a  severe  limitation 
in  the  capability  to  concentrate  the  computational  nodes  in  areas  where 
important  physical  mechanisms  occur  while  keeping  the  total  number  of 
grid  points  as  low  as  possible.  This  limitation  renders  the  use  of  classical 
DNS/LES  approaches  very  expensive  for  complex  geometries,  where  these 
’’important  areas”  are  very  small  when  compared  to  the  full  geometry.  This 
is  well  known  for  the  classical  example  of  the  turbulent  boundary  layer. 

In  order  to  alleviate  this  problem,  a  zonal  multiresolution  approach 
has  been  developped  [18],  which  in  practice  appears  as  a  non-conformal 
subdomain  technique.  From  the  theoretical  point  of  view,  this  approach 
leads  to  the  problem  of  the  coupling  of  two  solutions  with  different  filter 
lengths  at  the  subdomain  interface.  It  can  be  shown  that,  in  the  most 
general  case,  neither  the  instantaneous  field  nor  the  mean  or  rms  fields 
are  continuous  at  the  interface,  because  of  the  difference  in  the  filters.  As  a 
consequence,  classical  conservative  treatments  of  the  interface  are  no  longer 
valid. 

The  proposed  method  rely  on  the  definition  of  two  operators  at  the 
interface:  a  restriction  operator  (from  fine  to  coarse  subdomains),  and  an 
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enrichment  operator  (from  coarse  to  fine  subdomains)  to  reconstruct  the 
high  frequencies  on  the  interface.  The  restriction  operator  is  defined  as  a 
filter  applied  to  the  high  frequency  solution.  The  enrichment  algorithm  is 
based  on  the  extrapolation  of  the  difference  between  the  solution  in  the 
two  subdomain  near  the  interface.  This  algorithm  was  demonstrated  to  be 
efficient  for  filter  length  ratio  as  high  as  4  for  wall  bounded  turbulent  flows 
(plane  channel,  2D  wings  or  delta  wing). 

The  use  of  this  technique  has  been  extended  to  the  definition  of  coupling 
between  2D  and  3D  subdomains  [15].  This  extension  makes  it  possible  to 
reduce  the  number  of  grid  points  for  flows  around  2D  profiles  by  using 
3D  subdomains  in  turbulent  zones  only  (boundary  layer,  wake),  while  2D 
domains  are  defined  everywhere  else. 


3.  About  the  control  of  numerical  dissipation 

Another  important  problem  which  occurs  for  high  Reynolds  number  com¬ 
plex  flows  is  the  stabilization  of  the  simulation.  Daily  experience  shows  that 
subgrid  models  (even  the  most  dissipative  ones)  do  not  prevent  the  occu- 
ranee  of  spurious  wiggles.  This  is  even  more  obvious  when  transonic  flows 
are  aimed  [7,  8,  9]. 

For  schock-free  flows,  a  modified  version  of  the  AUSM-h(P)  scheme  has 
been  developped  [15].  This  modification  is  based  on  the  introduction  of 
a  wiggle  detector,  the  dissipative  part  of  the  AUSM  scheme  being  set  to 
zero  at  locations  where  no  wiggles  are  detected.  This  wiggle  detector  is 
computed  as  follows  in  cell  number  i  : 

a  i  f  ~  1  ^  (0i+ 2  —  ^i+lX^+l  “  0z)  <  0  /i\ 

^  ~  \  1  otherwise  '  ' 


{ 


1  if  Aw+A^<° 

0  otherwise 


or 


A^ 


+  A^  < 0 


(2) 


The  sensor  is  then  defined  as  =  Max(W^k),  k  =  1,..,5,  where  is 
the  primitive  variable  vector.  This  sensor  was  shown  to  yield  a  very  large 
reduction  of  the  amount  of  numerical  dissipation,  preventing  a  possible 
conflict  with  the  true  subgrid  dissipation  induced  by  the  models,  as  observed 
for  classical  upwind  schemes  [6,  17].  When  MILES  [2,  5]  computations  are 
wanted,  the  sensor  is  set  to  1  everywhere. 

When  shocks  are  present,  it  is  necessary  to  use  some  numerical  stabi¬ 
lization.  High-order  ENO  filters  have  been  developped  [8],  which  lead  to  an 
important  cost  reduction  (up  to  a  factor  15)  when  compared  to  classical 
ENO  schemes.  These  filters  are  localized  near  discontinuities  thanks  to  the 
use  of  a  shock  detector  based  on  the  proposal  of  Ducros  et  al  [4]. 
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4.  Examples  of  application 

We  now  present  three  applications,  which  are  good  examples  of  recent 
achievements  of  LES/DNS  at  ONERA.  All  these  simulations  have  been 
carried  out  using  the  multidomain/multiresolution  technique  and  the  wig¬ 
gle  detector  describe  above. 

4.1.  FLOW  AROUND  A  TWO-DIMENSIONAL  WING  NEAR  STALL 

The  first  computational  case  is  related  to  the  flow  around  the  Aerospa¬ 
tiale  A-airfoil  near  stall  (the  angle  of  attack  is  equal  to  13.3°).  The  chord 
Reynolds  number  is  equal  to  2.1  106.  This  case  was  selected  during  the 
LESFOIL  project,  and  details  of  ONERA’s  results  can  be  found  in  Ref. 
[15].  This  configuration  represents  a  challenging  test  case  for  both  RANS 
and  LES  computations  because  of  the  complexity  of  the  suction  side  bound¬ 
ary  layer:  the  adverse  pressure  gradient  induces  a  laminar  separation  with 
turbulent  reattachment  near  the  leading  edge,  and  a  massive  separation 
occurs  at  the  trailing  edge. 

The  best  results  have  been  obtained  when  the  transition  process  was 
directly  captured  by  the  simulation,  i.e.  when  the  grid  in  the  boundary 
layer  region  was  fine  enough  to  represent  the  small  scale  physics.  The  corre¬ 
sponding  grid  contains  2048  points  on  the  suction  side,  yielding  Ax+  ~  100 
everywhere.  In  the  two  other  direction,  the  following  criteria  were  fulfilled: 
A y+  <  20  and  A z+  <  2.  The  total  number  of  grid  points  is  7.2  millions. 
The  corresponding  number  of  grid  points  required  to  get  the  same  grid 
resolution  with  a  monodomain  C  mesh  is  21  millions. 

Good  results  have  been  obtained  using  the  Mixed  Scale  Model  [20,  11, 
12,  1].  Pressure  and  friction  coefficients  are  compared  with  experimental 
data  in  Fig.  1.  Computed  lift  and  drag  are  1.539  and  0.0250,  respectively. 
These  values  compare  favourably  with  experimental  results:  1.548-1.515 
and  0.0206-0.0308,  respectively. 

With  the  same  resolution,  MILES  results  are  less  accurate  but  still 
reliable,  mainly  because  the  transition  is  affected.  This  is  in  agreement 
with  the  results  of  Mossi  and  Sagaut  [17]  for  the  plane  channel  case. 

4.2.  FLOW  AROUND  A  DELTA  WING  WITH  VORTEX  BREAKDOWN 

The  flow  around  a  Delta  wing  at  high  angle  of  attack  with  vortex  breakdown 
is  an  example  of  3D  geometry.  The  Reynolds  number  based  on  the  chord 
and  the  angle  of  attack  are  equal  to  1.5  106  and  27°,  respectively.  We 
present  here  the  results  obtained  using  the  MILES  approach,  which  is  a 
good  candidate  for  this  kind  of  application  involving  massive  separation 
and  nearly-free  shear  layer  dynamics. 
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The  total  number  of  subdomains  is  equal  to  21,  corresponding  to  4 
millions  grid  points.  The  equivalent  number  of  grid  points  with  a  conformal 
subdomain  technique  is  200  millions.  In  order  to  reduce  the  number  of  grid 
points,  a  coarse  grid  was  used  in  the  near-wall  region  and  a  wall-model  was 
employed  to  provide  boundary  conditions  on  solid  walls. 

A  general  view  of  the  instantaneous  flow  is  shown  in  Fig.  2,  where  the 
vortex  breakdown  is  clearly  observed.  Mean  velocity  profile  is  compared 
with  experimental  data  in  Figs.  3  and  4,  showing  a  satisfactory  agreement. 


4.3.  FLOW  AROUND  THE  T106  LOW-PRESSURE  TURBINE  BLADE 

The  last  example  deals  with  the  transitional  flow  around  the  T106  low- 
pressure  turbine  blade,  at  a  chord  Reynolds  number  equal  to  1.6  105.  The 
inlet  flow  angle  and  the  exit  flow  angle  are  equal  to  37.7  and  -63.2  degrees, 
respectively.  The  pitch  to  chord  ratio  is  taken  equal  to  0.799.  The  compu¬ 
tational  setup  corresponds  exactly  to  the  experimental  configuration.  This 
example  is  char  act  eric  tic  of  applications  which  can  be  treated  using  both 
DNS  and  LES.  Extensive  DNS  simulations  have  been  performed  by  Durbin 
and  his  coworkers  [3]  on  the  same  geometry,  and  the  idea  was  here  to  reduce 
the  number  of  grid  points  while  preserving  the  quality  of  the  results. 

Once  again,  the  grid  was  fine  enough  to  capture  durectly  the  transition 
process:  Ax+  <  40,  A y+  <  20  and  A <  1,  corresponding  to  the  use  of 
920  grid  points  on  the  profile.  The  total  number  of  grid  points  is  reduced  to 
1  million,  thanks  to  the  use  of  2D  subdomain  and  progressive  mesh  refine¬ 
ment  in  the  3D  zone  along  the  profile  based  on  the  zonal  multiresolution 
technique.  The  total  number  of  subdomains  is  five  2D  domains  and  six  3D 
domains.  This  is  to  be  compared  to  the  25. 106  points  grid  used  for  DNS  at 
CITS. 

A  general  view  of  the  instantaneous  flow  is  presented  in  Fig.  5.  The 
transition  process  and  the  topology  of  the  wake  are  clearly  identified.  Re¬ 
sults  of  both  MILES  and  classical  LES  (using  the  Mixed  Scake  Model)  are 
compared  with  experimental  results  in  Fig.  6.  It  is  observed  that  a  gen¬ 
eral  very  good  agreement  is  recovered.  An  interesting  point  is  that  the  two 
approaches  yield  the  same  results.  This  can  be  explained  by  the  fact  that 
the  grid  resolution  is  very  good  (meshes  are  at  most  twice  larger  as  in  the 
DNS  grid),  leading  to  very  small  subgrid  effects.  The  discrepancy  with  the 
conclusion  drawn  from  the  A-profile  simulations  could  be  explained  by  the 
fact  that  the  size  of  the  mesh  in  streamwise  direction  is  twice  smaller  in 
the  blade  case  than  in  the  wing  computation,  and  the  Reynolds  number  in 
smaller. 
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5.  Further  reduction  of  the  computational  cost 

The  applications  presented  above  make  use  of  the  zonal  multiresolution 
technique,  but  they  all  rely  on  the  usual  LES/DNS  approaches.  Further 
reduction  of  the  CPU  cost  can  be  obtained  thanks  to  the  coupling  of 
DNS/LES  with  new  methods.  We  discuss  here  some  approaches  dealing 
with  the  coupling  of  LES  with  multilevel  algorithms  and  two  ways  of  per¬ 
forming  RANS/LES  coupling,  which  have  not  yet  been  applied  to  complex 
configurations. 

5.1.  MULTILEVEL  ALGORITHMS 

A  possible  way  to  reduce  CPU  cost  of  the  LES  approach  is  to  define  a  multi¬ 
level  algorithm  [13],  than  can  be  interpreted  as  a  time-consistant  extension 
of  the  usual  multigrid  algorithm.  The  resulting  method  can  be  considered 
both  as  an  acceleration  technique  and  a  new  way  to  close  the  filtered  Navier- 
Stokes  equations  without  making  use  of  the  subgrid  viscosity  approach.  In 
practice,  N  levels  of  embedded  grids  are  defined,  each  one  corresponding  to 
a  different  filtering  level.  The  key  points  of  the  method  are:  (i)  the  definition 
of  a  cycling  strategy  and  (ii)  the  closure  at  each  level. 

Terracol  et  ai  have  proposed  a  V-cycle  algorithm  [21,  22,  23],  based  on 
a  fixed  or  self-adaptive  evaluation  of  the  integration  time  on  each  grid,  to¬ 
gether  with  an  extension  of  dynamic  mixed  model  or  a  hierarchical  closure. 
The  tests  show  a  reduction  of  the  CPU  time  by  a  factor  up  to  5  (compared 
to  monolevel  LES  on  the  same  grid)  without  noticeable  loss  on  the  accuracy 
of  the  results  for  the  plane  channel  flow  and  the  plane  mixing  layer. 

5.2.  ZONAL  RANS/LES  COUPLING 

A  first  way  to  couple  RANS  and  LES  is  to  define  a  zonal  approach,  as 
it  is  implicitely  done  in  the  Detached  Eddy  Simulation  approach.  From  a 
theoretical  point  of  view,  this  way  of  coupling  RANS  and  LES  appears  as 
an  extension  of  the  zonal  multiresolution  LES  algorithm  discussed  above 
in  the  paper.  This  analysis  is  conducted  by  Quemere  et  al  [21,  19].  The 
main  new  points  are:  (i)  RANS  and  LES  solutions  do  not  correspond  to  the 
same  effective  filter  (that  can  be  analyzed  in  the  same  way  as  LES  effective 
filters  [14]);  (ii)  RANS  and  LES  solutions  do  not  necessarily  have  the  same 
dimension  and  (iii)  the  number  of  unknown  is  not  the  same  if  turbulence 
models  based  on  transport  equations  are  used. 

An  interface  treatment  for  zero-equation  SGS  model  and  two-equations 
turbulence  model  has  been  assessed  on  the  plane  channel  configuration, 
with  reliable  results  on  the  mean  velocity  and  the  resolved  Reynolds  stresses. 
Examples  of  computed  resolved  Reynolds  stresses  for  the  plane  channel  con- 
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figurations  are  shown  in  Fig.  7.  Two  configurations  have  been  investigated: 
near- wall  RANS  subdomain  with  LES  domain  at  the  center  of  the  channel, 
and  near- wall  LES  computation  with  RANS  domain  at  the  center  of  the 
channel. 

5.3.  ANOTHER  RANS/LES  COUPLING:  THE  NLDE  APPROACH 

The  last  point  discussed  in  this  paper  deals  with  the  reconstruction  of 
turbulent  fluctuations  around  a  mean  profile  obtained  using  the  RANS 
approach.  An  approach  has  recently  been  developped  by  Labourasse  et  al. 
[21,  10],  which  belongs  to  the  Non-Linear  Disturbance  Equations  family,  as 
defined  by  Morris  and  his  co-workers  [16]. 

The  idea  is  here  to  reconstruct  locally  the  turbulent  fluctuations  for 
particular  purposes  (aeroacoustics,  aero-optics)  using  a  LES-like  equations 
for  the  fluctuations,  with  source  terms  corresponding  to  the  coupling  with 
the  mean  flow.  Assessment  in  the  fully  general  compressible  case,  including 
unsteady  mean  flow,  on  the  channel  flow  configuration  is  given  in  Ref. 
[10].  These  results  also  show  that  the  NLDE  approach  is  more  robust  than 
classical  LES.  Examples  of  reconstructed  resolved  Reynolds  stresses  are 
compared  to  classical  LES  solutions  in  Fig.  8. 
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Figure  1.  Flow  around  a  2D  airfoil  near  stall  -  Skin  friction  (Left)  and  Pressure  (Right) 
coefficients.  Line:  LES,  Symbols:  experiments 


Figure  2.  Flow  around  a  Delta  wing  with  vortex  breakdown  (instantaneous  vorticity 
and  pressure  iso-surfaces) 
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Figure  3.  Flow  around  a  Delta  wing  with  vortex  breakdown  -  Mean  streamwise  velocity 
(Left)  and  mean  spanwise  velocity  (Right)  profiles  downstream  the  breakdown.  Line: 
LES,  Symbol:  experiments 


Figure  4.  Flow  around  a  Delta  wing  with  vortex  breakdown  -  Mean  wall-normal  velocity 
(Left)  and  mean  velocity  modulus  (Right)  profiles  downstream  the  breakdown.  Line:  LES, 
Symbol:  experiments 
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Figure  7.  Zonal  RANS/LES  coupling  -  Channel  flow,  Rer  =  590  -  Streamwise,  span- 
wise  and  wall-normal  rms  velocity  fluctuations.  Near-wall  LES  treatment  with  RANS 
subdomain  at  the  center  of  the  channel;  line:  classical  LES,  symbols:  coupled  simulation 
(Left)  and  near-wall  RANS  simulation  with  LES  domain  at  the  center  of  the  channel; 
symbols:  classical  LES,  lines:  coupled  simulation  (Right).  Vertical  lines  note  the  position 
of  the  interface. 
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Figure  8.  RANS/LES  coupling  -  NLDE  Approach  -  Channel  flow,  ReT  =  395  -  Stream- 
wise,  spanwise  and  wall-normal  rms  velocity  fluctuations  (Left)  and  shear  stress  (Right). 
Line:  NLDE,  Symbol:  classical  LES 
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Abstract 

This  paper  describes  industrial  applications  of  LES  with  a  particular  emphasis  on 
internal -flow  simulations  of  turbomachinery  and  simulations  of  aeroacou  sties. 
The  aerodynamic  sound  is  assumed  to  be  generated  by  flows,  at  relatively  low 
Mach  numbers,  around  an  object,  and  it  is  therefore  calculated  from  fluctuating 
surface-pressure  as  obtained  by  the  LES.  In  order  to  deal  with  a  moving 
boundary  interface  in  the  flow  field,  a  form  of  the  finite-element  method  in 
which  overset  grids  are  applied  from  multiple  dynamic  frames  of  reference  has 
been  developed.  The  overset-grid  approach  is  also  applied  to  increase  the  grid 
resolution  around  the  body  of  interest  for  computations  in  the  field  of 
aeroacoustics.  The  method  is  implemented  as  a  parallel  program  by  applying  a 
domain-decomposition  programming  model.  The  validity  of  the  proposed 
method  is  shown  through  two  numerical  examples:  prediction  of  the  internal 
flows  of  a  hydraulic  pump  stage  and  prediction  of  the  far-field  sound  that  results 
from  unsteady  flow  around  an  insulator  mounted  on  a  high-speed  train. 

L  Introduction 

At  present,  the  Reynolds-averaged  Navier-Stokes  (RANS)  equations  are  used  as 
the  governing  equations  in  most  computations  of  flow  field  for  engineering 
applications.  Since  the  RANS  equations  are  in  terms  of  time  averages, 
computation  with  RANS  has  inherent  limitations  in  predicting  the  unsteady 
nature  of  a  flow  field.  Solutions  from  the  RANS  equations  usually  deteriorate 
when  the  flow  field  of  interest  involves  the  large-scale  separations  that  are  often 
encountered  in  engineering  applications.  On  the  other  hand,  the  large  eddy 
simulation  (LES),  in  which  turbulent  eddies  of  a  scale  larger  than  the 
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computational  grid  are  directly  computed,  has  the  potential  to  predict  unsteady 
flows  and/or  flow  fields  that  include  regions  of  large-scale  separation  much  more 
accurately  than  RANS-based  computation  does  in  general.  The  goal  of  the 
present  study  is  to  develop  a  practical  engineering  tool  that  is  based  on  LES,  with 
a  particular  emphasis  on  internal-flow  simulations  of  turbomachinery  and 
simulations  of  aeroacoustics. 


2,  Governing  Equations 
2. 1  Flow-Field  Computation 

The  governing  equations  on  which  the  present  study  is  based  are  the  spatially 
filtered  continuity  equation  and  Navier-Stokes  equations  for  the  flow  of  an 
incompressible  fluid,  as  represented  in  Cartesian  coordinates.  The  inertial  forces 
associated  with  the  motion  of  the  frames  of  reference  are  added  to  Navier-Stokes 
equations.  The  standard  Smagorinsky  model1,  incorporated  with  the  Van-Driest 
wall-damping  function  that  represents  the  near-wall  effects,  is  adopted  as  the 
subgrid-scale  model  of  turbulence.  The  Smagorinsky  coefficient  is  fixed  to  0.15, 
which  is  a  standard  value  for  flows  with  large  separation,  and  the  grid-filter  size 
is  computed  as  the  cube-root  of  the  volume  of  each  finite  element. 


2. 2  Computation  of  the  Acoustic  Field 

In  the  present  study,  the  aerodynamic  sound  is  assumed  to  be  generated  by  flows, 
at  relatively  low  Mach  numbers,  around  an  object  whose  dimension  is  much 
smaller  than  the  wavelength  of  sound.  In  this  case,  the  far-field  sound  radiated 
from  the  unsteady  flow  can  be  calculated  from  Curie’s  equation  : 


Pa  =-±-2L^\nip(y,t-rla)dS 
4  7ta  r  at  i 


(1) 


where  a  denotes  the  speed  of  sound  in  the  ambient  fluid,  p  the  static  pressure  in 
the  flow  field,  pa  the  far-field  sound  pressure,  xv  the  location  of  the 
sound-observation  point,  y  the  coordinates  at  the  noise  source,  r  the  distance 
between  the  noise  source  and  the  sound-observation  point,  and  Hj  the  outward 
unit  vector  normal  to  the  solid  boundaries.  In  the  above  expression,  the 
assumption  that  the  flow  has  a  high  Reynolds  number  makes  the  contribution  of 
viscous  stresses  to  the  surface  integral  negligible.  It  is  thus  possible  to  calculate 
the  far-field  sound  from  the  fluctuating  surface  pressure  as  obtained  by  the  LES. 


3.  Numerical  Method 

3. 1  Overset  Grids  from  Multiple  Dynamic  Frames  of  Reference 
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In  the  present  study,  a  moving  boundary  interface  in  the  flow  field  is  treated  with 
overset  grids  from  multiple  dynamic  frames  of  reference3.  The  application  of  this 
method  to  the  interaction  between  a  rotating  impeller  and  a  stationary  casing  in  a 
pump  is  schematically  depicted  in  figure  1.  A  computational  mesh  that  rotates 
along  with  the  impeller  is  used  to  compute  the  flow  within  the  impeller.  On  the 
other  hand,  a  dedicated  stationary  computational  mesh  for  each  part  computes 
the  flow  in  stationary  parts  of  the  pump.  Each  mesh  includes  appropriate  margins 
of  overlap  with  its  neighboring  meshes  upstream  and  downstream.  At  every  time 
step,  the  velocity  components  and  static  pressure  within  each  such  margin  are  the 
values  interpolated  in  the  computational  mesh  of  the  corresponding  neighbor. 
Element-wise  tri-linear  functions  are  used  to  interpolate  both  the  velocity 
components  and  the  static  pressure4  5.  When  velocity  components  are  overset,  an 
appropriate  coordinate  transformation  must  be  applied  to  take  the  differences 
between  the  frames  of  reference  into  account. 

3.  2  Finite-Element  Formulation 

A  streamline-upwind  finite-element  formulation6  is  used  to  discretize  the 
governing  equations  of  the  flow  field.  This  formulation  is  based  on  the  explicit 
Euler’s  method,  but  shifts  the  spatial  residuals  of  the  governing  equations  in  the 
upstream  direction  of  the  local  flow.  The  magnitude  of  this  shift  is  one  half  of  the 
time  increment  multiplied  by  the  magnitude  of  the  local  flow  velocity.  This  shift 
exactly  cancels  out  the  negative  numerical  dissipation  that  is  otherwise  the  result 
of  applying  Euler’s  method  and  guarantees  stability  and  the  accuracy  of 
solutions.  The  proposed  formulation  essentially  possesses  second-order  accuracy 
in  terms  of  both  time  and  space,  and  has  been  successfully  applied  to  the  LES  of 
external  as  well  as  internal  flows3'6,7. 

3.3  Parallel  Implementation 

We  have  implemented  the  formulation  described  in  the  previous  sections  as  a 
parallel  program  by  using  the  domain-decomposition  programming  model.  In 
this  programming  model,  the  global  computational  domain  is  partitioned  into  a 
prescribed  number  of  subdomains  (see  figure  2  for  an  example  of  mesh 
partitioning),  and  each  of  the  subdomains  is  assigned  to  a  dedicated  processing 
node.  The  communicating  pairs  and/or  local  coordinates  where  given 
interpolations  are  taking  place  change  at  the  moving-boundary  interfaces  on 
every  time  step.  The  usual  (unsophisticated)  parallel  implementation  therefore 
includes  broadcast  communications  on  every  time  step  as  the  processing  node 
searches  for  its  new  communication  pairs.  This  communication  overhead 
seriously  deteriorates  the  overall  parallel  computing  performance.  In  the  present 
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study,  the  communication  pairs  are  searched  in  advance  by  a  serial  computation 
and  they  are  fed  to  the  parallel  flow  solver  as  input  data  on  every  time  step.  This 
procedure  not  only  avoids  the  otherwise  inevitable  communications  overhead  but 
also  brings  in  greater  flexibility  with  the  flow  solver.  By  preparing  appropriate 
input  data  for  the  moving-boundary  interfaces,  the  flow  solver  is  capable  of 
computing  flow  fields  with  an  arbitrary  number  of  moving-boundary  interfaces 
that  move  in  an  arbitrary  (but  defined)  manner.  The  performance  of  the  proposed 
method  in  terms  of  parallel  computing  was  evaluated  on  various  hardware 
platforms.  Table  1  shows  one  such  example,  where  the  method  was  tested  on 
Hitachi’s  SR8000  super-computer.  The  sustained  performance  ranges  from  12% 
to  14%  of  the  peak  performance.  Figure  3  is  a  plot  of  the  overall  sustained 
performance  against  the  number  of  the  processing  nodes  for  the  same  benchmark 
test.  A  parallel  computing  efficiency  of  over  85%  is  achieved  on  this  platform 
and  this  confirms  that  it  is  possible  to  complete  a  large-scale  computation  of  flow 
with  a  grid  that  has  more  than  10  million  divisions  within  a  practical  period  of 
time  on  a  high-end  computer  of  the  current  generation. 

4.  Simulation  Examples 

After  ensuring  the  validity  of  the  LES  code  we  developed  by  applying  it  to  the 
calculation  of  basic  flows  of  various  types6’7,  the  code  is  now  being  tested  on 
real-world  problems.  Two  examples  will  be  described  below:  one  from  the 
simulation  of  turbomachinery  and  the  other  from  aeroacoustical  simulations. 

4. 1  Simulation  of  Unsteady  Flow  in  a  Mixed-Flow  Pump 

The  code  was  applied  to  the  computation  of  the  internal  flow  in  a  mixed-flow 
pump  stage  with  a  high  designed  specific-speed.  The  measured  total  heads  of  this 
pump  exhibited  slightly  unstable  characteristics  at  a  flow-rate  ratio  of  around 
60%.  In  order  to  obtain  comparative  data  for  use  in  validation,  the  mean-velocity 
profiles  at  the  impeller’s  inlet  and  exit  cross-sections  were  measured  by  a 
two-dimensional  LDV. 

The  computational  mesh  used  in  this  study  is  shown  in  figure  4.  At  the  upstream 
of  the  regulation-plate  mesh,  a  driving  section  (not  shown  in  this  figure)  is 
overset,  and  therefore,  on  every  time  step,  the  inlet  velocities  of  the 
regulation-plate  mesh  were  the  values  interpolated  from  instantaneous  velocities 
of  the  driving  section  (see  figures  5  and  6,  respectively  for  typical  instantaneous 
secondary-flow  velocity  and  fluctuations  in  centerline  velocities  in  this  section). 
The  flow  rate  of  the  pump  was  set  by  adjusting  the  magnitude  of  uniform 
acceleration  that  was  applied  to  the  driving  section  in  the  axial  direction  (see 
figure  7  for  a  comparison  of  the  measured  and  predicted  mean-velocity  profiles 
in  the  driving  section).  The  Reynolds  number  based  on  the  impeller’s  exit 
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diameter  Z),  and  the  circumferential  velocity  u2  at  this  point  is  5.7  X  106.  In  order 
to  investigate  effects  of  grid  resolution  on  the  accuracy  of  the  solution,  two  sets 
of  meshes  with  different  grid  resolution  were  used.  The  numbers  of  elements  are 
approximately  1 .7  million  for  the  coarse  mesh  and  5  million  for  the  fine  mesh. 
The  time  increment  was  set  so  that  8,000  time  steps  corresponded  to  a  single 
revolution  of  the  impeller  and  the  total  pump  head  and  mean-velocity 
distributions  were  evaluated  by  averaging  the  flow  field  during  10  impeller’s 
revolutions.  The  computations  were  carried  out  by  using  16  processing  nodes  on 
the  Hitachi  SR8000  super-computer.  The  required  CPU  time  was  about  1.6 
seconds  per  time  step  for  the  fine-mesh  LES.  The  total  CPU  time  for  a  single 
flow-rate  ratio  was  thus  about  35  hours  for  this  case. 

The  computed  total  pump-heads,  together  with  their  measured  equivalents,  are 
plotted  in  figure  8.  The  total  pump-heads  predicted  by  the  fine-mesh  LES  agree 
fairly  well  with  the  measured  values  down  to  a  flow-rate  ratio  of  60%,  where  the 
measured  head-flow  characteristics  indicate  an  onset  of  the  total  stall.  The 
fine-mesh  LES  predicted  an  onset  of  the  total  stall  at  a  flow-rate  ratio  of  54%, 
which  is  6%  lower  than  the  measured  value.  In  the  following,  we  are  presenting 
flow  fields  at  flow-rate  ratios  of  60%  and  43%  as  they  respectively  represent  the 
pre-stall  and  post-stall  flow  fields.  Figure  9  shows  instantaneous  distributions  of 
axial  velocity  in  the  centerline  plane  of  the  pump.  Figure  10  shows  the  computed 
and  measured  mean-velocity  profiles  at  the  impeller’s  inlet  cross-section  (see 
figure  9  for  its  location)  where  Cm  and  Cu  respectively  denote  the  meridional 
and  circumferential  velocities.  The  fine  mesh  LES  accurately  predicts,  for  the 
post-stall  case,  the  large  region  of  reverse  flow  near  the  impeller’s  tip  and  intense 
pre-rotation  that  results  from  this  reverse  flow  and  results  in  the  decrease  in  the 
total  pump  head.  Finally,  figure  11  shows  mean-velocity  profiles  at  the 
impeller’s  exit  section.  The  velocity  profiles  predicted  by  the  fine-mesh  LES  are 
in  reasonably  good  agreement  with  the  measured  profiles  and  the  changes  in  the 
flow  pattern  to  the  centrifugal  type  at  the  post-stall  condition  are  clearly  captured 
by  the  fine-mesh  LES.  The  hydrodynamic  mechanism  in  which  characteristics 
instability  occurs  is  now  being  investigated  by  using  the  simulated  flow-field 
data,  which  will  hopefully  lead  us  to  the  establishment  of  a  general  design  rule 
for  avoiding  this  occurrence. 

4.  2  Aeroacoustical  Simulation  of  a  Pantograph  Insulator 

To  achieve  further  increases  in  the  speeds  of  high-speed  trains,  which  is 
presently  running  at  300  km/h  in  Japan,  a  reduction  in  the  generation  of 
aerodynamic  noise  by  the  pantograph  (the  electric-current  collector  on  the  train’s 
roof)  has  become  a  matter  of  great  concerns  in  terms  of  the  aerodynamic  design 
of  the  vehicle.  Past  research  has  indicated  that,  among  the  various  noise  sources 
of  a  pantograph,  the  insulator  provides  the  dominant  contribution  to  the  overall 
level  of  noise.  We  have  therefore  simulated  the  near-wake  of  flow  around  an 
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insulator  and  the  resulting  far-field  sound,  with  the  particular  aim  of  identifying 
the  primary  source  of  noise8. 

Figures  12  and  13  show  an  overset  mesh  for  the  near-wake  LES  of  the  insulator 
that  was  simulated  in  the  present  study.  Two  sets  of  overset  grids  with  different 
resolution  were  used  in  the  LES  and  the  effects  of  grid  resolution  on  the 
fluctuations  in  the  near  wake  as  well  as  on  the  resulting  far-field  sound  were 
investigated.  The  numbers  of  elements  are  approximately  2  million  for  the  coarse 
mesh  and  6  million  for  the  fine  mesh.  In  the  following,  we  are  presenting  results 
from  the  fine-mesh  LES  unless  we  state  otherwise. 

To  illustrate  the  temporal  wake  structure,  regions  of  instantaneous  reverse  flow 
are  shown  in  figure  14.  The  boundary  layer  that  develops  on  the  surface  of  the 
insulator  separates  from  the  surface  while  the  flow  is  still  laminar,  but  a 
transition  to  turbulence  takes  place  soon  after  that.  Figure  15  shows  an 
instantaneous  distribution  of  streamwise  velocity  in  the  insulator’s  mid-height 
plane.  The  wake  still  possesses  a  large  vortical  structure,  similar  to  the 
well-known  Karman  vortex,  but  this  large  structure  is  rather  weak  due  to  the 
enhancement  of  spanwise  mixing  effects  by  the  circular  disks.  Figure  16  shows 
the  instantaneous  distribution  of  static-pressure  on  the  insulator’s  surface  and 
base  plate. 

Typical  fluctuations  in  streamwise  velocity  in  the  near  wake  and  their  power 
spectra,  for  both  the  coarse-  and  fine-mesh  cases,  are  shown  in  figure  17.  The 
frequency  range  that  is  resolvable  by  the  coarse-mesh  LES  has  its  upper  bound  at 
a  Strouhal  number  of  approximately  1.0  (five  times  the  usual  Karman  vortex 
frequency).  The  upper  bound  is  extended  to  a  Strouhal  number  of  about  6  by  the 
fine-mesh  LES. 

The  fluctuations  in  far-field  sound  pressure  and  the  power  spectra  of  these 
fluctuations  are  shown  in  figure  18,  for  both  the  coarse-mesh  and  fine-mesh 
cases,  together  with  the  experimental  value  as  measured  in  a  wind  tunnel.  For 
convenience,  the  sound  pressure  are  converted  to  actual  values  that  correspond  to 
a  vehicle  speed  of  350  km/h  (97.2  m/s)  by  assuming  the  Reynolds  number 
similarility  of  the  flow  fields  for  the  model  and  for  the  actual  structure.  The 
sound-pressure  levels  predicted  by  the  coarse-mesh  LES  and  the  fine-mesh  LES 
are  surprisingly  different.  The  fine-mesh  LES  provides  a  reasonably  good 
prediction  of  the  sound-pressure  level  at  frequencies  up  to  around  2.5  kHz,  which 
corresponds  to  the  Strouhal  number  of  6.4.  This  is  approximately  identical  to  the 
resolved  frequency  range  for  the  near-wake  velocity  fluctuations. 

Finally,  the  instantaneous  sound-source  distributions  are  investigated  according 
to  Powell’s  equation9.  Figure  19  shows  the  instantaneous  distributions  of  the 
sound  source  term,  which  are  obtained  from  the  LES.  By  examining  these 
sound-source  distributions,  the  longitudinal  vortices  generated  by  the  circular 
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disks  are  identified  as  being  primarily  responsible  for  the  generation  of  sound  by 
this  flow. 

The  two  examples  mentioned  above  (and  many  others  not  given  here)  have 
clearly  indicated  that  LES  is  now  beginning  to  serve  as  a  vital  design  tool  in  at 
least  some  cases  of  mechanical  engineering. 

5.  Conclusions 

Large  eddy  simulation  has  been  applied  to  the  prediction  of  internal  flows  in 
turbomachinery  and  aerodynamic  sound  that  results  from  unsteady  flow  around  a 
complex  object.  The  standard  Smagorinsky  model,  incorporated  with  the 
Van-Driest  damping  function,  is  adopted  as  the  subgrid-scale  model.  The 
numerical  method  is  based  on  a  streamline-upwind  finite-element  formulation 
with  accuracy  of  the  second-order  in  both  time  and  space,  and  incorporates  the 
application  of  overset  grids  from  multiple  and  dynamic  frames  of  reference.  The 
method  is  implemented  as  a  parallel  program  by  a  domain-decomposition 
programming  model. 

Initially,  the  internal  flow  of  a  high-specific-speed  mixed-flow  pump  stage  was 
simulated,  as  a  way  of  evaluating  the  validity  of  the  proposed  method.  The 
predicted  total  pump-head  and  mean- velocity  distributions  at  the  impeller’s  inlet 
and  exit  cross-sections  were  in  good  agreement  with  the  measured  values.  The 
near  wake  and  the  resulting  far-field  sound  were  then  computed  for  flow  around 
an  insulator  mounted  on  a  high-speed  train.  The  predicted  sound-pressure  level 
was  also  in  reasonably  good  agreement  with  the  wind-tunnel  measurement. 

The  proposed  method  thus  seems  to  be  a  promising  candidate  for  use  as  an 
aerodynamic/aeroacoustic  design  tool  in  the  next  decade. 
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Figure  1.  Schematic  view  of  an  example 
of  overset  grids  from  dual  frames  of 
reference. 


Figure  3.  Sustained  parallel  computing 
performance 


Figure  2.  Example  of  a  sub-domain  mesh 
partitioned  by  the  recursive 
graph-bisection  method  (computational 
mesh  for  flow  in  a  cubic  cavity  partitioned 
into  8  sub-domains). 


Table  1.  Results  of  benchmark  tests  (CPU  time  needed  to  advance  by  a  single  time  step  in 
a  cubic-cavity  flow  simulation  on  Hitachi’s  SR8000). 


Number  of  processing 
nodes 

1 

2 

4 

8 

16 

Number  of  elements  in 
millions 

1.0 

2.0 

4.0 

8.0 

16.0 

Seconds  taken  by  CPU 
per  time  step 

3.45 

3.62 

3.89 

3.99 

4.06 

Sustained  GFLOPS 

2. 03 

3.87 

7.  23 

14.  04 

27.  60 

Ratio  of  sustained  to 
peak  performance  (%) 

14. 1 

13.4 

12.6 

12.2 

12.0 
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Diffuser 


Figure  6.  Fluctuations  in  centerline 


Figure  4.  Computational  mesh  for  a  Figure  7.  Time-averaged  distribution  of 

mixed-flow  pump  stage,  composed  of  streamwise  velocity  in  the  driving 

meshes  for  5  parts  (note:  the  mesh  for  the  section, 
inlet  driving-section  is  not  shown  here). 


Figure  5.  Instantaneous  distribution  of  Figure  8 .  Comparison  of  measured  and 
secondary  flow  in  the  driving  section.  predicted  head-flow  characteristics. 
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Figure  9.  Instantaneous  distributions  of  axial  velocity  component  for  Q=60%  (upper)  and 
Q=43%  (lower)  [fine-mesh  LES],  Black  lines  in  the  upper  figure  indicate  the  approximate 
locations  where  velocity  profiles  were  measured  by  a  two-dimensional  LDV  for  the  impeller’s 
inlet  and  exit  cross-section. 


Figure  10.  Predicted  and  measured 
distributions  of  phase-averaged  velocities 
at  the  impeller’s  inlet  cross-section  for 
Q=60%  (upper)  and  43%  (lower). 


Figure  11.  Predicted  and  measured 
distributions  of  phase-averaged  velocities 
at  the  impeller’s  exit  cross-section  for 
Q=60%  (upper)  and  43%  (lower). 
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Figure  13.  Overset  meshes  for  flow  Figure  15.  Instantaneous  distribution  of 
around  an  insulator  (fine-mesh  case).  streamwise-velocity 


Figure  14.  Reqions  of  instantaneous 
reverse  flow. 


Figure  16.  Instantaneous  distribution  of 
surface  pressure. 
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Figure  17.  Fluctuations  in  streamwise  F'8ure  «  Computed  far-field 
velocity  in  the  near  wake  (upper)  and  the  sound-pressure  fluctuattons  (upper)  and 
power  spectra  of  these  fluctuations  their  power  spectra  (lower). 

(lower). 


Figure  19.  Instantaneous  sound-source  distributions  in  the  near  wake:  center-line  plane 
(left),  and  a  plane  one  diameter  downstream  from  the  insulator  (right). 
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Abstract. 

The  three-dimensional  separated  flow  around  a  slender  flat-plate  delta 
wing  with  sharp  leading-edge  at  a  12.5°  angle  of  attack  has  been  studied 
by  solving  the  full  compressible  Navier- Stokes  equations  in  the  generalized 
curvilinear  coordinates.  The  time  integration  is  carried  out  by  using  the 
second-order  LU-SGS  implicit  scheme.  A  fourth-order  centered  compact 
difference  scheme  is  used  for  spatial  derivatives.  A  sixth-order  implicit  fil¬ 
ter  is  employed  to  reduce  numerical  oscillation.  Non-reflecting  boundary 
conditions  are  imposed  at  the  far- field  and  outlet  boundaries  to  avoid  pos¬ 
sible  non-physical  wave  reflection.  Parallel  computing  based  on  Message 
Passing  Interface  (MPI)  has  been  utilized  to  improve  the  performance  of 
the  code. 

Two  Reynolds  numbers  have  been  selected.  At  a  lower  Reynolds  number 
of  5  x  104  based  on  the  chord  length  and  the  freestream  velocity,  the  flow 
is  stable  and  dominated  by  a  pair  of  leading-edge  primary  vortices.  At  a 
higher  Reynolds  number  of  1.96  x  105,  the  small-scale  vortex  shedding  is 
observed  near  the  leading-edge  of  the  delta  wing.  The  computational  results 
are  compared  with  the  experimental  work  of  Riley  &  Lowson  (1998).  The 
periodic  shedding  of  small-scale  vortical  structures  near  the  leading-edge 
has  been  studied  in  detail,  and  the  vortex  shedding  is  found  to  be  associated 
with  the  Kelvin-Helmholtz-type  instability  and  the  secondary  vortex.  The 
period  of  vortex  shedding  is  obtained  from  the  time  series  of  the  three 
velocity  components  recorded  near  the  leading-edge.  The  time-averaged 
features  of  the  vortical  structures  are  also  discussed. 
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1.  Introduction 

Recent  developments  in  aerospace  technology  have  revived  the  interest  to 
the  study  of  flow  separations  around  an  aircraft  maneuvering  dynamic  op¬ 
erations.  Understanding  of  the  complex  separated  vortical  flow  is  crucial 
to  the  aerodynamic  design  of  modern  aircraft.  Vortical  structures,  which 
develop  over  the  leading-edge  extension,  slender  fore-body,  and  main  wing, 
may  have  severe  effect  on  the  aerodynamic  characteristics  and  performance 
of  modern  fighter  aircraft. 

A  flat-plate  delta  wing  with  sharp  leading-edge  provides  a  simple  con¬ 
figuration  to  investigate  the  development  of  the  vortical  structures.  The 
experimental  study  of  delta  wing  started  in  the  early  1950’s.  The  experi¬ 
mental  results  have  shown  that  the  flow  over  the  suction  side  of  a  delta  wing 
at  a  high  angle  of  attack  is  dominated  by  a  pair  of  counter-rotating  vortices, 
i.e.  the  leading-edge  primary  vortices.  These  vortices  are  formed  as  a  result 
of  the  rolling- up  of  the  vortex  sheet  shedding  from  the  leading-edge.  The 
flow  induced  by  the  leading-edge  vortices  separates  near  the  wing  surface 
and  forms  a  pair  of  oppositely  rotating  secondary  vortices.  At  large  sweep 
angle,  the  size  and  strength  of  the  leading-edge  vortices  increase  with  the 
angle  of  incidence,  resulting  in  a  substantial  nonlinear  lift  increment,  some¬ 
times  called  vortical  lift.  But  the  maximum  lift  of  a  delta  wing  is  limited 
by  a  phenomenon  known  as  vortex  breakdown (Visser  k  Nelson  1993). 

The  breakdown  of  the  primary  vortex  has  drawn  considerable  atten¬ 
tions.  Payne  et  al.  (1988)  used  smoke  flow  visualization  and  laser  sheet 
technique  to  study  the  vortical  flow  field  above  the  delta  wing  at  high 
angles  of  attack.  Two  types  of  vortex  breakdown  were  testified,  i.e.  the 
bubble  mode  and  the  spiral  mode.  However,  as  it  was  pointed  by  Rieley 
k  Lowson  (1998),  most  studies  have  been  concentrated  on  the  nature  and 
breakdown  of  the  primary  vortex  instead  of  the  leading-edge  shear  layer 
itself.  Actually,  there  are  several  mechanisms  associated  with  the  leading- 
edge  shear  layer.  The  most  obvious  one  is  the  Kelvin-Helmholtz  instability 
of  two-dimensional  free  shear  layer.  Two  types  of  instabilities  are  observed 
in  experiments,  i.e.  the  unsteady,  and  steady  instability.  The  experimental 
study  carried  out  by  Gad-el-Hak  and  Blackwelder  (1985)  using  dye  visual¬ 
ization  has  shown  the  unsteady  instability,  where  small-scale  vortices  are 
shed  from  the  leading-edge,  travel  up  and  around  the  shear  layer,  and  fi¬ 
nally  feed  into  the  core  of  large-scale  leading-edge  vortex.  The  pairing  of 
the  small-scale  vortices  were  observed  in  the  same  experiment.  The  expe¬ 
riential  observation  of  the  pairing  of  Kelvin-Helmholtz  type  vortex  during 
flow  separation  around  a  delta  wing  was  confirmed  by  Lowson  (1988).  Sim¬ 
ilar  phenomenon  has  been  reported  in  a  simple  tow-dimensional  shear  layer 
(Winant  k  Browand,  1974).  It  is  generally  found  that  the  phenomena  as- 
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sociated  with  the  traveling  Kelvin-Helmholtz  instability  in  strongly  curved 
shear  layer  are  parallel  to  the  effects  observed  in  a  two-dimensional  free 
shear  layer.  The  experiments  also  indicate  that  the  unsteady  instability  is 
exceptionally  sensitive  to  external  disturbance.  The  steady  instability  was 
observed  in  the  experiment  of  Payne  et  al  (1988).  The  static  small-scale 
vortical-like  structures  were  found  in  the  shear  layer  of  a  delta  wing  with  a 
85°  sweep  angle  and  at  40°  angle  of  attack.  The  growth  of  these  structures 
was  found  to  be  similar  to  the  evolution  of  the  classic  Kelvin-Helmholtz  in¬ 
stability.  In  this  experiment,  the  pairing  of  the  small-scale  vortices  was  not 
observed.  The  stationary  cellular  substructures  that  do  not  rotate  around 
the  primary  vortex  were  also  observed  by  Honkan  &  Andreopoulos  (1997) 
in  their  experiment.  The  recent  experimental  work  of  Rieley  k  Lowson 
(1998)  revealed,  using  flow  visualization  and  laser  Doppler  anemometer 
measurement,  the  existence  of  static  small  vortical  structures  in  the  free 
shear  layer  shedding  from  the  sharp  leading-edge  of  a  delta  wing.  A  lo¬ 
cal  three-dimensional  Kelvin-Helmholtz-type  instability  was  suggested  by 
the  authors  for  the  formation  of  these  vortical  structures  in  the  free  shear 
layer.  Similar  vortical  structures  were  also  observed  in  the  investigations 
of  Cipolla  &  Rockwell  (1998),  where  small-scale  concentrations  of  vorticity 
form  near  the  leading-edge  of  a  rolling  delta  wing.  These  vortices  appear 
to  evolve  in  a  coupled  fashion,  which  has  been  considered  as  the  wake-like 
instability. 

Numerical  simulations  of  vortex  breakdown  above  a  stationary  sharp 
edged  delta  wing  over  a  range  of  angles  of  attack  were  carried  out  by  Modi- 
ano  k  Murman  (1994).  Their  computation  was  based  on  an  Euler  solver 
with  adaptive  mesh  system.  The  spiral  form  of  vortex  breakdown  was  ob¬ 
served  without  the  emergence  of  the  small-scale  vortical  structures  inside 
the  shear  layer.  In  the  numerical  investigation  by  Argwal  et  al.  (1992), 
the  well-known  Euler /Navier- Stokes  code  CFL3D  was  used  to  simulate  the 
leading-edge  vortex  breakdown  of  a  low-speed  flow  on  a  flat-plate  delta 
wing  with  sharp  leading-edges.  Although  the  vortex  breakdown  positions 
obtained  from  the  computation  were  reported  in  good  agreement  with  ex¬ 
perimental  data,  the  small-scale  vortices  were  not  observed,  which  could  be 
attributed  to  the  lack  of  numerical  resolution/accuracy.  A  numerical  inves¬ 
tigation  of  the  unsteady  vortex  structure  over  a  76°  sweep  wing  at  20.5° 
angle  of  attack  was  carried  out  by  Gordnier  k  Visbal  (1994).  Their  numer¬ 
ical  calculation  indicated  that  the  small-scale  vortical  structures  emanated 
from  the  leading-edge  was  brought  on  by  the  Kelvin-Helmholtz-type  insta¬ 
bility.  Pairing  of  the  small  vortices  was  not  observed  in  the  computational 
results.  No  computational  result  has  indicated  the  existence  of  the  steady 
instability. 

The  intend  of  present  work  is  to  study  the  mechanism  of  the  shear  layer 
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instability  of  a  slender  flat-plate  delta  wing  with  sharp  leading-edges  at  a 
fixed  angle  of  attack.  High-resolution  numerical  simulation  is  employed  to 
give  a  detailed  description  of  flow  instability  and  vortex  shedding  near  the 
leading-edge  of  the  delta  wing.  The  interactions  between  the  small-scale 
vortical  structures  and  the  primary  vortex  is  also  studied. 

2.  Governing  Equations 

The  three-dimensional  compressible  Navier-Stokes  equations  in  generalized 
curvilinear  coordinates  (£ ,  rj,  £)  are  written  in  conservative  forms: 

l  dQ  d(E  -  Ev)  d(F  —  Fv)  d(G  -  Gv)  =  () 

J  dt  +  d£  dr]  dC 

The  flux  vectors  are 
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where  J  is  Jacobian  of  the  coordinate  transformation,  and  £$/>  izi'nx^y^zXx: 

are  coordinate  transformation  metrics,  s  and  qtf s  are  the  viscous 
stress  and  the  heat  flux,  respectively. 

In  Eq.  (1),  a  second  order  Euler  Backward  scheme  is  used  for  time 
derivatives,  and  the  fully  implicit  form  of  the  discretized  equations  is  given 

by 

3Qn+ 1  -  4 Qn  +  Qn~l  ,  d{En+l  -  E 
2jKt  + 

d(Fn+ 1  -  F£+1)  d(Gn+1  -  G”+1)  _ 

+  dr,  +  dc 
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Qn+1  is  estimated  iteratively  as: 


Qn+1  =QP  +  SQP 


where. 


5QP  =  QP+1  -  QP  (4) 

At  step  p  =  0,  Qp  =  Qn;  as  8QP  is  driven  to  zero,  Qp  approaches  Qn+l. 
The  flux  vectors  are  linearized  as  follows: 

En+l  kEp  +  Ap5Qp 

Fn+ 1  «  Fp  +  BP5QP  (5) 

Gn+X  «  Gp  +  CP5QP 

So  that  Eq.  (2)  can  be  written  as: 

[§/  +  AtJ{DtA  +  DVB  +  DcC)]SQp  =  R  (6) 

where  R  is  the  residual: 

R  =  -{\QP-2Qn+l-Qn-l)-MJ[{D^E-Ev)+Dn{F-Fv)ADc{G-Gv)]P 

(7) 

represent  partial  differential  operators,  and  A,  B ,  C  are  the 
Jacobian  matrices  of  flux  vectors: 

*=!■  c-§  (8) 

The  right  hand  side  of  Eq.  (6)  is  discretized  using  fourth-order  compact 
scheme  (Lele,  1992)  for  spatial  derivatives,  and  the  left  hand  side  of  the 
equation  is  discretized  following  LU-SGS  method  (Yoon  &  Kwak,  1992).  In 
this  method,  the  Jacobian  matrices  of  flux  vectors  are  split  as: 

A  =  A++A-,  B  =  B++B~,  C  =  C+  +  C~ 


where. 


A±  =  ^[A±rAI],  B±=l-[B±rBI),  C±  =  \[C±tcI\  (9) 


ta  —  Kmax[\\(A)\]  +  v ,  tb  =  Kmax[\\(B)\]  +  i/,  rc  =  Kmax[\\(C)\]  +  V 
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where  A(A), \(B),  \(C)  are  eigenvalues  of  A,B,C  respectively,  «  is  a  con¬ 
stant  greater  than  1.  v  is  taken  into  account  for  the  effects  of  viscous  terms, 
and  the  following  expression  is  used: 

V  =  maX^-('r  -l)M?RePr'  3 ~r) 

The  first-order  upwind  finite  difference  scheme  is  used  for  the  split  flux 
terms  in  the  left  hand  side  of  Eq.  (6) .  This  does  not  effect  the  accuracy  of 
the  scheme.  As  the  left  hand  side  is  driven  to  zero,  the  discretization  error 
will  also  be  driven  to  zero.  The  finite  difference  representation  of  Eq.  (6) 
can  be  written  as: 

[-/  +  A  tJ(rA  +  +  rc)I]SQitjik  =  Rijtk 

-AtJ  [  A~6Q^k-A+6Qlld'k 

+  C~8Qvi  j  k+l  -  C+SQ^j  k_  i  ]  (10) 

In  LU-SGS  scheme,  Eq.  (10)  is  solved  by  three  steps.  First  initialize  8Q° 
using 

SQi,j,k  =  +  A<J(r-4  +rB  +  rc)I]~lRlj,k 

In  the  second  step,  the  following  relation  is  used: 

6Qi,j,k  =  SQi,j,k  +  +  A*J(rA  +  rB  +  rc)/]-1 

x[A  tJ(A+6QUj,k  +  B+5Qij-x,k  +  C+SQ^-i)} 

For  the  last  step,  5QP  is  obtained  by 

sQi,j,k  =  SQi,j,k  -  l +  &tJ{rA  +rB+  re)]-1 
x[A  tJ(ASQpi+hjik  +  B-6Qlj+1>k  +  CSQ^)] 

The  sweeping  of  the  computational  domain  is  performed  along  the 
planes  of  i  +  j  +  k  =  const,  i.e.  in  the  second  step,  sweeping  is  from  the 
low-left  corner  of  the  grid  to  the  high-right  corner,  and  then  vice  versa  in 
the  third  step. 

In  order  to  depress  numerical  oscillation  caused  by  central  difference 
scheme,  a  spatial  filtering  is  used  instead  of  artificial  dissipation.  Implicit 
sixth-order  compact  scheme  for  space  filtering  (Lele,  1992)  is  applied  for 
primitive  variables  u,  after  each  time  step. 
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For  subsonic  flow,  u,v,w,T  are  prescribed  at  the  inflow  boundary,  p 
is  obtained  by  solving  modified  N-S  equation  based  on  the  characteristic 
analysis.  On  the  far  field  and  out  flow  boundary,  non-reflecting  boundary 
conditions  are  applied.  Adiabatic,  non-slipping  conditions  are  used  for  the 
wall  boundary.  All  equations  of  boundary  conditions  are  solved  implicitly 
with  internal  points.  Specific  details  of  boundary  treatment  can  be  found 
in  Jiang  et  al  (1999). 

3.  Computational  Details 

Numerical  simulation  has  been  implemented  to  investigate  the  compressible 
flow  separation  around  a  slender  delta  wing.  The  geometry  of  the  delta 
wing,  taken  from  the  experimental  work  of  Rieley  &;  Lowson  (1998),  is 
shown  in  Figure  1.  The  sweep  angle  denoted  by  A  is  85°  and  the  leading-edge 
angle  denoted  by  a  is  30°.  The  chord  length  is  taken  as  the  characteristic 
length  L,  such  that  the  non-dimensional  chord  length  is  c  —  1.0 L.  The 
non-dimensional  thickness  of  the  delta  wing  is  h  =  0.024L.  The  freestream 
velocity  UQ 0  is  the  characteristic  velocity. 


Figure  1 .  Schematic  of  the  delta  wing  Figure  2.  H-C  type  grid  around  a  85° 

sweep  delta  wing 


3.1.  GRID  GENERATION 

An  H-C  type  mesh  system  for  a  half-plane  model  of  the  delta  wing  is  used 
based  on  the  assumption  that  the  flow  is  symmetrical  to  the  the  half-plane. 
The  mesh  is  H-type  in  the  meridian  section  and  C-type  in  the  cross  section. 
An  elliptic  grid  generation  method,  first  proposed  by  Spekreijse  (1995),  is 
used  to  generate  the  three-dimensional  grids.  This  method  is  based  on  a 
composite  mapping,  which  is  consisted  of  a  nonlinear  transfinite  algebraic 
transformation  and  an  elliptic  transformation.  The  grids  are  orthogonal  on 
the  delta  wing  surface.  The  sharp  leading-edge  is  approximated  by  a  round 
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edge  with  a  small  radius  of  1.0  x  10“3L,  while  in  the  experiment  of  Rieley 
&  Lowson  (1998),  the  average  thickness  of  the  leading-edge  was  0.12  mm, 
which  was  approximately  2.55  x  10~4L.  Computations  are  carried  out  on 
three  meshes,  i.e.  one  lower  resolution  mesh  with  140x70x70  grid  nodes  and 
two  higher  resolution  meshes  with  180  x  150  x  70,  and  180  x  250  x  120  grid 
nodes,  where  the  three  numbers  Nn,  iVc  in  the  sequence  Nf=  x  Nv  x  iVc 
are  corresponding  to  grid  numbers  in  £,  77,  and  £  directions  of  the  com¬ 
putational  domain.  In  the  physical  domain,  the  £,  77,  and  £  directions  are 
approximately  corresponding  to  the  axial,  azimuthal,  and  wall-normal  di¬ 
rections,  respectively.  An  example  of  the  three-dimensional  grid  is  displayed 
in  Figure  2,  where  only  the  grids  of  inflow-  and  outflow  boundaries,  and 
the  far  field  are  displayed. 

3.2.  PARALLEL  COMPUTING 

The  parallel  version  of  the  numerical  simulation  code  based  on  the  Message 
Passing  Interface  (MPI)  has  been  developed  to  improve  the  performance. 
The  parallel  computing  is  combined  with  domain  decomposition  method. 
The  computational  domain  is  divided  into  n  equal-sized  subdomains  along 
the  £  direction  as  shown  in  Figure  3,  where  n  is  the  number  of  processors. 
This  is  a  simple  partition  with  a  balanced  load  for  each  processor.  During 
computation,  a  processor  communicates  with  it  neighbors  through  exchang¬ 
ing  the  data  at  left  and  right  boundary  of  each  subdomain.  But  this  type  of 
communication  is  not  suitable  for  calculating  derivative  in  the  £  direction 
while  using  the  compact  finite  difference  scheme.  If  each  grid  node  along  a  £ 
grid  line  locates  in  the  same  processor,  it  will  be  straightforward  to  use  the 
compact  scheme.  In  Figure  4,  a  data  structure  with  four  processors  is  used 
as  an  example  to  illustrate  a  special  type  of  data  exchange  which  has  been 
utilized  to  accomplish  the  data  structure  transformation.  The  top  figure 
shows  the  original  partition  where  the  computational  domain  is  divided 
along  the  £  direction.  This  data  structure  can  be  transformed  to  a  new 
structure  shown  in  the  bottom  figure  where  the  domain  is  divided  along 
the  £  direction.  The  transformation  is  accomplished  by  first  defining  two 
new  data  types  and  then  calling  a  MPI  routine  ”MPI_ALLTOALL”  from 
the  MPI  library.  In  the  new  data  structure,  all  the  grid  nodes  along  a  £  grid 
line  are  stored  in  one  processor.  After  the  calculation  of  derivative  is  com¬ 
pleted,  an  inverse  transformation  is  used  to  the  transfer  the  data  structure 
back  to  original  partition. 

A  test  case  has  been  used  to  evaluate  the  performance  of  the  MPI  code 
to  calculate  the  derivatives  in  the  £,  77,  and  £  directions  on  a  480  x  160  x  80 
grid.  The  performance  of  a  parallel  computing  is  measured  by  the  speedup 
S(n,p)  which  is  defined  as  the  ratio  of  the  runtime  of  a  serial  program  to  the 
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Figure  4.  The  change  of  data  structure  for  calculating  derivative  in  £  direction  using 
the  compact  scheme. 


runtime  of  the  parallel  program.  In  Figure  5,  the  speedups  on  a  SGI  Origin 
2000  computer  are  displayed  as  a  function  of  the  number  of  processors. 
The  dashed  line  represents  the  linear  speedup.  Super-linear  performance 
has  been  achieved  to  calculate  derivatives  in  the  77,  and  £  directions  where 
no  data  exchange  is  required.  In  the  £  direction,  the  speedup  is  much  lower 
because  of  the  massive  data  exchange  in  the  data  structure  transformation 
introduced  above. 

Next,  the  total  performance  of  the  MPI  code  to  simulate  the  flow  around 
the  delta  wing  has  been  tested  and  compared  with  the  serial  code  compiled 
using  the  automatic  parallelization  option  provided  by  SGI  MIPSpro  7 
Fortran  90  compiler.  The  comparison  is  displayed  in  Figure  6,  where  the 
performance  of  the  parallel  code  running  on  4,  6,  and  15  processors  is  much 
better  than  the  serial  code.  For  the  parallel  simulation  of  flows  around  the 
delta  wing,  10  processors  have  been  used  on  a  grid  of  180  x  150  x  70  and 
12  processors  have  been  used  on  a  180  x  250  x  120  grid. 

4.  Results  and  Discussions 

4.1.  GENERAL  FEATURES 

All  results  presented  here  are  obtained  from  numerical  simulation  of  flow 
around  a  85°  sweep  delta  wing  with  a  flat-plate  suction  surface,  which  has 
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Figure  5.  Speedup  S(n,  p)  of  calcula¬ 
tion  of  derivatives  in  £,  77,  and  C  direc¬ 
tions. 


Figure  6.  Speedup  S(n,p)  of  parallel 
computing  using  MPI  compared  with 
using  automatic  parallelization 


been  introduced  in  Section  3.  The  angle  of  attack  is  fixed  at  12.5°.  The 
free-stream  Mach  number  is  Ma  =  0.1. 

The  numerical  simulation  of  three  cases  has  been  carried  out.  In  case  1, 
the  Reynolds  number  based  on  the  chord  length  and  the  free-stream  velocity 
is  Rec  =  5  x  104.  The  number  of  grid  is  140  x  70  x  70.  In  case  2  and  3,  the 
Reynolds  number  is  Rec  =  1.96  x  105.  The  grid  numbers  are  180  x  150  x  70 
for  case  2  and  180  x  250  x  120  for  case  3.  No  initial  or  boundary  disturbance 
are  imposed  for  all  three  cases.  Therefore,  the  dependence  of  the  instability 
to  the  external  disturbance  has  not  been  covered  in  the  current  work. 

4.1.1.  Case  1 

The  flow  is  stable  at  Rec  =  5  x  104.  The  contours  of  the  axial  vorticity  on 
selected  cross  sections  are  displayed  in  Figure  7.  It  is  quite  clear  that  a  pair 
of  counter-rotating  vortices,  so  called  the  leading-edge  primary  vortices, 
appears  over  the  suction  side  of  the  delta  wing.  These  vortices  form  as  a 
result  of  flow  separation  and  the  rolling-up  of  the  vortex  sheet  shedding 
from  the  leading-edge.  The  primary  vortices  are  steady  and  stable  at  this 
Reynolds  number.  The  primary  vortices  are  composed  of  a  pair  of  counter¬ 
rotating  oblique  vortex  tubes  starting  from  the  apex  of  delta  wing,  from 
a  three-dimensional  point  of  view.  Beneath  the  primary  vortices,  near  the 
suction  surface  of  the  delta  wing,  the  secondary  vortices,  which  have  an 
opposite  rotating  direction  to  the  primary  vortices,  are  formed  as  a  result 
of  the  spanwise  outflow  induced  by  the  primary  vortex.  Figure  8  shows 
the  iso-surface  of  the  instantaneous  axial  vorticity  above  the  suction  sur¬ 
face  the  delta  wing.  The  computational  results  are  in  good  agreement  with 
the  experimental  results  of  Riley  &  Lowson  (1998).  During  the  computa- 
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tion  for  the  high  Reynolds  number  case,  the  flow  becomes  unsteady  and 
small-scale  vortical  structures  keep  shedding  from  the  leading-edge.  In  the 
experiment  of  Riley  &  Lowson  (1998),  flow  instability  was  observed  when 
the  Reynolds  number  was  raised  above  Rec  =  100,000.  In  order  to  study 
the  flow  instability  near  the  leading  edge,  the  numerical  simulations  with 
higher  resolutions  and  a  higher  Reynolds  number  have  been  conducted,  the 
results  are  discussed  in  next  sections. 


Figure  7.  Contours  of  the  axial  vor- 
ticity  on  selected  cross  sections,  angle 
of  attack  a  =  12.5°,  Re  =  5  x  104, 
Ma  =  0.1 


Figure  8.  Iso-surface  of  axial  vortic- 
ity  above  the  suction  surface  of  a  85° 
sweep  delta  wing  at  an  angle  of  attack 
a  =  12.5°,  Re  =  5  x  104,  Ma  =  0.1 


4.1.2.  Case  2 

At  a  higher  Reynolds  number,  i.e.  Rec  =  1.96  x  105,  flow  instability  oc¬ 
curs  near  the  leading  edge  of  the  delta  wing.  In  order  to  capture  the  small 
vortical  structures  observed  in  the  experiment,  the  numerical  simulation  is 
accomplished  on  a  180  x  150  x  70  grid  which  has  a  higher  resolution.  Dur¬ 
ing  the  simulation,  flow  instability  and  periodic  shedding  of  small  vortical 
structures  from  the  leading  edge  are  observed.  Since  there  is  no  distur¬ 
bance  imposed  as  the  initial  or  boundary  condition  for  the  computation, 
the  unstable  behavior  presented  by  the  flow  in  the  computational  results 
are  rather  intrinsic. 

The  distributions  of  the  instantaneous  axial  vorticity  on  various  cross 
section  are  shown  in  Figure  9.  Compared  with  the  low  Reynolds  number 
results  of  Figure  7,  the  flow  is  still  dominated  by  a  pair  of  primary  vortices. 
But  instability  appears  at  the  leading-edge  of  delta  wing,  where  vortex 
shedding  is  observed.  On  the  suction  surface  near  the  leading-edge,  the 
secondary  vortices  are  still  visible  in  this  figure. 

In  Figure  10  the  contours  of  axial  vorticity  at  different  time  on  a  cross 
section  at  x  =  0.88L  are  displayed  through  (a)  to  (h),  each  frame  is  cor¬ 
responding  to  a  snapshot  of  a  two-dimensional  flow  field  at  a  certain  time. 
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Figure  9.  The  instantaneous  distributions  of  the  axial  vorticity  on  various  cross  sections. 
Angle  of  attack  a  =  12.5°,  Re  =  1.96  x  10s ,  Ma  =  0.1 

Flow  instability  is  quite  obvious  in  these  figures.  The  primary  vortex  de¬ 
forms  compared  to  the  low  Reynolds  number  case.  The  flow  pattern  inside 
the  primary  vortex  resembles  that  of  the  spiral  instability  mode,  which 
presented  occasionally  in  the  experiment  of  Rieley  &  Lowson(1998).  Two 
strong  shear  layers  are  visible  in  Figure  10  through  the  concentration  of 
axial  vorticity  contours.  The  first  one  is  the  leading-edge  shear  layer  whose 
axial  vorticity  is  positive  (shown  in  light  color  in  Figure  10),  which  wraps 
the  leading-edge  corner  from  below  and  feeds  into  the  primary  vortex.  The 
other  one  lies  between  the  primary  vortex  and  the  suction  surface  of  the 
delta  wing  and  has  a  negative  axial  vorticity  (shown  in  dark  color  in  Fig¬ 
ure  10),  which  is  associated  with  the  secondary  vortex.  Therefore,  the  shear 
layer  below  the  primary  vortex  is  also  called  the  secondary  shear  layer.  As  it 
will  be  discussed  later,  both  the  leading-edge  shear  layer  and  the  secondary 
shear  layers  are  related  to  the  instability  and  vortex  shedding  process  near 
the  leading-edge. 

Among  the  small-scale  vortical  structures  shedding  from  the  leading- 
edge,  there  are  two  types  of  vortices,  distinguished  by  the  direction  of 
rotation  or  by  the  sign  of  axial  vorticity.  Those  vortices  whose  rotating 
direction  is  the  same  as  the  primary  vortex  are  named  as  the  A-family 
vortices,  which  are  corresponding  to  a  positive  axial  vorticity  component. 
The  vortices  rotating  in  the  opposite  direction  as  the  primary  vortex  are 
called  the  B-family  vortices  and  have  a  negative  axial  vorticity  component. 
The  A-family  vortices  are  stronger  than  the  B-family  vortices,  which  can 
be  recognized  from  the  contours  of  the  axial  vorticity  in  Figure  10. 

In  Figure  10(a),  a  bulge  is  observed  on  the  leading-edge  shear  layer.  The 
bulge  grows  in  size  as  it  moves  away  from  the  leading  edge,  as  shown  in 
Figure  10(b),  (c),  and  (d).  This  process  is  corresponding  to  the  generation 
and  shedding  of  the  A-family  vortex.  Because  the  B-family  vortices  are  very 
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weak,  the  shedding  process  of  B-family  vortices  is  not  clear  in  Figure  10. 
However,  in  colored  animations  (not  shown  here),  the  pairing  of  the  A- 
family  and  B-family  vortices  can  be  observed.  A  more  detailed  study  reveals 
that  the  B-family  vortex  comes  from  the  shedding  of  the  secondary  vortex. 


Figure  10.  Contours  of  axial  vorticity  of  different  time  on  a  cross  section  at  x  =  0.88L. 
Angle  of  attack  a  =  12.5°,  Re  =  1.96  x  105,  Ma  =  0.1 


In  Figure  10,  frame  (a)  resembles  frame  (g).  So  frames  (a)  through  (g) 
show  one  period  of  vortex  shedding.  The  small-scale  vortical  structures 
shedding  from  the  leading-edge  are  in  turn  captured  by  the  primary  vortex 
and  feeding  into  the  rolling-up  process  of  the  primary  vortex.  After  leaving 
the  leading-edge,  both  A-  and  B-family  vortices  experience  severe  defor¬ 
mation  as  they  are  stretched  and  captured  by  the  primary  vortex.  The 
flow  pattern  inside  the  core  of  the  primary  vortex  resembles  that  of  the 
spiral  instability  mode,  which  is  also  observed  in  the  experiment  (Rieley 
Sz  Lowson,  1998).  In  the  numerical  simulation,  these  small-scale  vortical 
structures  dissipate  quickly  as  they  are  leaving  the  leading-edge  and  en¬ 
tering  the  central  region  of  the  primary  vortex.  But  in  the  experiment  the 
spiral  instability  can  evolve  into  transition.  The  fast  dissipation  of  the  spiral 
mode  in  the  numerical  simulation  can  be  attributed  to  the  insufficiency  of 
resolution.  Because  grids  are  clustered  near  the  wall  and  near  the  leading- 
edge  of  delta  wing,  in  the  areas  far  away  from  the  wall  the  resolution  is 
relatively  low.  The  stretching  of  the  small-scale  vortical  structures  is  not 
depicted  clearly,  especially  between  the  symmetrical  plane  and  the  core  of 
the  primary  vortex. 
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As  it  is  shown  in  Figure  10,  the  grid  resolution  in  the  areas  far  from  the 
wall  is  not  high  enough.  In  the  third  case,  the  resolution  has  been  increased 
in  this  area.  The  grid  number  is  180  x  250  x  120.  Because  the  Reynolds 
number  is  the  same  as  the  second  case,  the  solution  of  case  2  has  been 
interpolated  to  the  mesh  of  case  3  and  used  as  the  initial  field. 

The  contours  of  the  instantaneous  axial  vorticity  on  selected  cross- 
section  are  displayed  in  Figure  11.  The  cross-sectional  view  of  the  con¬ 
tours  of  instantaneous  axial  vorticity  at  x  =  0.88L  is  shown  in  Figure  12. 
Small-scale  vortical  structures  are  shedding  from  the  leading  edge.  The 
pairing  of  small-scale  vortices  rotating  in  the  opposite  direction  can  also  be 
recognized.  Along  the  outer  edge  of  the  primary  vortex,  the  structures  are 
stretched  as  they  are  wrapped  into  the  the  vortex  core.  Compared  with  case 
2,  the  higher  resolution  grid  has  clearly  captured  the  small-scale  structures 
as  well  as  the  phenomenon  of  vortex  stretching.  Although  the  stretched  the 
vortical  structures  which  can  be  considered  as  disturbance,  are  wrapped 
into  the  primary  vortex,  the  flow  in  the  core  area  is  stable.  No  breakdown 
of  the  primary  vortex  has  been  observed  in  the  computational  result. 


Figure  11.  The  instantaneous  distri¬ 
butions  of  the  axial  vorticity  on  var¬ 
ious  cross  sections.  Angle  of  attack 
q  =  12.5°,  Rec  =  1.96xl05,  Ma  =  0.1. 
The  grid  is  180  x  250  x  120. 


Figure  12.  Cross-sectional  view  of 
the  contours  of  instantaneous  axial  vor¬ 
ticity  at  x  =  0.88L,  Angle  of  attack 
a  =  12.5°,  Rec  =  1.96 x  10s,  Ma  =  0.1. 
The  grid  is  180  x  250  x  120. 


In  Figure  13,  the  limiting  streamlines  on  the  suction  side  of  the  delta 
wing  are  displayed.  The  attachment  line  along  the  symmetric  line  of  the 
delta  wing  represents  the  attachment  of  the  primary  vortex.  The  position  of 
the  separation  line  indicates  the  location  where  the  secondary  vortex  rolls 
up.  The  attachment  line  near  the  leading  edge  is  cause  by  the  attachment 
of  the  secondary  vortex.  The  computational  result  agrees  well  with  the 
schematic  representations  of  the  flow  separation  over  a  high  swept  delta 
wing  (Delery,  2001).  A  spatial  wandering  of  the  separation  line  and  the 
attachment  line  associated  with  the  secondary  vortex  is  also  observed  in 
the  computational  results. 
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Figure  13.  Instantaneous  limiting  streamline  on  the  suction  side  of  a  delta  wing.  Angle 
of  attack  a  =  12.5°,  Rec  =  1.96  x  105,  Ma  =  0.1.  The  grid  is  180  x  250  x  120. 


4.2.  VORTEX  SHEDDING  NEAR  THE  LEADING-EDGE 

Because  the  small-scale  vortical  structures  are  shedding  continuously  from 
the  leading-edge,  the  area  near  the  leading-edge  is  of  particular  interest  in 
present  work.  The  detailed  pictures  of  vortex-shedding  near  the  leading- 
edge  is  shown  in  Figure  14,  where  the  projected  streamline  and  contours 
of  axial  vorticity  of  various  instance  on  a  cross-section  at  x  =  0.88 L  are 
displayed.  Through  (a)  to  (h)  in  Figure  14,  the  pattern  of  projected  stream¬ 
line  exhibits  a  periodic  feature.  Actually,  figures  (a)  to  (g)  fit  in  one  period 
of  variation.  In  Figure  14(a),  there  is  a  secondary  vortex  attaching  on 
the  suction  surface  of  delta  wing.  The  strong  leading-edge  shear  layer  is 
shown  by  dark  color  of  the  contours  of  axial  vorticity.  Near  the  leading- 
edge,  the  shear  layer  is  concentrated  in  a  narrow  area.  In  Figure  14(b), 
at  t  —  55.68L/f/oo,  a  small  vortex  shown  by  the  projected  streamline  ap¬ 
pears  near  the  leading-edge  over  the  free  shear  layer.  In  the  same  picture, 
a  small  bulge  appears  on  the  shear  layer.  The  generation  of  this  small  vor¬ 
tex  can  be  attributed  to  the  Kelvin-Helmholtz  instability.  Therefore,  the 
small  vortex  is  named  as  the  Kelvin-Helmholtz  (K-H)  type  vortex.  At  the 
same  time,  the  secondary  vortex,  which  was  attaching  on  the  wing  surface 
at  t  =  55.54L/[/oo)  moves  away  from  the  wall.  As  the  K-H  type  vortex 
grows,  the  secondary  vortex  is  pushed  further  away  from  the  wall.  From 
t  =  55.81L/[/oo  to  t  —  55.95-L/f/oo,  (Figure  14(c)  to  (d))  the  secondary 
vortex  moves  upward  and  begins  to  separate  from  the  wall,  which  is  cor¬ 
responding  to  the  B-family  vortex,  whose  rotating  direction  is  opposite  to 
the  primary  vortex.  Therefore,  the  B-family  vortex  comes  from  the  shed¬ 
ding  of  the  secondary  vortex.  The  generation  of  the  leading-edge  K-H  type 
vortex  also  causes  the  deformation  of  the  shear  layer,  which  is  visible  from 
the  contours  of  the  axial  vorticity  in  Figure  14(b),  (c),  and  (d).  The  bulge 
on  the  contours  of  axial  vorticity  is  corresponding  to  the  K-H  type  vortex. 
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In  Figure  14(d),  the  secondary  vortex  almost  disappears  and  the  K-H  type 
vortex  is  still  attached  to  the  leading-edge.  In  Figure  14(e)  and  (f),  the  K-H 
type  vortex  grows  in  size  until  it  reaches  the  edge  of  the  primary  vortex. 
Another  vortex  appears  at  the  same  location  of  the  secondary  vortex,  ac¬ 
tually  it  is  a  new  secondary  vortex.  The  K-H  type  vortex  gradually  moves 
upward  and  sheds  from  the  leading-edge,  and  comes  out  to  be  the  A-family 
vortex,  whose  rotating  direction  is  the  same  as  the  primary  vortex.  It  is 
obviously  that  the  A-family  vortex  originates  from  the  K-H  type  leading- 
edge  vortex.  The  last  two  frames  are  the  periodic  repeating  of  frames  (a) 
and  (b)  in  Figure  14. 

The  vortex-shedding  near  the  leading-edge  is  a  periodic  process.  The 
interaction  between  the  secondary  vortex  and  the  leading-edge  shear  layer 
generates  a  K-H  type  vortex.  As  this  K-H  type  vortex  grows,  the  induced 
flow  pushes  the  secondary  vortex  away  form  the  wall,  and  ultimately  leads 
to  the  shedding  of  the  B-family  vortex.  The  K-H  type  vortex  grows  in  size 
as  the  secondary  vortex  shows  up  again  near  the  wall.  The  induced  flow 
pushes  the  K-H  type  vortex  away  form  the  wall  and  leads  to  the  shedding 
of  the  A-family  vortex.  So  the  A-family  vortex  originates  from  the  Kelvin- 
Helmholtz  instability  of  shear  flow  near  the  leading-edge.  The  B-family 
vortex  originates  from  the  secondary  vortex.  The  period  of  vortex  shedding 
is  between  OML/Uoo  and  0.98 L/U^.  The  scale  of  the  K-H  type  leading- 
edge  vortex  and  the  secondary  vortex  is  about  0.005L. 

The  interpretation  of  the  above  phenomena  is  based  on  the  Kelvin- 
Helmholtz  instability  of  cross-sectional  two-dimensional  flow.  Considering 
many  cross-sections  simultaneously,  the  period  of  vortex  shedding  is  the 
same,  there  is  only  phase  difference  between  one  cross-section  and  the  other. 
From  a  three-dimensional  point  of  view,  the  A-  and  B-family  vortices  be¬ 
come  vortex  tubes,  which  are  oblique  to  the  axial  direction. 

The  time  series  of  three  components  of  the  instantaneous  velocity  at  a 
location  near  the  leading-edge  ( x  =  0.88 L,  y  =  0.076L,  2  =  0.0094L)  are 
recorded  and  shown  in  Figure  15,  16,  and  17.  This  probe  point  locates  on  the 
cross-section  shown  in  Figure  10  and  Figure  14,  so  that  the  velocity  signals 
can  be  interpreted  in  accordance  with  the  two-dimensional  vortex  shedding 
pictures.  The  signals  of  the  three  components  of  velocity  are  all  periodic 
functions  of  time.  The  axial  velocity  u  has  two  local  maximums  and  two 
local  minimums  within  a  period.  There  are  only  one  local  maximum  and 
one  local  minimum  within  a  period  for  the  signals  of  the  spanwise  velocity 
v  and  the  vertical  velocity  w.  The  phase  difference  between  v  and  w  is 
approximately  7t/2,  which  can  be  interpreted  as  a  result  of  the  small-scale 
vortical  structure  passing  through  the  probe. 

In  order  to  compare  the  axial  velocity  signal  with  the  vortex  and  shed¬ 
ding  pictures  in  Figure  14,  a  part  of  Figure  15  has  been  enlarged  and 
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(e)  t  =  56.091/1/00  (f)  t  =  56.23L/t/oo  (g)  t  =  56.37L/Coo  (h)  t  =  56.51  L/t/oo 

Figure  14.  Projected  streamline  and  contours  of  axial  vorticity  of  different  time  on  a 
cross  section  at  x  —  0.88 L.  Angle  of  attack  a  =  12.5°,  Re  =  1.96  x  105,  Ma  =  0.1 


Figure  15.  Instanta¬ 
neous  axial  velocity  at  a 
location  of  x  =  0.88L, 
y  =  0.076L,  2  =  0.0094L 


Figure  16.  Instan¬ 
taneous  spanwise  veloc¬ 
ity  at  a  location  of 
x  —  0.88L,  y  —  0.076L, 
2  =  0.0094L 


Figure  1 7.  Instanta¬ 
neous  vertical  velocity  at 
a  location  of  x  =  0.88 L, 
y  =  0.076L,  2  =  0.0094L 


shown  in  Figure  18,  where  those  points  with  the  same  time  as  the  frames 
of  Figure  14  have  been  marked  with  the  same  letter  through  (a)  to  (g).  In 
Figure  18,  one  period  starts  at  point  (a)  and  ends  at  point  (g).  Compared 
with  Figure  14,  it  has  been  found  that  the  local  minimum  at  point  (d) 
with  a  smaller  axial  velocity  value  is  corresponding  to  the  B-family  vortex. 
As  the  B-family  vortex  moves  through  the  probe  point,  as  shown  in  Fig¬ 
ure  14(c)  and  (d),  the  axial  velocity  u  decreases  from  point  (c)  to  point 
(d)  and  reaches  its  local  minimum  in  Figure  18.  Then  the  axial  velocity 
recovers  as  the  B-family  vortex  leaves  the  probe  point.  It  is  followed  by  the 
shedding  of  an  A-family  vortex  from  the  leading-edge.  Before  the  central 
part  of  the  A-family  vortex  reaches  the  probe  point,  the  axial  velocity  u 
signals  recorded  by  the  probe  increases  from  point  (e)  to  (f)  in  Figure  18. 
Then  it  decreases  again  from  (f)  to  (g)  as  the  core  of  the  A-family  vortex 
moves  through  the  probe.  Therefore,  the  local  minimum  at  point  (g)  is  as¬ 
sociated  with  the  A-family  vortex.  The  local  minimum  at  point  (g)  has  a 
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relatively  larger  value  of  axial  velocity  compared  with  the  local  minimum 
at  point  (d),  which  is  related  to  the  B-family  vortex.  The  center  of  both 
A-  and  B-family  vortices  is  low-momentum  region.  Since  the  B-family  vor¬ 
tex  originates  from  the  shedding  of  the  secondary  vortex  near  the  suction 
surface  of  the  delta  wing,  and  it  brings  fluid  with  lower  axial  velocity,  the 
central  part  of  the  B-family  vortex  has  a  lower  momentum.  The  A-family 
vortex  comes  from  the  shedding  of  leading-edge  K-H  type  vortex.  It  brings 
fluid  from  the  free  shear  layer,  which  has  a  relatively  larger  momentum.  In 
Figure  18,  the  local  maximum  at  point  (b)  is  corresponding  to  frame  (b) 
of  Figure  14,  where  both  the  A-  and  B-family  vortices  have  not  separated 
from  the  delta  wing.  The  signals  of  the  spanwise  and  the  vertical  velocity 
can  be  interpreted  in  a  similar  way.  In  Figure  17,  the  local  maximum  is 
corresponding  to  the  passing  of  a  B-family  vortex,  where  the  vertical  ve¬ 
locity  is  positive.  The  local  minimum  is  corresponding  to  the  passing  of  an 
A-family  vortex,  where  the  vertical  velocity  is  negative.  Thus  the  period  of 
velocity  signals  reflects  the  elapsed  time  at  which  the  A-  and  B-family  vor¬ 
tices  are  shedding  from  the  delta  wing.  Thus  the  period  of  vortex-shedding 
can  be  measured  as  the  distance  between  the  peaks  of  local  maximums  or 
local  minimums  on  the  signals  of  three  velocity  components. 


Figure  18.  Instantaneous  axial  velocity  at  location  x  =  0.88L,  y  —  0.076L,  z  —  0.0094L 

In  order  to  estimate  the  vortex-shedding  period  more  accurately,  power 
spectrums  of  velocity  fluctuations  are  calculated  based  on  the  velocity 
signals  and  shown  in  Figure  19,  20,  and  21.  The  velocity  fluctuation  is 
calculated  as  the  difference  between  the  instantaneous  velocity  and  the 
time-averaged  mean  velocity.  There  are  two  peaks  in  the  spectrum  of  the 
axial  velocity  fluctuation  shown  in  Figure  19.  The  frequency  of  the  first 
peak  is  1.086C/oo/L  and  2.31£/0oA£'  for  the  second  peak.  There  is  only  one 
peak  in  the  spectrum  of  the  spanwise  and  vertical  velocity  fluctuation. 
The  peak  frequency  is  1.086£/oo/Tj  which  is  the  same  as  the  first  peak  of 
the  u '  spectrum  in  Figure  19.  This  peak  frequency  value  /  =  1.086Uoo/L 
represents  the  frequency  of  vortex  shedding,  the  corresponding  period  is 
T  =  0.9208L/?7oo*  The  higher  frequency  in  Figure  19,  corresponding  to  a 
time  period  of  T  =  0.433L/?7oo,  reflects  the  elapsed  time  between  the  shed¬ 
ding  of  a  A-family  vortex  and  a  B-family  vortex,  which  is  approximately 
half  the  period  of  the  shedding  of  a  single  A-  or  B-family  vortex. 
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Figure  19.  Power  spec¬ 
trum  density  of  u'  at 
location  x  =  0.88L, 

y  =  0.076L,  z  =  0.0094L 
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Figure  20.  Power  spec¬ 
trum  density  of  v1  at 
location  x  =  0.88L, 

y  -  0.076L,  z  =  0.0094L 
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Figure  21.  Power  spec¬ 
trum  density  of  w1  at 
location  x  =  0.88L, 

y  =  0.076L,  z  =  0.0094L 


4.3.  TIME-AVERAGED  RESULT 

The  time-averaged  velocity  profiles  distributed  on  a  spanwise  line  above 
the  suction  surface  of  the  delta  wing  on  a  cross  section  at  x  =  0.88L  is 
shown  in  Figure  22.  The  distance  between  the  spanwise  line  and  the  wing 
surface  is  denoted  by  the  vertical  coordinate  z  in  Figure  22.  These  results 
are  in  good  agreement  with  the  experiments  carried  out  by  Rieley  Sz  Low- 
son  (1998).  As  it  was  stated  by  Rieley  Sz  Lowson  (1998),  the  axial  velocity 
profile  indicates  the  windward  boundary  layer  separation.  The  inflection 
point  on  the  axial  velocity  profile  is  similar  to  the  Kelvin- Helmholtz  insta¬ 
bility  in  plane  mixing  layers.  In  Figure  22(b),  the  spanwise  velocity  profile 
near  the  surface  (z=0.0002L)  changes  sign  near  y  =  0.0746 L,  which  is 
corresponding  to  the  re-attachment  point  of  the  secondary  vortex.  The  in¬ 
flection  points  on  profiles  of  the  vertical  velocity  component  in  Figure  22(c) 
are  corresponding  to  the  edge  of  the  leading-edge  shear  layer.  The  inflec¬ 
tion  point  moves  outboard  as  the  distance  from  the  wing  surface  increases. 
The  negative  part  of  the  vertical  velocity  is  corresponding  to  the  secondary 
vortex.  The  secondary  vortex  is  still  visible  in  the  time-averaged  results. 
The  evidence  of  vortex  shedding  has  been  removed  by  the  temporal  aver¬ 
age  procedure.  The  point  of  inflection  on  the  velocity  profile  is  associated 
with  inviscid  instability.  Rayleigh’s  inflection  point  theorem,  studying  the 
instability  of  a  two-dimensional  velocity  profile  based  on  the  linear  nor¬ 
mal  mode  approach,  points  out  that  disturbance  can  be  amplified  at  the 
point  of  inflection.  The  physical  interpretation  of  the  theorem  was  given  by 
Lin  (1945).  The  restoring  mechanism  will  force  a  fluid  particle  displaced 
vertically  in  either  direction  to  return  to  its  starting  position.  But  at  the 
point  of  inflection  the  restoring  mechanism  is  not  present  and  disturbance 
can  grow.  In  the  flow  around  the  slender  delta  wing,  the  situation  is  more 
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complex.  On  the  two-dimensional  cross  section  plane,  which  is  vertical  to 
the  axial  direction,  a  strong  shear  layer  is  observed  near  the  leading-edge, 
as  shown  in  Figure  14(a).  The  existence  of  the  secondary  vortex  increases 
the  strength  of  the  shear  layer  and  provides  more  chance  for  the  generation 
of  the  Kelvin-Helmholtz  instability. 


(a)  Axial  velocity  (b)  Spanwise  velocity  (c)  Vertical  velocity 


Figure  22.  Variations  in  the  three  components  of  time-averaged  velocity  at  the  lead¬ 
ing-edge  with  increasing  distance  from  the  wing  surface  within  on  a  cross  section  at 
x  =  0.88L 


In  Figure  23  the  contours  of  time-averaged  pressure  on  cross  sections 
at  x  =  0.31L,  0.45L,  0.59L,  0.73L,  0.88L  are  displayed,  the  lowest  pres¬ 
sure  appears  at  the  center  of  the  primary  vortex.  The  small-scale  vortical 
structures  are  smeared  out  by  the  time-average  process.  The  profiles  of 
time-averaged  velocity  and  pressure  along  a  vertical  line  passing  through 
the  center  of  the  primary  vortices  are  displayed  in  Figure  24  and  25.  The 
fluid  at  the  center  of  the  primary  vortex  experiences  a  acceleration  between 
x  =  0.31L  and  x  =  0.73L.  The  pressure  decrease  along  the  axial  direction 
within  the  same  region.  The  large  axial  velocity  excess  in  the  center  of  the 
primary  vortex  is  an  important  feature  of  the  delta  wing  velocity  field.  In 
the  experiment,  the  axial  velocity  at  the  center  of  the  primary  vortex  can 
reach  I.Wqq,  which  is  smaller  than  the  value  predicted  by  the  computation. 
The  vertical  position  of  the  vortex  center  can  be  identified  by  the  maximum 
of  the  velocity  profiles.  As  the  size  of  the  primary  vortex  grows  along  the 
axial  direction  the  distance  between  the  vortex  center  and  the  wing  surface 
also  increases.  Near  the  wing  surface,  a  large  slope  on  the  velocity  profile 
is  observed  at  each  cross  section. 

5.  Conclusions 

Numerical  simulation  has  been  carried  out  to  simulate  the  flow  separa¬ 
tion  around  a  slender  flat-plate  delta  wing  at  12.5°  angle  of  attack.  Two 
Reynolds  number  have  been  selected.  At  a  lower  Reynolds  number  of  5x  104, 
the  flow  is  stable  and  dominated  by  a  pair  of  leading-edge  primary  vor¬ 
tices.  At  a  higher  Reynolds  number  of  1.96  x  105,  the  computational  re¬ 
sults  indicate  the  unsteady  instability.  The  small-scale  vortical  structures 
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Figure  23.  Contours  of  time-averaged  pressure  on  selected  cross  sections. 


Figure  24.  Profiles  of  time-averaged 
axial  velocity  along  a  vertical  line  pass¬ 
ing  through  the  center  of  the  primary 
vortex. 


Figure  25.  Profiles  of  time-averaged 
pressure  along  a  vertical  line  passing 
through  the  center  of  the  primary  vor¬ 
tex. 


are  shedding  from  the  leading-edge.  It  has  been  found  that  the  shedding 
of  the  small-scale  vortical  structures  originates  not  only  from  the  Kelvin- 
Helmholtz  type  instability  of  the  leading-edge  shear  layer,  but  also  from 
the  separation  of  the  secondary  vortex  form  the  wing  surface,  as  a  result 
of  the  interaction  between  the  secondary  shear  layer  and  the  leading-edge 
shear  layer.  The  vortex  pairing  of  the  small-scale  structures  are  observed. 
The  periods  of  vortex  shedding  are  obtained  from  the  time  series  of  veloc¬ 
ity  components.  The  distributions  of  the  time-averaged  velocity  near  the 
suction  surface  of  the  delta  wing  obtained  from  the  computational  results 
agree  well  with  those  from  the  experiment  of  Rieley  &  Lowson  (1998). 
But  the  steady  small-scale  vortical  structures  which  indicate  the  steady 
instability  observed  in  the  experiment  have  not  been  found  in  the  current 
computational  results. 
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Abstract.  An  overview  is  presented  of  recent  developments  and  contribu¬ 
tions  in  large  eddy  simulation  (LES)  of  turbulent  reactive  flows.  The  foun¬ 
dation  of  some  of  the  recently  proposed  subgrid  scale  (SGS)  closures  for 
such  simulations  is  presented,  along  with  a  discussion  of  their  capabilities 
and  limitations.  The  scope  of  the  review  is  limited  to  physical  modeling. 
In  doing  so,  only  issues  pertaining  to  additional  complexities  caused  by 
chemical  reactions  are  discussed.  That  is,  the  challenges  associated  with 
“general”  LES  of  non- reactive  flows  are  not  considered,  even  though  all 
of  these  challenges  are  indeed  present  (and  in  most  cases  are  a  lot  more 
complex)  in  reactive  flows.  It  is  recognized  that  numerical  algorithms  and 
computational  procedures  play  a  significant  role  in  (any)  LES.  However, 
this  review  does  not  deal  with  these  issues  except  for  cases  wherein  the 
actual  numerical-computational  methodology  is  directly  coupled  with  the 
procedure  by  which  LES  is  conducted.  The  SGS  closure  based  on  the  re¬ 
cently  developed  “filtered  density  function”  (FDF)  method  is  described  in 
a  greater  detail.  This  is  due  to  more  familiarity  of  this  reviewer  with  this 
closure;  it  does  not  imply  that  other  closures  are  less  effective. 


1.  Introduction 

In  the  late  1980’s,  I  was  preparing  a  review  article  on  large  scale  numerical 
simulations  of  turbulent  reactive  flows.  The  intent  was  to  provide  a  sur¬ 
vey  of  the  contributions  made  to  both  direct  numerical  simulation  (DNS) 
and  large  eddy  simulation  (LES).  However,  when  that  article  was  finally 
published  (Givi,  1989),  its  content  was  heavily  biased  towards  DNS.  This 
was  not  intentional,  it  just  reflected  the  state  of  progress  on  LES  of  turbu- 
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lent  combustion  at  that  time.  But  with  all  of  the  enthusiasm  for  DNS  in 
the  combustion  community,  the  limitations  of  such  simulations  were  well 
recognized  (even  with  the  most  optimistic  predictions  of  growth  in  super¬ 
computer  technology).  It  was  also  clear  that  the  future  of  large  scale  sim¬ 
ulations  of  practical  turbulent  reacting  flows  would  heavily  depend  on  the 
development  of  LES.  Therefore,  it  was  quite  easy  to  predict  that  LES  would 
receive  significant  attention  in  computational  predictions  of  turbulent  re¬ 
acting  flows  in  the  1990 ’s  and  into  the  next  (present)  century. 

Now,  at  the  time  of  writing  this  article  (Summer  2001),  while  struggling 
to  meet  the  deadline  for  its  submission(!)  I  am  not  surprised  by  the  extent 
of  the  contributions  in  developing  subgrid  scale  (SGS)  models  or  by  the 
magnificent  work  on  LES  of  a  variety  of  turbulent  reacting  flow  systems. 
In  fact,  I  admit  that  the  rate  of  these  developments  has  been  a  lot  faster 
than  my  capability  to  absorb,  or  in  some  cases  even  follow,  the  details  of 
the  proposed  methodologies.  In  addition,  the  page-limit  restrictions  under 
which  this  is  being  prepared,  preclude  describing  the  details  of  the  wide 
variety  of  currently  available  closures;  similarly,  citation  of  the  relevant 
references  cannot  even  be  done  exhaustively.  Fortunately,  many  aspects  of 
SGS  closures  and  LES  of  reacting  turbulence  have  recently  been  discussed  in 
several  excellent  tutorial  and  review  articles  (Cook  and  Riley,  1998a;  Candel 
et  ah ,  1999;  Bilger,  2000;  Branley  and  Jones,  2000;  Menon,  2000;  Peters, 
2000;  Pope,  2000;  Luo,  2001;  Poinsot  and  Veynante,  2001).  Therefore,  in 
the  present  review  I  concentrate  on  some  of  the  major  issues  related  to  my 
area  of  research  within  this  field. 

2.  Starting  Equations 

Large  eddy  simulation  involves  the  use  of  the  spatial  filtering  operation 
(Sagaut,  2001) 


/-foo 

Q(x',<)£(x',x)<2x',  (1) 

-oo 

where  Q  denotes  the  filter  function  of  width  Ac,  and  (Q(x,t))e  represents 
the  filtered  value  of  the  transport  variable  Q(x,t).  In  variable  density  flows 
it  is  convenient  to  consider  the  Favre  filtered  quantity, 

(Q(x,  t))L  =(pQ)e/  (p)z.  (2) 

We  consider  spatially  k  temporally  invariant  and  localized  filter  functions, 
£/(x',  x)  =  G(x!-x)  with  the  properties  G(x)  =  G(-x),  and  G(x)dx  = 
1.  Moreover,  we  only  consider  “positive”  filter  functions  for  which  all  the 
moments  xmG(x)dx  exist  for  m  >  0. 
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To  set  the  framework,  we  consider  the  transport  equations  of  chemically 
reacting  flows.  To  isolate  the  effects  of  chemical  reaction  in  the  simplest 
way,  we  consider  single-phase  (gaseous)  combustion  in  a  low  Mach  number 
flow  with  negligible  radiative  heat  transfer  and  viscous  dissipation.  We  also 
assume  that  Newton’s  law  of  viscosity,  Fourier’s  law  of  heat  conduction  and 
Fick’s  law  of  mass  diffusion  are  applicable.  Therefore,  the  primary  transport 
variables  are  the  density  p,  the  velocity  vector  u,-,  i  -  1,2,3  along  the 
Xi  direction,  the  pressure  p,  the  species’  mass  fractions  Ya,  and  the  total 
specific  enthalpy  /?.  All  of  the  mass  fractions  and  the  enthalpy  are  grouped 
into  the  scalar  array  <£(x, /)  =  [<£i,  •  •  -<M  =  [Fi,  F2, . . . ,  Yn3 ,  h]  of  size 

a  —  Ns  +  1  where  Ns  denotes  the  total  number  of  species.  Application  of 
the  filtering  operation  to  the  equations  of  continuity,  momentum,  enthalpy 
(energy)  and  species  mass  fraction  equations  gives 


Hp)t  .  d{p)e(ui)L  _  n 

dt  dx{ 


(3) 


)_L  .  _  d(p)e  djnih  dTii  ,4-, 

dt  dx,  dxj  dx{  dxi  ’ 

d(p)e(<t>a)L  ,  d{p)e{ui)i{(j>a)L  _  d{J?)t  dM? 

— dt —  + - Wi - _  Ihi  +  {pSa)e'  (5) 

where  t  represents  time,  and  the  filtered  reaction  source  terms  are  denoted 
by  (pSa)e  =  ( p}i{Sa}L •  The  viscous  stress  tensor  and  the  mass/heat  fluxes 
are  denoted  by  r* j ,  and  Jf ,  respectively.  At  low  Mach  numbers  and  heat 
release  rates,  by  neglecting  the  viscous  dissipation  and  thermal  radiation 
the  source  terms  in  the  enthalpy  equation  can  be  assumed  to  be  negligible. 
Thus,  Sa  =  Sa(<f> )•  The  terms  T. ij  =  {p)t{{uiUj)L-  (ui)L{uj)L)  and  Mf  = 
{p)e((ui<j>a)L  —  (u^Li^a)]^)  denote  the  SGS  stress  and  the  SGS  mass  flux, 
respectively.  Equations  (3)- (5)  are  coupled  through  the  equation  of  state. 


3.  Closure  Methodologies 

For  non-reacting  flows  the  SGS  closure  is  associated  with  Tij  and  Mf1 
(Canuto,  1994;  Ciofalo,  1994;  Lesieur  and  Metals,  1996).  In  reacting  flows, 
an  additional  model  is  required  for  the  filtered  reaction  rate  ( Sa)L •  This 
modeling  is  the  subject  of  primary  concern  in  this  review. 

One  of  the  first  contributions  in  LES  of  reactive  flows,  similar  to  that  in 
LES  of  non-reacting  flows,  was  made  in  atmospheric  sciences  (Schumann, 
1989).  In  this  work,  the  effects  of  SGS  scalar  fluctuations  (as  appear  in  the 
chemical  source  term)  are  assumed  negligible,  i.e.  (Sa(<j>))L  ~  ( (</>).£,)• 
This  assumption  is  compatible  with  that  made  in  some  of  the  more  recent 
contributions  (Boris  et  ah ,  1992;  Fureby  and  Grinstein,  1999),  in  which  it 
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is  argued  that  all  of  the  essential  SGS  contributions  are  included  in  the 
numerical  discretization  procedure. 

Modeling  of  the  scalar  fluctuations  has  been  the  subject  of  broad  in¬ 
vestigations  in  Reynolds  averaged  simulations  (RAS)  for  over  five  decades, 
resulting  in  a  variety  of  closure  strategies  (Libby  and  Williams,  1980;  Libby 
and  Williams,  1994).  Within  the  past  10  years  or  so,  almost  all  of  these 
closures  have  been  considered  for  LES.  Examples:  the  eddy-break  up  mod¬ 
els  (Fureby  and  Lofstrom,  1994;  Candel  et  al ,  1999),  moment  methods 
(Frankel  et  a/.,  1993),  the  flamelet  concept  (Cook  et  al. ,  1997;  Cook  and 
Riley,  1998b;  De  Bruyn  Kops  et  al. ,  1998;  DesJardin  and  Frankel,  1998; 
DesJardin  and  Frankel,  1999;  Pitsch  and  Steiner,  2000;  Ladeinde  et  al. , 
2001),  the  linear  eddy  model  (LEM)  (McMurtry  et  al,  1992;  Menon  and 
Calhoon,  1996;  Kim  et  al,  1999;  Menon,  2000),  the  conditional  moment 
method  (CMM)  (Bushe  and  Steiner,  1999;  Steiner  and  Bushe,  2001),  and 
many  others  (Sykes  et  al,  1992;  Galperin  and  Orszag,  1993;  Smith  and 
Menon,  1996;  Im  et  al. ,  1997;  McGrattan  et  al,  1998;  Thibaut  and  Candel, 
1998;  Battaglia  et  al,  2000;  Collin  et  al,  2000).  In  addition,  several  of  the 
closures  previously  developed  for  LES  of  non-reacting  flows,  have  been  ex¬ 
tended  for  use  in  reacting  flow  simulations  (DesJardin  and  Frankel,  1998; 
Jaberi  and  James,  1998). 

The  probability  density  function  (PDF)  methods  have  proven  particu¬ 
larly  useful  in  RAS  (O’Brien,  1980;  Pope,  1985;  Dopazo,  1994;  Fox,  1996; 
Pope,  2000).  The  systematic  approach  for  determining  the  PDF  is  by  means 
of  solving  its  transport  equation.  An  alternative  approach  is  based  on 
assumed  methods  in  which  the  shape  of  the  PDF  is  specified  a  priori. 
This  has  been  pursued  in  several  studies  in  most  of  which  it  is  assumed 
that  the  thermo- chemical  variables  depend  only  on  the  mixture  fraction, 
e.g.  infinitely  fast  reaction,  equilibrium  chemistry.  Therefore,  the  PDF  is 
univariate  (Madnia  and  Givi,  1993;  Cook  and  Riley,  1994;  Reveillon  and 
Vervisch,  1996;  Branley  and  Jones,  1997;  Jimenez  et  al,  1997;  Mathey  and 
Chollet,  1997;  DesJardin  and  Frankel,  1998;  DesJardin  and  Frankel,  1999; 
Forkel  and  Janicka,  2000;  Kempf  et  al ,  2000).  For  LES  of  non-equilibrium 
reactive  flows,  it  is  necessary  to  assume  the  joint  PDF  of  multi-scalars 
(Frankel  et  al,  1993).  Consistent  with  popular  methods  of  generating  uni¬ 
variate  (Leemis,  1986)  and  multivariate  (Johnson  and  Kotz,  1972)  distribu¬ 
tions,  all  of  the  assumed  SGS  scalar  PDFs  in  the  contributions  cited  above 
are  based  on  the  first  and  the  second  order  moments.  The  PDFs  generated 
in  this  way  offer  sufficient  flexibility  and  are  affordable  for  large  scale  sim¬ 
ulations.  However,  it  is  now  well  understood  that  the  “true”  PDF  strongly 
depends  on  the  actual  physics  of  mixing  in  a  given  flow  condition  (Jaberi 
et  al,  1996).  Therefore,  there  is  a  need  to  determine  such  PDFs  in  a  more 
systematic  manner. 
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The  “filtered  density  function”  (FDF)  methodology  introduced  by  Pope 
(1990)  provides  the  framework  for  fundamental  developments  of  the  PDF 
based  SGS  closures.  This  method  provides  a  means  of  determining  the  PDF 
from  its  own  transport  equation.  For  the  scalars’  array  0(x,J)  the  FDF, 
denoted  by  Pl,  is  defined  as  (Pope,  1990) 

/  +  CO 

C  bl>,  <£(x',  i)]  G(x'  -  x)dx',  (6) 

-OO 


a 

C  [V>,  <£(x,  <)]  =  fj  6[1>a  ~  <t>a(x,  <)],  (7) 

a=l 

where  6  denotes  the  delta  function  and  if?  denotes  the  composition  domain 
of  the  scalar  array.  The  term  ([<f>  -  i/>(x,  /.)]  is  the  “fine-grained”  density 
(Lundgren,  1967;  O’Brien,  1980;  Pope,  1985;  Dopazo,  1994).  In  variable 
density  flows,  it  is  convenient  to  consider  the  “filtered  mass  density  func¬ 
tion”  (FMDF),  denoted  by  Fl,  as 

/-f-oo 

p(x',  <)C  [V’Xx',  t)]  G(x'  -  x)dx'.  (8) 

-CO 


The  integral  property  of  the  FDF  and  FMDF  is  such  that 

/+co  y+oo 

PL(i/>;x,t)chfi  =  1,  /  FL{4>\x,t)(hl>  =  (p(x,t))(.  (9) 

-CO  J  —  OO 

For  further  discussions,  it  is  useful  to  define  the  mass  weighted  conditional 
filtered  mean  of  the  variable  Q(x, /), 


<Q(x,f) W)t 


Jl” p(x', <)Q(x',  1) C [V>, <j>(x’, <)] G(x'  -  x)dx' 
FL(if>-,x,t) 


(10) 


Therefore,  when  Q  can  be  completely  described  by  the  compositional  vari¬ 
able,  i.e.  Q(x,t)  =  Q(^(x,t)),  we  have  (Q(x,t) |V>)y  =  Q(V0-  Also, 


(Q(x,/)|^)^Pl(V,;x,0^Vj  =  (p(x,0>/(0(x,t))L. 


(ii) 


The  transport  equation  for  Pl('0;  x,<)  is  obtained  by  multiplying  the  trans¬ 
port  equation  for  the  fine  grained  density  by  the  filter  function  G(xf  -  x) 
and  integrating  over  x’  space  (Gao  and  O’Brien,  1993;  Colucci  et  al .,  1998; 
Reveillon  and  Vervisch,  1998;  Jaberi  et  al. ,  1999;  Jaberi,  1999;  Zhou  and 
Pereira,  2000;  Tong,  2001), 
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Wi(^;x,<)  9[(«,-(x,  t)\i/>)eFLW,  x,  *)]  d[Sa(il>)FL(rl>;  x,  Q] 

dt  +  dxi  dipa 
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dlpQ 


/  1  dJl 

\p(<t>)  dxi 


i*) 


FZ(^;M) 


(12) 


The  first  term,  on  the  RHS  is  due  to  chemical  reaction  and  is  in  a  closed 
form.  This  demonstrates  the  primary  advantage  of  the  FDF  methodology. 
However,  the  SGS  convection  (the  second  term  on  the  LHS)  and  SGS  mix¬ 
ing  (the  second  term  on  the  RHS)  must  be  modeled.  One  of  the  most  chal¬ 
lenging  issues  in  FDF  is  associated  with  closure  of  the  mixing  term.  This 
has  been  the  subject  of  broad  investigations  in  PDF  modeling  (Pope,  1985; 
Pope,  2000).  In  Eq.  (12)  the  effects  of  mixing  are  displayed  through  the 
“conditional  expected  diffusion”  of  the  scalars,  but  can  also  be  represented 
in  the  form  of  the  “conditional  expected  dissipation”  (O’Brien,  1980;  Pope, 
1985).  The  closure  for  this  can  be  via  any  of  the  ones  currently  in  use  in 
PDF  methods  (Pope,  2000).  In  the  absence  of  a  clearly  superior  model,  the 
linear  mean  square  estimation  (LMSE)  model  (O’Brien,  1980)  has  been 
used  in  almost  all  of  previous  LES  based  on  FDF  (Colucci  et  a /.,  1998, 
Jaberi  et  a/.,  1999;  Garrick  et  al ,  1999;  James  and  Jaberi,  2000;  Zhou  and 
Pereira,  2000).  With  Jf  =  this  model  is 


d  r/  i 

d'fia  L\  pdxi 


d  r  d(FL/(p)tY 
dxi  L7  dxi 

+  -7T7—  [Dm(V>a  “  {<!><*) l)Fl\  ,(13) 

U'lpa 


where  flm(x,t)  is  the  “frequency”  of  mixing  within  the  subgrid  and  must 
be  modeled.  The  convective  term  can  be  modeled  as 


(uilipjeFi  -  ( ui)lFl  -  it 


djFllipU) 

dxi 


(14) 


where  7 1  is  the  SGS  diffusion  coefficient  and  must  be  specified.  Equation 
(14)  is  in  accord  with  that  often  used  in  conventional  LES  (Moin  et  al., 
1991;  Canuto,  1994;  Ciofalo,  1994;  Lesieur  and  Metais,  1996).  With  this 
formulation,  obviously  the  resolved  hydrodynamic  field  must  be  determined 
by  other  means.  This  problem  can  be  circumvented  by  considering  the  joint 
velocity-scalar  FMDF, 

*i(v,i />,x;t)=  /+°°p(x',tX[v,u(x',t),V’,<A(x',t)]G(x,-x)dx',  (15) 
J—OO 
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3  <7 

f  [v,u(x,<),V>,<A(x,l)]  =  JJ  f)[vk  -  Mfc(x,<)]  JJ  i[i>a  -  <t>a(x,t)],  (16) 

k  =  l  =  l 

where  v  denotes  the  composition  domain  of  the  random  velocity  vector,  and 
f[v,  u(x,  J),-0,0(x,<)]  is  the  fine-grained  velocity-scalar  density.  Most  re¬ 
cent  work  in  this  regard  consider  the  transport  of  the  velocity  FDF  (VFDF) 
(Gicquel,  2001)  and  the  joint  velocity-scalar  FDF  (VSFDF)  (Drozda,  2001). 
The  operational  procedure  is  similar  to  that  developed  previously  for  PDF 
methods  (Pope,  1985;  Pope,  1994;  Pope,  2000). 

The  closure  problems  as  noted  above  are  not  particular  to  the  FDF; 
all  of  the  other  schemes  require  similar  modelings.  For  example,  in  the 
limit  of  equilibrium  chemistry  all  of  the  statistics  of  the  reacting  fields 
are  related  to  those  of  the  mixture  fraction.  The  FMDF  of  the  mixture 
fraction  can  be  obtained  from  the  solution  of  Eq.  (12)  with  S  =  0.  So, 
there  is  still  a  need  for  modeling  of  the  mixing  term.  Even  in  cases  where 
the  FMDF  is  assumed,  its  distribution  is  parameterized  with  the  low  order 
moments  of  the  mixture  fraction.  As  indicated  above,  the  first  two  moments 
are  typically  used  for  this  parameterization.  Therefore,  there  is  a  need  for 
closure  of  the  “total  SGS  dissipation”  as  appears  in  the  second  moment 
(SGS  variance)  equation.  Several  means  of  dealing  with  this  closure  problem 
are  available  (Girimaji  and  Zhou,  1996;  Pierce  and  Moin,  1998;  Cook  and 
Bushe,  1999;  Jimenez  et  al ,  2001;  De  Bruyn  Kops  and  Riley,  2001). 

The  above  problem  is  a  bit  more  complex  when  the  SGS  chemical  reac¬ 
tion  is  assumed  to  be  in  the  “flamelet”  regime  (Peters,  2000).  In  this  case, 
even  with  the  one-dimensional  flamelet  model,  the  thermo- chemical  vari¬ 
ables  are  parameterized  by  the  mixture  fraction  and  its  rate  of  dissipation 
(Cook  et  al ,  1997;  Cook  and  Riley,  1998b;  De  Bruyn  Kops  et  al ,  1998; 
DesJardin  and  Frankel,  1998;  Cook  and  Riley,  1998b).  Therefore,  there  is  a 
need  for  a  priori  specification  of  the  joint  FDF  of  the  mixture  fraction  and 
its  dissipation.  A  review  of  different  methods  of  dealing  with  this  issue  is 
available  (Cook  and  Riley,  1998a).  Equation  (12)  with  S  =  0  indicates  that 
there  is  a  dependence  between  the  FDF  of  the  mixture  fractions  and  the 
conditional  expected  diffusion  (and  the  conditional  expected  dissipation). 
This  dependency  is  not  considered  in  most  previous  contributions,  but  is 
the  subject  of  current  investigations  (DesJardin  et  al ,  2001). 

Modeling  of  the  conditional  expected  dissipation  is  also  required  in  the 
conditional  moment  method  (Bushe  and  Steiner,  1999;  Steiner  and  Bushe, 
2001).  This  issue  has  been  recognized  at  the  early  stages  of  developments  of 
CMM  in  RAS  (Bilger,  2000).  With  this  model,  the  conditional  filtered  mean 
values  of  the  thermo-chemical  variables  (LHS  of  Eq.  (10))  are  obtained 
by  their  modeled  transport  equation.  This  is  obviously  computationally 
less  demanding  that  solving  the  FDF  transport  equation.  But  in  order  to 
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determine  the  actual  filtered  quantities,  the  distribution  of  the  mixture 
fraction  FDF  must  be  specified. 

An  important  issue  in  regard  to  FDF  is  associated  with  the  numeri¬ 
cal  solution  of  its  transport  equation.  The  Lagrangian  Monte  Carlo  scheme 
(Pope,  1985)  has  proven  particularly  useful  for  this  purpose.  In  this  scheme, 
the  FDF  is  represented  via  an  ensemble  of  computational  elements  or  par¬ 
ticles.  Transport  of  these  particles  and  the  change  in  their  properties  are 
modeled  by  a  set  of  stochastic  differential  equations  (SDEs)  (Soong,  1973). 
The  diffusion  process  (Gardiner,  1990)  has  proven  effective  for  this  pur¬ 
pose.  The  coefficients  in  the  Langevin  equation  governing  this  process  are 
set  in  such  a  way  that  the  resulting  Fokker-Planck  equation  (Risken,  1989) 
is  equivalent  to  the  FDF  transport  equation.  Therefore,  the  Monte  Carlo 
solution  of  the  SDEs  represent  the  solution  of  the  FDF  in  the  probabilistic 
sense.  This  procedure  has  proven  successful  for  simulating  PDF  in  a  variety 
of  systems  (Grigoriu,  1995).  However,  one  must  be  careful  in  performing 
stochastic  simulations  in  conjunction  with  modern  CFD  solvers.  Many  of 
the  advanced  discretization  routines  developed  for  solving  deterministic  dif¬ 
ferential  equations  may  not  be  applicable,  or  may  have  to  be  significantly 
modified  to  be  suitable  for  solving  SDEs  (Kloeden  and  Platen,  1995). 

Implementation  of  LEM  is  also  based  on  stochastic  representation  of 
the  flow.  In  its  original  development  in  RAS  (Kerstein,  1988),  the  processes 
of  molecular  diffusion,  chemical  reaction  and  turbulent  convection  are  con¬ 
sidered  separately.  This  is  achieved  by  a  reduced  one-dimensional  (linear) 
description  of  the  scalar  field,  which  makes  it  possible  to  resolve  the  flow 
scales  even  for  flows  with  relatively  high  Reynolds,  Schmidt  and  Damkohler 
numbers.  The  interpretation  of  the  one-dimensional  domain  is  dependent 
on  the  particular  flow  under  consideration.  In  this  way,  the  processes  of 
molecular  diffusion  and  chemical  reaction  are  taken  into  account  exactly, 
but  the  effects  of  convection  are  modeled.  This  is  achieved  by  “random 
rearrangement”  (or  stirring)  events  in  such  a  way  that  the  displacements 
of  fluid  elements  result  in  a  diffusivity  equal  to  the  “turbulent  diffusivity.” 
For  LES,  this  procedure  is  followed  within  each  of  the  computational  cells, 
and  stirring  is  performed  to  yield  the  desired  SGS  diffusivity.  Menon  and 
colleagues  have  made  extensive  use  of  LEM  for  LES  of  a  wide  variety  of 
reacting  flows.  A  recent  review  is  available  (Menon,  2000). 
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1.  Introduction 

In  large  eddy  simulation  (LES)  of  turbulent  flows  the  dynamics  of  the  large 
scale  structures  are  computed,  while  the  effect  of  the  small  scale  turbulence 
is  modeled.  The  differential  equations  describing  the  space-time  evolution 
of  the  large  scale  structures  are  formally  derived  by  applying  a  low-pass 
filter  with  non-uniform  filter  width  to  the  Navier-Stokes  equations.  For  an 
incompressible  flow  the  non-dimensional  equations  describing  the  evolution 
of  large  scale  structures  take  the  following  form: 

dUj  _ 
dx  i 

dui  dm 
8t  dx 

where  the  s 


The  filtered  convective  term  ufaj  is  unknown  in  LES  and  is  typically  de¬ 
composed  into  the  convective  term  Uillj  that  can  be  computed  and  the 
remainder,  called  sub-grid  scale  (SGS)  stress,  which  should  be  modelled: 


ou 


dxi 


lA  =  +  J_ 


d2Ui 


dx? 


Re  dxjdxj 


duiUj  dp 
dxj  dxi 


1  d2Ui 

Re  dxjdxj 


quare  bracket  denotes  the  commutation  operator  given  by 

dF 


dr.A 


dF 

dXA 


dF_ 

dx.A 


(i) 


(2) 


(3) 
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In  order  to  derive  LES  equations  from  Eqs.  (1),  (2),  and  (4)  the  following 
three  key  assumptions  are  made: 

1.  The  differentiation  and  filtering  operations  commute. 

2.  The  shape  of  the  low-pass  filter  is  known. 

3.  The  modeled  subgrid  scale  stress  corresponds  to  the  low-pass  filter 
used  in  deriving  LES  equations. 

With  these  assumptions  we  obtain  the  classical  LES  equations 


dui 

=  0, 

(5) 

dx% 

dui  t  duiUj 
dt  **"  dxj 

dp 

dxi 

1  d2Ui  dnj 

Re  dxjdxj  dxj 

(6) 

Ironically,  all  three  assumptions  used  in  derivation  of  Eqs.  (5)-(6)  are  very 
often  violated,  perhaps  as  a  result  of  addressing  other  very  important  prob¬ 
lems  related  to  numerical  methods.  However,  recent  advancement  in  numer¬ 
ical  algorithms  and  hardware,  has  necessitated  a  careful  and  systematic 
examination  of  this  issue.  The  main  objective  of  this  paper  is  to  present  a 
way  for  LES  to  be  consistent,  i.e.  satisfy  all  these  assumptions. 


2.  Implicit  Filtering 


Due  to  the  lack  of  a  straightforward  and  robust  filtering  procedure  for 
inhomogeneous  flows,  most  large  eddy  simulations  performed  to  date  have 
not  made  use  of  explicit  filtering.  The  nearly  universal  approach  for  LES  in 
complex  geometries  is  to  argue  that  the  finite  support  of  the  computational 
mesh  together  with  the  low-pass  characteristics  of  the  discrete  differencing 
operators  effectively  act  as  a  filter  (Rogallo  and  Moin,  1984;  Lund,  1997), 


-  =  -  ui-i  =  ±  p*  udx=p.  t 

Sx  2 Ax  dx  JXi_  i  dx  { 

i 


(7) 


where  S /Sx  and  d/dx  axe  respectively  finite  difference  and  the  exact  (analyt¬ 
ical)  derivative  operators.  This  procedure  is  commonly  referred  as  implicit 
filtering  since  an  explicit  filtering  operation  never  appears  in  the  solution 
procedure.  Although  the  technique  of  implicit  filtering  has  been  used  ex¬ 
tensively  in  the  past,  there  are  several  compelling  reasons  to  adopt  a  more 
systematic  approach.  Foremost  of  these  is  the  issue  of  consistency.  While  it 
is  true  that  discrete  derivative  operators  have  a  low-pass  filtering  effect,  the 
associated  filter  acts  only  in  one  spatial  direction  in  which  the  derivative  is 
taken.  This  fact  implies  that  each  term  in  the  Navier-Stokes  equations  is 
acted  on  by  a  distinct  one-dimensional  filter  and  the  actual  equations  being 
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solved  are 

duxXl  du2X2  duzx* 
dxi  dx2  dx% 

du{  duiU\Xl  dui%i 2  2  duiU$Xz  _  dpXl  drnXl  dr^02 

dt  +  dx\  +  dx2  +  dxs  dxi  dx\  8x2 

dmxs  1 

H - — - h  — 

dxz  Re 

where  (-)^  and  (* )**  are  the  effective  one-dimensional  filters  associated  with 
the  first  and  second  difference  operators  respectively.  Thus,  there  is  no  way 
to  derive  the  discrete  equations  through  the  application  of  a  single  three- 
dimensional  filter.  Considering  this  ambiguity  in  the  definition  of  the  filter, 
it  is  nearly  impossible  to  make  detailed  comparisons  of  LES  results  with 
filtered  DNS  or  experimental  data. 

The  second  significant  limitation  of  the  implicit  filtering  approach  is 
the  inability  to  control  numerical  error.  Without  an  explicit  filter,  there 
is  no  direct  control  of  the  energy  in  the  high  frequency  portion  of  the 
spectrum.  Significant  energy  in  this  portion  of  the  spectrum  coupled  with 
the  non-linearities  in  the  Navier-Stokes  equations  can  produce  significant 
aliasing  error.  Furthermore,  all  discrete  derivative  operators  become  rather 
inaccurate  for  high  frequency  solution  components  and  this  error  interferes 
with  the  dynamics  of  the  small  scale  eddies.  This  error  can  be  particularly 
harmful  when  the  dynamic  model  is  used  (Germano  et  al ,  1991;  Ghosal 
et  al,  1995),  since  it  relies  entirely  on  information  contained  in  the  smallest 
resolved  scales. 

3.  Explicit  Filtering 

The  difficulties  associated  with  the  implicit  filtering  approach  can  be  al¬ 
leviated  by  performing  an  explicit  filtering  operation  as  an  integral  part 
of  the  solution  process  (Ghosal,  1996;  Vasilyev  et  al,  1998).  By  damping 
the  energy  in  the  high  frequency  portion  of  the  spectrum  it  is  possible  to 
reduce  or  eliminate  the  various  sources  of  numerical  error  that  dominate 
this  frequency  range.  Explicit  filtering  reduces  the  effective  resolution  of  the 
simulation,  but  allows  the  filter  size  and  shape  to  be  chosen  independently 
of  the  mesh  spacing.  In  addition  explicit  filtering  provides  the  means  for 
both  assessing  and  minimizing  the  effects  of  numerical  error  in  practical 
simulations. 

In  order  to  illustrate  the  explicit  filtering  procedure  further,  consider  a 
discrete  time  integration  applied  to  the  LES  Eqns.  (5) -(6): 

«r+1 =«r+ + ajvl«"+1. 


d2%Xi  FuT  Far 

d2x\  d2X2  d2x$  ’ 


(10) 
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where  A and  A jvlu™+1  are  incremental  velocity  fields  resulted  from 
the  time  integration  of  linear  and  non-linear  terms  respectively.  The  incre¬ 
mental  velocity  field  ANLUi+l  has  frequencies  beyond  the  characteristic 
frequency  that  defines  Ui  and  thus  should  be  filtered.  This  additional  filter¬ 
ing  should  be  explicitly  performed  at  the  end  of  each  time  step.  Thus  the 
modified  time  integration  procedure  can  be  schematically  written  as 

u\ ?+1  =  uf  +  A  Lu?+1  +  Aat  LtJ?+i".  (n) 

Note  that  the  frequency  content  of  each  term  on  the  right-hand  side  of 
Eq.  (11)  is  limited  to  the  bar  level.  Thus  in  advancing  from  time  level  n  to 
n  +  1,  the  frequency  content  of  the  solution  is  not  altered.  This  fact  implies 
that  the  additional  filtering  of  the  non-linear  terms  is  sufficient  to  achieve 
an  explicit  filtering  of  the  velocity  field  for  all  time. 

The  explicit  filtering  procedure  (11)  automatically  implies  an  alternative 
form  of  LES  equations  (Vasilyev  et  al. ,  1998) 

duj  ggg  _  dp  1  d2Uj  dfjj 

dt  +  dxj  ~  dxi  Re  dxjdxj  dxj  ’ 

where  Tij  denotes  the  alternative  SGS  stress 


T ij  —  UiUj  UiUj . 

A  possible  drawback  of  this  new  formulation  is  that  the  Eq.  (12)  is  not 
Galilean  invariant  unless  a  sharp  cut-off  filter  is  utilized  (Vasilyev  et  al, 
1998).  Non-Galilean  invariance  follows  from  the  appearance  of  the  term 
Cjd(Hi-Ui)/dxj,  where  cj  is  the  uniform  translation  velocity  of  the  moving 
frame  of  reference.  The  error  is  seen  to  be  proportional  to  the  difference 
between  the  singly  and  doubly  filtered  velocity.  This  difference  will  be  zero 
for  a  sharp  cutoff  filter,  but  will  not  vanish  in  the  general  case.  The  spectral 
content  of  the  error  is  proportional  to  G(k)(l— G(k))  where  G(k)  is  the  filter 
transfer  function  and  k  is  the  wave  vector.  This  fact  implies  that  the  error 
is  only  generated  in  the  wavenumber  band  where  G(k)  differs  significantly 
from  0  or  1.  Thus  it  is  possible  to  minimize  the  error  by  constructing  the 
explicit  filter  to  be  as  close  as  possible  to  a  sharp  cut-off. 

It  turns  out  that  non-Galilean  invariance  of  Eq.  (12)  is  not  an  issue  if 
one  adapts  the  correct  physical  interpretation  of  inhomogeneous  turbulent 
complex  geometry  flows.  We  recall  that  if  the  filter  width  is  non-uniform 
in  one  or  more  directions,  it  automatically  implies  that  the  LES  equations 
should  not  be  Galilean  invariant  in  these  directions  (Ghosal,  1999).  To  en¬ 
sure  Galilean  invariance  in  homogeneous  directions  of  the  flow  one  may  use 
sharp  cut-off  filters  in  these  directions. 


(12) 

(13) 
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k'/k  k'/k 


Figure  1.  Modified  wave-number  diagram  for  the  second  (left)  and  fourth  (right)  order 
schemes.  The  vertical  solid  line  represents  the  effective  resolution  of  the  explicitly  filtered 
simulations,  i.e.  fixed  cut-off  frequency  k.  The  dashed  line  is  the  exact  distribution  that 
is  achieved  with  a  pseudo  spectral  method. 


It  is  worthwhile  to  note  that  the  use  of  explicit  filtering  provides  the 
means  for  reducing  the  various  sources  of  numerical  error  that  become 
most  severe  for  length  scales  on  the  order  of  the  mesh  size.  By  damping  the 
high  frequency  portion  of  the  solution,  it  is  possible  to  control  the  adverse 
effects  of  numerical  error.  In  particular,  if  the  filter  width  is  held  fixed  as 
the  mesh  is  refined,  the  velocity  field  will  converge  to  the  true  solution  of 
LES  equations  (5)  and  (12).  This  should  be  contrasted  to  the  conventional 
approach  where  the  mesh  is  refined  without  the  use  of  an  explicit  filter. 
In  the  latter  case,  additional  length  scales  are  added  each  time  the  mesh 
is  refined,  and  thus  the  process  converges  to  a  direct  numerical  simulation 
(DNS)  rather  than  to  an  LES. 

It  is  very  illustrative  to  consider  the  effect  of  explicit  filtering  on  the 
accuracy  of  the  solution  and  the  computational  cost  associated  with  it 
in  terms  of  modified  wavenumber  analysis  (Lund  and  Kaltenbach,  1995). 
For  simplicity  let  us  consider  the  case  when  we  filter  the  periodic  signal 
given  on  a  uniform  mesh  with  grid  size  Ag.  Then  explicit  filtering  can  be 
viewed  as  refining  the  mesh  but  keeping  the  same  frequency  content  ( k  < 
k)  determined  by  the  primary  filter  width  A.  The  modified  wavenumber 
diagrams  for  these  simulations  are  shown  in  Fig.l.  The  solid  vertical  line 
denotes  the  fixed  effective  resolution,  while  the  curves  to  the  left  of  this 
line  show  the  modified  wavenumber  distributions  for  the  various  values 
of  filter  width  to  grid  ratios  A/Ag.  When  no  filter  is  applied  (the  case 
A/Ag  =  1)  considerable  truncation  error  is  evident  for  the  upper  half 
of  the  wavenumber  range.  As  the  ratio  A/Ag  is  increased,  the  situation 
improves  and  the  modified  wavenumber  slowly  approaches  the  analytical 
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distribution  for  k  <  k.  Note  that  with  the  increase  of  the  ratio  A/ Ag  the 
computational  cost  associated  with  the  implementation  of  explicit  filtering 
also  increases.  Thus,  in  order  for  explicit  filtering  to  be  cost  effective,  the 
higher  order  schemes  need  to  be  used,  since  they  provide  the  comparable 
modified  wavenumber  dependence  in  the  range  k  <  k  with  considerably 
smaller  filter  width  to  grid  ratios  then  the  lower  order  schemes. 

In  summary,  the  use  of  explicit  filtering  results  in  a  LES  that  satisfies 
assumptions  2  and  3  that  are  used  in  the  derivation  of  the  LES  equations. 
However,  in  order  to  realize  the  benefits  of  explicit  filtering  and  satisfy 
assumption  1,  it  is  necessary  to  develop  discrete  filtering  operators  that 
commute  with  numerical  differentiation.  This  will  be  discussed  next. 


4.  Construction  of  Commutative  Filters 

In  order  to  realize  the  benefits  of  explicit  filtering,  it  is  necessary  to  develop 
robust  and  straightforward  discrete  filtering  operators  that  commute  with 
numerical  differentiation.  Recently  a  new  class  of  commutative  filters  for 
both  structured  (Vasilyev  et  a/.,  1998)  and  unstructured  (Marsden  et  al , 
2000)  grids  has  been  developed.  With  these  filters  the  differentiation  and 
filtering  operations  commute  to  an  a  priori  specified  order  of  filter  width. 

We  begin  by  discussing  the  continuous  filtering  operation  and  then  ex¬ 
tend  it  to  discrete  filtering.  Let  us  consider  a  three  dimensional  field  <£(x) 
(x  =  (a?i,  X2,  #3)T)  defined  in  a  three-dimensional  domain  D.  The  most  gen¬ 
eral  continuous  filtering  operation  in  physical  space  can  be  written  as 


</)(x)  =  jf ^G(x,y)<f>(y)d3y, 


(14) 


where  G  (x,  y)  is  the  location  dependent  three-dimensional  filter  function. 
The  filtering  operation  (14)  can  be  substantially  simplified  if  there  exists 
a  function  £  =  f(x)  and  its  inverse  x  =  F(£)  that  maps  the  physical 
domain  D  into  a  rectangular  domain  fi  =  [a\,j3\]  x  [a-j-  A]  x  [03,^3].  In 
this  case  the  filtering  operation  can  be  defined  the  following  way:  given 
an  arbitrary  function  <j)(x)  we  obtain  the  new  function  =  <£(F(£)) 

defined  in  the  domain  ft,  the  function  V>(£)  is  then  filtered  using  a  sequence 
of  three  one-dimensional  filters.  It  can  be  shown  (Vasilyev  et  al 1998)  that 
the  commutation  error  of  filtering  and  differentiation  operations  in  three 
spatial  dimensions  is  given  by 


'  d<j>  1  d<j>  d(j> 

dxk\  dxk  Oxk 


o(Ay,A3,A5), 


(15) 


provided  that  the  filter  moments  M*  (£)  of  filters  Gi  (i  =  1, . . . ,  3)  exist  and 
they  satisfy  the  following  properties: 
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Ak/n  Ak/n 


Figure  2.  (a)  Fourier  transform  G{k)  of  the  symmetric  discrete  filters  with  three  van¬ 

ishing  moments  and  different  linear  constraints,  (b)  Real,  imaginary,  and  absolute  value 
of  G(k)  of  the  asymmetric  discrete  filter  with  three  vanishing  moments. 


MP(&)  =  1  for  &  e  [aupi],  (16) 

=  0  for  k  -  1,...  ,n  -  1  and  &  G  [«<,&].  (17) 

Also  it  can  be  shown  that  the  commutation  error  in  the  homogeneous  di¬ 
rections  is  exactly  zero. 

The  discrete  filtering  operation  is  defined  as 

Li 

4>j  =  12  w(<A?+i’  (18) 

l=-Kj 


where  w j  are  the  filter  coefficients  chosen  to  satisfy  the  zero-moment  re¬ 
quirements  (16),  (17)  and  possibly  additional  constraints.  Examples  of  dis¬ 
crete  symmetric  and  asymmetric  filters  are  shown  in  Fig.  2. 

The  discrete  commutative  filter  construction  theory  can  be  easily  ex¬ 
tended  to  the  case  when  mapped  space  does  not  exist,  e.g.  when  unstruc¬ 
tured  meshes  are  used.  In  this  case  there  is  no  choice,  but  to  construct 
filters  in  the  physical  domain.  In  this  case  it  can  be  shown  (Marsden  et  a/., 
2000)  that  for  a  smoothly  varying  filter  width,  the  local  commutation  error 
in  three  dimensions  is  given  by 

!£]  =  o  ( A, (x) (x) Aj (x))  ,  i+j  +  k  =  n  (19) 

provided  that  filters  moments  M^fc(x)  =  -  fq,  rj[ rf2yfcG  (77,  x)  d?r]  exist  and 
satisfy  the  following  constrains: 


i,j,k  =  0 
0  <i  +  j  +  k<n 


(20) 
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Figure  3.  Example  of  filter  constructed  with  triangles  on  an  unstructured  grid  and  the 
corresponding  transfer  function. 


Greater  predictability  and  ease  of  implementation  can  be  gained  by  us¬ 
ing  interpolation  based  filters  that  are  constructed  by  evaluating  either  in¬ 
terpolating  polynomials  (Marsden  et  a/.,  2000)  or  least  square  interpolants 
(Haselbacher,  2001)  at  the  desired  locations.  The  nth  polynomial  construc¬ 
tion  automatically  guarantees  an  nth  order  commutation  error.  To  control 
the  shape  and  other  properties  of  the  discrete  filters,  filters  can  be  con¬ 
structed  as  a  linear  combination  of  many  polynomial  based  filters,  while 
preserving  the  commutation  properties  of  the  filter. 

In  general,  with  an  nth  order  numerical  scheme,  the  filtering  operation 
must  commute  to  order  n.  Most  of  the  unstructured  mesh  codes  are  sec¬ 
ond  order  accurate,  thus  a  discrete  filter  based  on  first  order  polynomial 
interpolation  is  sufficient  to  achieve  second  order  commutation  error.  A 
two-dimensional  discrete  filter  based  on  first  order  polynomial  interpola¬ 
tion  can  be  constructed  using  a  triangle  of  three  points  surrounding  the 
point  (xo,yo)  where  we  want  the  filtered  value.  A  triangle  is  chosen  be¬ 
cause  in  two  dimensions  three  points  are  needed  for  exact  reconstruction  of 
a  first  order  polynomial.  Weights  are  calculated  by  fitting  a  polynomial  to 
the  vertices  of  the  triangle,  and  are  then  used  to  find  a  weighted  average  at 
the  central  point  (#o,  Vo)-  With  this  method,  the  same  number  of  points  are 
used  in  the  filter  for  any  point  on  the  mesh.  Figure  3  shows  an  example  of 
a  2-D  filter  constructed  from  three  triangles.  To  achieve  flexibility  in  filter 
width,  each  triangle  as  well  as  the  central  point  is  assigned  a  weight  /%, 
which  applies  equally  to  all  vertices  of  the  triangle.  The  value  of  #  can  be 
varied  from  0  to  1  as  long  as  the  sum  total  is  1.  The  optimum  value  of  (3 
for  the  central  point  is  1/2  because  this  results  in  a  transfer  function  with 
a  well  defined  peak  and  low  pass  filter  shape. 
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5.  Spectrum  of  Commutation  Error 

Leading  order  commutation  error  analysis  described  in  the  previous  section 
can  be  viewed  as  a  practical  tool  for  constructing  discrete  filters  that  com¬ 
mute  with  finite  difference  operators  to  an  a  priori  specified  order  of  filter 
width.  However,  the  leading  order  error  analysis  by  itself  is  not  enough  to 
guarantee  that  the  commutation  error  is  negligible  compared  to  the  subgrid 
scale  stress,  since  it  does  not  use  any  information  about  spectral  content 
of  the  analyzed  signal  (Ghosal,  1996;  Ghosal,  1999).  Due  to  the  presence 
of  significant  energy  in  the  high  frequency  portion  of  the  LES  spectrum, 
the  commutation  error  could  be  considerable  and  in  some  cases  even  com¬ 
parable  with  the  subgrid  scale  stresses.  The  existence  of  inhomogeneous 
directions  in  the  flow  precludes  the  use  of  the  standard  Fourier  analysis. 
In  this  section  we  present  a  recently  developed  mathematical  tool  that  can 
be  used  to  analyze  the  local  spectrum  of  the  commutation  error  and  its 
dependence  on  the  filter  shape  and  the  non-uniformity  of  the  filter  width. 

We  begin  by  introducing  the  local  spectrum  analysis  in  one-dimensional 
space  and  then  extend  it  to  three  spatial  dimensions.  Let  us  consider  a  one 
dimensional  filter  of  constant  shape  but  variable  width.  The  continuous 
filtering  operation  can  be  written  as 

(2i> 

Substituting  the  Fourier  integral 

c/>(x)  =  ±-  T  Hk)eiKXdk  (22) 

Z7T  J  —  oo 

into  Eq.  (21),  changing  the  order  of  integration,  and  integrating  the  result¬ 
ing  equation  with  respect  to  y  we  obtain  the  following  equation: 

${x)  =  T  r  G  (A  (*)  k)  4>(k)  eikxdk,  (23) 

27T  J — oo  ' 

where  G  (/c)  is  the  Fourier  transform  of  the  filter  function  given  by 

/oo 

G(Oe-iK(d£-  (24) 

-OO 

Now  comparing  Eqs.  (22)  and  (23)  we  can  see  that  the  structure  of  the 
equations  is  the  same.  Thus,  the  local  Fourier  transform  can  be  defined  as 

(f)(k,  x)  =  G  (A  (x)  k)  (j)(k). 


(25) 
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Figure  4 .  Transfer  functions  G(k)  and  K(k)  for  a  variety  of  filters.  Mn  denotes  the 

discrete  filter  with  n  vanishing  moments. 


Now  the  meaning  of  the  local  Fourier  transform  is  clear,  it  refers  to  the 
location  in  space  where  the  transform  is  taken  and  reflects  the  fact  that 
the  filter  width  is  a  function  of  location.  Performing  analogous  analysis  for 
commutation  error  it  can  be  shown  that 


dx 


A'{x)  1 

A(:r)  27t 


[°°  K{k)  j>{k)eikxdk, 
J—oo 


(26) 


where  k  =  A  (a;)  k  and  the  transfer  function  K  (k)  is  defined  by 

=  (27) 

Now  the  effect  of  filtering  is  clearly  seen:  filter  width  stretching  affects  the 
amplitude  of  the  commutation  error,  while  the  filter  shape  and  width  affect 
the  spectrum.  The  effect  of  the  filter  shape  on  the  spectrum  of  commutation 
error  is  demonstrated  in  Fig.  4,  where  transfer  functions  G(k)  and  K(k) 
are  shown  for  a  variety  of  filters.  It  is  important  to  note  that  the  closer  the 
filter  to  the  sharp  cut-off,  the  more  localized  the  spectrum  of  commutation 
error.  Also  note  that  the  commutation  error  is  exactly  zero,  when  the  width 
of  the  filter  is  constant  throughout  the  domain. 

The  one-dimensional  analysis  can  be  easily  extended  to  three  spatial 
dimensions.  In  particular,  it  can  be  shown  that  for  three  dimensional  filters 
of  constant  shape  and  variable  width  the  commutation  error  is  given  by 


'tty 

dxi 


3 


=  £ 


1  dA  t(x)  1 
Aj(x)  dxi  (27 r)3 


r  Ki  (is)  <£(k)eikxd3k, 

J-OO  '  7 


(28) 


T 

where  A;(x)  is  the  filter  width  in  the  Xi  direction,  k  =  (£•] ,  k^,  A'a)  and 
K  =  (Ai(x)ki,A2(x)k2,  A3(x)fc3)T  are  three  dimensional  wave  vectors, 
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Figure  5.  One-dimensional  spectrum  of  the  exact  SGS  force,  drn/dx  1,  and  local 
one-dimensional  spectrum  of  the  commutation  error  for  forced  isotropic  turbulence  at 
Re\  =  168  for  (a)  Gaussian  and  (b)  filters. 


0(k)  is  the  Fourier  transform  of  function  </>(x),  G(k)  is  the  Fourier  transform 
of  the  filter  function,  and  the  transfer  function  K(  (k)  is  defined  by 


Kt  (k)  =  -ki 


dG  (k) 

dtvi 


(29) 


To  demonstrate  the  effect  of  commutation  error  in  LES,  we  consider 
the  results  of  2563  direct  numerical  simulation  of  forced  homogeneous  tur¬ 
bulence  at  Re\  -  168  (Jimenez  and  Wray,  1993).  Figure  5  shows  the 
one-dimensional  spectrum  of  the  exact  SGS  force,  drn/dx i,  and  the  lo¬ 
cal  one-dimensional  spectrum  of  commutation  error  for  the  Gaussian  and 
the  discrete  Mj  filter.  These  two  filters  are  chosen  because  the  Gaussian 
filter  is  smooth,  while  the  M7  filter  is  close  to  the  sharp  cut-off  filter.  The 
exact  SGS  force  is  obtained  by  filtering  the  DNS  data.  Note  that  the  lo¬ 
cal  spectrum  of  the  commutation  error  shown  in  Fig.  5  does  not  take  into 
account  the  grid  stretching  factor.  The  results  confirm  strong  dependence 
of  the  spectrum  of  commutation  error  on  the  filter  shape:  the  spectrum  is 
global  for  smooth  filters  like  Gaussian,  while  for  filters,  that  are  close  to 
the  sharp  cut-off,  the  spectrum  is  localized. 


6.  Conclusions 

In  this  paper  we  presented  a  systematic  approach  for  large  eddy  simulation 
to  be  consistent,  i.e.  to  satisfy  all  the  assumptions  used  in  the  derivation 
of  the  LES  equations.  We  demonstrated  that  a  solution,  consistent  with 
the  true  filtered  Navier-Stokes  equations,  can  be  achieved  by  means  of  ex¬ 
plicit  filtering.  We  have  shown  that  explicit  filtering  not  only  provides  the 
means  for  both  assessing  and  minimizing  the  effects  of  numerical  error  in 
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practical  simulations,  but  also  allows  the  filter  shape  and  size  to  be  chosen 
independently  of  the  computational  mesh.  Having  the  ability  to  control  the 
filter  shape  opens  whole  new  horizons  in  LES  modelling,  since  it  makes 
it  feasible  to  look  at  SGS  modelling  and  filtering  as  one  inseparable  issue. 
The  success  of  explicit  filtering  strongly  depends  on  the  ability  to  construct 
discrete  filters  that  commute  with  differentiation.  We  have  described  the 
general  theory  of  construction  of  such  filters  and  developed  a  tool  for  as¬ 
sessing  the  local  spectrum  of  the  commutation  error. 

Although  tremendous  progress  has  recently  been  made  in  the  develop¬ 
ment  of  the  explicit  filtering  approach,  a  lot  of  fundamental  research  needs 
to  be  done  before  researchers  and  engineers  can  take  full  advantage  of  this 
new  mathematical  tool.  Among  the  issues  which  definitely  need  to  be  ad¬ 
dressed  in  the  near  future  are  the  development  of  the  SGS  models  that 
correspond  to  specific  filters  and  their  subsequent  verification  with  experi¬ 
mental  and  DNS  results. 
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Abstract.  The  immersed-boundary  method  can  be  used  to  simulate  flows 
around  complex  geometries  within  a  Cartesian  grid.  This  method  has  been 
used  quite  extensively  in  low  Reynolds-number  flows,  and  is  now  being 
applied  to  turbulent  flows  more  frequently.  The  technique  will  be  discussed, 
and  three  applications  of  the  method  will  be  presented,  with  increasing 
complexity,  to  illustrate  the  potential  and  limitations  of  the  method,  and 
some  of  the  directions  for  future  work. 


1.  Introduction 

The  increase  in  computer  speed  achieved  over  the  last  few  years  has  made 
computational  fluid  dynamics  increasingly  useful  and  widespread  as  a  tool 
to  analyze  and  design  flow  configuration.  Complex  geometries,  however, 
present  an  obstacle  even  to  present-day  computers,  since  the  use  of  body- 
fitted  meshes  (structured  or  unstructured)  significantly  increases  the  cost 
of  a  calculation  in  terms  of  both  computational  speed  and  memory  require¬ 
ments. 

An  alternative  method  that  may  be  cost-efficient  in  many  situations  is 
the  “immersed-boundary”  method.  This  technique  is  based  on  the  intro¬ 
duction  of  body  forces  distributed  throughout  the  flow  that  mimic  the  effect 
that  a  solid  body  would  have  on  the  fluid.  This  approach  allows  the  use 
of  codes  in  Cartesian  coordinates,  which  present  significant  advantages,  in 
terms  of  speed,  accuracy  and  flexibility,  over  codes  that  employ  body  fitted 
grids. 

This  idea  has  been  widely  used  in  hsemo-dynamics  and  bio-fluids  en¬ 
gineering:  two-  and  three-dimensional  calculations  of  the  flow  in  the  heart 
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were  reported  by  Peskin  [13,  14]  and  McQueen  and  Peskin  [8,  9].  In  these 
calculations  the  motion  of  the  boundary  was  determined  by  the  fluid  it¬ 
self,  so  that  the  boundary  had  to  be  modeled  as  a  set  of  elements  linked 
by  springs.  In  cases  in  which  the  boundary  motion  is  known  a  priori ,  the 
problem  can  be  significantly  simplified. 

Goldstein  et  al.  [4]  proposed  a  feedback  forcing  mechanism  that  forces 
the  fluid  velocity  ut  to  approach  the  velocity  of  the  solid  boundary,  Vj,  on 
the  boundary  itself.  Consider  the  incompressible  Navier-Stokes  equations: 

(1) 
(2) 

Goldstein  et  al.  [4]  assigned  a  force  field 


auj 
dx  i 


0, 


dui  d  .  . 

+  W>iUi)  = 


dt 


+vV*Ui  +  fi 

p  OX{ 


Oif  f  [ui(x$ii,  t)  —  Vi(xSji,t)]  d£  +  pf  t)  Vi(xSii,  £)] , 

Jo 


(3) 


where  aj  and  (3f  are  two  negative  constants,  and  xs^  are  the  coordinates 
of  the  solid  surface.  The  net  effect  of  this  force  is  to  tend  to  annihilate  the 
velocity  difference  Ui  —  V{.  The  flow,  in  fact,  responds  to  the  forcing  as  a 
damped  oscillator  (see  [4]  and  [3]  for  an  in-depth  discussion  of  this  issue); 
the  frequency  of  the  oscillator  is  oc  lay]1/2,  whereas  its  damping  coefficient 
is  oc  Pf/ |a|1/2.  This  implies  that,  in  order  to  enforce  the  no-slip  condition 
effectively,  Oif  and  /3f  must  have  large  magnitudes  (larger  than  the  highest 
frequency  in  the  flow),  which  may  make  the  equations  stiff. 

Recently,  Mohd-Yusof  [11]  proposed  the  “direct  forcing  method,”  which 
assigns  a  force  field  given  by 


fi  = 


d  (  u1^ 

(UjUi)  +  - 


dx 


pdxi 


vV2Ui  + 


Vi  —  Ui 

At 


(4) 


(where  the  dependence  on  xsj  and  t  has  been  omitted).  This  forcing  im¬ 
poses  directly  the  desired  velocity  on  the  immersed  boundary,  and  has  the 
advantage  (over  the  feedback  forcing  method)  that  it  does  not  require  sig¬ 
nificant  reductions  in  the  allowable  time-step.  It  was  extensively  tested  in  a 
staggered  finite-difference  code  by  Fadlun  et  al.  [3] ,  who  derived  an  interpo¬ 
lation  scheme  to  be  used  when  the  boundary  does  not  coincide  with  a  grid 
line.  Verzicco  et  al.  [15]  applied  this  method  to  the  large-eddy  simulation 
of  high  Reynolds  number  turbulent  flows  by  calculating  the  flow  inside  an 
IC  engine. 

In  the  present  paper  additional  applications  of  this  method  will  be  pre¬ 
sented,  and  the  potential  and  limitations  of  the  technique,  as  well  as  issues 
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Computed  velocity  j 
. outside  the  body  \ 

Interpolated  velocity  ; 
.at  the  nearest  outside  pointl 


Desired  velocity  j 
on  the  body 


Figure  1.  Interpolation  method  used  to  apply  the  forcing. 


that  require  further  study,  will  be  discussed.  After  a  brief  review  of  the 
governing  equations  and  of  the  numerical  scheme  used,  three  test  cases  will 
be  shown:  a  low  Reynolds- number  flow  over  a  cylinder  in  the  presence  of  a 
moving  surface  (Wannier  [16]  flow),  the  flow  over  a  circular  cylinder  at  low 
Reynolds  number,  and  the  bypass  transition  on  a  flat  plate  caused  by  the 
interaction  between  the  boundary  layer  and  the  wake  of  a  circular  cylinder. 

2.  Problem  formulation 

Governing  the  flow  are  the  incompressible  Navier-Stokes  equations  (1-2). 
The  flow  solver  is  a  standard  2nd-order  accurate  method  on  a  staggered 
mesh  [1].  The  fractional  time-step  method  [2,  6]  is  used  and  a  2nd-order 
accurate  Adams-Bashforth  method  is  employed  for  the  time  advancement. 
A  non-reflecting  boundary  condition  [12]  is  used  at  the  outflow,  and  periodic 
boundary  conditions  in  the  spanwise  direction.  The  inflow  and  free-stream 
conditions  depended  on  the  case  studied. 

The  direct  forcing  (4)  was  used.  Since  the  immersed  body  does  not 
follow  a  grid  line  the  interpolation  method  proposed  by  Fadlun  et  al  [3]  is 
used.  The  forcing  is  imposed  not  at  the  surface  itself,  but  at  the  first  point 
outside  it  (see  Fig.  1)  and  the  solid  body  velocity  in  (4)  is  replaced  with 
the  velocity  Vi  obtained  by  a  linear  interpolation  between  the  computed 
fluid  velocity  outside  the  body,  u *,  and  the  desired  body  velocity  V%.  This 
method  has  several  advantages:  first,  it  has  been  shown  to  be  fully  second- 
order  accurate  in  time  [3];  therefore,  it  is  consistent  with  the  second-order 
differencing  scheme  used  by  the  solver;  secondly,  since  it  assumes  that  the 
velocity  profile  is  linear  near  the  body,  it  implies  homogeneous  Neumann 
boundary  conditions  for  the  pressure  (see  the  Appendix  in  [3]  for  a  full 
discussion  of  this  issue).  This  last  feature  is  very  important  in  the  framework 
of  fractional  time-step  methods,  since  it  implies  that  the  corrector  step  does 
not  result  in  a  modification  of  the  body  velocity  imposed  through  the  forcing 
in  the  Helmholtz  step.  On  the  other  hand,  the  assumption  that  the  velocity 
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Figure  2.  Wannier  flow  test  case  (Wannier  1950).  (a)  Computational  domain  and  com¬ 
puted  streamlines;  (b)  L\  and  L2  norms  of  the  error,  e,  for  u  and  v  velocity  components. 
N  is  the  total  number  of  grid  points. 


profile  is  linear  over  the  first  two  layers  of  cells  outside  the  immersed  body 
requires  the  use  of  a  very  fine  mesh  in  the  vicinity  of  the  body. 


3.  Results  and  discussion 

3.1.  WANNIER  FLOW 

A  straightforward  way  to  verify  the  accuracy  of  the  proposed  methodology 
is  to  compute  a  flow  containing  a  curved  immersed  boundary  for  which 
an  analytical  solution  exists.  The  case  considered  here  is  the  Stokes  flow 
around  a  cylinder  in  the  vicinity  of  a  moving  wall  (see  Fig.  2).  An  analytical 
solution  for  this  case  was  derived  by  Wannier  [16].  The  streamlines  for  this 
flow  are  shown  in  Fig.  2a.  Three  computations  on  gradually  finer  uniform 
grids  (32  x  32,  64  x  64,  and  128  x  128)  were  conducted.  The  Lx  and  L2  norms 
of  the  error  (the  difference  between  the  computed  and  analytical  solution) 
are  shown  in  Fig.  2b  as  a  function  of  the  total  number  of  points  N.  The 
error  decreases  with  a  -2  slope  indicating  that  the  proposed  methodology 
is  second  order  accurate. 

3.2.  FLOW  OVER  A  CIRCULAR  CYLINDER 

The  next  test  case  examined  is  the  flow  over  a  circular  cylinder  at  Rci)  = 
UxD/u  =  300  (where  D  is  the  cylinder  diameter  and  UQ 0  the  free-stream 
velocity).  Two  calculations  will  be  compared:  a  2D  one  that  used  400x200 
points  in  the  zz-plane,  and  a  3D  one,  with  the  same  mesh  in  the  xz- plane, 
and  48  points  in  y.  The  computational  domain  was  60  x  2?r  x  30,  and  the 
cylinder  center  was  at  xc  =  10,  zc  =  15  (all  lengths  are  made  dimensionless 
by  D,  all  velocities  by  Uoo).  The  grid  was  stretched  both  in  the  x-  and 
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Figure  3.  Flow  over  a  circular  cylinder,  Rep  —  300.  Velocity  statistics,  (a)  U ,  (b)  W, 
(c)  (uV),  (d)  ( u'w ').  Reference  data  from  Ref.  [10]. 


2: -directions;  the  last  1/6  of  the  domain  (which  required  only  10  grid  points 
in  x)  formed  a  sponge  region,  used  to  minimize  the  upstream  propagation  of 
disturbances  due  to  the  convective  outflow  conditions.  A  uniform  velocity 
profile  was  imposed  at  the  inlet,  and  slip- wall  conditions  were  applied  at 
z  —  0  and  z  =  30. 

The  velocity  statistics  are  shown  in  Fig.  3.  Here  and  in  the  following  the 
angle  brackets  denote  averaging  in  time  and  in  the  spanwise  direction.  The 
3D  calculation  is  in  very  good  agreement  with  the  reference  data  by  Mittal 
and  Balachandar  [10].  At  this  Reynolds  number,  three-dimensionality  is 
observed  in  the  wake,  which  is  evidenced  in  the  visualization  in  Fig.  4, 
which  shows  iso-surfaces  of  the  second  invariant  of  the  velocity-gradient, 
tensor, 


1  din  duj 

2  dxj  dxi 


(SijSij  Qijflij) , 


(5) 


(where  Qij  is  the  anti-symmetric  part  of  the  velocity  gradient  tensor).  The 
condition  Q  >  0  identifies  effectively  the  regions  of  coherent  vorticity  [5]. 

Figure  4  shows  the  formation  of  an  instability  on  the  initially  2D  rollers, 
and  the  presence  of  quasi- streamwise  rib  vortices  joining  the  rollers.  The 
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Figure  4 •  Flow  over  a  circular  cylinder,  ReD  =  300.  Isosurfaces  of  Q  —  0.6. 


magnitude  of  the  spanwise  Reynolds  stresses  { v'v ').  in  this  calculation,  how¬ 
ever,  remained  significantly  smaller  than  the  other  two  normal  components, 
which  allowed  the  2D  calculation  to  give  reasonable  results. 

The  effects  of  the  grid  resolution  near  the  obstacle  are  shown  in  Fig.  5. 
The  cell  Reynolds  number  is  defined  as 

=  (Ax2  +  Az2)  (u2  +  t,g)  (6) 

V 

where  u  and  w  are  the  instantaneous  velocities,  and  A#  and  A z  the  grid 
spacings.  If  the  mesh  is  insufficiently  fine  (Rec  >  30),  some  oscillations 
can  be  observed  that  initiate  along  lines  at  ±45°  on  the  cylinder  (they 
are  especially  visible  in  the  w  contours,  Fig.  5b).  Refining  the  grid,  thus 
reducing  Rec  reduces  the  size  of  this  oscillation  (Figs.  7a  and  b).  Two- 
dimensional  interpolation  schemes  that  use  both  the  points  indicated  by 
the  diamonds  and  those  indicated  by  squares  in  Fig.  6  to  determine  Vi 
have  also  been  found  (Verzicco,  private  communication,  2001)  to  reduce 
the  amplitude  of  these  oscillations. 

3.3.  WAKE/BOUNDARY-LAYER  INTERACTION 

Wakes  interact  with  laminar  boundary  layers  in  many  applications  of  en¬ 
gineering  interest,  for  example  on  the  leading  edge  of  multi-component 


Figure  6.  One-dimensional  vs.  two-dimensional  interpolation  stencils 


airfoils,  or  inside  turbo- machinery.  The  interaction  of  the  turbulent  eddies 
present  in  the  wake  with  the  boundary  layer  itself  then  becomes  a  primary 
driver  of  the  transition  process  in  the  boundary  layer  itself,  and  may  lead 


Figure  8.  Sketch  of  the  wake/boundary-layer  configuration. 


to  transition  to  turbulence  at  fairly  low  Reynolds  numbers. 

The  configuration  examined  in  the  present  study  is  sketched  in  Fig.  8. 
A  circular  cylinder,  with  its  axis  normal  to  the  stream  is  placed  above  a 
flat  plate.  The  cylinder  center  is  at  xc  =  10,  zc  =  3.2,  immediately  above 
the  leading-edge  of  the  plate,  which  was  also  at  xc  =  10.  As  in  the  previous 
case,  distances  are  normalized  by  D,  velocities  by  [Too-  The  computational 
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domain  was  60  x  2ir  x  20.  As  for  the  cylinder  calculation,  the  grid  was 
stretched  both  in  the  x-  and  z-directions  and  a  sponge  region  was  used. 
The  Reynolds  number  based  on  cylinder  diameter  was  385.  The  configu¬ 
ration  corresponds  to  Case  1  in  the  experimental  paper  by  Kyriakides  et 
al.  [7],  who  observed  significant  velocity  fluctuations  in  the  boundary  layer, 
starting  from  a  point  approximately  six  diameters  downstream  of  the  cylin¬ 
der.  These  fluctuations  are  generated  by  the  large-scale  convective  motion 
of  the  vortices,  and  do  not  die  down  after  the  wake  has  weakened,  but  de¬ 
velop  into  a  turbulent  boundary  layer  despite  the  fact  that  the  Reynolds 
number  is  very  low. 

The  distribution  of  the  streamwise  Reynolds  stress,  (wV),  as  a  function 
of  x  is  shown  in  Fig.  9.  A  sudden  increase  of  ( u'u !)  can  be  observed  to  begin 
at  x  =  8,  indicating  the  beginning  of  transition.  This  result  is  consistent 
with  the  observations  of  Kyriakides  et  al  [7],  who  defined  the  onset  of 
transition  as  “the  x— location  where  the  velocity  signal  at  the  same  height 
above  the  plate  loses  its  sinusoidal  character”,  and  found  that  transition 
occurs  at  x  =  7.4. 

The  velocity  profiles,  shown  in  Fig.  10a  at  several  locations,  initially 
resemble  a  Blasius  profile  merging  into  a  wake  near  the  cylinder.  As  the 
wake  widens  and  interacts  with  the  boundary  layer,  a  logarithmic  layer 
begins  to  establish  itself,  indicative  of  transition  towards  turbulent  flow. 
This  transitional  behavior  is  also  observed  in  the  trace  of  the  Reynolds 
stress  tensor,  q 2  (equal  to  twice  the  turbulent  kinetic  energy),  which  in 
the  latter  sections  establishes  a  turbulent-like  distribution,  with  a  peak  of 
magnitude  7  —  8 rw  at  z+  ~  10  —  12.  It  should  be  noted  that  this  quasi- 
turbulent  state  is  achieved  at  very  low  Reynolds  number:  the  boundary- 
layer  thickness  <5  (defined  as  the  distance  above  the  plate  at  which  the  first 
maximum  of  the  velocity  profile  occurs)  is  approximately  50-70  wall  units. 

A  visualization  of  the  flow  is  shown  in  Fig.  11.  The  structure  of  the 


Figure  9.  Wake/boundary-layer  interaction,  (u'u1)  distribution  at  2  =  0.18. 
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Figure  10.  Wake/boundary-layer  interaction.  Turbulent  statistics.  Top:  mean  velocity 
profile;  bottom:  q2  =  (Uiu'j). 

cylinder  wake  is  similar  to  that  highlighted  in  Fig.  4,  with  strong  spanwise 
rollers  that  exhibit  3D  instabilities  and  eventually  break  up,  and  smaller 
quasi-streamwise  vortices  in  the  braid  region.  The  contours  of  streamwise 
velocity  fluctuation  u 1  on  a  plane  parallel  to  the  wall  show  significant  levels 
of  fluctuations,  especially  near  kinks  in  the  rollers  belonging  to  the  lower 
row.  Quasi-streamwise  streaks  are  formed  around  x  =  15,  whose  spacing  is 
approximately  100  wall  units. 

4.  Conclusions 

The  immersed-boundary  technique  has  been  presented  and  discussed.  Il¬ 
lustrative  results  from  three  simulations  indicate  the  potential  of  this  tech¬ 
nique,  which  allows  the  calculation  of  flows  around  complex  geometries 
without  requiring  a  body-fitted  grid. 

If  appropriate  interpolation  methods  are  used  when  the  body  does  not 
coincide  with  a  grid  line,  the  method  is  second-order  accurate.  However, 
some  care  must  be  taken  in  the  discretization  of  the  flow  field,  especially  in 
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Figure  11.  Wake/boundary-layer  interaction.  Isosurfaces  of  Q  =  0.4  and  contours  of  u 
in  the  z  =  0.18  plane.  Top:  perspective  view;  bottom:  view  from  above. 


the  vicinity  of  the  body.  We  have  observed  the  development  of  numerical  os¬ 
cillations  when  the  cell  Reynolds-number  exceeded  values  of  approximately 
30.  These  oscillations  did  not  grow  or  change  position  in  time,  and  their 
effect  on  the  flow  field  downstream  of  the  obstacle  was  limited  in  the  cases 
studied.  This  was  observed,  for  instance,  in  calculations  of  the  flow  around 
the  cylinder  at  Reo  =  3500  were  carried  out  in  which  the  grid  could  not  be 
sufficiently  refined  to  satisfy  the  cell- Reynolds- number  requirement.  How¬ 
ever,  it  is  not  known  whether  these  oscillations  might  give  rise  to  instabili¬ 
ties  in  other  geometries,  or  at  higher  Reynolds  numbers.  The  development 
of  more  accurate,  multi-dimensional  interpolation  schemes  might  be  bene¬ 
ficial  in  this  respect.  The  use  of  multi-block  methods,  or  embedded  grids, 
could  also  alleviate  this  problem. 

If  these  numerical  schemes  can  be  overcome,  the  immersed  boundary 
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method  appears  to  be  a  useful  tool  for  the  simulation  of  flows  in  complex 
geometries  at  moderate  or  high  Reynolds  numbers.  This  is  confirmed  by 
the  increasing  number  of  studies  using  this  method  that  are  appearing  in 
the  literature. 
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Abstract.  This  paper  is  a  summary  of  the  author’s  talk  given  in  the  Third 
AFOSR  International  Conference  on  DNS/LES  (TAICDL),  held  at  the  Uni¬ 
versity  of  Texas  at  Arlington  on  August  5-9,  2001.  In  this  paper  we  briefly 
present  the  general  ideas  of  high  order  accurate  weighted  essentially  non- 
oscillatory  (WENO)  schemes,  and  describe  the  similarities  and  differences 
of  the  two  classes  of  WENO  schemes:  finite  volume  schemes  and  finite  differ¬ 
ence  schemes.  We  also  briefly  mention  two  recent  developments  of  WENO 
schemes,  namely  a  technique  to  treat  negative  linear  weights  and  a  class  of 
high  order  central  WENO  schemes. 


1,  Introduction 

This  paper  is  a  summary  of  my  talk  given  in  the  Third  AFOSR  International 
Conference  on  DNS/LES  (TAICDL),  held  at  the  University  of  Texas  at 
Arlington  on  August  5-9,  2001.  In  this  paper  we  briefly  present  the  general 
ideas  of  high  order  accurate  weighted  essentially  non-oscillatory  (WENO) 
schemes,  and  describe  the  similarities  and  differences  of  the  two  classes  of 
WENO  schemes:  finite  volume  schemes  and  finite  difference  schemes.  We 
also  briefly  mention  two  recent  developments  of  WENO  schemes,  namely  a 
technique  to  treat  negative  linear  weights  and  a  class  of  high  order  central 
WENO  schemes. 

High  order  accurate  weighted  essentially  non-oscillatory  (WENO)  schemes 
have  been  developed  to  solve  a  hyperbolic  conservation  law 

«t  +  V./(u)=0.  (1.1) 

The  first  WENO  scheme  was  constructed  in  [19]  for  a  third  order  finite  vol¬ 
ume  version  in  one  space  dimension.  In  [11],  third  and  fifth  order  finite  dif- 


117 


118 


CHI- WANG  SHU 


ference  WENO  schemes  in  multiple  space  dimensions  are  constructed,  with 
a  general  framework  for  the  design  of  the  smoothness  indicators  and  non¬ 
linear  weights.  Later,  second,  third  and  fourth  order  finite  volume  WENO 
schemes  for  2D  general  triangulation  have  been  developed  in  [5]  and  [9]. 
Very  high  order  finite  difference  WENO  schemes  (for  orders  between  7  and 
11)  have  been  developed  in  [1].  Central  WENO  schemes  have  been  devel¬ 
oped  in  [13],  [14],  [15]  and  [22].  A  technique  to  treat  negative  linear  weights 
in  WENO  schemes  has  been  developed  in  [23].  In  this  conference,  Jiang, 
Shan  and  Liu  presented  their  new  results  on  developing  compact  WENO 
schemes. 

WENO  schemes  are  designed  based  on  the  successful  ENO  schemes 
in  [8,  26,  27].  Both  ENO  and  WENO  schemes  use  the  idea  of  adaptive 
stencils  in  the  reconstruction  procedure  based  on  the  local  smoothness  of 
the  numerical  solution  to  automatically  achieve  high  order  accuracy  and 
non-oscillatory  property  near  discontinuities.  ENO  uses  just  one  (optimal  in 
some  sense)  out  of  many  candidate  stencils  when  doing  the  reconstruction; 
while  WENO  uses  a  convex  combination  of  all  the  candidate  stencils,  each 
being  assigned  a  nonlinear  weight  which  depends  on  the  local  smoothness  of 
the  numerical  solution  based  on  that  stencil.  WENO  improves  upon  ENO 
in  robustness,  better  smoothness  of  fluxes,  better  steady  state  convergence, 
better  provable  convergence  properties,  and  more  efficiency.  For  a  detailed 
review  of  ENO  and  WENO  schemes,  up  to  the  time  when  these  notes  were 
published,  we  refer  to  the  lecture  notes  [24,  25]. 

WENO  schemes  have  already  been  widely  used  in  applications.  Some  of 
the  examples  include  dynamical  response  of  a  stellar  atmosphere  to  pressure 
perturbations  [4];  shock  vortex  interactions  and  other  gas  dynamics  prob¬ 
lems  [6],  [7];  incompressible  flow  problems  [28];  Hamilton- Jacobi  equations 
[10];  magneto-hydrodynamics  [12];  underwater  blast- wave  focusing  [16];  the 
composite  schemes  and  shallow  water  equations  [17],  [18],  real  gas  compu¬ 
tations  [20],  wave  propagation  using  Fey’s  method  of  transport  [21];  etc.  In 
this  conference  and  in  this  volume,  we  have  seen  several  new  developments 
and  applications  of  WENO  schemes  for  DNS/LES  of  turbulence  flows. 


The  organization  of  this  paper  is  as  follows.  In  section  2  we  discuss  two 
different  formulations  of  WENO  schemes,  namely  the  finite  volume  formu¬ 
lation  and  the  finite  difference  formulation,  and  point  out  their  similarities 
and  differences,  both  in  one  dimension  and  in  multiple  space  dimensions.  In 
section  3  we  briefly  describe  two  recent  developments  of  WENO  schemes, 
namely  the  technique  to  treat  negative  linear  weights  [23]  and  the  very  high 
order  central  WENO  schemes  [22]. 
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2.  Finite  volume  and  finite  difference  WENO  schemes 

A  finite  volume  scheme  for  a  conservation  law  such  as  (1.1)  approximates 
an  integral  version  of  it.  Let’s  use  the  one  dimensional  example 

ut  +  /  =  0  (2*1) 

to  illustrate  the  ideas.  Suppose  {/*  =  i  =  1, iV,  is  a  parti¬ 

tion  of  the  computational  domain,  and  A X{  ~  xi+i  -  x-_i.  If  we  integrate 
the  PDE  (2.1)  in  the  cell  /*,  we  obtain 

+  i  [/(«(*«+*•*))  -  /(«(*<-*>*))]  = 0  (2-2) 

where 

tt^(i)  =  “ —  /  u(#,  t)dz 

is  the  cell  average  of  u  in  cell  7*.  Notice  that  (2.2)  is  not  a  scheme  yet,  rather 
it  is  still  an  exact  identity  satisfied  by  the  exact  solution  of  the  PDE  (2.1). 
This  is  the  starting  point,  though,  for  designing  a  finite  volume  scheme. 

A  semi-discrete  (discrete  in  the  spatial  variable  only)  finite  volume 
scheme  for  (2.1)  is  an  ODE  system  for  the  cell  averages  {«*(£)},  i  =  1, N. 

In  order  to  obtain  such  a  scheme,  we  would  need  the  following  reconstruc¬ 
tion  procedure: 

Procedure  2.1:  Reconstruction.  Obtain  accurate  point  values  {u(xi+±,  t)}, 
i  =  0, ...,  77,  from  the  given  cell  averages  {u*(i)},  i  =  1, ...,  77. 

Notice  that  we  have  ignored  possible  problems  at  the  boundary.  We 
thus  assume  the  data  is  either  periodic  or  compactly  supported.  Boundary 
conditions  can  be  treated  in  a  stable  and  high  order  fashion  depending  on 
the  type  of  boundary  conditions. 

WENO  is  simply  a  specific  reconstruction  procedure.  Let  us  demon¬ 
strate  the  fifth  order  version.  For  this  purpose,  the  approximation  of  {u(xi+i ,  t)} 

uses  the  information  of  five  cell  averages,  from  the  stencil  h- 1,  h ,  ii+i,  U+2 

This  stencil  is  not  symmetric  with  respect  to  the  point  xi+i  of  the  recon¬ 
struction.  There  is  one  more  cell  to  the  left  than  to  the  right.  Thus  this 
reconstruction  is  good  for  upwinding.  The  procedure  consists  of  the  follow¬ 
ing  steps: 

1.  We  break  the  final  stencil 

T  —  (2-3) 

into  the  following  three  smaller  stencils: 

S\  —  { 7j _ 2 :  7j — 1 ,  Tj  } ,  <f>2  =  {-fj— 1  j  ^3  =  {-^e  5  } • 

Notice  that  each  small  stencil  contains  the  “target  cell”  I{ . 
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2.  We  construct  three  polynomials  pj(x)  of  degree  at  most  two,  with  their 
cell  averages  agreeing  with  that  of  the  function  u  in  the  three  cells  in 
each  stencil  Sj.  We  also  construct  a  polynomial  Q(x)  of  degree  at  most 
four,  with  its  cell  averages  agreeing  with  that  of  the  function  u  in  the 
five  cells  in  the  larger  stencil  T.  The  three  lower  order  approximations 
to  u(xi+i/2),  associated  with  p,- (a;),  in  terms  of  the  given  cell  averages 
of  u,  are  given  by: 

,  ,  1_  7_  11  _ 

Pl(Xi+l/2)  =  3W*-2  -  g«t- 1  +  -g 

1  5  1 

P2O&M-I/2)  =  +  g“*+l»  (2*4) 

/  x  1-  5  1_ 

P3(Xi+l/2)  =  3 ui  +  “  g«i+ 2- 

The  coefficients  in  front  of  the  u  could  be  derived  by  Lagrange  polyno¬ 
mials  or  by  solving  a  small  3x3  linear  system,  from  the  condition  that 
the  quadratic  polynomial  pj(x)  has  the  same  cell  averages  as  the  given 
u  in  the  relevant  stencil.  See  [24]  for  details.  Each  of  the  pj(#t+i/2) 
in  (2.4)  is  a  third  order  approximation  to  u{ £*+1/2)-  The  fifth  order 
approximation  to  u(x^i/ 2),  associated  with  Q(x),  is  given  by: 


<?(*«+ 1/2)  =  2  -  Sn®*-1  +  + 


20Ui+1  20 Ul+1 


3.  We  find  three  constants,  also  called  linear  weights, 

13  3 

71  =  To’  72  =  5’  73  =  To’ 


(2.6) 


such  that 


Q(Xi+ 1/2)  =  71  Pl^i+1/2)  +72  P2(^+l/2)  +73  P3(®t+l/2) 

for  all  possible  given  data  Uj,  j  =  z  —  2,  z  —  1,  i,i  +  1,  i  +  2.  This  is 
to  say,  the  higher  order  reconstruction  Q(#i+i/2)  can  be  written  as 
a  linear  combination  of  three  lower  order  reconstructions  pj(xi+ 1/2) • 
The  linear  weights  given  in  (2.6)  depend  on  local  geometry  and  order 
of  accuracy,  but  not  on  uj.  If  some  of  these  linear  weights  are  negative, 
special  techniques  must  be  used  and  will  be  described  in  next  section. 

4.  We  compute  the  smoothness  indicator,  denoted  by  /3j,  for  each  stencil 
<Sj,  which  measures  how  smooth  the  function  pj(x)  is  in  the  target  cell 
Ij.  The  smaller  this  smoothness  indicator  f3j ,  the  smoother  the  function 
Pj(x)  is  in  the  target  cell.  In  most  of  the  currently  used  WENO  schemes 
the  following  smoothness  indicator  [11]  is  used: 
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for  j  —  1,2,3,  for  this  fifth  order  case.  These  smoothness  indicators 
are  quadratic  functions  of  the  cell  averages  in  the  stencil.  For  this  fifth 
order  case  they  can  be  worked  out  as  follows: 


fa 

fa 

fa 


13  1 

—  (Hi- 2  —  4-  Ui)2  +  -  (fh_2  —  4 Ui-i  4-  3 ui)2 

13  1 

—  {ui—i  2  Ui  +  Ui- j_i)  +  —  (ui—i  fh+i) 

13  1 

—  (ui  —  2ui+i  +  Uj+ 2)2  +  ^  (3uj  —  4tif+i  +  fii+2)2 


(2.8) 


5.  We  compute  the  nonlinear  weights  based  on  the  smoothness  indicators: 


(jJi 


U )j  = 


E  i&i 


Ui 


_ _ Jj 


(e  +  fa 


(2.9) 


where  7 j  are  the  linear  weights  determined  in  step  3  above,  and  e  is  a 
small  number  to  avoid  the  denominator  to  become  0.  Typically,  we  can 
take  e  =  10-6  in  all  the  computations.  The  final  WENO  approximation 
or  reconstruction  is  then  given  by 


R(%i+ 1/2)  =  Pi  (z;+l/2)  +  ^2  P2 (^i+1/2)  +  ^3  P3(2++l/2)  (2.10) 

With  this  WENO  reconstruction  procedure,  a  finite  volume  WENO 
scheme  is  now  ready.  We  give  here  a  very  brief  summary  of  all  the  steps 
of  a  WENO  finite  volume  scheme  applied  to  (2.1)  in  the  one  dimensional 
scalar  case  for  the  positive  wind  f'(u)  >  0.  More  details  can  be  found  in, 
e.g.,  [11,  24,  25].  The  algorithm  consists  of  the  following  steps: 

1.  Given  the  cell  averages  Ui  for  all  cells  Ii  for  time  level  n  (starting  from 
time  level  0  which  is  the  initial  condition); 

2.  Reconstruct  the  point  values  for  all  cell  boundaries  ^+x/2  using 

the  reconstruction  procedure  detailed  above.  That  is,  we  use  (2.10) 
with  ujj  defined  by  (2.9),  using  7 j  given  by  (2.6)  and  fa  given  by  (2.8). 
The  superscript  ”  in  2  refers  to  the  fact  that  the  reconstruction 
has  a  stencil  (2.3)  biased  to  the  left  relative  to  the  location  a;i+1/2-  This 
is  upwinding  according  to  the  wind  direction  ff(u)  >  0. 

3.  Form  the  residue  for  time  level  n  in  the  method-of-lines  ODE 

~dt  ~  ~Ax  (/(U'~+1/2J  -  ^ K-1/2))  ’ 

and  move  to  time  level  n+1  by  a  high  order  TVD  Runge-Kutta  method 
[26]. 
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Next  we  describe  the  setup  of  a  finite  difference  scheme  for  solving  (2.1). 
A  semi-discrete  finite  difference  scheme  for  (2.1)  is  an  ODE  system  for  the 
point  values  {«*(<)},  i  =  where  Uj(t)  approximate  the  point  values 

of  the  solution  u(xi,t).  We  also  insist  on  a  conservative  approximation  to 
the  derivative  f(u)x  in  the  form  of 

/(«)*!*=*<  «  ^  (/>+ 1/2  -  fi- 1/2)  (2-n) 

where  fi+1/2  is  the  numerical  flux,  which  typically  is  a  Lipschitz  continuous 
function  of  several  neighboring  values  of  Uj  around  X{. 

At  a  first  glance,  the  finite  difference  scheme  has  nothing  in  common 
with  the  finite  volume  scheme  described  above,  as  they  approximate  differ¬ 
ent  values  of  the  solution.  However,  the  following  observation,  first  intro¬ 
duced  in  [27],  establishes  a  close  relationship  between  the  two.  If  we  identify 
a  function  h(x)  by 

/<«<*)>  =  j;  £+*  ««><*.  (2-12) 

where  we  have  suppressed  the  t  dependency  of  the  function  as  we  are  in¬ 
terested  now  only  at  spatial  discretizations,  then  by  just  taking  derivatives 
on  both  sides  of  the  above  equality  we  obtain 

/<“<*»• =  h  K* ' +  it)  " h  (x  ~  it).  ' 

This  means  that  we  only  need  to  take  the  numerical  flux  as 

fi+ 1/2  =  h(xi+i/2)-  (2-13) 

If  we  could  get  an  approximation  to  h(x)  to  high  order  accuracy,  the  con¬ 
servative  approximation  to  the  derivative  in  (2.11)  would  also  be  of  the 
same  high  order  of  accuracy.  Notice  that  (2.12)  can  be  written  as 

f(ui)  =  h, 

i.e.  we  are  given  the  cell  averages  of  h  (since  we  know  the  point  values 
m ,  hence  also  in  a  finite  difference  scheme)  and  we  would  need  to 

reconstruct  its  point  values  h(xi- 1-1/2)  f°r  the  numerical  flux  (2.13).  But  this 
is  exactly  the  same  reconstruction  problem  in  Procedure  2.1  above  for  finite 
volume  schemes! 

Thus  for  one  space  dimension,  the  finite  difference  and  finite  volume 
schemes  share  the  same  reconstruction  procedure,  applied  in  different  con¬ 
texts  (on  cell  averages  of  u  for  the  finite  volume  schemes,  and  on  point 
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values  of  f(u)  for  the  finite  difference  schemes).  They  involve  the  same 
complexity  and  cost.  Finite  difference  schemes  are  more  restrictive  in  the 
situations  that  they  can  be  applied,  as  they  only  work  for  uniform  or  smooth 
varying  meshes  and  a  flux  splitting  (for  upwinding)  must  be  smooth. 

However,  for  multiple  space  dimensions,  there  are  essential  differences 
between  these  two  classes  of  methods,  when  the  order  of  accuracy  is  at  least 
three.  While  finite  difference  schemes  can  still  be  applied  in  a  dimension- 
by-dimension  fashion  ( not  dimension  splitting!),  i.e.  computing  f(u)x  along 
a  x-line  with  fixed  y  using  the  procedure  above,  and  likewise  for  g(u)y ,  then 
adding  them  together  to  form  the  residue,  finite  volume  schemes  of  third 
order  or  higher  must  involve  multi-dimensional  reconstructions  from  cell 
averages  to  point  values  and  then  numerical  integrations  to  get  the  numeri¬ 
cal  fluxes  along  the  boundaries  of  cells.  The  details  of  these  reconstructions 
can  be  found  in,  e.g.,  [24,  25,  9,  23].  As  such,  the  operation  count  and  CPU 
time  for  a  finite  volume  scheme  is  around  two  to  four  times  more  expensive 
in  two  dimensions  and  around  five  to  nine  times  more  expensive  in  three 
dimensions,  compared  with  a  finite  difference  scheme  of  the  same  order  of 
accuracy,  see,  e.g.  [3]  for  such  a  comparison  for  ENO  schemes.  In  return,  the 
finite  volume  schemes  do  allow  more  flexibility  in  their  applications.  They 
can  be  applied  in  arbitrary  triangulations  and  do  not  require  smoothness 
of  the  meshes.  On  the  other  hand,  finite  difference  schemes  can  only  be 
applied  to  uniform  rectangular  or  smooth  curvilinear  coordinates. 

3.  Two  recent  developments  of  WENO  schemes 

In  this  section  we  briefly  describe  two  recent  developments  in  WENO 
schemes.  The  first  is  a  technique  to  treat  negative  linear  weights  in  [23]. 
The  second  is  a  class  of  high  order  central  WENO  schemes  in  [22]. 


3.1.  A  TECHNIQUE  TO  TREAT  NEGATIVE  LINEAR  WEIGHTS 


As  we  can  see  from  the  previous  section,  a  key  idea  in  the  WENO  recon¬ 
struction  is  to  write  a  high  order  reconstruction  as  a  linear  combination 
of  several  lower  order  reconstructions.  The  combination  coefficients,  also 
called  linear  weights,  are  determined  by  local  geometry  and  order  of  ac¬ 
curacy.  In  many  cases  these  linear  weights  are  positive,  such  as  in  (2.6). 
However  there  are  also  situations  where  some  of  them  become  negative. 
For  example,  if  we  have  exactly  the  same  setting  as  in  the  previous  section 
but  now  we  seek  the  reconstruction  not  at  the  cell  boundary  but  at  the  cell 
center  X{ ,  as  needed  by  the  central  schemes  with  staggered  grids  [13],  [22], 
then  step  1  would  stay  the  same  as  above;  step  2  would  produce 
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Pl(Xi) 


- U1 

24  1 


13  1  _ 

l2“i_24U<+1 


,  ,  23  _  1  _  1  _ 

P3(Xi)  =  24Ui  +  12Ui+1  ~  24Ui+2' 

Each  of  them  is  a  third  order  reconstruction  to  u(xi).  The  fifth  order  re¬ 
construction  to  u(xi),  associated  with  Q(x),  is  given  by: 


Q(xi)  =  HQ*-*  -  48o«-i  +  " 

Step  3  would  produce  the  following  weights: 


480Si+1  +  640 Ui+2' 


Notice  that  two  of  them  are  negative.  The  smoothness  indicators  in  step  4 
will  remain  the  same.  This  time,  the  WENO  approximation,  when  naively 
applied,  leads  to  unstable  results  because  of  the  negative  linear  weights.  As 
an  example,  in  Fig.  3.1,  left,  we  show  the  results  of  using  a  fourth  order 
finite  volume  WENO  scheme  [9]  on  a  non-uniform  triangular  mesh,  for 
solving  the  two  dimensional  Burgers  equation: 


/  ir 

“•+  7 


7  - 

/  y 


in  the  domain  [-2,2]  x  [-2,2]  with  an  initial  condition  u0(x,y)  =  0.3  + 
0.7  sin  (|  (x  +  y))  and  periodic  boundary  conditions.  We  can  see  that  serious 
oscillation  appears  near  the  shock  in  the  numerical  solution  once  the  shock 
has  developed.  The  oscillation  eventually  leads  to  instability  and  blowing 
up  of  the  numerical  solution  for  this  example. 

A  simple  splitting  technique  of  treating  negative  weights  in  WENO 
schemes  is  developed  by  Shi,  Hu  and  Shu  in  [23]:  we  first  split  the  linear 
weights  into  two  groups 


=  2  (Ti  +  3  iTil 


*  =  1,2,3 


and  scale  them  by 


7 t/<r 


*  =  1,2,3. 


For  the  simple  example  of  fifth  order  WENO  reconstruction  to  u(xi),  the 
split  linear  weights  axe,  before  the  scaling, 

,  9  __  9  49  _  49  .+  _  9  _  _9_ 

^  =  80’  ^  “  40’  72  -  20’  72  ~  40’  73  80  ’  73  40' 
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Figure  3.1.  2D  Burgers’  equation.  Left:  fourth  order  WENO  result  at  t  =  0.473, 
CFL=0.2,  without  any  special  treatment  for  the  negative  linear  weights;  Right:  fourth 
order  WENO  solution  at  t  —  5/7T2,  CFL=0.2,  with  the  treatment  for  the  negative  linear 
weights. 


The  WENO  reconstruction  is  now  performed  on  each  group  separately,  by 
computing  the  nonlinear  weights  (2.9)  separately  for  with  the  same 
smoothness  indicators  (3j  in  (2.7).  The  final  WENO  reconstruction  is  then 
taken  as  a+  times  the  reconstruction  using  the  group  of  positive  weights 
minus  a~  times  the  reconstruction  using  the  group  of  negative  weights. 
The  key  idea  of  this  decomposition  is  to  make  sure  that  every  stencil  has 
a  significant  representation  in  both  the  positive  and  the  negative  weight 
groups.  Within  each  group,  the  WENO  idea  of  redistributing  the  weights 
subject  to  a  fixed  sum  according  to  the  smoothness  of  the  approximation 
is  still  followed  as  before.  For  more  details,  we  refer  to  [23]. 

We  notice  that,  as  the  most  expensive  part  of  the  WENO  procedure, 
namely  the  computation  of  the  smoothness  indicators  (2.7),  has  not  changed, 
the  extra  cost  of  this  positive/negative  weight  splitting  is  very  small.  How¬ 
ever  this  simple  and  inexpensive  change  makes  a  big  difference  to  the  com¬ 
putations.  In  Fig.  3.1,  right,  we  show  the  result  of  the  approximation  to  the 
Burgers  equation,  now  using  WENO  schemes  with  this  splitting  treatment. 
We  can  see  clearly  that  the  results  are  now  as  good  as  one  would  get  from 
WENO  schemes  having  only  positive  linear  weights. 

3.2.  HIGH  ORDER  CENTRAL  WENO  SCHEMES 

In  [22]  a  class  of  fourth  and  eighth  order  central  WENO  (CWENO)  schemes 
have  been  constructed  and  the  role  of  local  characteristic  decompositions 
on  eliminating  spurious  oscillations  is  demonstrated.  We  will  give  a  brief 
description  of  such  schemes  here. 
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The  notations  are  the  same  as  before,  plus  the  new  one  for  staggered 
cells  Ii+ 1  =  [xuXi+ 1].  Let  At  be  the  time  step,  pn=  u(xi,tn)  denotes 

the  point  values,  and  y?1—  ^  hi  u(x'  tn)dx,  =  Si  h.+^  u{x,tn)dx 

represent  the  cell  averages  at  time  tn  on  the  cells  Ii  and  Ii+i ,  respectively. 

The  CWENO  scheme  approximates  the  cell  averages  at  time  tn+l  based  on 
their  values  at  time  tn  with  staggered  space  grids.  We  integrate  (2.1)  over 
the  region  Ii+ 1  x  [i tn,tn+l ],  to  get  an  equivalent  formulation: 


i+- 


Ax 


rtn+1 

Jtn 


f(u(xi+i,t))dt 


rtn+ 1 

Jtn 


f(u(xi,t))dt 


(3.4) 


What  we  want  to  do  is  to  find  approximations  of  the  cell  averages  u"+±  and 
the  two  integrals  in  (3.4).  Thus  the  algorithm  consists  of  two  major  steps 
to  evolve  from  {yf  to  { 

1.  The  approximation  of  u'‘i  from  the  knowledge  of  {pf  by  a  WENO 
reconstruction.  Notice  that 


hence  we  only  need  to  reconstruct  ^  u(x,tn)dx  for  all  i  because 


by  conservation.  The  WENO  reconstruction  for  this  step  is  very  similar 
to  Procedure  2.1. 

2.  The  approximation  of  j}n  f(u(xi ,  t))dt.  If  the  time  step  At  is  subject 

to  a  restrictive  CFL  condition  At  <  ^max|/,(u)|,  we  can  assume 
that  u(xi ,  t)  is  smooth,  since  the  discontinuities  starting  at  tn  from  the 
staggered  grid  points  x^_  1  and  x^  1  have  not  reached  the  cell  boundary 
X{  yet.  Hence  no  Riemann  solvers  are  needed  and  the  time  integrals 
can  be  evaluated  with  a  quadrature  formula  to  high  order  accuracy. 
Notice  that  this  is  equivalent  to  a  Lax- Friedrichs  scheme  and  the  same 
effect  can  also  be  achieved  without  a  staggered  mesh  by  just  using  a 
Lax-Friedrichs  building  block,  such  as  those  WENO  finite  difference 
schemes  in  [11],  [1]  where  the  Lax-Friedrichs  building  blocks  are  used 
and  no  Riemann  solvers  are  needed  either.  We  could  for  example  use 
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a  three  point  Gauss  quadrature,  obtaining 


where  07  and  77  are  the  weights  and  knots  of  the  Gauss  quadrature, 
respectively.  Now  what  we  want  to  do  is  to  find  the  approximation  of 
the  point  values  u(xi,tn  +  A tri)  from  the  cell  averages  {yf.  This  can 
be  achieved  by  solving  the  ODE  at  the  grid  points  x  =  xf 


duJst-  =  -(/(«))*  1 

u(x{ ,  tn)  «  yn 


(3.6) 


with  Computed  by  a  WENO  reconstruction  from  the  cell  averages 
{  yf,  very  similar  to  Procedure  2.1  above.  The  ODE  (3.6)  is  solved  by 
a  Runge-Kutta  method  to  obtain  the  approximation  of  u(x{ ,  tn-\-  Air/), 
with  the  aid  of  natural  continuous  extension  (NCE)  for  (3.6),  [29],  see 
[2]  and  [22]  for  details. 
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Abstract. 

In  this  paper  a  new  class  of  finite  difference  schemes  -  the  Weighted  Com¬ 
pact  Schemes  are  proposed.  According  to  the  idea  of  the  WENO  schemes, 
the  Weighted  Compact  Scheme  is  constructed  by  a  combination  of  the 
approximations  of  derivatives  on  candidate  stencils  with  properly  assigned 
weights  so  that  the  non-oscillatory  property  is  achieved  when  discontinuities 
appear.  The  primitive  function  reconstruction  method  of  ENO  schemes  is 
applied  to  obtain  the  conservative  form  of  the  Weighted  Compact  Scheme. 
This  new  scheme  not  only  preserves  the  characteristic  of  standard  com¬ 
pact  schemes  and  achieves  high  order  accuracy  and  high  resolution  using  a 
compact  stencil,  but  also  can  accurately  capture  shock  waves  and  discon¬ 
tinuities  without  oscillation.  Numerical  examples  show  the  new  scheme  is 
very  promising  and  successful. 


1.  Introduction 

Recently  compact  schemes  have  been  widely  used  in  the  simulation  of  com¬ 
plex  flows,  especially  in  the  direct  numerical  simulation  of  turbulent  flows 
(Jiang  et  al ,  1999;  Shan  et  al. ,  1999;  Visbal  et  al ,  1998).  Standard  finite 
difference  schemes  have  explicit  forms  and  need  to  be  at  least  one  point 
wider  than  the  desired  approximation  order.  It  is  also  difficult  to  find  suit¬ 
able  and  stable  boundary  closure  for  high  order  schemes.  Compared  to  the 
standard  finite  difference  approximations,  the  compact  schemes  can  achieve 
higher  order  accuracy  without  increasing  the  stencil  width.  As  the  compact 
schemes  have  implicit  forms  and  involve  derivative  values  of  neighboring 
grid  points,  additional  free  parameters  can  be  used  not  only  to  improve  the 
accuracy  but  also  to  optimize  the  other  properties  such  as  resolution  and 
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stability.  The  resolution  is  the  largest  wave  number  that  can  be  accurately 
represented  by  the  scheme.  Many  complex  flows  possess  a  large  range  of 
time  and  space  scales.  The  resolution  characteristic  of  the  scheme  is  essen¬ 
tially  important  in  complex  flow  simulations.  A  family  of  centered  compact 
schemes  proposed  by  Lele  (1992)  have  been  proved  to  have  spectral-like 
resolution.  Though  the  advantages  of  compact  schemes  are  obvious,  there 
are  still  difficulties  in  using  them  to  solve  problems  involving  shock  waves 
or  discontinuities.  When  they  are  used  to  differentiate  a  discontinuous  func¬ 
tion,  the  computed  derivative  has  grid  to  grid  oscillation.  Compact  schemes 
for  filtering  are  always  used  together  with  compact  schemes  for  derivatives 
to  eliminate  numerical  oscillations  (Jiang  et  al .,  1999;  Shan  et  al .,  1999; 
Visbal  et  al. ,  1998),  but  even  filtering  can  not  reduce  oscillations  near  the 
discontinuities.  Adams  (1996)  proposed  the  hybrid  compact-ENO  scheme 
for  shock-turbulent  interaction  problems,  in  which  the  upwind-biased  com¬ 
pact  schemes  are  coupled  with  ENO  schemes.  A  detection  algorithm  is  used 
to  identify  cells  containing  large  gradients,  and  then  the  flux  derivative  at 
the  faces  of  such  cells  is  computed  with  ENO  schemes.  In  this  approach, 
the  detecting  procedure  is  very  time  consuming. 

In  the  present  work,  a  new  class  of  compact  schemes  which  we  call 
the  Weighted  Compact  Schemes,  are  developed.  The  building  blocks  of 
the  Weighted  Compact  Schemes  are  the  standard  compact  schemes,  which 
also  have  centered  and  biased  forms.  The  Weighted  Compact  Scheme  is 
a  hybrid  of  different  forms  of  standard  schemes.  The  hybrid  idea  comes 
from  the  WENO  schemes  (Liu  et  a/.,  1994;  Jiang  et  a/.,  1996).  The  ENO 
(Harten  et  al ,  1987;  Shu  et  al. ,  1988,  1989)  and  WENO  schemes  have  been 
applied  quite  extensively  in  many  different  fields.  Most  of  the  problems  in¬ 
volving  shocks,  discontinuities  and  rich  structures.  The  success  of  the  ENO 
and  WENO  schemes  are  so  attractive,  that  the  basic  methodology  inspires 
the  idea  of  developing  the  Weighted  Compact  Scheme.  The  ENO  schemes 
choose  the  smoothest  stencil  to  pick  one  interpolating  polynomial  for  the 
ENO  reconstruction,  while  the  WENO  schemes  use  a  convex  combination 
of  interpolating  polynomials  on  all  candidate  stencils  to  achieve  the  essen¬ 
tially  non-oscillatory  property,  at  the  same  time  additional  one  order  of 
accuracy  is  obtained.  Thus,  WENO  schemes  remove  all  the  stencil  choos¬ 
ing  procedures  in  ENO  which  is  very  time  consuming.  In  WENO  schemes 
(Jiang  et  al .,  1996),  each  of  the  candidate  stencils  is  assigned  a  weight  that 
determines  the  contribution  of  this  stencil  to  the  final  approximation  of 
the  numerical  flux.  The  weights  are  defined  in  such  a  way  that  in  smooth 
regions  it  approaches  certain  optimal  weights  to  achieve  a  higher  order  of 
accuracy;  in  regions  near  discontinuities,  the  stencils  that  contain  the  dis¬ 
continuities  are  assigned  a  nearly  zero  weight.  According  to  this  method, 
the  Weighted  Compact  Scheme  is  constructed  by  the  combination  of  the  ap- 
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proximations  of  derivatives  on  candidate  stencils.  Here  the  finite  difference 
approximations  of  derivatives  are  combined  together  to  form  a  new  finite 
difference  approximation,  while  in  WENO  schemes  interpolating  functions 
are  combined.  The  general  idea  of  the  Weighted  Compact  Scheme  is  the 
following,  on  each  candidate  stencil,  for  a  given  accuracy  order,  there  is  a 
corresponding  finite  difference  compact  scheme.  According  to  the  smooth¬ 
ness  of  each  stencil,  a  weight  is  assigned  to  each  finite  difference  approxima¬ 
tion  obtained  by  compact  schemes.  The  hybrid  of  these  standard  schemes, 
with  corresponding  weights,  forms  the  new  scheme  -  the  Weighted  Compact 
Scheme.  The  weights  are  defined  in  such  a  way  that  the  stencils,  including 
discontinuities,  have  less  contribution  to  the  final  scheme.  Thus,  the  oscil¬ 
lations  near  discontinuities  can  be  avoided,  while  high  order  accuracy  and 
high  resolution  properties  of  compact  schemes  can  still  be  preserved  in  the 
smooth  region. 

Another  problem  while  using  compact  schemes  is  the  conservation  prop¬ 
erty  of  the  schemes.  Conservation  property  is  especially  important  in  solving 
problems  involving  shocks.  Nonconservative  methods  usually  generate  large 
errors  near  the  shock.  Lele  (1992)  developed  conservative  formulations  of 
the  finite  difference  compact  scheme  by  constructing  the  near  boundary 
schemes  in  such  a  way  that  the  discrete  form  of  global  conservation  is  satis¬ 
fied.  This  approach  is  applicable  when  the  scheme  coefficients  are  constant. 
Davis  (1998)  applied  the  primitive  function  reconstruction  method  of  ENO 
schemes  to  a  compact  scheme  to  maintain  the  conservation.  In  the  present 
work,  this  method  is  applied  with  the  new  scheme  to  achieve  the  conserva¬ 
tion. 

In  section  2  the  general  idea  of  the  Weighted  Compact  Scheme  is  de¬ 
scribed  in  detail.  The  method  of  applying  the  new  scheme  in  a  conservative 
form  is  given.  In  section  3  we  apply  the  new  scheme  to  solving  several 
typical  equations.  The  problems  involving  shocks,  discontinuities  and  fine 
structures  are  simulated.  The  numerical  results  are  given. 

2.  Weighted  Compact  Scheme 

2.1.  BASIC  FORMULATION 

For  simplicity,  we  consider  a  uniform  grid.  The  independent  variable  at 
the  node  j  is  Xj  =  h(j  -  1)  for  1  <  j  <  N  and  the  function  value  at  the 
nodes  fj  =  f(xj)  is  given.  The  finite  difference  approximation  /j  to  the  first 
derivative  of  the  function  /  on  the  nodes  can  be  written  in  the  following 
general  form  while  the  finite  difference  compact  scheme  (Lele,  1992)  is  used. 


P-f'j- 2  +  +  fj  +  1  +  P+fj+2 
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=  2  +  a-fj- 1  +  c/j  +  a+fj+ 1  +  &+/j+2)  (1) 

For  a  given  point  three  candidate  stencils  containing  this  point  are 
defined  as  follows: 

So  =  (-Pj— 2? Xj—U Si  =  (ajj— 1? ajj, Xj-i-i),  S2  =  (£j,  £7+1,  £7+2)* 

On  each  stencil  a  finite  difference  compact  scheme  is  derived  in  the  form 
of  Eq.(l)  by  matching  the  Taylor  series  coefficients  to  various  orders.  When 
the  following  coefficients  are  used: 


S0  :  fi-=  •0,  a-  =  2i?  +  2,  6_  =  -§tf  -  5,  a_  =  2i?  -  2,  c  =  +  f; 

Si:  a_  =  i,  a+  =  a_  =  -f,  a+  =  f,  c  =  0;  (2) 

So  :  /3+  =  0+  =  2i?  +  2,  &+  =  +  5,  <1+  =  — 2i?  +  2,  c  =  o  2 5 

where  $  is  a  free  parameter.  In  this  work,  we  set  d  =  0  to  get  a  tridi¬ 
agonal  form.  This  parameter  can  also  be  used  to  improve  the  accuracy  or 
optimize  the  scheme.  The  sacrifice  would  be  increase  the  computer  time. 
Those  coefficients  which  are  not  listed  are  set  to  zero.  Then,  the  schemes 
corresponding  to  stencils  So  and  S2  are  third  order  one-sided  finite  dif¬ 
ference  schemes,  and  the  scheme  corresponding  to  £1  is  a  fourth  order 
centered  scheme.  As  compact  schemes  have  implicit  forms,  each  scheme  is 
represented  by  an  equation  in  the  form  of  Eq.(l)  with  coefficients  defined 
in  (3)  .  These  three  equations  are  denoted  as  Fo,  Fi,  F2.  Then  a  specific 
weight  is  assigned  to  each  equation,  and  a  new  scheme  is  obtained  by  a 
summation  of  the  equations. 

F  =  CqFo  Ci Fi  +  C2F2  (3) 

where,  Co,  Ci,  C2  are  weights  and  satisfy  Co  +  C\  +  C2  =  1.  If  the 
weights  are  properly  chosen,  the  new  scheme  can  achieve  a  higher  order 
accuracy  because  the  additional  free  parameters  are  introduced.  If  we  set: 

1  ^  8-120 
c°  _  c2  _  —  _  24j? ,  Cl  -  9  _  120 

the  new  scheme  given  by  Eq.  (3)  is  at  least  a  sixth  order  centered  com¬ 
pact  scheme.  The  procedure  described  above  implies  that  the  sixth  order 
centered  compact  scheme  can  be  represented  by  a  combination  of  three 
lower  order  schemes. 

Obviously,  the  scheme  F  is  a  standard  finite  difference  compact  scheme 
and  cannot  avoid  the  oscillation  near  discontinuities.  In  order  to  achieve 
non-oscillatory  property,  the  method  of  the  WENO  scheme  (Jiang  et  a/., 
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1996)  is  introduced  to  determine  the  new  weight  for  each  stencil.  The 
weights  are  determined  according  to  the  smoothness  of  the  function  on 
each  stencil.  Following  the  WENO  method,  the  new  weights  are  defined  as 
(Jiang  et  al. ,  1996): 

__  Ik  _  ^k  /r\ 

Uk~Ei=o7 i  yk~(e  +  ISk)p 

where  e  is  a  small  positive  number  which  is  used  to  prevent  the  denom¬ 
inator  becoming  zero,  p  is  an  important  parameter  to  control  the  weight. 
At  present  time,  it  is  set  as  a  constant.  ISk  is  the  smoothness  measurement 
which  is  defined  according  to  WENO  (Jiang  et  al .,  1996): 

I  So  =  ^(£-2  -  2/j_]  +  f3?  +  -  Afj-l  +  3/j)2 

I  Si  =  ^(fj-i  -  2fj  +  }j+i?  +  1  (/,--!  -  /m)2  (6) 

I  St  =  §(/,’  ~  2/i+i  +  /J+2)2  +  \(fj+2  ~  4/j+i  +  3/j)2 

where,  the  two  terms  on  the  right  side  can  be  regarded  as  the  mea¬ 
surements  of  the  curvature  and  the  slope  respectively  at  a  certain  point. 
Through  the  Taylor  expansion,  it  can  be  easily  proved  that  in  smooth  re¬ 
gions  new  weights  uJk  satisfy: 

uk  =  Ck  +  0(h 2)  and  u>2  -  vo  =  0(h 3).  (7) 

The  new  scheme  is  then  formed  using  these  new  weights: 

F  =  (jOqFq  +  (jJ\F\  +  UJ2F2-  (fi) 

The  leading  error  of  F  is  also  a  combination  of  the  errors  of  the  original 
schemes  Fi ,  which  is  as  following: 

(^0  -  ±<02 )F]h3  +  (-^0  +  Fui  -  )f^h\  (9) 

When  Eq.  (7)  is  satisfied,  the  leading  error  of  the  new  scheme  can  be 
written  as  0(h6).  Obviously,  this  new  scheme  is  of  sixth-order  accuracy 
and  has  the  high  resolution  property  as  the  centered  sixth-order  compact 
scheme  in  smooth  regions.  But  in  the  regions  containing  discontinuities,  the 
smoothness  measurement  ISk  of  the  non-smooth  stencil  is  large  compared 
to  that  of  the  smooth  stencil,  thus  the  non-smooth  stencil  is  assigned  a 
small  weight  and  have  less  contribution  to  the  final  scheme  so  that  the 
non-oscillatory  property  is  achieved. 
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With  the  new  weights  uk)  the  new  finite  difference  compact  scheme  Eq. 
(8)  is  written  in  the  form  of  Eq.  (1).  The  coefficients  of  the  final  Weighted 
Compact  Scheme  are  given  as  follows: 


/3_  =  #a;o,  =  (2$  +  2)uq  -f 

a+  =  (2#  +  2)u2  +  i,  /L.  =  ^2, 

b-  =  (-^  -  o,  =  (20  -  2)o;0  - 

c  =  (^0  +  “)^0  -  (-tf  +  -)^2, 

3  5  1 

a+  =  (-20  +  2)o;2  +  juq,  5+  =  (-0  + 

As  Uk  is  dependent  on  the  smoothness  measurement  calculated  by  lo¬ 
cal  function  values,  the  scheme  coefficients  are  various  from  point  to  point. 
The  free  parameter  0  can  be  used  to  optimize  the  scheme  when  the  prop¬ 
erties  of  high  resolution,  and  stability  are  concerned.  If  0  =  0,  the  scheme 
is  tridiagonal.  Though  in  the  above  description  the  sixth-order  Weighted 
Compact  Scheme  is  selected  as  an  example,  the  method  can  be  extended 
to  a  general  form. 

2.2.  CONSERVATIVE  FORMULATION 

The  conservation  property  of  the  scheme  is  very  important  in  shock  wave 
capturing,  since  it  imposes  a  constraint  on  the  solution  error.  In  the  work 
of  Davis  (1998),  the  reconstruction  method  developed  by  Shu  and  Osher 
(1989)  for  the  ENO  scheme  was  used  together  with  the  Pade  scheme  to 
achieve  the  conservation.  As  we  already  mentioned  in  the  previous  section, 
the  coefficients  of  our  new  scheme  are  not  constant.  So  the  finite  difference 
scheme  itself  is  not  conservative.  However,  conservation  can  be  obtained 
when  the  Weighted  Compact  Scheme  is  applied  together  with  ENO  recon¬ 
struction  method.  Below,  we  give  the  description  of  this  method.  For  1-D 
conservation  laws: 


ut(x,t)  +  fx(u{x,t))  =0. 


(10) 


When  a  conservative  approximation  to  the  spatial  derivative  is  applied, 
a  semi-discrete  conservative  form  of  Eq.  (10)  is  as  follows: 


duj 


dt 


Ax  ^-2)  ’ 


(11)- 
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/•  i  and  /•_  i  are  numerical  flux  functions  at  the  cell  interfaces.  Ax  is 
the  grid  size  of  the  uniform  grid.  In  order  to  achieve  the  high  order  accuracy, 
the  numerical  flux  should  be  defined  in  such  a  way  that  the  difference 
of  the  numerical  flux  is  a  high  order  approximation  of  the  derivative  fx. 
According  to  the  ENO  reconstruction  procedure  (Shu  et  al ,  1989),  it  has 
been  approved  that  the  primitive  function  of  /  at  the  cell  interfaces  can 
be  exactly  calculated  by  the  given  point  values  fj.  If  H  is  the  primitive 

function  of  /,  then: 


H(xj+ 1)  =  Ax  £  fi ■  (12) 

2  t=-00 

Obviously,  the  numerical  flux  /  at  the  cell  interfaces  is  the  derivative  of 
its  primitive  function  H.  i.e: 


(13) 


As  the  values  of  the  function  H  have  already  been  obtained  at  the  cell 
interfaces,  the  approximations  of  the  derivatives  of  H  at  the  cell  interfaces 
are  calculated  directly  by  the  Weighted  Compact  Scheme  presented  in  Sec¬ 
tion  1.  Thus,  the  Weighted  Compact  Scheme  is  applied  to  the  primitive 
function  instead  of  the  function  itself.  In  this  way,  the  conservation  prop¬ 
erty  is  achieved. 


3.  Numerical  Examples 

The  prospects  of  the  Weighted  Compact  Scheme  can  be  seen  from  our 
applications  of  the  tridiagonal  sixth-order  scheme  described  in  section  1 
to  some  model  equations  and  test  examples.  According  to  our  experience, 
when  the  reconstruction  method  is  adopted,  the  function  /  in  Eq.(10)  is 
used  to  define  the  smoothness  ISk  instead  of  using  primitive  function  H . 
The  parameter  p  in  Eq.  (5)  is  set  as  p  =  1.  For  all  of  the  following  examples, 
the  fourth  order  Runge-Kutta  scheme  (Shu  et  al,  1988)  is  used  for  time 
integration. 

3.1.  CONVECTION  EQUATION 

We  first  solve  the  one-dimensional  convection  equation  with  several  initial 
functions. 


Ut  +  ux  —  0,  —  1  <  .t  <  1 

u(x,  0)  =  Uq(x),  periodic  with  a  period  of  2. 


(14) 
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N 

Loo  error 

Loo  order 

L\  error 

L  i  order 

20 

40 

4.39E-5 

1.05E-6 

5.38 

1.19E-5 

2.37E-7 

5.64 

80 

2.70E-8 

5.28 

4.23E-9 

5.81 

160 

5.94E-10 

5.50 

6.35E-11 

6.05 

320 

1.14E-11 

5.70 

7.15E-13 

6.47 

TABLE  1.  Errors  of  the  numerical  solution  with 
u0(:r)  =  sin( nx)  at  t  =  1,  Weighted  Compact  Scheme 


N 

Loo  error 

Loo  order 

Li  error 

Li  ord< 

20 

40 

1.48E-5 

2.26E-7 

6.03 

9.46E-6 

1.44E-7 

6.02 

80 

3.57E-9 

5.98 

2.27E-9 

5.98 

160 

5.88E-11 

5.92 

3.74E-11 

5.92 

320 

1.07E-12 

5.78 

5.73E-13 

6.02 

TABLE  2.  Errors  of  the  numerical  solution  with 
Wo(a;)  =  sin( 7rx)  at  t  =  1,  Standard  Compact  Scheme 


The  first  initial  function  is  u0(x)  =  sin{ nx).  The  second  one  is  u0(x)  = 
sinA( nx).  The  L\  and  Loo  errors  are  listed  in  Table  1  to  Table  3.  N  is  the 
number  of  grid  points.  Table  1  and  2  are  the  results  for  the  first  initial  func¬ 
tion  and  are  obtained  respectively  by  the  Weighted  Compact  Scheme  and 
the  standard  compact  scheme.  This  data  shows  that  the  Weighted  Com¬ 
pact  Scheme  is  capable  of  achieving  sixth-order  accuracy  as  the  standard 
compact  scheme.  Table  3  lists  the  result  for  the  second  initial  function. 
Compared  to  the  results  (Jiang  et  a/.,  1996)  obtained  by  WENO  scheme, 
this  Weighted  Compact  Scheme  achieves  higher  order  accuracy  with  the 
same  stencils. 

The  third  to  fifth  initial  functions  are: 

(3)  u0(x)  =  {  o’  otherwise?' 
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N 

Loo  error 

Loo  order 

L  i  error 

L\  order 

20 

3.73E-2 

1.16E-2 

40 

4.54E-3 

3.03 

1.17E-3 

3.31 

80 

5.37E-4 

3.07 

5.54E-5 

4.04 

160 

7.08E-6 

6.25 

7.98E-7 

6.12 

320 

4.84E-8 

7.19 

6.99E-9 

5.98 

640 

2.65E-10 

7.51 

7.61E-11 

6.52 

TABLE  3.  Errors  of  the  numerical  solution  with 
uo(x)  =  sin4(nx)  at  t  =  1 


(4)  uo(z)  = 


0, 


~r0<*< 

otherwise , 


_3_. 

10’ 


(5)  uq(x)  =  e~~300x\ 

Figure  1  is  the  result  of  the  standard  compact  scheme  for  the  initial  func¬ 
tion  (3).  The  solution  is  seriously  damaged  by  wiggles  generated  near  the 
discontinuities.  Figures  2-4  illustrate  the  results  obtained  by  the  Weighted 
Compact  Scheme  for  initial  functions  (3),  (4),  and  (5).  There  is  no  obvious 
numerical  oscillation  observed  in  the  regions  near  the  discontinuities,  and 
good  resolution  has  been  achieved. 


3.2.  BURGERS’ EQUATION 

The  Weighted  Compact  Scheme  is  applied  to  the  nonlinear  Burgers’  equa¬ 
tion.  With  the  given  initial  condition,  the  exact  solution  will  develop  to  a 
moving  shock  wave. 


1  <  x  <  1 


«t  +  (^u2)x  =  o, 

u(x ,  0)  =  -  +  sin( 7rx),  periodic  with  a  period  of  2. 

z 


(15) 


At  t  =  0.15  the  solution  is  still  smooth.  The  L0 0  and  L\  errors  are 
listed  in  Table  4.  The  scheme  also  has  about  sixth-order  accuracy  for  the 
nonlinear  problem. 
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Figure  1.  Solution  of  standard  com¬ 
pact  scheme 


Figure  2.  The  solution  at  t  =  0.5 


Figure  3.  The  solution  at  t  =  0.5 


Figure  4 •  The  solution  at  t  =  0.5 


N 

Loo  error 

Loo  order 

L\  error 

Li  order 

80 

160 

4.45E-5 

1.75E-6 

4.67 

3.63E-6 

4.85E-8 

6.23 

320 

4.41E-8 

5.31 

9.49E-10 

5.85 

TABLE  4.  Errors  of  the  numerical  solution  of  Burgers’ 
equation,  t  =  0.15 
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Fig.  5  and  Fig.  6  show  the  wave  at  t  =  0.3183  and  t  =  0.55.  At  t  —  0.3183 
the  wave  becomes  steep  and  the  shock  starts  to  form.  At  t  =  0.55  the 
discontinuity  appears  and  is  accurately  captured  by  the  scheme  without 
obvious  oscillation. 


X 

Figure  5.  The  solution  to  the  Burgers’ 
equation  at  t  =  0.3138 


Figure  6.  The  solution  to  the  Burgers’ 
equation  at  t  =  0.55 


3.3.  ID  EULER  EQUATION 

We  apply  our  scheme  to  ID  Euler  equation  of  gas  dynamics 

ou 

dt  dx 
U  =  (p,  pu,  E)t 
F  =  (pu,  puu  +  p,  u(E  +  p))T- 


(16) 


The  first  example  is  the  typical  one-dimensional  shock  tube  problem. 
The  initial  conditions  are  chosen  so  that  the  solution  contains  a  shock, 
contact  discontinuity  and  a  rarefraction  wave.  They  are  given  as  follows: 


U0 


(1,0,1),  #  <  0; 

(0.125,0,0.1),  x  >  0, 


The  distributions  of  pressure,  density, velocity  and  energy  are  shown  in 
Fig.  7.  The  shock  wave  and  contact  discontinuity  are  accurately  captured. 

The  second  example  is  to  simulate  the  interaction  between  shock  wave 
and  fluctuations.  The  calculation  starts  with  the  initial  field  as  follows: 


f  (3.857143,2.629369, 10.33333),  x  <  -4; 
\  (1  4-  0.2sm(5rc),  0, 1),  x  > —4. 


Figure  7.  The  solutions  to  the  shock- tube  problem  at  t  =  2,  N  —  100 

In  this  example,  the  shock  is  moving  into  a  density  fluctuation  field  and 
interacts  with  the  fluctuation.  This  problem  requires  non-oscillatory  scheme 
with  high  resolution  to  resolve  the  fine  structures.  In  Fig.  8,  the  solid  line 
represents  the  numerical  solution  obtained  using  the  present  scheme  with 
a  fine  grid  of  N  =  1600.  This  is  regarded  as  the  exact  solution.  The  results 
obtained  with  N  =  400  compared  well  with  the  exact  solution.  These  results 
show  that  the  present  schemes  are  capable  of  resolving  fine  structures  with 
high  frequency.  No  serious  oscillation  appears  near  the  shock  area. 

3.4.  2D  EULER  EQUATION 

Finally,  we  apply  the  Weighted  Compact  Scheme  to  investigate  a  2D  shock- 
turbulence  interaction  problem(Adams,1996;  Shu, 1989).  2D  Euler  equa¬ 
tions  are  written  as 


dU  5F  dG 
dt  +  dx  +  dy 


(17) 


WEIGHTED  COMPACT  SCHEME 


141 


Figure  8.  The  solutions  to  the  shock-fluctuation  interaction  problem  at  t  =  1.8,  N  =  400 

U  =  (p,pu,pv,E)T 
F  =  ( pu ,  puu  +  p,  puv,  u(E  +  p))T 
G  =  ( pu ,  pvu ,  pvv  +  p,  v(E  +  p))r 

where  E  =  +  ^2).  The  computational  domain  is  given  by 

— 1.5  <  x  <  1.5,  —1  <  y  <  1.  At  time  t  —  0,  a  Mach  8  shock  at  x  =  -1 
is  moving  in  the  positive  x  direction  into  a  vorticity  fluctuation  field.  The 
initial  condition  for  pre-shock  field  is  specified  with  vorticity  fluctuation  as 

u\  =  —  c\sin9cos(xkcos6  +  yksinO) 
vi  —  c\cos6cos(xkcos6  +  yksinO ) 

Pi  =  1 
Pi  =  1 
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where  c\  is  the  speed  of  sound,  k  =  27t,  9  =  The  initial  post-shock 
state  can  be  derived  from  shock  relations. 

2 (Ms2  -  1) 

U2  —  7 - .  TTT7ZUS 


(7  +  1  )M* 


v2  =  0 


P2  = 


(7 + mi 

2 +  (7-1  )M* 


Pi 


27(Ms2-1) 

P2  =  (1  +  +1  . -)Pl 


where  =  Msci  is  the  shock  propagation  velocity,  and  Ms  is  the  shock 
Mach  number. 

Fig.3. 4-3.4  display  the  results  obtained  on  different  grids.  The  shock 
front  is  clearly  shown  by  the  pressure  contour  lines.  After  the  vorticity  fluc¬ 
tuations  strike  the  shock,  the  shock  front  develops  ripples  and  the  vorticity 
fluctuations  are  amplified.  The  results  are  similar  compared  with  those  ob¬ 
tained  by  Shu  (1989)  and  Adams  (1996).  This  example  shows  again  that 
the  Weighted  Compact  Scheme  can  be  used  for  shock-turbulence  interac¬ 
tion  problems. 


4.  Conclusions 

The  conservative  Weighted  Compact  Scheme  developed  in  this  work  has 
been  successfully  applied  to  several  one  dimensional  typical  problems  in¬ 
volving  discontinuities,  shock  waves,  and  shock-fluctuation  interaction.  High 
order  accuracy,  high  resolution,  and  non-oscillation  are  achieved  by  us¬ 
ing  compact  stencil.  This  new  scheme  will  be  further  applied  to  multi¬ 
dimensional  flows  with  shock-turbulence  interactions. 
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Abstract. 

We  have  developed  spectral  methods  in  the  discontinous  Galerkin  frame¬ 
work  appropriate  for  simulations  of  high-speed  flows  in  complex-geometry 
domains.  In  this  paper  we  present  details  of  the  stability  of  the  method 
and  demonstrate  the  importance  of  over- integration  for  strongly  nonlinear 
problems.  We  then  present  results  from  the  application  of  the  method  to 
stability  studies  of  supersonic  and  subsonic  flows  in  a  Chemical  Oxygen 
Iodine  Laser  (COIL)  device. 


1.  Introduction 

Finite  volume  methods  have  been  very  successful  in  simulating  steady 
high-speed  flows  but  they  are  rather  inefficient  for  unsteady  flow  simula¬ 
tions,  and  especially  for  direct  or  large  eddy  simulations  of  turbulent  and 
transitional  compressible  flows.  Discontinuous  Galerkin  Methods  (DGM) 
[1],  when  combined  with  high-order  discretizations  as  in  [2],  offer  some  of 
the  advantages  of  finite  volume  methods  and  lead  to  numerical  solutions 
with  significantly  reduced  numerical  dispersion  and  dissipation.  In  sum¬ 
mary,  high-order  DGM  are: 

—  High-order  finite  volumes  applied  to  structured  or  unstructured  meshes. 

—  Flux-based,  and  thus  maintain  conservativity  which  is  important  for 
correct  shock  location  and  long-time  integration. 

—  T^-stable,  and  thus  they  do  not  require  explicit  flux  limiters, 

—  Robust  as  they  employ  Riemann  solvers. 

The  particular  DGM  implementation  we  have  developed  employs  an 
orthogonal  polynomial  basis  of  different  order  in  each  element.  The  discon- 
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tinuous  basis  is  orthogonal,  hierarchical,  and  maintains  a  tensor-product 
property  even  for  non-separable  domains  [3,  4]. 

Unlike  pseudo-spectral  (collocation)  methods  used  often  for  incompress¬ 
ible  flow  simulations,  in  our  spectral  DGM  approach  the  number  of  quadra¬ 
ture  points  and  the  number  of  degrees  of  freedom  (i.e.,  modes)  are  decoupled 
in  each  element.  Specifically,  it  is  a  super-collocation  method  combined  with 
Galerkin  projections  in  an  element-wise  fashion.  This  is  very  important  for 
the  treatment  of  nonlinear  terms  as  this  approach  offers  the  possibility  of 
dealiasing  on  arbitrarily  non-uniform  grids.  We  discuss  this  issue  in  detail 
in  the  next  section,  where  we  show  that  simple  quadrature-modes  rules  can 
be  derived  by  considering  the  long-term  (asymptotic)  stability  of  DGM. 

In  the  last  section,  we  apply  DGM  to  three-dimensional  supersonic  and 
subsonic  flows  in  a  Chemical  Oxygen  Iodine  Laser  (COIL)  configuration. 
The  flow  field  of  a  COIL  typically  contains  multi-phase  flow  (oxygen,  io¬ 
dine  and  helium)  as  well  as  chemical  reactions  [5],  but  here  we  consider  the 
stability  of  cold  (helium)  flow.  Due  to  the  importance  of  COILs  in  military 
and  industrial  uses,  there  has  been  a  lot  of  research  focused  on  them  during 
the  last  decade  [6,  7,  8].  Recent  two-dimensional  simulations  have  shown 
that  the  supersonic  COIL  flow  is  unsteady  although  corresponding  pre¬ 
liminary  simulations  have  shown  substantially  reduced  temporal  variations 
[9].  In  the  current  work,  we  consider  both  supersonic  as  well  as  subsonic 
conditions  on  different  grids  and  with  p-refinement  to  address  more  sys¬ 
tematically  the  question  of  unsteadiness.  Our  results  show  that  the  strong 
compressibility  and  the  symmetric  crossflow  stabilize  the  supersonic  nozzle 
flow,  in  contrast  with  the  subsonic  cases. 

2.  Discontinuous  Galerkin  Method  -  DGM 

We  consider  the  non-dimensional  compressible  Navier-Stokes  equations, 
which  we  write  in  compact  form  as 

£?*  +  V  *  F  =  Re"1  V  •  F"  in  D  (1) 

where  F  and  F*'  correspond  to  inviscid  and  viscous  flux  contributions,  re¬ 
spectively,  and  Reoo  is  the  reference  Reynolds  number.  Here  the  vector 
U  =  [p,pui,pu2,pus,pe]t  with  u  =  (ui,u2,u3)  the  local  fluid  velocity,  p 
the  fluid  density,  and  e  the  total  energy.  Splitting  the  Navier-Stokes  opera¬ 
tor  in  this  form  allows  for  a  separate  treatment  of  the  inviscid  and  viscous 
contributions,  which,  in  general,  exhibit  different  mathematical  properties. 

To  give  an  overview  of  the  formulation  we  first  apply  DGM  to  the  linear 
two-dimensional  equation  for  advection  of  a  conserved  quantity  u 


+  V-F(u)  =  0, 


(2) 
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where  F (u)  =  (f(u),g(u),  h(u))  is  the  flux  vector  which  defines  the  trans¬ 
port  of  u(x,  t).  We  start  with  the  variational  statement  of  the  standard 
Galerkin  formulation  of  (2)  by  multiplying  by  a  test  function  v  and  inte¬ 
grating  by  parts 

[  —vdx+  (  vh-F(u)ds-  [  Wv-F(u)dx  =  0.  (3) 

Jn  at  Jon  Jn 

The  solution  u  £  X  (approximation  space)  satisfies  this  equation  for  all  v  6 
V  (test  space),  where  X  may  contain  discontinuous  functions.  The  discrete 
space  Xs  contains  polynomials  within  each  “element,”  but  zero  outside 
the  element.  Here  the  “element”  is,  for  example,  an  individual  triangular 
region  Ti  in  the  computational  mesh  applied  to  the  problem.  Thus,  the 
computational  domain  ft  =  Ut^i,  and  TuTj  overlap  only  on  edges. 


Figure  1.  Interface  conditions  between  two  adjacent  triangles. 

Each  element  ( E )  is  treated  separately,  giving  a  variational  statement 
(after  integrating  by  parts  once  more): 

^-(u,v)e+  [  v(f(ui,ue)  -  F(ui))'nds  +  (V  •  F(u),v)E  =  0,  (4) 

where  F(ui )  is  the  flux  of  the  interior  values.  Computations  on  each  el¬ 
ement  are  performed  separately,  and  the  connection  between  elements  is 
a  result  of  the  way  boundary  conditions  are  applied.  Here,  boundary  con¬ 
ditions  are  enforced  via  the  numerical  surface  flux  f(ui,ue)  that  appears 
in  equation  (4).  Because  this  value  is  computed  at  the  boundary  between 
adjacent  elements,  it  may  be  computed  from  the  value  of  u  given  at  either 
element.  These  two  possible  values  are  denoted  here  as  U{  in  the  interior  of 
the  element  under  consideration  and  and  ue  in  the  exterior  (see  figure  1). 
Upwinding  considerations  dictate  how  this  flux  is  computed. 

In  the  more  complicated  case  of  a  hyperbolic  system  of  equations,  an 
approximate  Riemann  solver  should  be  used  to  compute  a  value  of  /,  g ,  h 
(in  three-dimensions)  based  on  Ui  and  ue.  Specifically,  we  compute  the  flux 
f(ui,ue)  using  upwinding,  i.e. 

f(u)  =  RA^Luj  +  RA~  Lue 
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where  A  (the  Jacobian  matrix  of  F)  is  written  in  terms  of  the  left  and  right 
eigenvectors,  i.e.  A  =  RAL  with  A  containing  the  corresponding  eigenvalues 
in  the  diagonal;  also,  A^  =  (A±|A|)/2.  Alternatively,  we  can  use  a  standard 
Lax-Friedrichs  flux 


f(u)  =  +  f(ui))  ~~  -^R\A\L(ue  Ui). 

In  order  to  solve  the  compressible  Navier-Stokes  equations  we  also  need 
to  treat  the  second-order  terms.  This  is  done  similarly  by  introducing  aux¬ 
iliary  fluxes  and  constructing  a  system  of  first-order  equations  that  we  treat 
similarly  as  the  advection  equation  above.  The  difference  is  in  the  choice 
of  the  numerical  fluxes  at  the  interface,  which  we  have  taken  here  to  be 
the  arithmetic  mean  of  the  fluxes  from  adjoint  elements.  However,  other 
choices  are  possible  that  can  affect  the  computational  complexity  and  the 
accuracy  [1]. 

With  regard  to  the  trial  basis  we  employ  Jacobi  polynomials  with  vari¬ 
able  weights  as  reported  in  [2].  The  degree  of  polynomial  can  be  varied 
from  one  element  to  the  other  but  interpolation  along  edges  or  elemental 
faces  should  involve  the  higher  order  polynomial  in  order  to  maintain  con- 
servativity.  The  DGM  method  is  L2-stable  but  in  practice  instabilities  may 
arise  in  under-resolved  or  marginally  resolved  simulations.  Such  instabili¬ 
ties  were  first  reported  in  [2]  where  a  slight  over-integration  seem  to  provide 
long-time  integration  stability.  In  the  next  section,  we  revisit  this  issue  and 
provide  more  details  on  over-integration  for  both  quadratic  as  well  as  cubic 
nonlinearities. 

2.1.  STABILITY  AND  OVER-INTEGRATION 

To  understand  the  ramifications  of  under-integration  of  nonlinear  terms, 
we  performed  the  following  test: 

1.  Initialize  a  single  element  spanning  [—1,1]  and  containing  16  modes. 

2.  Initialize  all  the  modal  coefficients  to  one. 

3.  Evaluate  the  modal  representation  on  a  set  of  quadrature  points  q. 

4.  Pointwise  square  the  values  at  the  quadrature  points. 

5.  P re-mult iply  the  set  of  points  (as  a  vector)  by  the  collocation  derivative 
matrix  of  the  appropriate  size  (rank  q  x  q). 

6.  Project  back  to  modal  coefficients  by  discrete  inner  products  using 
Gaussian  integration. 

The  procedure  above  mimicks  the  “physical  space”  or  pseudo-spectral 
evaluation  of  the  term  ^  commonly  used  in  spectral  methods  for  evaluat¬ 
ing  nonlinear  terms.  This  test  was  chosen  because  even  in  its  simplicity  it 
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models  the  order  of  nonlinearity  that  occurs  in  the  solution  of  the  incom¬ 
pressible  Navier-Stokes  equations.  All  modes  are  set  to  one  to  mimick  a  case 
in  which  an  element  has  under-resolved  or  marginally  resolved  the  solution 
within  the  element.  In  the  test  above,  the  only  unspecified  parameter  is  the 
number  of  quadrature  points  q  to  be  used.  In  using  Gauss-Lobattto  points, 
the  value  of  q  is  taken  to  be  one  more  than  the  number  of  modes  M  (in 
this  case  then  M  =  16  and  q  =  17)  [2],  but  this  value  is  appropriate  for 
the  inner  products  corresponding  to  linear  terms.  For  a  quadratic  or  cu¬ 
bic  nonlinearities  more  quadrature  points  are  required.  The  ramifications 
of  under-integration  of  this  form  are  shown  in  figure  2.  The  figure  on  the 
left  was  obtained  for  quadratic  nonlinearity  (JyW2)  and  the  figure  on  the 
right  was  obtained  for  a  cubic  nonlinearity  (J^w3).  The  difference  in  the 
modal  coefficients  at  the  conclusion  of  the  algorithm  above  for  different  val¬ 
ues  of  q  is  provided.  We  observe  that  for  the  quadratic  nonlinearity,  once 
| M  quadrature  points  are  used,  the  difference  in  the  modal  values  do  not 
change.  Similarly  for  the  cubic  nonlinearity,  once  2 M  quadrature  points  are 
used,  the  difference  in  the  modal  values  do  not  change. 


Figure  2.  Comparison  of  the  difference  in  modal  coefficients  when  different  numbers  of 
quadrature  points  are  used.  Quadratic  nonlinearity  on  the  left  and  cubic  nonlinearity  on 
the  right. 

If  figure  3  we  plot  the  difference  between  using  the  | M  rule  and  2 M 
rule  (left  and  right  figures,  respectively)  versus  M  4-  2  rule  for  chosing  the 
number  of  quadrature  points  q.  Observe  that  for  small  number  of  modes 
the  two  regions  overlap  or  may  be  sufficiently  close  that  using  M  -j-  2  will 
not  lead  to  aliasing  instabilities.  This  may  be  an  explanation  of  the  results 
shown  in  [2]  in  which  over-integration  by  one  point  was  sufficient  to  stabilize 
the  flow  simulation. 

To  further  test  the  integration  of  the  nonlinear  terms,  we  chose  to  solve 
viscous  Burgers  equation  with  v  =  10-5.  Five  equally  spaced  elements 
spanning  [—1,1]  were  used,  each  one  having  16  modes.  We  have  found 
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Figure  3.  Difference  between  using  the  | M  rule  and  2M  rule  (left  and  right  figures, 
respectively)  versus  (M  +  2)  rule  for  chosing  the  number  of  quadrature  points  q. 


that  when  using  17,  19  and  21  quadrature  points,  the  solution  is  unstable 
(measured  by  the  Z>2  norm).  Once  the  number  of  quadrature  points  reaches 
24  (§M,  where  M  is  the  number  of  modes),  the  L2  norm  of  the  solution 
does  not  change. 

3.  Simulation  of  COIL  Flows 

The  chemical  oxygen  iodine  laser  (COIL)  is  a  very  powerful  laser,  capable  of 
producing  megawatts  of  continuous  power  at  short  wavelengths  (1315  nm). 
There  are  two  distinct  types  of  COIL  configurations,  depending  on  the 
characteristic  flow  velocity  of  the  constituent  gases.  In  the  first  one,  the 
supersonic  lasers ,  the  velocities  are  of  the  order  of  400  m/s  or  higher  while 
in  the  second  type,  the  subsonic  lasers ,  the  characteristic  velocities  are 
an  order  of  magnitude  lower.  There  has  been  some  uncertainty  regarding 
the  stability  of  the  COIL  flows,  especially  in  the  supersonic  regime.  Two- 
dimensional  computations  show  that  the  flow  is  unstable  to  small  perturba¬ 
tions  and  becomes  oscillatory  with  frequency  of  about  40  Khz  [9].  On  the 
other  hand,  preliminary  three-dimensional  simulations  reported  recently  in 
[9]  show  only  extremely  small  time  variations  in  amplitude.  Unfortunately, 
there  are  not  enough  experimental  measurements  or  flow  visualizations  to 
document  the  stability  of  the  COIL  flows,  especially  in  the  supersonic  noz¬ 
zle  (the  so-called  RADICL  nozzle).  In  this  work,  we  study  the  stability  of 
COIL  flows  via  direct  numerical  simulations  based  on  the  DGM  spectral/ hp 
element  method  and  the  code  NEKTAR  described  in  the  previous  section; 
see  also  [1,  4]. 

An  overview  of  the  supersonic  flow  in  the  central  part  of  the  nozzle  is 
shown  in  figure  4.  There  is  a  strong  intercation  between  the  incoming  al¬ 
most  uniform  flow  and  the  crossflow  emanating  from  the  six  nozzles.  The 
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geometry  and  dimensions  of  the  entire  device  are  shown  in  figure  5.  This 
three-dimensional  “slice”  is  repeated  twenty  times  (in  the  direction  per¬ 
pendicular  to  the  page)  in  order  to  make  the  entire  device,  so  there  are 
20  large  diameter  nozzles  and  40  small  diameter  nozzles  in  the  COIL  de¬ 
vice.  We  simulate  only  one  slice,  as  shown  in  the  figure,  and  apply  periodic 
boundary  conditions  along  the  third  direction.  A  typical  mesh  employed 
in  the  supersonic  case  is  shown  in  figure  6.  It  consists  of  10,224  hexahedra 
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elements  with  8  layers  in  the  z-  (periodic)  direction  of  variable  order  as 
shown  in  the  figure.  The  subsonic  cases  were  simulated  with  similar  meshes 
but  with  7,312  hexahedra  of  constant  polynomial  order  p  =  3.  The  incom¬ 
pressible  case  was  simulated  on  a  mesh  consisted  of  3, 066  tetrahedra  with 
polynomial  order  p  =  6. 

The  specific  flow  conditions  we  consider  are  described  in  table  3  (all 
units  in  metric  system).  We  have  simulated  in  detail  the  following  four 
cases:  (A)  Supersonic  flow  corresponding  to  experimental  case  described  as 
“9257cfll”  in  experiments  with  helium;  (B)  Subsonic  flow  without  trans¬ 
verse  (secondary)  flow;  (C)  Subsonic  flow;  and  (D)  Incompressible  flow.  In 
all  cases,  the  geometry  remains  identical  and  so  is  the  primary  incoming 
flow.  Only  the  energy  input  and  mass  flowrate  from  the  side  pipes  varies 
in  cases  (2)  and  (3),  corresponding  to  zero  and  approximately  one-eighth 
of  the  primary  flow,  respectively.  In  cases  (A)  and  (D)  the  secondary  flow 
is  approximately  one- fourth  of  the  primary  flow. 


Figure  4.  Streamlines  in  the  central  portion  of  the  RADICL  supersonic  nozzle. 

Based  on  systematic  direct  numerical  simulations,  we  have  concluded 
that  unsteadiness  is  suppressed  in  the  supersonic  conditions  similar  to  the 
ones  employed  in  the  experiments.  A  typical  plot  of  Mach  contours  is  shown 
in  figure  7.  Pressure  distribution  along  the  wall  of  the  COIL  as  well  as  along 
the  centerline  of  the  COIL  are  shown  in  figure  8.  Clearly,  there  is  very  good 
agreement  of  the  high-order  DGM  results  with  available  experimental  data 
for  the  wall  pressure  in  contrast  with  corresponding  finite  volume  simula¬ 
tions  performed  here  on  the  same  mesh  of  figure  6  but  with  p  =  1.  These 
results  were  obtained  from  converged  (in-time)  simulations  of  the  super¬ 
sonic  nozzle.  To  further  examine  the  stability  of  the  supersonic  flow  we  in- 
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Figure  5.  Geometry  and  dimensions  of  the  COIL  device. 


Figure  6.  Mesh  showing  the  macro-elements  and  corresponding  polynomial  order  in  the 
central  part  of  the  COIL  (supersonic  case). 


troduced  an  abrupt  and  rather  large  perturbation  into  the  flow  in  the  form 
of  forces  in  all  three  directions  corresponding  to  —8,  322 m/52,  8,  322 m/s2 
and  8,322  m/s2  along  the  x-(streamwise),  y-(crossflow)  and  z-(periodic) 
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Figure  7.  Mach  contours  in  the  supersonic  EADICL  nozzle. 


Figure  8.  Pressure  distribution  along  the  wall  and  along  the  centerline  for  the  supersonic 
case. 


directions,  respectively.  This  forcing  was  imposed  for  2.39  x  10  4  ms  and 
subsequently  it  was  removed  while  the  simulation  continued.  A  typical  re¬ 
sult  of  the  response  in  the  y-momentum  is  shown  in  figure  9.  We  see  that 
indeed  the  flow  returns  to  steady  state  within  a  short  time  interval. 

Unlike  the  supersonic  case,  both  subsonic  cases  we  simulated  converged 
to  time-dependent  flows  while  the  incompressible  flow  transitioned  to  a  tur¬ 
bulent  state.  A  typical  result  is  shown  in  figure  10  that  plots  Mach  contours 
of  the  subsonic  case  with  crossflow;  a  large  scale  unsteadiness  is  present. 
This  is  shown  more  clearly  in  figure  11  where  we  plot  the  time- histories  of 
the  y-momentum  of  both  subsonic  cases.  The  case  without  crossflow  shows 
a  stationary  time-periodic  flow  whereas  the  subsonic  flow  with  crossflow 
exhibits  an  additional  modulation  associated  with  the  large  scale  unsteadi¬ 
ness.  Therefore,  it  seems  that  the  effect  of  crossflow  is  to  suppress  unsteadi¬ 
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Figure  9.  Time  history  of  y-momentum  for  the  supersonic  nozzle. 
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Figure  10.  Mach  contours  for  the  subsonic  case  with  crossflow. 


Figure  11.  Time-history  of  y-momentum  for  the  two  subsonic  cases,  with  crossflow 
(left),  and  without  crossflow  (right). 
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Finally,  we  conclude  by  commenting  on  the  computational  cost  of  the 
simulations.  All  simulations  were  run  using  an  MPI-based  parallel  version 
of  the  method  presented  here  with  the  partitioning  based  on  a  multi-level 
graph  approach  provided  by  the  METIS  software  [10].  Specifically,  the  su¬ 
personic  simulation  was  run  on  the  IBM  Power  3  with  0.6  seconds  per  time 
step  on  80  processors,  the  subsonic  simulations  were  run  on  the  IBM  Power 
3  with  0.2  seconds  per  time  step  on  80  processors,  and  the  incompressible 
simulation  was  run  on  the  IBM  SP  604e  (silver  nodes)  with  10.7  seconds 
per  time  step  on  64  processors. 

Acknowledgments 

This  work  was  supported  by  AFOSR  and  computations  were  done  on  the 
TCASV  Brown  IBM  SP3  and  NPACI,  and  on  the  SGI  O  2000  at  NCSA. 
We  would  like  to  thank  R.  Canfield,  T.  Madden,  J.  Shang  and  J.  Miller  for 
useful  discussions  related  to  COILs. 

References 

1.  B.  Cockburn,  G.E.  Karniadakis,  and  C.-W.  Shu.  Discontinuous  Galerkin  Methods: 
Theory,  Computation  and  Applications.  Springer,  2000. 

2.  I.  Lomtev,  R.M.  Kirby,  and  G.E.  Karniadakis.  A  discontinuous  Galerkin  ALE 
method  for  viscous  compressible  flows  in  moving  domains.  J.  Comp.  Phys .,  155:128- 

159,  1999.  . 

3.  M.  Dubiner.  Spectral  methods  on  triangles  and  other  domains.  J.  Sci.  Comp., 

6:345,  1991.  ^  f  , 

4.  G.E.  Karniadakis  and  S.J.  Sherwin.  Spectral/hp  Element  Methods  for  CFD.  Oxford 

University  Press,  1999. 

5.  J.H.  Miller,  J.S.  Shang,  R.F.  Tomaro,  and  W.Z.  Strang.  Computation  of  COIL 
nozzle  flowfields  with  transonic  injection.  In  AIAA-2000-2575 ,  2000. 

6.  G.D.  Hager,  L.J.  Watkins,  R.K.  Meyer,  D.E.  Johnson,  L.  J.  Bean,  and  D.L.  Loverro. 
A  supersonic  Chemical  Oxygen-Iodine  Laser.  Technical  report,  Air  Force  Weapons 
Lab  Technical  Report  87-45,  Kirtland  AFB,  NM,  1988. 

7.  M.  Hishida,  N.  Azami,  K.  Iwamoto,  W.  Masuda,  F.T.  Atsuta,  and  M.  Muro.  Flow 
and  optical  fields  in  a  supersonic  flow  Chemical  Oxygen-Iodine  Laser.  In  AIAA 
97-2391 ,  June  1997. 

8.  B.D.Barmashenko,  D.  Furman,  E.  Bruins,  and  S.  Rosenwake.  Iodine  dissociation 
and  small  signal  gain  in  supersonic  COILS.  In  AIAA  99-3427,  June  1999. 

9.  J.H.  Miller,  J.S.  Shang,  and  T.J.  Madden.  Parallel  computation  of  Chemical  Oxy¬ 
gen/Iodine  Laser  flowfield.  In  AIAA  2001-2869,  32nd  Plasmadynamics  and  Lasers 
Conference,  Anaheim,  CA ,  June  2001. 

10.  G,  Karypis  and  V.  Kumar.  METIS:  Unstructured  graph  partitioning  and  sparse 
matrix  ordering  system  version  2.0.  Technical  report,  Department  of  Computer 
Science,  University  of  Minnesota,  Minneapolis,  MN  55455,  1995. 


COUPLING  DNS  WITH  POLYMER  MODELS  FOR  FLOW 
CONTROL 

RONALD  D.  JOSLIN 

Applied  Research  Laboratory/Computational  Mechanics  Division 
The  Pennsylvania  State  University ,  State  College ,  PA 


Abstract 

This  paper  discusses  the  coupling  of  polymer  models  with  direct  numerical 
simulation  (DNS)  toward  understanding,  modeling,  and  controlling  turbulent 
boundary  layer  flows  for  drag  reduction.  Experiments  have  demonstrated  that  a 
dilute  polymer  solution  injected  into  a  turbulent  flow  can  result  in  up  to  80% 
drag  reduction.  Pipe,  channel,  and  flat  plate  experiments  are  summarized  to 
highlight  similarities  and  differences  in  the  flows  associated  with  the  polymer- 
induced  drag  reduction  process.  Constitutive  and  kinetic  approaches  to  polymer 
modeling  are  then  discussed  with  their  respective  couplings  to  DNS. 

L  Introduction 

Discussions  concerning  our  physical  understanding  of  the  fluid  dynamics 
phenomena  we  call  turbulence  are  extremely  controversial  mainly  because  of  our 
lack  of  irrefutable  evidence  to  explain  the  flow.  However,  a  couple  of  schools  of 
thought  have  formed  to  explain  the  flow.  One  explanation  follows  a  statistical 
evolution  of  flow  based  on  averaged  quantities  and  a  that  of  energy  cascades.1 

The  second  view  describes  turbulence  within  a  deterministic  coherent  structures 

2 

process  that  can  be  described  by  dynamical  systems  or  flow  stability  analysis. 
More  recently,  a  workshop  was  held  on  the  subject  to  further  discuss  the  essence 
of  turbulence.3  These  two  schools  still  exist  but  with  added  insight  brought  about 
by  research  on  the  topic.  Now,  one  school  can  be  described  as  a  parent-offspring 
vortex  mechanism  whereby  the  parent  (initial)  vortex  interacts  with  the  wall  to 
induce  secondary  (offspring)  vortices.  The  second  mechanism  involves  a  flow 
instability  cyclic  process,  whereby  streamwise  vortices  collect  low  speed  streaks 
that  cause  inviscidly  unstable  velocity  profiles.  These  views  on  turbulence  serve 
as  an  introduction  to  this  paper  which  focuses  on  the  complex  phenomena  of 
non-Newtonian  turbulent  flows  and  flow  control. 

Specifically,  our  non-Newtonian  flows  are  viscoelastic  fluids.4  The  study  of 
these  flows  involve  both  material  science  and  fluid  mechanics  because  it  requires 
an  understanding  of  rheological  and  mechanical  properties  and  complex  fluid 
flows.  The  rheological  properties  of  the  material  determine  the  manner  of 
deformation  (or  flow)  subject  to  forces;  the  imposed  deformation  leads  to 
internal  stresses  in  the  material.  Typically  this  material  flow,  albeit  non- 
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Newtonian,  can  be  considered  in  many  cases  as  a  continuum  flow.  Such  material 
flows  may  include  toothpaste,  paint,  blood,  oil,  cookie  dough,  soap  solutions,  and 
cosmetic  flows.  Here,  for  brevity,  we  will  “glaze  over”  all  details  associated 
with  particular  materials  and  their  properties  and  resulting  influence  of  these 
properties  on  the  resulting  fluid  dynamics.  Here,  our  focus  is  on  non-Newtonian 
turbulent  polymer/water  solutions  from  the  fluid  mechanics  point  of  view  for 
viscous  drag  reduction. 

This  paper  is  not  intended  to  be  a  review  or  summary  of  the  many  important 
papers  that  have  used  polymer  solutions  for  skin  friction  drag  reduction.  ^The 
reader  can  refer  to  a  bibliography  for  some  4900  publications  on  the  topic  and 
the  excellent  texts  by  Bird  et  al.6,7  Instead,  only  some  of  the  key  physical 
phenomena  found  from  the  various  experiments  will  be  emphasized  for  benefit 
of  the  modeling  activities.  All  researchers  currently  agree  that  the  mechanism  for 
drag  reduction  by  polymers  remains  illusive. 

1.1  Polymer  Pipe  Experiments: 

Although  many  studies  of  particles  and  polymers  in  fluids  were  documented  well 
before  the  observations  of  Toms8  in  1948,  skin  friction  reductions  associated 
with  dilute  polymer  solutions  in  turbulent  pipe  flow  are  typically  referred  to  as 
Toms  phenomena.  By  looking  at  the  number  of  publications  since  Toms 
observation,  it  is  clear  that  much  progress  has  been  made  toward  the 
understanding  of  the  phenomena.  There  are  some  commonly  observed  features 
in  such  flows  that  are  highlighted  in  this  introduction. 

For  pipe  flows,  a  significant  advancement  was  made  by  Virk,9,10  whereby 
experimental  data  was  analyzed  to  arrive  at  a  universal  asymptote  (that  is 
applicable  for  all  polymer  solutions).  This  asymptote  reflects  the  maximum  drag 
reduction  possible  for  pipe  flows.  Three  connected  regions  across  the  pipe  were 
identified.  The  “viscous”  zone  near  the  wall  was  postulated  to  be  essentially  the 
same  for  both  Newtonian  and  non-Newtonian  flows.  Near  the  center  of  the  pipe, 
the  “Newtonian  turbulent”  zone  is  shifted  upward  with  increased  drag  reduction. 
Finally,  the  “interactive”  (or  buffer)  zone  connects  the  two  other  zones  and  is 
extended  upward  with  increased  drag  reduction.  Maximum  drag  reduction 
occurs  when  the  interactive  zone  extends  to  the  pipe  axis.  Concerning  turbulence 
statistics,  laser  Doppler  velocimetry  measurements  (rms)  show  that  the  axial 
velocity  component  increased,  the  radial  velocity  component  decreased,  and  the 
Reynolds  stress  decreased,  while  the  peak  profile  moved  away  from  the  wall. 
The  movement  of  the  peak  corresponds  to  an  increase  in  the  size  of  the  buffer 
region. 

Finally,  pipe  drag  reduction  can  take  two  forms.12  This  discussion  so  far  has 
focused  on  homogeneous  drag  reduction.  The  second  form  is  termed 
heterogeneous  and  involves  drag  reduction  associated  with  injecting  polymer 
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solutions  into  the  core  of  the  pipe.  Little  mixing  is  observed  and  the  drag 
reduction  is  not  associated  with  polymers  influencing  the  wall  region. 

1.2  Polymer  Channel  Flow  Experiments: 

Particle  image  velocimetry  measurements  showed  a  40%  drag  reduction  in 
channel  flow13  using  only  3.5  wppm  (weight-part-per-million)  solution  and 
suggested  that  the  streamwise  vorticies  are  enlarged  as  a  result  of  the  addition  of 
polymers.  The  streamwise  fluctuation  levels  increased  for  low-drag  reductions 
and  decreased  for  high-drag  reduction  test  cases.  The  increased  drag  reduction 
was  achieved  by  increasing  the  polymer  concentration.14  Other  experiments15 
showed  increased  streamwise  velocity  fluctuations  and  decreased  Reynolds  stress 
levels.  With  drag  reduction,  the  bursting  rate  per  unit  area  decreased  and  a  total 
absence  of  small  scale  structure  was  observed  during  a  burst  event.16 
Measurements17  indicate  that  the  near-wall  streaks  can  double,  triple  and  even 
quadruple  in  spanwise  extent  and  therefore  the  spanwise  scaling  indicates  an 
increase  in  the  size  of  the  large-scale  structures.  Drag  reduction  phenomena  for 
the  channel  is  very  much  like  the  pipe  flow  problem.  Experiments  in  the  channel 
showing  variation  in  concentration  recorded  a  69%  drag  reduction  and  velocity 
profiles  that  closely  approached  Virk’s  ultimate  asymptote.14 

1.3  Polymer  Turbulent  Flat  Plate  Experiments: 

The  flat  plate  boundary  layer  flow  has  many  characteristics  comparable  to  the 
pipe  and  channel  flows.  These  include  an  increase  in  the  streamwise  rms 
velocity,  decrease  in  the  wall-normal  rms  velocity,  and  decrease  in  the  Reynolds 
stress  for  polymer  solutions.18"20  However,  the  flat  plate  flow  is  an  external  flow 
so  diffusion  plays  a  significant  role  in  the  degradation  of  polymer-induced  drag 
reduction.  The  drag  reduction  is  decreased  with  distance  downstream  because  of 
the  movement  of  polymers  away  from  the  wall.  The  polymer  concentration  was 
shown  to  exponentially  decrease  with  downstream  distance.21  For  the  boundary 
layer,  initial,  intermediate,  transition  and  final  zones  can  be  outlined  to  classify 
the  polymer-induced  effects  in  the  flow.22  The  initial  zone  is  near  the  injector 
and  is  a  region  of  large  concentration  gradients.  Next,  the  intermediate  zone  has 
self-similar  concentration  profiles  and  lasts  approximately  18  boundary-layer 
thicknesses  downstream  of  the  initial  zone.  The  transition  zone  has  non-similar 
concentration  profiles  and  an  increasing  diffusion  layer.  Beginning  about  60 
boundary  layer  thicknesses  downstream  of  the  initial  zone,  the  final  zone  has 
self-similar  concentration  profiles  but  the  amount  of  drag  reduction  is  continually 
decreasing  with  downstream  distance.  So  although  there  are  similarities  between 
the  pipe,  channel  and  boundary  layer,  the  boundary  layer  has  an  increased 
complexity  because  of  diffusion. 

1.4  Benefits: 

Experimental  results  using  polymers  have  demonstrated  a  drag  reduction  of  40- 
70%  in  turbulent  pipe  flows23,24  and  50-70%  for  flows  on  flat  plates.18,25  The 
success  in  pipe  flows  has  resulted  in  over  80  projects  using  polymers  for  oil  pipe 
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lines;  the  Trans  Alaskan  Pipeline  uses  polymers  to  reduce  the  required  number 
of  pumping  stations  from  12  to  10  to  move  oil  over  1 200  km.  For  external  flow 
applications,  the  projected  benefits  of  drag  reduction  are  enormous  for  military 
and  commercial  ships.  For  example,  let  us  estimate  the  benefits  to  the  M/V 
AIVIK,  which  operates  around  the  world.  The  ship  is  over  109  m  long,  weighs 
some  7000  metric  tons  fully  loaded,  and  has  a  top  speed  of  13  kts.  With  a  50% 
reduction  in  the  drag,  the  speed  of  the  vehicle  increases  to  approximately  17-18 
kts.  A  trip  of  13,000  miles  (say  New  York  to  South  Africa)  would  take  26  days 
instead  of  35  days,  which  saves  9  days  (25%)  in  transport  time.  In  addition  there 
would  be  a  fuel  savings  of  20-25%,  somewhat  offset  by  the  polymer  system. 

1.5  Mechanisms  for  Drag  Reduction: 

As  two  schools  exist  to  explain  the  physics  of  turbulent  flows,  two  leading 
postulations  exist  for  drag  reduction  caused  by  dilute  polymer  solutions.  The 
first  maintains  that  unraveling  and  elongation  of  the  polymer  chain  (extension)  is 
the  key  process  affecting  the  turbulence  and  results  in  a  drag  reduction.  The 
second  claims  that  elasticity  is  the  mechanism,  whereby  the  stress  of  a 
viscoelastic  fluid  generally  is  not  in  phase  with  the  strain  rate.  As  with 
turbulence  alone,  no  conclusive  evidence  exists  (as  yet)  to  support  either 
postulation. 


2.  DNS 


Some  good  analytical  correlations  with  the  experimental  data  have  been 
developed  for  polymer  solutions.  However,  for  brevity  and  to  remain  in 
alignment  with  the  focus  of  this  conference,  we  proceed  directly  to  the  link 
between  polymer  models  and  direct  numerical  simulations  (DNS). 

The  Navier-Stokes  equations  can  be  implemented  in  numerous  forms.26  Here,  the 
velocity-pressure  equations  in  full  form  are  simply  listed,  including  the  affect  of 
polymer  models.  The  Navier-Stokes  equations  are  given  as 


A. 
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dp  d 
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Any  equation  that  assigns  values  to  XV]  is  a  constitutive  equation;  F  may  be  a 
polymer-induced  body  force.  The  constitutive  equation  can  be  decomposed  into 
Newtonian  and  non-Newtonian  (polymer)  contributions,  such  that  Xi}  =  XVj  +  Ti}  . 

There  are  many  publications  documenting  the  DNS  solutions  and  therefore  we 
proceed  directly  into  the  polymer  modeling  activity. 
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3.  Polymer  Models 

Implementation  of  constitutive  models  with  DNS  has  a  complexity  similar  to  the 
coupling  of  the  DNS  with  optimal  control  theory.27  DNS  and  optimal  control 
theory  involves  Navier-Stokes  equations  and  an  equal  number  of  adjoint  Navier- 
Stokes  equations  combined  with  a  simple  optimality  condition  equation.  This 
leads  to  a  system  of  nine  equations  that  can  be  solved  for  a  limited  number  of 
applications  because  of  the  extreme  computational  cost.  The  cost  may  increase 
by  a  factor  of  2-10  compared  with  the  DNS  cost  alone.  The  DNS  and  polymer 
models  have  similar  issues  associated  with  increased  complexity  and 
computational  cost  combined  with  some  model  parameters  that  may  be 
extremely  difficult  to  correlate  with  experiments.  In  this  section,  Eulerian  and 
Lagrangian  approaches  to  modeling  polymer  flows  are  highlighted.  Some  of  our 
preliminary  results  are  also  discussed  where  the  primary  focus  here  is  the 
assessment  of  the  cost  of  the  models.  Our  ultimate  goal  is  coupling  the  models 
with  DNS  to  study  the  turbulent  flat  plate  boundary  layer  drag  reduction 
phenomena. 

3.1  Constitutive  Models : 

Constitutive  models  for  polymer/water  solutions  have  been  formulated  using 
stress  tensor  transport  equations  to  predict  the  impact  of  polymers  on  turbulence 
within  an  Eulerian  construction  (similar  to  the  Navier-Stokes  framework).  For 
non-Newtonian  fluid  flows,  the  simplest  relationship  between  the  shear  stress 
and  strain  rate  is  given  by  a  power-law  model,  tJ*  =  KyJ  •  For  a  Newtonian  fluid, 

n=l\  for  a  pseudoplastic  (e.g.,  polymer  solution),  n<l\  and  for  a  dilatant  (e.g., 
corn  starch  and  water  solution),  n>l.  For  the  Newtonian  flow,  the  slope  of  the 
curve  simply  becomes  the  viscosity  K=  Jd.  The  impact  of  the  nonlinear  (non- 
Newtonian  behavior)  for  a  polymer  solution  is  elevated  viscosity  near  the  wall 
and  shear  thinning. 

Polymeric  fluids  are  often  referred  to  as  viscoelastic  fluids  because  such  fluids 
are  associated  with  nonlinear  effects  and  time-dependent  properties.  Such  fluids 
typically  have  memory  effects.  Hence,  continuum  polymeric  fluid  models 
should  accommodate  terms  which  retain  past  states.  However,  approaches  which 
model  dilute  solutions  of  polymers  in  water  may  not  require  the  retention  of  all 
terms  (memory)  of  past  states.  In  our  research  a  host  of  models  ranging  from 
low  to  high  fidelity,  linear  to  nonlinear,  and  pseudo-steady  to  those  retaining  past 
states  (memory)  of  the  solution  are  being  compared  for  use  in  simple  steady  to 
fully  turbulent  flows. 

A  breadth  of  models  have  been  used  to  describe  the  polymer  flows,  primarily 
associated  with  viscoelastic  steady  or  simple  oscillatory  flows  which  have 
numerous  industrial  applications.28  The  general  classes  of  these  models  can  be 
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summarized  as  generalized  Newtonian,  linear  viscoelastic,  and  kinetic. 
Generalized  Newtonian  constitutive  models  are  low-fidelity  models  that  simply 
modify  the  shear  stress  in  a  nonlinear  manner.  These  are  valid  for  steady  shear 
flows  only,  but  have  often  been  used  for  many  different  steady  and  unsteady 
flows.  Slightly  higher  in  fidelity,  the  linear  viscoelastic  models  incorporate  some 
measure  of  elastic  effects  on  the  flow.  This  is  achieved  by  introducing  a 
relaxation  time  f, .  The  Maxwell  model  is  probably  the  most  famous  of  these 
constitutive  equations.  The  model  states  that  the  stress  at  time  t  is  related  to  the 
rate  of  strain  at  time  t  and  all  prior  times,  with  a  decay  of  the  influence  of  all 
other  past  times.  These  models  cannot  describe  the  shear-rate  dependence  of 
viscosity,  nonlinear  normal  stress  phenomena,  nor  large-displacement  small- 
strain  phenomena.  The  models  neglect  past  kinetic  events.  However,  such 
models  can  give  shear-rate  dependent  viscosity. 


The  Oldroyd  8-constant  model29  for  the  constitutive  equation  can 
implemented  to  represent  many  models.  The  full  form  is 

z  z  z 


(4) 
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where  \ _7  are  time  constants  and  Tj0  is  the  zero-shear-rate  viscosity.  For 
^  =  0 ,  the  Newtonian  model  is  recovered;  for  =  0  ,  the  convected 

Jeffreys  model  (or  Oldroyd-B)  is  obtained;  for  A2_7  =  0,  the  convected  Maxwell 

model  is  obtained.  So,  many  different  models  may  be  explored  through  this  one 
general  8-constant  model. 


The  turbulent  flow  of  interest  is  time-dependent,  extremely  dynamic,  and  non- 
homogeneous.  The  extrapolation  and  enhancements  of  the  various  non- 
Newtonian  models  to  predict  and  understand  the  drag  reduction  associated  with 
polymer  solutions  is  our  goal.  Previous  work  with  the  power-law  class  of  models 
(a  viscous  anisotropic  model)  relying  on  elongated  polymers  aligned  always 
parallel  to  the  velocity  field,  showed  drag  reduction  and  turbulent  statistics  that 
were  in  qualitative  agreement  with  the  pipe  flow  experiments.11  For  a  Maxwell 
class  of  models,  a  viscoelastic  anisotropic  model  showed  drag  reduction  and 
turbulent  statistics  in  qualitative  agreement  with  experiments  for  pipe  flow, 
except  the  peak  of  the  rms  velocities  moved  toward  the  wall;  the  simpler  viscous 
anisotropic  model  was  in  better  agreement  with  experiments.11  The  comparison 
between  the  various  models  and  complex  issues  associated  with  numerical 
stability  and  boundary/initial  conditions  will  be  left  to  a  future  paper;  however,  in 
section  3.3,  a  brief  discussion  is  given  concerning  the  cost  of  these  models  linked 
with  DNS. 
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3.2  Kinetic  Models: 

For  polymer-induced  turbulent  drag  reduction,  the  kinetic  models  track  the 
macromolecule  polymer  dynamics  through  a  Lagrangian  framework  coupled 
with  the  Eulerian  DNS.  Because  this  is  a  coupled  problem,  the  flow  transports 
and  stretches/deforms  the  polymers,  and  the  polymers  in  turn  affect  the  viscosity, 
shear,  and  turbulence  production  phenomena.  Because  the  polymers  can  have 
different  scales  than  the  turbulence,  multiple  time  and  spatial  scales  exist  for  the 
coupled  polymer-turbulent  flow.  Typically  the  spatial  scales  for  polymers  are 
orders  of  magnitude  smaller  than  the  turbulent  flow  scales.  Although  the  time- 
evolution  process  for  polymer  motion  may  be  much  smaller  than  turbulence, 
there  appears  to  be  an  overlap  region  that  is  important  to  realize  drag  reduction. 

An  important  parameter  in  characterizing  macromolecule-tyj^e  drag  reduction  is 
related  to  the  polymer  relaxation  time  tj.  Experiments30  using  laser-light 
scattering  suggest  that  the  polymers  stretch  out  in  the  turbulent  flow  when 
sufficient  stress  (due  to  high  strain  rate)  is  encountered  in  the  flow.  A  significant 
drag  reduction  is  observed  when  this  stretching  process  occurs.  It  has  been 
suggested  that  a  polymer-eddy  interaction  occurs  when  the  relaxation  time  of  the 
polymer  is  comparable  to  the  small-scale  eddy  turnover  time.  The  relaxation  time 
is  related  to  the  molecular  weight  of  the  polymer.  For  low  concentrations  this 
interaction  of  polymer  and  turbulence  leads  to  drag  reduction  and  for  high 
concentrations  drag  reduction  primarily  results  from  the  viscous  effects  of 
polymer  solutions.  However,  only  small  concentrations  are  required  for  drag 
reduction  and,  to  minimize  system  penalties,  small  concentrations  are  clearly  the 
goal.  For  non-Newtonian  fluids  (viscoelastic),  the  Deborah  number31,32  (De) 
becomes  important  and  is  defined  as  the  ratio  of  elastic  to  viscous  time  scales. 
The  Deborah  number  is  defined  as  De  =  tjT  =  a,  where  t{  is  the  largest  time 
constant  for  the  slowest  molecular  motion  (relaxation  time),  T  is  the  time 
constant  of  the  flow  system,  or  solution,  and  £  is  the  elongation  rate.  For 
De  ->  0 ,  the  flow  system  behaves  as  a  Newtonian  fluid,  and  for  De  -4  oo  the 
fluid  behaves  like  a  Hookean-elastic  solid.  Typically  for  polymer  solutions, 
/  *1  o_3s  for  dilute  solutions  and  r,  *103^  for  concentrated  solutions.  For  the 
turbulent  boundary  layer,  the  characteristic  time  scale  of  the  flow  is 
approximately  T  =  S/Uoa  (boundary  layer  thickness/free-stream  velocity). 

Rheological  measurements  have  clearly  shown  that  the  elongation  rate  £  is  a 
very  useful  parameter  in  examining  the  viscoelastic  behavior  of  polymer 
solutions.  Essentially,  when  £  increases  and  reaches  a  critical  value  £c ,  the 
properties  of  the  polymer  dramatically  change  in  that  the  polymers  experience  a 
‘fully -stretched  chain  state.”  Experiments  with  simple  flows  suggest  this  to 
occur  near  De  *  1  .  The  dependence  of  this  critical  elongation  rate  has  been 
shown  to  relate  to  the  monomer  chain  length  N  and  molecular  weight  M  as 
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ec  oc  N‘  °=  M“  •  For  good  solvents,  a=-1.8  has  been  suggested  and  a=-2.3  has 
been  found  using  Monte  Carlo  simulation  techniques. 

As  the  strain  rate  reaches  a  second  critical  point,  the  stretched  out  chain  ruptures. 
This  rupture  process  has  been  shown  to  be  a  function  of  molecular  weight  in 
steady  shear  flow33  (and  will  most  likely  be  related  to  the  specific  polymer  as 
well).  Computationally,  a  rupture  analysis  may  be  investigated  by  either  varying 
the  maximum  distance  of  the  beads  prior  to  a  Tupture"  and/or  analyzing  the 
local  strain  rate  versus  molecular  weight  versus  peak  forces  for  the  polymers. 

A  widely  used  model  in  the  Lagrangian  framework  is  referred  to  as  the 
‘dumbbell  model.”  The  kinetic  force  balance  equations  are  in  general 
represented  by  multiple  beads  (mass  foci)  connected  by  springs  (resistive  force). 
A  promising  yet  simple  bead-spring  model  is  the  FENE  (finite-extensible 
nonlinear  elastic)  model  (or  variation  thereof).  The  transport  equation  for  this 
model  operates  in  a  Lagrangian  reference  frame,  and  hydrodynamic  force 
corrections  are  added.  So,  all  macromolecules  must  be  tracked  in  the  simulation. 


Here,  we  use  the  rigid-mass  and  elastic  dumbbell  models  to  assess  the  relative 
importance  of  the  elongation/stretching  process  for  the  polymer  macromolecules. 
These  models  are  sufficiently  complex  to  capture  the  decrease  in  viscosity  with 
strain  rate,  which  will  be  important  for  the  turbulent  boundary  layer  flow. 
Although  the  polymer  may  be  modeled  with  a  number  of  beads,  a  two-bead 
dumbbell  model  would  have  masses  ( m /,  m2)  with  radii  (a  1,^2  )  located  by 
position  vectors  (0,  r2)  relative  to  the  origin  of  the  laboratory  reference  frame. 
The  dynamic  state  of  a  dumbbell  can  be  instantaneously  specified  with  the 
position  vectors  and  the  velocities  of  the  bead. 


Instead  of  developing  constitutive  models,  the  Lagrangian  approach  tracks 
individual  macromolecule  polymers,  assessing  the  two-way  coupling  effects  of 
flow  on  polymer  and  polymer  on  flow.  An  equation  of  motion  for  each  bead  of 
the  macromolecule  can  be  given  as 
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where  kb  is  the  Boltzman  constant,  T  is  the  temperature,  R  is  the  configuration 
vector  between  two  adjacent  beads,  and  £  is  the  friction  coefficient  for  a  single 


bead.  Following  Stoke’ s  law,  this  becomes  £  =  6^tto  .  The  scalar  distribution 


function  \|/  is  a  sum  of  contributions  from  the  hydrodynamic  force,  the  Brownian 
motion  force,  the  force  through  the  internal  resistance,  and  force  due  to 
collisions.34  Initially,  we  will  take  the  internal  behavior  of  the  macromolecule  as 
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governed  by  the  finite  extendable  nonlinear  elastic  (FENE)  dumbbell  model.7 
The  force  law  relationship  for  the  flexible  macromolecule  is 


KR 

!-(/?/ R0)2 


(6) 


where  R0  is  the  maximum  distance  the  beads  can  displace  (or  elongate),  and 
K=k/}T/N6/5 a2  is  the  spring  constant  as  a  function  of  temperature  T  and  number  of 
monomers  N.  Alternate  internal  force  law  relationships  will  be  investigated  in  a 
future  paper. 


After  solving  equations  (5-6),  the  non-Newtonian  stress  contribution  can  be 
determined  from 

Tp  =-n(RF)  +  nkbTd  with  (RF)=  j RFV  (7) 

where  n  is  the  number  density  of  dumbbells  and  (RF)  is  the  volume-average 
value  of  the  dynamical  quantity  RF.  The  terms  on  the  right  are  from  tension  in 
the  connectors  and  bead  motion,  respectively.  The  forces  acting  on  the 
macromolecule  act  within  the  distribution  function  equation  as  well. 


Using  the  FENE  construct,  a  constitutive  model  has  been  developed  and 
evaluated  for  turbulent  channel  flow.35,36  The  model  qualitatively  agreed  with 
experiments,  indicating  that  extensional  viscosity  plays  a  role  in  drag  reduction. 
Key  results  of  the  model  included  an  increase  in  the  streamwise  rms  velocity  and 
decrease  in  the  wall-normal  and  spanwise  rms  velocities,  in  addition  to  a 
decrease  in  the  streamwise  vorticity  fluctuations.  The  model  also  predicted  an 
increase  in  the  size  of  the  mean  streamwise  vortex  structure  consistent  with  the 
experiments.  These  non-Newtonian  computations  within  the  constitutive 
approach  can  require  15  times  the  computational  cost  of  turbulent  simulations 
alone.35  In  a  different  study  using  a  Lagrangian-particle  tracking  approach, 
turbulent  channel  flow  simulation  results  with  the  FENE  model  indicated  that  the 
polymer  chain  unravels  to  about  87%  of  the  fully  extended  length  and  is  oriented 
at  about  7°  to  the  flow  direction.13  This  later  result  will  be  useful  in  the 
validation  of  our  investigations. 


3.3  Costs  Polymer  Model: 

In  this  section,  preliminary  cost  estimates  are  provided  for  both  the  constitutive 
model  and  macromolecule.  For  this  paper,  extra  stress  tensor  transport  equations 
are  implemented  and  cost  estimates  are  provided  for  the  Giesekus,  FENE-P,  and 
convective  Jeffreys  models.  Table  1  shows  the  cost  of  the  non-Newtonian 
models  normalized  by  the  DNS  cost  for  a  32x32x32  grid  on  a  500MHz  Beowolf 
single  processor.  Because  the  non-Newtonian  models  add  six  additional 
equations,  the  cost  increases  to  slightly  more  than  a  factor  of  two  over  the  DNS 
computational  cost.  The  difference  in  the  cost  of  various  models  results  from  any 
simplifications  that  may  arise  in  equation  (4). 
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Table  1.  Normalized  computational  cost  of  constitutive  equations 
(courtesy  of  Nathan  Grube). 


non-Newtonian 

model 

Cost 

DNS/Giesekus 

2.28 

DNS/FENE-P 

2.35 

DNS/Convected 

Jeffreys 

3.23 

For  the  Lagrangian  evolution  equations  (5-6),  Table  2  displays  the  time  required 
for  tracking  the  macromolecule  evolution  in  a  stationary  fluid  using  a  333  MHz 
processor.  For  a  given  number  of  monomers,  there  is  a  one-to-one  cost  increase 
with  the  increase  in  the  number  of  polymers  after  100  polymers  are  modeled. 
These  initial  results  for  a  simplified  force  model  (internal  forces  and  sinusoidal 
imposed  force)  yields  some  insights  into  the  cost  with  number  of  polymers  and 
monomers  compared  with  the  fully  coupled  system.  The  diffusion  equation 
implementation  has  increased  the  cost  of  computation  three-fold  over  model 
problem  cost  (Table  2).  Note,  that  no  optimization  of  the  code  has  been 
attempted  at  this  point. 

The  true  cost  of  the  macromolecule  model  coupled  with  the  DNS  approach  for 
the  turbulent  boundary  layer  flow  problem  will  depend  on  the  molecular  weight, 
number  of  monomers  in  the  model,  the  flow  Reynolds  number,  concentration  of 
polymers,  etc.  We  can  get  a  preliminary  estimate  of  the  polymer  requirements 
for  this  problem  by  selecting  an  initial  test  case.  Choose  a  Reynolds  number 
based  on  displacement  thickness  (6*)  of  1000.  The  domain  has  1005*,  205*,  and 
205*  for  the  streamwise,  wall-normal,  and  spanwise  directions.  Assuming^the 
polymer  has  a  molecular  weight  of  1  million,  a  density  of  2  g/cm  ,  a 
concentration  of  1  %,  the  simulation  must  track  approximately  1  million 
polymers.  Although  more  complete  information  on  the  polymer  properties  is 
needed  to  refine  this  estimate,  this  simple  analysis  combined  with  the 
computational  cost  estimate  below  indicates  that  it  should  be  feasible  to  solve 
this  complex  Eulerian/Lagrangian  system. 
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Table  2:  Computation  time  for  polymer  systems  (courtesy  of  Scott  Austin). 


#  Polymer  Masses 

#  Polymers 

Computation  Time  (sec) 

2 

10° 

0.371E-03 

101 

0.1 17E-02 

102 

0.998E-02 

103 

0.953E-01 

104 

0.953E+00 

105 

0.956E+01 

3 

10° 

0.398E-03 

10' 

0.155E-02 

102 

0.134E-01 

103 

0.133E+00 

104 

0.135E+01 

105 

0.174E+02 

5 

10° 

0.430E-03 

101 

0.221E-02 

102 

0.206E-01 

103 

0.199E+00 

104 

0.204E+01 

105 

0.203E+02 

4.  Conclusions 

This  paper  has  summarized  the  experimental  observations  associated  polymer- 
induced  drag  reduction  in  turbulent  pipe,  channel,  and  flat  plate  flows.  With  drag 
reduction,  the  interactive”  (or  buffer)  region  increases  in  extent  and  moves  away 
from  the  wall,  the  streamwise  rms  velocity  increases,  the  wall-normal  (radial) 
rms  velocity  decreases  and  the  Reynolds  stress  decreases.  Furthermore,  the 
large-scale  structures  increase  in  size. 

The  discussion  has  focused  on  coupling  DNS  and  polymer  models  toward 
understanding,  modeling,  and  controlling  turbulent  boundary  layer  flows  for  drag 
reduction.  Preliminary  estimates  suggest  that  a  factor  of  2  or  more  time  is 
required  to  compute  the  non-Newtonian  problem. 
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Abstract  In  this  paper  we  present  first  results  on  the  transition  of  the  separated 
boundary  layer  along  a  compression  ramp  at  Mach  5  as  an  example 
for  today’s  capabilities  of  direct  numerical  simulation  of  transition  in 
complex  shear  flows.  The  computational  method  is  based  on  the  5th 
order  hybrid  compact-ENO  method  of  Adams  and  Shariff,  1996.  The 
flow  parameters  of  the  considered  configuration  are  adjusted  to  an  ex¬ 
perimentally  feasible  configuration.  The  shock-induced  laminar  separa¬ 
tion  extends  for  about  20  incoming-boundary-layer  thicknesses.  We  find 
that  for  the  two-dimensional  solution  following  a  two-dimensional  sec¬ 
ond  mode  instability  imposed  at  inflow  the  unsteady  fluctuations  with 
respect  to  the  mean  remain  small  upto  rather  large  excitation  levels  of 
the  inflow  disturbance.  No  indications  for  a  global  instability  of  the 
two-dimensional  steady  solution  have  been  found  so  far.  Even  at  large 
inflow-disturbance  excitation  levels  the  two-dimensional  flow  exhibits  a 
split  into  a  nearly  steady  solenoidal  part  and  an  unsteady  acoustic  part. 
If  in  addition  to  the  second  mode  an  unstable  first  oblique  mode  is  im¬ 
posed  at  inflow,  streamwise  vortices  axe  generated  in  the  detached  shear 
layer. 


1.  Introduction 

An  example  for  the  importance  of  transition  in  aerodynamic  configu¬ 
rations  is  the  effectiveness  of  control  surfaces  of  re-entry  vehicles  whose 
flight  corridor  passes  through  a  regime  of  comparably  low  Reynolds  num¬ 
ber  (Muylaert  and  Berry,  1998;  Berry  et  al.,  1999).  Also,  down-sized  ex¬ 
perimental  vehicles  or  rescue  vehicles  can  exhibit  laminar  or  transitional 
flows  along  most  of  their  body  surface  during  re-entry  since  at  supersonic 
and  hypersonic  speed  transition  is  delayed.  For  incompressible  bound¬ 
ary  layers  transition  mechanisms  are  fairly  well  understood  (Kleiser  and 
Zang,  1991;  Kachanov,  1994).  Transition  in  compressible  boundary- 
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layers  was  subject  of  intense  investigations  in  the  recent  past  (Thumm 
et  al,  1990;  Pruett  and  Zang,  1992;  Pruett  et  al.,  1995;  Pruett  and 
Chang,  1995;  Pruett  and  Chang,  1998;  Eifiler  and  Bestek,  1996;  Adams 
and  Kleiser,  1996;  Mielke,  1999;  Mielke  and  Kleiser,  1999,  e.g.).  To 
our  knowledge  only  very  few  initial  studies  have  been  performed  so 
far  on  transition  in  supersonic  boundary  layers  with  shock-boundary- 
layer  interaction  (Pagella  et  al.,  2000;  Lawal  and  Sandham,  2001). 
Linearized  theories  for  compressible  turbulence  (Kovasznay,  1953)  and 
shock-turbulence  interaction  (Ribner,  1953;  Ribner,  1954)  were  early 
theoretical  developments.  From  these  it  is  known  that  the  interaction 
with  a  shock-wave  couples  the  otherwise  independent  linear  modes  (vor- 
ticity  mode,  acoustic  mode,  entropy  mode). 

The  laminar  base  flow  along  a  supersonic  compression  ramp  with  suf¬ 
ficiently  large  deflection  exhibits  an  area  of  separated  flow  which  is  con¬ 
siderably  larger  than  that  for  turbulent  flow  (Adamson  and  Messiter, 
1980).  Simplified  linear  stability  analysis  such  as  for  zero-pressure  gra¬ 
dient  boundary  layers  cannot  be  performed  for  the  compression  ramp 
flow.  The  dominant  transition  mechanisms  for  this  configuration  are 
unknown.  For  separated  flows  a  global  eigenmode  analysis  was  proposed 
by  Theofilis  et  al.,  2000. 

With  the  numerical  study,  for  which  we  present  first  results  in  this 
paper,  we  assume  that  transition  takes  place  in  a  low-noise  environment. 
We  expect  that  receptivity  near  the  leading  edge  initiates  a  “natural” 
transition  through  the  most  unstable  linear  eigenmodes  of  the  laminar 
attached  boundary  layer.  The  flow  parameters  of  our  setup  are  adjusted 
to  that  of  a  planned  experiment  (see  section  2)  which  is  a  generic  model 
for  the  flow  encountered  near  the  body  flap  of  a  re-entry  vehicle.  For 
a  flat-plate  boundary-layer  at  high  free-stream  Mach  numbers  two  in¬ 
stability  modes  of  different  character  coexist,  the  first-mode  instability 
which  is  of  vorticity  character,  and  the  second-mode  (or  Mack-mode) 
instability  which  is  of  mixed  vorticity-acoustic  type  (Mack,  1984;  Mack, 
1990).  Whereas  the  former  is  oblique,  i.e.  it  travels  downstream  at 
an  angle  with  respect  to  the  freestream,  the  dominant  second  mode 
instability  is  two-dimensional.  The  relevance  of  the  second  mode  for 
laminar-turbulent  breakdown  is  unclear  at  present  (Stetson  and  Kim- 
mel,  1992;  Pruett  and  Chang,  1998,  e.g.).  It  is  known  that  these  two 
types  of  instabilities  behave  differently  with  respect  to  boundary- layer 
non-parallelity  (El-Hady,  1991)  and  wall-heating  (Mack,  1984). 

A  two-dimensional  second  mode  instability  cannot  initiate  transition 
without  a  secondary  instability  mechanism  which  most  likely  follows 
a  subharmonic  or  H-type  route  (Pruett  and  Zang,  1992;  Adams  and 
Kleiser,  1996).  For  the  first  mode  a  secondary  instability  mechanism  is 
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Parameter 

Value 

Comment 

Moo 

5 

Re.$Q 

5967 

at  inflow 

Resi 

4319 

at  inflow 

si 

6.84  -  1CT4 

[m],  at  inflow 

T i 

83.33 

[K] 

Tw 

4-8  Too 

S* 

HQAK 

u* 

Lyoo 

915 

[m/s] 

Po o 

945 

[Pa] 

Table  1.  Flow  parameters. 

not  required  (Thumm  et  al. ,  1990;  Adams  and  Kleiser,  1993).  Since 
prior  to  reattachment  the  mean  streamlines  are  curved,  also  a  Gortler 
instability  can  exist. 

2.  Problem  formulation 

We  adapt  the  flow  parameters  to  an  experimental  setup  proposed  in  a 
preliminary  version  of  the  Stage  I  Report  of  the  RTO  Working  Group  10 
on  “Technologies  for  Propelled  Hypersonic  Flight”,  Subgroup  3  “CFD 
Validation  for  Hypersonic  Flight”,  Version  January  7,  2000,  data  set 
number  2,  heated  hollow  cylinder  flare,  by  B.  Chanetz  and  J,  P,  Davis. 
In  the  final  version  of  this  report  (Knight,  2000)  this  proposed  experi¬ 
mental  data  set  unfortunately  has  been  discarded.  It  appears,  however, 
to  be  a  suitable  candidate  for  DNS.  The  flow  parameters  are  given  in  ta¬ 
ble  1,  quantities  with  a  star  superscript  are  dimensional,  other  quantities 
are  non-dimensionalized  by  the  displacement  thickness  at  inflow  8\  and 
free-stream  quantities.  The  situation  of  the  computational  domain  with 
respect  to  the  experiment  is  indicated  in  figure  1(a),  the  corresponding 
geometrical  parameters  are  given  in  table  2.  The  computational  do¬ 
main  is  indicated  by  a  solid  frame,  the  experimental-model  contours  are 
indicated  by  a  dashed  line.  Whereas  the  experimental  model  is  a  hollow- 
cylinder  flare  combination  we  neglect  the  spanwise  curvature  and  use  a 
plane  compression  ramp  as  computational  representation.  To  avoid  the 
leading-edge  singularity  the  computational  domain  starts  at  a  distance 
Xq  downstream  of  the  leading  edge.  We  set  the  wall  temperature  equal 
to  the  adiabatic- wall  temperature  of  the  incoming  laminar  boundary 
layer.  The  incoming  boundary  layer  profiles  are  taken  from  a  similarity 
solution,  figure  2. 

To  achieve  consistency  with  the  free-stream  conditions,  the  wall-normal 
component  w(z)  of  the  similarity  solution  is  ramped  exponentially  to 


(a)  Sketch  of  the  setup,  (b)  Computational  mesh,  not  every 

- computational  domain,  grid  is  line  shown. 

- model  contour. 

Figure  1.  Compression  ramp  configuration. 


Parameter  Value  Comment 


37q 

2.53  ■  1(j 

[m],  distance  from  l.e 

Li 

260 

l2 

147 

fi 

15° 

Ho 

60 

m 

60 

Lx 

357 

Ly 

12.6 

Table  2.  Geometric  parameters. 
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Parameter 

First  mode 

Second  mode 

ar 

0.4828 

2.2061 

Cki 

-0.0064 

-0.0123 

P 

1 

0 

uj 

0.4 

2 

Table  3.  Eigenvalues  of  first  and  second  mode  instability. 


zero  outside  of  the  boundary  layer.  For  the  similarity  solution  we  per¬ 
form  a  spatial  linear  stability  analysis  assuming  parallel  flow.  We  pick  a 
second  mode  near  its  maximum  spatial  growth  rate  with  the  eigenvalues 
given  in  table  3.  The  amplitude  distribution  of  the  second 
mode  is  shown  in  figure  3(a).  The  phase  velocity  of  the  second  mode 
is  c phase  =  0-91  so  that  the  mode  travels  with  almost  the  free-stream 
velocity.  It  is  of  vorticity  character  above  the  relative  sonic  layer  and  of 
acoustic  character  below  (Mack,  1990).  An  unstable  first  mode  is  given 


(a)  Second  mode:  - 10  ■  u'(z ), 

- 10  *  w'(z),  - p'(z), 

- 100  ’p'(z). 


(b)  First  mode:  - u'(z ),  , - 10* 

- 100  ■*/(*). 


Figure  3.  Amplitude  distributions. 


by  the  parameters  in  table  3,  where  the  frequency  was  chosen  to  be  an 
integer  fraction  of  the  second  mode  frequency.  The  amplitude  distribu¬ 
tion  of  the  first  mode  is  shown  in  figure  3(b).  The  first  mode  travels 
downstream  with  a  phase  velocity  of  cphase  =  0.83.  Near  the  critical 
layer  zcr,  where  u(zcr)  =  cphasei  the  density  fluctuations  have  maximum 
amplitude. 
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The  fundamental  equations  solved  are  the  conservation  equations  for 
mass,  momentum  and  energy  in  generalized  coordinates 

d  U  8_Fe  JLEe.  =  + 

dtl  +  <9£  J  +  dy  J  +  d(  J  d£  J  dy  J  dC  J  ’ 

where  the  conservative  variables  are  U  =  {p,  pu ,  pv ,  pw,  E },  with 
E  =  p/(7  -  1)  +  p(u2  +  v2  +  w2)/2.  Considering  only  essentially  two- 
dimensional  configurations  we  limit  the  coordinate  generalization  to  the 
(x, ^)-plane.  The  physical  space  {x,y,z)  is  mapped  onto  the  computa¬ 
tional  space  (£,  77,  C)  which  is  Cartesian  and  equi-spaced.  The  convective 
and  diffusive  fluxes  are  detailed  in  Adams,  1998. 

At  the  inflow  ail  depen¬ 
dent  variables  are  imposed.  s 

At  the  no-slip  wall  all  ve¬ 
locities  are  set  to  zero  and  4 

the  wall  temperature  is  pre¬ 
scribed.  At  the  outer  trun-  3 

cation  plane  Dirichlet  bound¬ 
ary  conditions  fixing  all  vari-  2 

ables  at  their  free-stream  val¬ 
ues  are  imposed.  At  the  out¬ 
flow  plane  inviscid  non-reflecting  o 
boundary  conditions  of  Thomp¬ 
son,  1987,  are  applied. 

The  mapping  of  the  rect-  Figure  2.  Similarity  solution  for  the  incoming 

angular,  evenly  spaced  com-  boundary  layer:  - u(z ), - T(z), - 10  ■ 

putational  mesh  onto  the  phys-!u(2). 
ical  mesh  as  shown  in  figure 

1(b)  is  outlined  in  Adams,  1998.  The  mapping  parameters  are  adjusted 
so  that  about  half  of  the  wall-normal  grid  points  are  located  at  2  <  6. 
Grid  points  are  condensed  in  streamwise  direction  towards  the  corner. 
The  corner  itself  is  smoothed  so  that  it  can  be  resolved  on  the  mesh, 
curvature  radius  at  the  corner  is  0.5,  whereas  the  curvature  radius  of 
the  upper  truncation  plane  is  50. 

A  family  of  symmetric  compact  finite  difference  schemes  with  spectral- 
like  resolution  has  been  introduced  by  Lele,  1992.  They  are  being  widely 
used  for  direct  numerical  simulation  of  transitional  and  turbulent  shear 
flows  (Adams  and  Kleiser,  1996;  Pruett  et  al.,  1995,  e.g.)  and  aeroa- 
coustic  problems.  As  with  spectral  schemes  symmetric  compact  schemes 
are  sensitive  to  boundary  condition  formulation  and  aliasing  errors.  The 
latter  is  of  particular  concern  for  the  discretization  of  convective  terms 
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in  the  Euler  or  Navier-Stokes  equations,  where  triple  products  appear  in 
the  conservative  form  of  the  momentum  equations. 

In  this  study  we  use  compact  upwind  schemes  for  the  discretization 
of  convection  terms,  a  class  of  which  has  been  derived  from  a  general¬ 
ized  formulation  of  compact  schemes  by  Adams  and  Shariff,  1996,  and 
Adams,  1998.  The  schemes  have  a  centered  stencil  but  become  upwind 
biased  due  to  non-symmetric  coefficients.  The  upwind  biasing  introduces 
a  certain  amount  of  numerical  dissipation  at  non-resolved  wave  numbers 
which  allows  to  contain  aliasing  errors.  At  discontinuities,  the  scheme 
is  coupled  to  a  high-order  essentially  non-oscillatory  scheme  (Shu  and 
Osher,  1989)  as  described  in  Adams  and  Shariff,  1996,  and  in  Adams, 
1998. 

DNS  codes  are  required  to  resolve  all  scales  appearing  in  a  flow  prob¬ 
lem.  For  that  reason  it  is  necessary  to  perform  two  different  kind  of  tests, 
the  first  of  which  is  to  assess  how  well  fluctuations  about  a  mean  flow 
are  represented,  the  second  is  to  see  how  well  the  mean  flow  itself  can  be 
computed.  Concerning  the  first,  results  from  linear  stability  theory  can 
be  used  as  a  reference.  For  the  second,  comparison  with  steady-state 
computations  and  experimental  results  for  laminar  compression  ramp 
flow  should  be  sufficient,  in  this  case  the  ENO-scheme  is  active  around 
the  shock.  These  tests  have  been  successfully  applied  to  the  the  present 
numerical  method.  The  results  are  documented  in  Adams,  1998. 

3,  Simulation  results 

The  analysis  of  transition  in  shear  flows  requires  to  accurately  estab¬ 
lish  the  steady  base  flow  first.  Although  for  compression-corner  flows 
with  separation  it  is  not  clear  a  priori  that  a  steady  two-dimensional  so¬ 
lution  exists,  such  a  solution  was  found  for  our  flow  configuration.  Since 
all  computations  were  performed  with  explicit  time  integration  with¬ 
out  convergence  acceleration,  the  steady-state  computations  were  rather 
time  consuming.  After  the  steady-state  solution  was  established,  two- 
dimensional  inflow  disturbances  were  created  by  superimposing  a  second 
Mack  mode  at  a  sufficiently  large  amplitude,  resulting  in  an  unsteady 
two-dimensional  flow.  The  separate  analysis  of  this  two-dimensional  so¬ 
lution  which  cannot  exhibit  laminar-turbulent  break  down,  is  helpful 
to  distinguish  the  effects  of  the  two-dimensional  Mack  mode  from  the 
three-dimensional  setting  where  both  first  and  second  mode  instabilities 
are  active.  Eventually,  the  two-dimensional  steady  solution  is  perturbed 
by  superimposing  a  combination  of  first  and  second  mode  instability. 
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Set 

Nx 

Nz 

2D 

400 

100 

2DF 

1000 

140 

2DFF 

1500 

180 

2DFFF 

2000 

240 

Table  4.  Mesh  resolution  for  different  data  sets  of  the  steady  flow  solution. 


3.1  Steady  flow 

As  initial  data  we  use  a  laminar  flat  plate  boundary  layer  similarity 
solution  along  the  ramp  surface,  developing  as  if  there  was  no  streamwise 
pressure  gradient.  In  the  exterior  of  the  boundary  layer  an  inviscid  Euler 
solution  for  the  compression-ramp  flow  is  imposed.  The  initial  evolution 
is  computed  by  a  3rd  order  ENO  scheme  with  a  Roe  flux  formulation  with 
entropy  fix  (Shu  and  Osher,  1989),  which  is  more  dissipative  than  the 
CUVB  scheme  used  eventually  for  the  later  stages  (Adams  and  Shariff, 
1996;  Adams,  1998).  In  figure  4  we  show  the  evolution  of  the  skin 
friction  coefficient  and  the  wall  pressure  from  the  initial  distribution. 
For  each  of  the  resolutions  given  in  table  4  the  corresponding  steady 
state  solution  is  shown.  It  is  obvious  that  the  length  of  the  laminar 
separation  depends  strongly  on  the  numerical  diffusion  introduced  by  the 
discretization  and  on  the  mesh  resolution.  With  the  last  refinement  levels 
2DFF  and  2DFFF  an  almost  mesh  independent  solution  is  achieved. 


(a)  Cf  with  increasing  mesh  resolution, 

- set  2D, - set  2DF, - set 

2DFF, - set  2DFFF. 


(b)  pw  with  increasing  mesh  reso¬ 
lution,  - set  2D, - set  2DF, 

- set  2DFF, - set  2DFFF. 


Figure  4.  Evolution  of  the  steady-state  skin  friction  coefficient  and  the  wall  pressure. 
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(a)  Wj,,  grey  scales 
from  light  —0.2  to 
dark  0.2. 


(b)  |Vp[,  grey  scales 
from  dark  0  to  light 
0.003. 


(c)  Iso-surface  of  |c^as  |  = 
4.7  *  10-4:  grey  shaded, 
|Vp|  in  the  computational 
planes  77  =  1,  £  =  1: 

grey  coded  between  0  and 
0.2,  contours  of  |u>x|  in  the 
plane  £  =  0:  grey  coded  be¬ 
tween  0  and  1 ■ 10-4. 


Figure  5.  Steady  spanwise-vorticity  distribution  (a),  instantaneous  pressure- 
gradient  magnitude  (b),  and  instantaneous  visualization  at  time  t  =  372  after  im¬ 
posing  the  inflow  perturbation  (c). 

3.2  Two-dimensional  unsteady  flow 

For  the  unsteady  two-dimensional  solution  we  have  further  increased 
the  spatial  resolution  to  Nx  =  5000  and  Nz  =  320  cells,  for  which  the 
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solution  can  be  considered  as  converged.  A  reasonable  estimate  for  the 
amplitude  reached  by  the  most  unstable  linear  eigenmodes  at  inflow  is 
max(w/)/C/0o  —  10“4.  Given  the  streamwise  growth  rates,  this  is  the  am¬ 
plitude  roughly  reached  by  the  most  unstable  eigenmodes  growing  from 
low-level  noise  near  the  leading  edge.  Since  the  maximum  amplitude  of 
the  density  eigenfunction  is  about  one  order  of  magnitude  larger  than 
that  of  the  streamwise  velocity  eigenfunction  for  both  first  and  second 
mode,  one  can  expect  that  at  a  larger  amplitude  linear  theory  is  no  longer 
a  good  approximation.  We  found,  however,  that  imposing  the  second 
mode  instability  scaled  with  max(w,)/t/00  —  10-4  had  no  visible  effect 
on  the  solution.  The  imposed  second  mode  instability  in  fact  turned 
out  to  be  stable  in  the  attached  part  of  the  spatially  growing  boundary 
layer.  This  behavior  is  consistent  with  the  finding  of  El-Hady,  1991, 
that  boundary- layer  non-parallelity  stabilizes  a  two-dimensional  second 
mode,  compared  with  the  result  for  parallel  flow.  The  second  mode  in¬ 
stability  neither  was  able  to  trigger  an  instability  in  the  detached  shear 
layer.  Only  at  a  significantly  increased  amplitude  of  max(i/)/?7oo  =  0.05 
the  flow  unsteadiness  became  significant  with  considerable  excursions  of 
skin  friction  and  surface  pressure  from  the  mean.  It  is  found  that  the  in¬ 
stability  creates  mainly  acoustic  waves  traveling  downstream  while  being 
reflected  back  and  forth  between  the  detached  shear  layer  and  the  wall. 
The  solenoidal  flow  structure  remains  almost  steady.  An  instantaneous 
uy  distribution  is  almost  indistinguishable  from  the  steady  state  solution 
in  figure  5(a).  The  acoustic  component,  however,  is  highly  unsteady,  as 
a  snapshot  of  pressure- waves  indicates  shown  in  figure  5(c). 

3.3  Three-dimensional  unsteady  flow 

Since  in  three-dimensions  a  similarly  fine  resolution  as  in  the  two- 
dimensional  unsteady  case  is  unaffordable,  we  have  chosen  the  stream- 
wise  resolution  as  Nx  =  3000  and  the  wall-normal  resolution  as  Nz  = 
180.  This  leaves  room  for  a  spanwise-domain  size  of  two  first-mode 
spanwise  wavelengths,  discretized  with  Ny  =  90  points.  In  this  case 
we  can  consider  the  resolution  being  somewhat  finer  than  case  2DFF  of 
section  3.1  as  sufficient,  albeit  not  fully  mesh  independent.  The  three- 
dimensional  simulations  are  in  progress  and  we  can  only  show  prelimi¬ 
nary  instantaneous  results  in  this  paper.  The  final  results  will  be  pub¬ 
lished  elsewhere.  For  the  present  results  at  time  t  =  372  after  imposing 
the  inflow  perturbation,  the  inflow  disturbance  has  not  yet  reached  the 
outflow  plane.  The  instantaneous  skin  friction  coefficient  Cj  and  the 
instantaneous  surface  pressure  show  only  a  weak  unsteadiness  near  the 
corner  and  near  boundary- layer  reattachment.  An  snapshot  of  the  flow 
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at  t  =  372  shows  the  generation  of  streamwise  vortices  from  the  first 
mode  instability  in  the  detached  shear  layer,  figure  5(c). 

4.  Concluding  remarks 

This  paper  presents  first  results  of  an  ongoing  research  project,  final 
results  will  be  presented  elsewhere.  The  author  acknowledges  the  Swiss 
Center  for  Scientific  Computing  for  providing  CPU  time  on  its  NEC 
SX-5  computer. 
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Abstract  A  Large  Eddy  Simulation  (LES)  methodology  has  been  developed  for 
supersonic  turbulent  flows  with  strong  shock  boundary  layer  interaction. 
Results  are  presented  for  an  expansion-compression  corner  at  Mach  3 
and  compared  with  experimental  data. 


Introduction 

The  interaction  of  shock  waves  and  turbulent  boundary  layers  is  a 
common  and  important  phenomenon  in  aerodynamics,  and  has  been 
studied  extensively  (Settles  and  Dolling,  1990;  Zheltovodov,  1996).  Con¬ 
ventional  Reynolds- averaged  Navier-Stokes  methods  have  been  unable  to 
accurately  predict  separated  shock  wave  turbulent  boundary  layer  inter¬ 
actions  (Knight  and  Degrez,  1998).  Recently,  Large  Eddy  Simulation 
(LES)  and  Direct  Numerical  Simulation  (DNS)  have  been  applied  to 
shock  wave  turbulent  boundary  layer  interactions  with  significant  suc¬ 
cess.  Examples  include  Adams,  1998,  Urbin  et  ah,  1999,  Rizzetta  et  ah, 
2000  and  Rizzetta  and  Visbal,  2001. 

The  objective  of  this  paper  is  to  assess  the  capability  of  our  LES 
methodology  to  accurately  predict  the  flowfield  in  a  supersonic  expansion- 
compression  corner  (Fig.  1).  This  configuration  is  reminiscent  of  aerody¬ 
namic  configurations  wherein  a  supersonic  boundary  layer  is  subjected 
to  an  initial  expansion  followed  by  a  subsequent  compression.  Interest 
in  this  configuration  is  due  in  part  to  the  stabilizing  influence  of  the 
expansion  (Dussauge  and  Gaviglio,  1987;  Zheltovodov  et  al.,  1987;  Zhel- 
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tovodov  and  Schuelein,  1988;  Smith  and  Smits,  1997;  Stephen  et  al., 
1998;  Zheltovodov  et  al.,  1990b).  The  first  systematic  combined  ex¬ 
perimental  and  numerical  study  of  an  expansion-compression  corner  by 
Zheltovodov  et  al.,  1992  and  Zheltovodov  et  al,  1993  showed  that  several 
different  turbulence  models  (including  k  —  e,  q— u  and  several  modifica¬ 
tions  thereto)  did  not  accurately  predict  the  separation  and  attachment 
positions,  and  distributions  of  surface  skin  friction  and  heat  transfer.  We 
therefore  seek  to  ascertain  the  capability  of  LES  to  predict  this  flowfield. 


Moo 


Figure  1.  Expansion-compression  corner 


Governing  Equations 

The  governing  equations  are  the  spatially  filtered,  Favre-averaged 
compressible  Navier-Stokes  equations.  The  spatial  filtering  removes  the 
small  scale  (subgrid  scale)  fluctuations,  while  the  three  dimensional,  time 
dependent  large  scale  ( resolved  scale)  motion  is  retained.  For  an  arbi¬ 
trary  function  T(xi,  t),  the  ordinary  and  Favre-filtered  variables  T(xi,  t) 
and  T(xi,t)  are 

F(xui)=  f  G(xi-Si,A)F(Zi,t)dSi  and  r{xut)  =  (1) 

JD  r 

where  G  is  the  filter  function,  and  A  is  a  measure  of  the  filter  width  and 
is  related  to  the  computational  mesh  size. 

The  filtered  governing  equations  using  Cartesian  tensor  notation  are 


dp  dpui  _ 

(2) 

dt  dxi 

dpui  dpuiUj  _  dp  dTij 

dt  *  dxj  dx{  dxj 

(3) 

dpe  d  .  _  dTij 

-m+Wit-pe+p)u’=  d*, 

(4) 

p  =  pRT 

(5) 
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where  represents  the  Cartesian  coordinates  (i  —  1, 2, 3),  p  is  the  mean 
density,  Ui  are  the  Cartesian  components  of  the  filtered  velocity  and  p 
is  the  mean  pressure.  The  total  stress  tensor  7 1j  =  Tij  +  a%j  where  the 
Subgrid  Scale  (SGS)  stress  and  viscous  stress  dij  are 


Tij 

®ij 


p(UiUj  ~  UiUj) 

2  duk 


P(T) 


3  dxk  +  dx 


dm  d  Ur 


dx. 


(6) 


where  p(T)  is  the  molecular  viscosity.  The  sum  of  the  heat  flux  plus 
work  done  by  the  stresses  is  Tij  —  Qj  +  qj  +  7 IjUi  where  the  SGS  and 
molecular  heat  fluxes  are 

Qj  =  - cpp  (ujT  -  ujf)  and  qj  =  k(T)—  (7) 


where  k{T)  the  molecular  thermal  conductivity.  The  form  of  Tij  was 
proposed  by  Knight  et  aL,  1998  and  found  to  provide  an  accurate  model 
of  SGS  turbulent  diffusion  in  decaying  compressible  isotropic  turbulence 
(Martin  et  al.,  1999).  The  total  energy  pe  and  SGS  turbulence  kinetic 
energy  pk  per  unit  volume  are 

pe  ==  pcvT  +  \pUiUi  +  pk  and  pk  =  \p  ( UjUi  -  ufoi)  (8) 

Closure  of  the  system  of  equations  (2)  to  (5)  requires  specification  of 
a  model  for  the  subgrid  scale  stress  Tij  and  heat  flux  Qj.  There  are  two 
basic  approaches  (Ghosal,  1999),  namely,  1)  the  explicit  specification  of 
an  SGS  model,  and  2)  the  Monotone  Integrated  Large  Eddy  Simulation 
(MILES)  method.  In  first  approach,  an  explicit  mathematical  model  for 
and  heat  flux  Qj  is  defined  (e.#.,  the  Smagorinsky  model).  Examples 
are  presented  in  the  recent  reviews  of  Galperin  and  Orszag,  1993  and 
Lesieur  and  Metais,  1996.  In  the  second  approach,  the  SGS  model  is 
inherent  in  the  numerical  algorithm  (Boris  et  al.,  1992;  Oran  and  Boris, 
1993;  Grinstein,  1996;  Grinstein  and  Fureby,  1998;  Fureby  and  Grinstein, 
2000).  Fureby  and  Grinstein,  1999  showed  that  MILES  introduces  a 
tensor  eddy  diffusivity  into  the  equivalent  SGS  stress,  in  contrast  to  the 
isotropic  eddy  diffusivity  of  the  standard  explicit  Smagorinsky-type  SGS 
models. 

The  no-slip  condition  is  applied  at  solid  (impermeable)  boundaries. 
The  downstream  boundary  condition  for  supersonic  flows  is  typically  a 
zero  gradient  condition  on  the  conservative  flow  variables  (p,  pui ,  pe). 
Periodic  boundary  conditions  are  usually  employed  for  the  spanwise 
boundaries  with  the  requirement  that  the  spanwise  domain  is  large  com¬ 
pared  to  the  energy  containing  eddies  of  the  flow  and  the  flowfield  is  sta¬ 
tistically  homogeneous  in  the  spanwise  direction.  The  farfield  boundary 
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condition  for  supersonic  flows  is  typically  a  Riemann  condition  allowing 
waves  to  leave  the  computational  domain  without  reflection.  The  inflow 
boundary  condition  for  boundary  layers  is  a  time- dependent  boundary 
layer  profile  obtained  by  the  rescaling  method  originally  developed  by 
Lund  et  al.,  1998  for  incompressible  boundary  layers  and  extended  to 
compressible  boundary  layers  by  Urbin  and  Knight,  1999.  The  initial 
condition  is  typically  obtained  by  linear  interpolation  from  a  previous 
simulation  at  comparable  Mach  and  Reynolds  numbers. 

Numerical  Algorithm 

The  governing  equations  (2)  to  (5)  are  solved  using  a  unstructured 
grid  of  tetrahedra.  The  finite  volume  algorithm  is  second  order  accurate 
in  space  and  time.  The  inviscid  fluxes  are  computed  using  Godunov’s 
method  with  the  left  and  right  states  at  each  face  reconstructed  using 
a  second  order  Least  Squares  method  (Okong’o  and  Knight,  1998a). 
The  stencil  of  cells  employed  for  reconstruction  is  isotropic  except  in 
the  vicinity  of  shock  waves  where  an  ENO-like  anisotropic  stencil  is 
employed  (Chernyavsky  et  al.,  2001).  The  MILES  methodology  is  em¬ 
ployed  ( i.e .,  nj  =  0,  Qj  =  0).  The  molecular  viscous  stresses  and  heat 
flux  are  obtained  using  a  discrete  version  of  Gauss’  Theorem  (Okong’o 
and  Knight,  1998a).  The  temporal  integration  is  performed  by  using 
a  second-order  accurate  Runge-Kutta  method.  The  code  is  parallelized 
using  domain  decomposition  with  the  Message  Passing  Interface  (MPI). 
The  flow  variables  are  non-dimensionalized  using  the  incoming  bound¬ 
ary  layer  thickness  <5,  and  incoming  freestream  velocity  t/oo»  density  poo, 
static  temperature  Too  and  molecular  viscosity  /w 

The  code  has  been  validated  for  a  variety  of  turbulent  flows  by  com¬ 
parison  with  experiment  and  Direct  Numerical  Simulation  (DNS).  Ex¬ 
amples  include  decay  of  isotropic  turbulence  (Knight  et  al.,  1997;  Knight 
et  al.,  1998),  incompressible  channel  flow  (Okong’o  and  Knight,  1998b; 
Okong’o  et  al.,  2000),  supersonic  turbulent  boundary  layer  (Urbin  et  al., 
1999;  Urbin  and  Knight,  1999;  Yan  et  al.,  2000;  Urbin  and  Knight, 
2001),  and  supersonic  compression  corner  (Urbin  et  al.,  1999;  Urbin 
et  al.,  2000;  Yan  et  al.,  2000;  Chernyavsky  et  al.,  2001).  The  supersonic 
boundary  layer  results  are  summarized  in  the  next  section. 

Flat  Plate  Boundary  Layer 

Urbin  and  Knight,  2001  performed  an  LES  of  an  adiabatic  Mach  3 
boundary  layer.  A  detailed  grid  refinement  study  was  performed  to  as¬ 
certain  the  required  grid  resolution  in  the  viscous  sublayer,  logarithmic 
and  outer  regions  of  the  boundary  layer.  The  computed  mean  veloc- 
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ity  profile,  expressed  in  Van  Driest  transformed  notation,  is  shown  in 
Fig.  2.  The  profile  shows  excellent  agreement  with  the  logarithmic  re¬ 
gion  of  the  Law  of  the  Wall.  The  computed  adiabatic  wall  temperature 
is  within  3%  of  the  empirical  formula  Taw  =  (l  +  5(7  -  l)PrtmM^j 
where  Prtrn  =  0.89  is  the  mean  turbulent  Prandtl  number.  The  com¬ 
puted  friction  velocity  uT  is  within  5%  of  the  correlation  obtained  from 
the  combined  Law  of  the  Wall  and  Wake.  The  computed  normalized 
Reynolds  shear  stress  <  p  ><  u"v"  >  /tw,  shown  in  Fig.  3,  shows 
excellent  agreement  with  the  experimental  data. 


y/8 


Figure  2.  Mean  Van  Driest  velocity 


Figure  3.  Reynolds  shear  stress 


Expansion-Compression  Corner 

Details  of  Computation 

The  flowfield  configuration  is  shown  in  Fig.  1.  An  incoming  Mach  3 
adiabatic  equilibrium  turbulent  boundary  layer  of  height  5  expands  over 
a  25°  corner  followed  by  a  25°  compression.  The  distance  along  the  ex¬ 
pansion  surface  is  7.1 8  (i.e.,  the  vertical  distance  between  the  two  hori¬ 
zontal  surfaces  is  38,  and  the  horizontal  distance  between  the  expansion 
and  compression  corners  is  6.435). 

The  Cartesian  coordinates  x,  y  and  z  are  aligned  in  the  incoming 
streamwise,  transverse  and  spanwise  directions  with  the  origin  at  the 
inflow  boundary.  The  computational  domain  is  Lx  =  24.05,  Ly  =  3.45, 
and  Lz  =  1.9255.  The  expansion  corner  is  located  at  45  from  the  in¬ 
flow  boundary.  The  grid  consists  of  253  x  35  x  57  nodes  in  the  x,  y  and 
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z  directions,  respectively,  forming  479,808  hexahedra  which  are  subdi¬ 
vided  into  five  tetrahedra  each.  Thus,  the  total  number  of  tetrahedra  is 
2,399,040.  The  grid  is  stretched  in  the  y  direction  with  spacing  0.008<5 
at  the  wall  and  a  geometric  stretching  factor  of  1.154.  The  grid  is  con¬ 
centrated  in  the  streamwise  direction  in  the  neighborhood  of  the  expan¬ 
sion  and  compression  corners.  The  details  are  shown  in  Table  1  where 
A y+  —  AyuT/vw  where  vw  is  the  computed  kinematic  viscosity  at  the 
wall,  uT  =  y/rw/pw  is  the  friction  velocity,  rw  is  the  computed  wall  shear 
stress  and  pw  is  the  computed  density  at  the  wall.  The  grid  is  consistent 
with  the  resolution  requirements  for  the  LES  code  established  by  Urbin 
and  Knight,  2001. 


Table  1.  Details  of  Grid 


Name 

Ax+ 

A  y+ 

at  the  wall 

A*+ 

Ax/S 

Ay/S 
at  y  =  <5 

Az/S 

Tetras 

Computed 

20.9 

1.67 

7.1 

0.1 

0.14 

0.034 

2,399,040 

The  inflow  boundary  condition  is  obtained  from  a  separate  flat  plate 
boundary  layer  computation.  All  the  quantities  are  averaged  in  time 
and  in  the  spanwise  direction  and  denoted  by  <  /  >.  The  time  av¬ 
eraging  period  is  set  to  three  times  the  flow-through  time,  where  one 
flow-through  time  is  defined  as  the  time  for  the  freestream  flow  to  tra¬ 
verse  the  computational  domain.  The  averaging  is  performed  once  the 
initial  transient  has  decayed  (i.e.,  after  four  flow-through  times).  The 
details  are  presented  in  Urbin  et  al.,  1999. 

Experiments 

Experimental  data  has  been  obtained  by  Zheltovodov  et  al.,  1987, 
Zheltovodov  and  Schuelein,  1988,  and  Zheltovodov  et  al.,  1990a  and 
presented  in  part  in  tabular  form  in  Zheltovodov  et  al.,  1990b  for  the 
expansion-compression  corner  at  Mach  3  and  several  Reynolds  numbers 
Res  based  on  the  incoming  boundary  layer  thickness  S.  The  experimen¬ 
tal  conditions  are  listed  in  Table  2,  where  FPBL  and  ECC  imply  flat 
plate  boundary  layer  and  expansion-compression  corner,  respectively. 
The  LES  was  performed  at  a  lower  Reynolds  number  (Res  =  2  x  104) 
than  the  experiment  (Res  =  4.4  x  104  to  1.94  x  105)  for  reasons  of 
computational  cost.  Additional  LES  cases  will  be  performed  at  higher 
Reynolds  numbers. 
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Table  2.  Details  of  Experiments  and  Computation 


Cases 

Mach 

Res 

References 

ECC 

2.9 

4.07  x  10“ 

Zheltovodov  et  al.,  1990a 

ECC 

2.9 

6.76  x  10“ 

Zheltovodov  et  al.,  1990a 

ECC 

2.9 

8.0  x  104 

Zheltovodov  et  al.,  1990a 

ECC 

2.9 

1.94  x  105 

Zheltovodov  et  al.,  1987;  Zheltovodov  et  al.,  1990b 

ECC 

2.88 

2.0  x  104 

Present  computation 

FPBL 

2.88 

1.33  x  105 

Zheltovodov  et  al.,  1990b 

Results 


The  structure  of  the  flowfield  is  shown  in  Figs.  4  and  Fig.  5  which 
display  the  mean  static  pressure  and  streamlines  at  z  —  The  flow 
expands  around  the  first  corner,  and  recompresses  at  the  second  cor¬ 
ner  through  a  shock  which  separates  the  boundary  layer  as  evident  in 
Fig.  5.  The  flowfield  structure  is  in  good  agreement  with  the  results  of 
Zheltovodov  et  ah,  1987;  Zheltovodov  and  Schuelein,  1988;  Zheltovodov 
et  ah,  1990a  and  Zheltovodov  et  al.,  1990b  which  are  shown  qualitatively 
in  Fig.  1. 


p/p„ 


z=1.05 


9  0.94 

8  0.86 
7  0.78 

6  0.68 
5  0.60 

4  0.52 

3  0.44 

2  0.35 

Shock  wave  1  0.27 


2 

0 

-2 


to 


x/5 


Figure  4 •  Mean  static  pressure  (s  is  separation,  A  is  attachment) 
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Figure  5.  Mean  streamlines  (s  is  separation,  A  is  attachment) 


The  mean  velocity  profiles  in  the  ^-direction  are  shown  in  Fig.  6  at 
x  =  26  and  x  =  6<5,  where  x  is  measured  from  the  inflow  along  the 
direction  of  the  inflow  freestream  velocity  (Fig.  4).  The  abscissa  is  the 
component  of  velocity  locally  parallel  to  the  wall,  and  the  ordinate  is 
the  distance  measured  normal  to  the  wall.  The  first  profile  is  upstream 
of  the  expansion  corner  which  is  located  at  x  =  45,  and  the  second  is 
downstream  of  the  expansion  fan  and  upstream  of  the  separation  point. 
The  computed  mean  velocity  profile  at  the  first  location  is  slightly  fuller 
than  the  experiment.  This  is  consistent  with  the  experimentally  observed 
dependence  of  the  exponent  n  in  the  power-law  U/Uoq  =  (y/ S)l/n  on  the 
Reynolds  number.  The  second  profile  shows  a  significant  acceleration  of 
the  flow  in  the  outer  portion  of  the  boundary  layer  due  to  the  expansion. 


Figure  6.  Mean  velocity 


Figure  7.  Separation  length 


<p><u’u’>/pJJ* 
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Zheltovodov  and  Schuelein,  1988  and  Zheltovodov  et  al.,  1993  devel¬ 
oped  an  empirical  correlation  for  the  separation  length  (defined  as  the 
minimum  distance  between  the  mean  separation  and  attachment  points 
on  the  wall)  in  the  expansion-compression  corner  interaction.  The  scaled 
separation  length  Lsep/Lc  is  observed  experimentally  to  be  a  function  of 
Res  where  the  characteristic  length  ( Lc )  is  defined  by 

Lc  =  Se(P2/Ppl)31/Mt  (9) 

where  Se  is  the  incoming  boundary  layer  thickness  (upstream  of  the 
expansion  corner),  p2  is  the  pressure  after  the  shock  in  inviscid  flow, 
ppl  is  the  plateau  pressure  from  the  empirical  formula ppi  =  pe(\Me  +  1) 
where  pe  and  Me  are  the  static  pressure  and  freestream  Mach  number 
upstream  of  the  compression  corner  and  downstream  of  the  expansion 
fan.  In  the  computation,  the  location  is  taken  to  be  x  =  6<L  The 
values  of  Me  and  p2  have  been  computed  using  inviscid  theory.  Also, 
Rest  —  1-8  x  104  for  LES  ( Rese  —  PeUeSe/p-e,  where  pe,Ue  and  pe  are 
computed  using  inviscid  theory).  The  experimental  data  correlation  of 
Zheltovodov  and  Schuelein,  1988  and  the  computed  result1  for  the  scaled 
separation  length  is  shown  in  Fig.  7.  The  computed  value  is  consistent 
with  a  linear  extrapolation  of  the  expermental  data. 


Figure  8.  Reynolds  streamwise  stress  Figure  9.  Surface  pressure 

The  surface  pressure  profile  in  Fig.  9  displays  a  pressure  plateau  on 
the  compression  face  generated  by  the  separation  bubble.  The  exper- 


^he  uncertainty  in  the  computed  value  of  LSepjLc  is  associated  with  the  uncertainty  in 
determining  5e.  We  have  used  the  streamwise  Reynolds  stress  (<  p  ><  u'u '  >)  to  determine 
6e  (Fig.  8),  where  u'  is  the  fluctuating  velocity  parallel  to  the  wall. 
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iments  exhibit  a  trend  of  increase  in  the  size  of  the  pressure  plateau 
region  with  decreasing  Reynolds  number.  The  experimental  data  at  the 
lowest  Reynolds  number  {Res  =  4.1  x  104)  shows  close  agreement  with 
the  computed  results  for  Res  =  2  x  104  for  the  location,  extent  and  mag¬ 
nitude  of  the  pressure  plateau.  Moreover,  the  shape  of  the  experimental 
pressure  plateau  shows  little  variation  for  Res  <  6.8  x  104,  thus  suggest¬ 
ing  that  the  computed  pressure  plateau  region  (for  Res  =  2  x  104)  is 
accurate.  The  computed  recovery  of  the  surface  pressure  is  more  rapid 
than  in  the  experiment,  however. 


The  computed  and  experimental  0009 
mean  skin  friction  coefficient  c/  =  0  008 

Twl\PooUlo  are  shown  in  Fig.  10.  0007 

The  computed  separation  and  at-  0006 
tachment  points  are  evident.  The  a 

o  0.004 

skin  friction  rises  rapidly  down-  *  ^ 
stream  of  attachment.  The  com-  0002 
puted  results  at  Res  =  2  x  104  are  0001‘ 
in  close  agreement  with  the  experi-  0 
mental  data  at  Res  =  8.0  x  104  and  -0001 
1.94  x  105  in  the  region  downstream 
of  reattachment. 


x/5 


Figure  10.  Skin  friction  coefficient 


Summary 

An  unstructured  grid  Large  Eddy  Simulation  methodology  has  been 
validated  for  complex  compressible  turbulent  flows.  The  methodology 
is  based  on  the  MILES  concept  wherein  the  inherent  dissipation  of  the 
monotone  inviscid  flux  algorithm  provides  the  energy  transfer  from  the 
resolved  to  the  subgrid  scales.  The  methodology  has  been  validated  by 
comparison  with  experiment  for  a  variety  of  supersonic  turbulent  flows 
including  a  turbulent  boundary  layer  and  an  expansion-compression  cor¬ 
ner  at  Mach  3. 
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Abstract 

High-order  schemes  are  necessary  for  the  DNS  of  stability  and  transition 
of  hypersonic  boundary  layers  because  lower-order  schemes  do  not  have  a 
sufficient  accuracy  level  to  compute  small  flow  details.  Currently,  the  main 
limiting  factor  in  the  application  of  high-order  schemes  is  the  numerical  in¬ 
stability  of  high-order  boundary  closure  schemes.  In  a  previous  AIAA  paper 
(2001-0437),  we  presented  a  family  of  high-order  nonuniform-grid  finite- 
difference  schemes  with  stable  boundary  closures  for  multi-dimensional 
flow  simulations.  In  this  paper,  the  high-order  nonuniform-grid  schemes 
(up  to  11th  order)  are  applied  to  the  numerical  simulation  of  the  receptiv¬ 
ity  of  hypersonic  boundary  layers  to  freestream  disturbances  over  a  blunt 
leading  edge.  The  stability  and  numerical  accuracy  of  the  new  high-order 
nonuniform-grid  schemes  are  evaluated  for  computing  the  nonlinear  2-D 
Navier- Stokes  equations  for  hypersonic  flow  simulations. 

1.  Introduction 

The  prediction  of  laminar-turbulent  transition  in  hypersonic  boundary  lay¬ 
ers  is  a  critical  part  of  the  aerodynamic  design  and  control  of  hypersonic 
vehicles.  The  transition  process  is  a  result  of  the  nonlinear  response  of  lami¬ 
nar  boundary  layers  to  forcing  disturbances,  which  can  originate  from  many 
difference  sources  including  free  stream  disturbances,  surface  roughness  and 
vibrations.  In  an  environment  with  weak  initial  disturbances,  the  path  to 
transition  consists  of  three  stages:  1)  receptivity,  2)  linear  eigenmode  growth 
or  transient  growth,  and  3)  nonlinear  breakdown  to  turbulence.  Due  to  the 
complexity  of  transient  hypersonic  flow  fields  including  the  instability  and 
receptivity  process,  an  effective  approach  to  studying  hypersonic  boundary 
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layer  stability  and  receptivity  is  the  direct  numerical  simulation  of  the  full 
Navier-Stokes  equations.  In  (1)  and  (2),  we  presented  and  validated  a  new 
fifth-order  upwind  finite  difference  shock  fitting  method  for  the  direct  nu¬ 
merical  simulation  of  hypersonic  flows  with  a  strong  bow  shock.  The  use  of 
the  high-order  shock-fitting  scheme  makes  it  possible  to  obtain  highly  accu¬ 
rate  mean  flow  and  unsteady  solutions,  which  are  free  of  spurious  numerical 
oscillations  behind  the  bow  shock.  The  method  has  been  subsequently  vali¬ 
dated  and  applied  to  numerical  studies  of  receptivity  and  stability  of  many 
two  and  three-dimensional  hypersonic  boundary-layer  flows. 

The  application  of  high-order  finite-difference  schemes  have  recently  re¬ 
ceived  much  attention  in  many  areas  of  flow  simulations,  including  the^  di¬ 
rect  numerical  simulation  (DNS)  of  transitional  and  turbulent  flows(2;  ;  ’  \ 
and  other  areas.  High-order  schemes  are  necessary  in  such  flow  simulations 
because  lower- order  schemes  do  not  have  sufficient  accuracy  to  compute 
small  flow  details.  Currently,  most  high-order  finite- difference  schemes  are 
derived  on  uniformly  spaced  grid  points.  The  schemes  are  applied  to  a 
nonuniform  grid  by  a  coordinate  transform  from  the  nonuniform  physical 
domain  to  a  uniform  computational  domain.  The  main  limiting  factor  in  the 
application  of  high-order  schemes  is  the  numerical  instability  of  high-order 
boundary  closure  schemes^’  For  example,  Carpenter  et  al.^  ^  showed  that 
for  a  sixth-order  inner  compact  scheme,  only  a  third-order  boundary  scheme 
can  be  used  without  introducing  instability.  Consequently,  the  order  of  ac¬ 
curacy  of  numerical  schemes  used  in  most  practical  DNS  studies  is  often 
limited  to  6th-order  or  lower  in  the  interior  and  4th-order  or  lower  on  the 
boundary  closure  schemes  because  of  the  numerical  instability  of  boundary 
closure  schemes.  It  is  necessary  to  overcome  the  instability  of  boundary 
closure  schemes  in  order  to  have  wide  applications  of  arbitrarily  high-order 
schemes  to  practical  multi-dimensional  flow  simulations. 

In  Ref.  (8) ,  we  showed  that  it  is  possible  to  use  high-order  ( 1 1th  or  higher 
order)  explicit  and  compact  finite  difference  schemes  with  stable  boundary 
closures  for  high  accurate  numerical  simulation  of  incompressible  and  com¬ 
pressible  flows.  We  proposed  a  simple  and  effective  way  to  overcome  the 
instability  in  arbitrarily  high-order  finite  difference  schemes  with  boundary 
closure  schemes.  It  was  shown  that  the  numerical  instability  of  high-order 
boundary  schemes  is  a  result  of  the  use  of  uniform  computational  grids  in 
applying  high-order  schemes.  An  effective  way  to  overcome  the  instabil¬ 
ity  for  arbitrary  high-order  finite  difference  schemes  with  boundary  closure 
schemes  is  to  use  the  high-order  schemes  directly  in  a  nonuniform  stretched 
grid  without  coordinate  transformation.  The  coefficients  of  the  high-order 
schemes  are  determined  based  on  polynomial  interpolation  in  the  physical 
nonuniform  grids.  The  amount  of  grid  stretching  is  determined  to  main¬ 
tain  the  stability  of  the  overall  schemes.  The  new  high-order  (up  to  12-th 
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order)  schemes  have  been  analyzed  and  tested  in  computing  a  linear  wave 
equation  with  oscillatory  boundary  conditions.  It  was  found  the  high-order 
schemes  are  stable  and  produce  a  much  higher  degree  of  accuracy  than 
lower  order  schemes.  It  is  not  clear,  however,  if  the  accuracy  and  stability 
of  the  high-order  non-uniform  grid  schemes  can  be  maintained  when  they 
are  applied  to  simulation  of  complex  multidimensional  flow  fields  using  the 
nonlinear  Navier- Stokes  equations.  The  purpose  of  this  paper  is  to  apply 
the  new  high-order  schemes  to  the  DNS  of  the  receptivity  and  stability  of 
hypersonic  boundary  layer  flows  over  a  2-D  blunt  body.  The  stability  and 
numerical  accuracy  are  quantitatively  evaluated  based  on  the  numerical 
solutions. 


2.  Governing  Equations 

The  governing  equations  for  DNS  of  hypersonic  flows  are  the  unsteady  two 
or  three-dimensional  Navier- Stokes  equations  in  the  following  conservation- 
law  form  (for  2-D  cases): 


dU*  dF*j  dF\j 

dt*  +  dx*j  +  dx*j 


(1) 


where  superscript  “*”  represents  dimensional  variables.  The  vector  of  the 
conservative  flow  variables  is  U*  =  {p*,  p*ti*,  p*u2 ,  e*}  The  gas  is  assumed 
to  be  thermally  and  calorically  perfect.  The  viscosity  and  heat  conductivity 
coefficients  are  calculated  using  Sutherland’s  law  together  with  the  assump¬ 
tion  of  a  constant  Prandtl  number. 


3.  Coordinate  Mapping  in  Shock  Fitting  Simulations 

Numerical  simulations  for  hypersonic  flows  over  a  blunt  leading  edge  are 
carried  out  using  the  high-order  nonuniform-grid  schemes  presented  in  (8) 
with  a  shock  fitting  treatment  for  the  bow  shock.  The  unsteady  bow  shock 
shape  and  shock  oscillations  are  calculated  as  part  of  the  computational  so¬ 
lution.  The  high-order  nonuniform  grid  schemes  are  applied  to  the  govern¬ 
ing  equations  using  a  coordinate  transformation.  The  spatially  discretized 
equations  are  advanced  in  time  using  a  low-storage  Runge-Kutta  scheme  of 
up  to  third  order. 

The  computational  domain  for  a  shock-fitting  method  used  in  compu- 
tating  steady  and  unsteady  2-D  viscous  hypersonic  flow  over  blunt  bodies 
is  shown  in  Fig.  1.  The  governing  equations  are  solved  in  a  general  curvi¬ 
linear  coordinates  (£,  p,  r)  along  body  fitted  grid  lines.  The  computational 
domain  in  (x,  y)  between  the  bow  shock  and  the  body  is  transformed  into 
a  square  domain  in  ($,77)  E  [-1,1]  x  [-1,1].  The  governing  equations  (1) 
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are  transformed  into  the  computational  domain  (£,  r/,  r)  resulting  in: 


1  dU  dE'  OF'  dEji  dF\  0(7)  _  W 

J  dr  +  d£  +  dri  ++  d£  +  dr)  +  dr  J 


(2) 


where  J  is  the  Jacobian  of  the  coordinate  transformation. 

For  viscous  flow  simulations,  the  physical  computational  domain  be¬ 
tween  the  bow  shock  and  the  body  (Fig.  1)  is  mapped  to  a  square  in  two 
steps:  1)  (s,  y,  t)  to  ( X ,  Y ,  r),  and  2)  (X,  Y,  r)  to  (£,  77,  r),  following 
Kopriva(9^.  First,  the  physical  space  is  mapped  to  a  square  by  the  follow 
relation: 


2 s(x,y)  2h(x,y) 

S  H(x,y,t) 


(3) 


where  s  is  the  local  surface  length,  S  is  total  surface  length  in  the  compu¬ 
tational  domain,  h  is  the  local  normal  distance  of  point  ( x ,  y)  to  the  body 
surface,  and  H  is  the  local  shock  height.  For  unsteady  flow,  H{x,y,t)  is  a 
function  of  time  because  of  the  shock  motion.  This  transformation  maps 
the  physical  space  to  a  square  (X,  Y)  £  [— 1, 1]  x  [— 1, 1].  Second,  the  (X,  Y) 
space  is  mapped  to  a  square  in  (£,77)  space  in  order  to  introduce  more 
grid  points  near  the  wall  to  resolve  the  boundary  layer  structure  better. 
A  hyperbolic  tangent  stretching^  is  used  in  the  wall-normal  direction  as 
follows: 


[1  -  tanh(a)]2^  _  ^ 
1  —  tanh(<7^-^) 


(4) 


where  a  is  the  stretching  parameter.  The  value  of  a  is  chosen  to  be  0.75  in 
this  paper.  This  combined  transformation  maps  the  physical  space  in  (#,  y) 
to  a  square  space  in  (£,??)  G  [—1, 1]  x  [—1, 1]. 


4.  Interior  High-Order  Schemes  with  Stable  Boundary  Closure 

The  governing  equations  (2)  in  (£,  77)  space  are  discretized  using  the  high- 
order  nonuniform-grid  finite  difference  schemes^  in  the  square  computa¬ 
tional  domain.  In  this  paper,  the  grid  spacing  in  the  (£,  77)  space  is  given 
by  the  following  stretching  function^10); 


sin  x(— acos(7 ri/N)) 


sin  a 


rij  = 


sin  1(—acos(7tj/M)) 


sin  a 


(5) 


where  the  parameter  a  is  used  to  change  the  stretching  of  the  grid  points, 
i  and  j  are  grid  index  numbers.  The  high-order  nonuniform-grid  scheme 
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applies  a  finite  difference  approximation  directly  to  the  grid  points  in  the 
(£,  77)  space.  The  coefficients  are  derived  from  a  Lagrange  polynomial  inter¬ 
polation.  For  the  case  of  an  JV-point  grid  stencil  with  a  distribution  of  grid 
points  with  coordinates  the  N  —  1  degree  interpolation  polynomial  is: 

Pn(0  =  'Eh(Ouj  (6) 

3= 1 

where  uj  is  the  variables  at  the  node  points,  and 

m=  n  K-&)/  n  &-6)  (7) 

l=U±3  *=1,W 

The  derivative  at  a  grid  point  ^  can  be  calculated  by  differentiating  the 
above  polynomial  as:  v!i  =  Ylf-i  h,juj,  where  the  coefficients  bij  in  the 
derivatives  are  different  for  different  grid  points  with  index  i.  Hence,  once 
the  &  locations  of  the  stencil  are  known  the  coefficients  for  the  finite  dif¬ 
ference  formulas  for  a  high-order  scheme  in  a  nonuniform  grid  can  be  cal¬ 
culated  explicitly  using  the  above  formulas.  The  coefficients  at  the  bound¬ 
ary  closure  scheme  are  derived  using  the  same  formula  by  specifying  one¬ 
sided  grid  stencils.  The  derivatives  at  all  grid  points,  including  the  interior 
and  boundary  points,  can  be  combined  into  the  following  vector  formula: 
v!  —  Au ,  where  u  is  a  vector  of  variables  and  A  is  a  banded  coefficients 
matrix,  which  can  be  computed  once  and  for  all  at  the  beginning  of  a 
calculation. 

4.1.  BOUNDARY  CONDITIONS 

The  boundary  condition  at  the  bow  shock  is  computed  by  a  shock  fitting 
method  described  in  (2).  O11  the  wall,  the  physical  non-slip  condition  for 
velocities  (u  =  v  =  0),  and  isothermal  (T  =  Tw)  or  adiabatic  condition  are 
used.  A  characteristic  equation  is  used  to  compute  pressure  on  the  wall.  For 
flow  conditions  at  the  symmetrical  center  line,  the  conditions  v  =  0  and 
zero  gradient  for  all  other  variables  are  used.  For  exit  conditions,  a  simple 
extrapolation  condition  is  used  because  the  flow  is  supersonic  outside  the 
boundary  layer. 

5.  Receptivity  of  Mach  15  Flow  Over  A  Parabola 

We  apply  the  new  high-order  nonuniform  grid  schemes  to  compute  the  re¬ 
ceptivity  process  of  Mach  15  flows  over  a  parabolic  blunt  leading  edge.  The 
receptivity  mechanism  provides  important  initial  conditions  of  amplitude, 
frequency,  and  phase  of  instability  waves  in  the  boundary  layers.  The  same 
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test  case  has  been  studied  by  Zhong(u)  using  a  fifth-order  shock  fitting 
scheme.  The  receptivity  problem  is  an  ideal  case  to  test  the  stability  and 
accuracy  of  the  new  schemes  because  it  involves  both  steady  and  unsteady 
flow  simulation  in  a  viscous  hypersonic  flow  field.  The  unsteady  flow  field 
contains  complex  interactions  between  a  number  of  waves  of  different  length 
scales. 

Specifically,  the  receptivity  of  a  two-dimensional  boundary  layer  to  free 
stream  acoustic  waves  in  hypersonic  flow  past  a  parabolic  leading  edge  at 
zero  angle  of  attack  is  considered.  The  free  stream  disturbances  are  assumed 
to  be  weak  monochromatic  planar  acoustic  waves  with  wave  fronts  normal 
to  the  center  line  of  the  body.  The  flow  is  characterized  by  a  free  stream 
Mach  number  and  a  Reynolds  number  Pe^.  The  forcing  frequency  of 
the  free  stream  acoustic  wave  is  represented  by  a  dimensionless  frequency 
F  defined  as  F  =  106  7^.  We  can  also  define  a  Strouhal  number  S  using 

the  nose  radius  by  S  = 

The  flow  conditions  of  the  current  computational  case  are  as  follows. 
Moo  =  15,  =  192.989  K,  p ^  =  10.3  Pa,  7  =  1.4,  Pr  =  0.72,  R *  = 

286.94  Nm/kgK ,  Pe^  =  6026.6,  T*  =  1000 P,  r*  =  0.0125  m,  d*  =  0.1  m, 
and  e  =  5x  10“4  to  10_1.  The  nondimensional  frequency  is  koo  =  15,  and 
F  =  2655,  5  =  2.  Two  sets  of  grids  are  used  to  compute  both  steady  and 
unsteady  flow  solutions  of  the  full  Navier-Stokes  equations:  a  coarse  31  x  51 
grid  and  a  finer  51  x  91  grid.  The  computational  grid  of  31  x  51  is  shown  in 
Fig.  1.  For  each  grid,  the  flow  solutions  are  simulated  using  a  nonuniform 
grid  scheme  of  different  orders.  Specifically,  the  orders  are  1st,  3rd,  5th, 
7th,  9th,  and  11th  order.  The  grid  stretching  parameter  a  in  Eq.  (5)  is  0.6, 
which  has  been  found  to  be  stable  for  the  various  order  schemes  computed. 

5.1.  STEADY  BASE  FLOW  SOLUTIONS 

The  steady  base  flow  solutions  of  the  Navier-Stokes  equations  for  the  Mach 
15  flow  over  the  blunt  leading  edge  are  obtained  first  by  advancing  the 
solutions  to  a  steady  state  without  freestream  perturbations.  The  physical 
characteristics  of  the  solutions  of  this  flow  problem  have  been  discussed 
in  detail  in  (2).  The  main  focus  of  this  paper  is  to  evaluate  the  numerical 
stability  and  accuracy  of  high-order  nonuniform  grid  schemes  at  different 
orders  and  different  grid  resolutions. 

Figure  2  shows  the  Mach  number  contours  and  velocity  vectors  for 
steady  base  flow  solutions  using  the  llth-order  nonuniform-grid  scheme. 
The  results  computed  by  the  llth-order  scheme  are  very  smooth  for  this 
relatively  coarse  grid.  Figure  3  shows  five  sets  of  pressure  contours  for  steady 
base  flow  solutions  using  five  nonuniform-grid  schemes  of  the  1st,  3rd,  5th, 
9th,  and  11th  order  using  the  same  31  x  51  grid.  The  first  order  scheme 
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produces  very  large  errors.  The  accuracy  improves  substantially  by  the  use 
of  the  third  order  scheme.  As  the  order  increases  further,  the  accuracy  im¬ 
proves  further  and  the  numerical  solution  approaches  the  exact  solution. 
Since  there  is  no  analytical  solution  available,  we  evaluate  the  numerical 
accuracy  by  comparing  the  present  solutions  with  those  of  an  11th  order 
scheme  using  a  finer  51  x  91  grid.  Figure  4  shows  such  accuracy  evaluation 
for  the  surface  distribution  of  vorticity  using  nonuniform-grid  schemes  of 
different  orders.  The  lower  figure  shows  the  comparison  near  the  minimum 
vorticity  point.  Again  the  figure  shows  the  improvement  of  numerical  ac¬ 
curacy  as  the  order  of  the  method  increases.  The  llth-order  scheme  using 
the  coarse  grid  is  very  close  to  the  results  of  fine  grid  of  the  same  order. 
Similar  trends  in  the  numerical  accuracy  of  the  results  are  also  shown  in 
the  pressure  and  surface  heating  rates  distribution  (Figs.  5  and  6). 

Figures  7  and  8  show  a  quantitative  assessment  of  the  numerical  ac¬ 
curacy  of  the  schemes  of  different  orders  by  plotting  the  relative  errors  of 
pressure  and  heating  rates  at  the  stagnation  point.  For  a  fixed  grid  resolu¬ 
tion,  the  numerical  accuracy  of  the  schemes  improves  as  the  order  of  the 
schemes  increases.  The  improvement  is  dramatic  when  the  order  is  low.  As 
the  order  increases,  the  improvement  in  accuracy  becomes  smaller.  At  very 
high-order,  there  is  very  little  improvement  in  accuracy  by  increasing  the 
order  further,  because  it  has  reached  the  limit  of  the  grid  resolution.  When 
a  finer  grid  is  used,  the  high-order  schemes  lead  to  further  improvement  of 
accuracy.  Therefore,  the  accuracy  of  high-order  schemes  can  be  improved 
substantially  by  increasing  the  order  of  the  schemes,  but  for  a  given  grid 
resolution  there  is  a  limiting  order  of  the  schemes,  beyond  which  the  accu¬ 
racy  of  the  solutions  can  not  be  improved  further  unless  the  grid  is  further 
refined.  For  the  current  2-D  Navier- Stokes  equations  over  a  blunt  body,  the 
limiting  order  for  the  31  x  51  grid  is  about  5th  order,  while  the  limit  for 
the  finer  51  x  91  grid  is  9th  order. 

Overall,  the  stead-flow  results  show  that  the  high-order  nonuniform  grid 
schemes  are  stable  for  very  high-order  (up  to  11th  order) schemes.  Such  high 
order  solutions  are  not  possible  using  a  conventional  uniform  grid  scheme 
because  of  numerical  instability.  The  high-order  nonuniform-grid  schemes 
can  produce  highly  accurate  numerical  solutions. 

5.2.  UNSTEADY  FLOW  SOLUTIONS 

Having  obtained  the  steady  solution,  the  receptivity  of  the  hypersonic 
boundary- layer  in  the  Mach  15  flow  over  the  parabola  is  studied  by  numer¬ 
ical  simulation  using  the  high-order  schemes.  The  high-order  nonuniform- 
grid  schemes  are  used  to  compute  the  unsteady  solutions  induced  by  freestream 
acoustic  waves.  The  forcing  waves  induce  boundary  layer  waves  inside  the 
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boundary  layers.  The  unsteady  calculations  are  carried  out  until  the  solu¬ 
tions  reach  a  periodic  state  in  time.  Temporal  Fourier  analysis  is  carried  out 
on  local  perturbations  of  unsteady  flow  variables  after  a  time  periodic  state 
has  been  reached.  The  Fourier  transform  for  the  real  disturbance  functions 
lead  to: 

q'(x,y,t)  =  5R{£  \qn(x,y) I  e’[-"to>l}  (8) 

71  =  0 

where  nu 0  is  the  frequency  of  the  n-th  wave  mode,  qf{x ,  y,  t)  represents  any 
perturbation  variables.  The  boundary  layer  waves  contain  the  fundamen¬ 
tal  wave  mode,  which  has  the  same  frequency  F  as  the  forcing  acoustic 
waves.  At  the  same  time,  due  to  the  nonlinear  interaction,  the  wave  field 
also  contains  higher  harmonics  of  the  fundamental  frequency,  nF ,  where 
n  =  0  represents  mean  distortion,  n  —  1  represents  the  fundamental  mode, 
n  =  2  represents  the  second  harmonics  of  two  times  the  fundamental  fre¬ 
quency,  etc.  The  higher  harmonics  have  smaller  wave  lengths  and  orders  of 
magnitude  smaller  amplitudes.  For  example,  the  wavelength  of  n  —  2  mode 
is  about  half  of  that  of  the  n  =  1  fundamental  mdoe. 

The  results  presented  here  are  those  for  the  case  of  freestream  frequency 
of  F  =  2655  and  nondimensional  freestream  forcing  wave  amplitude  of 
e  =  0.001.  The  unsteady  solutions  are  computed  by  the  new  nonuniform 
grid  schemes  of  different  orders.  Figure  9  shows  the  instantaneous  pressure 
and  temperature  perturbation  contours.  The  solution  is  obtained  by  the 
9th  order  scheme  using  a  51  x  91  grid.  The  results  show  a  very  smooth 
wave  solution.  In  response  to  the  perturbations  of  the  forcing  waves  in  the 
freestream,  the  unsteady  flow  field  produces  boundary  layer  wave  modes 
of  fundamental  frequencies  and  their  harmonics.  In  the  present  case,  the 
higher  harmonics  are  several  orders  of  magnitudes  weaker  than  the  funda¬ 
mental  modes.  Figure  10  shows  the  Fourier  harmonics  of  the  induced  wave. 
It  shows  the  Fourier  amplitudes  of  pressure  perturbation  and  their  real 
parts  along  the  parabola  surface.  The  solution  is  obtained  by  the  7th  order 
schemes  using  a  51  x  91  grid.  In  the  figure,  n  =  0,1,2, 3,  corresponds  to 
mean  flow  distortion,  fundamental  mode,  second  harmonic,  and  third  har¬ 
monic.  The  figures  show  that  the  high-order  schemes  are  able  to  capture 
these  modes  with  a  relatively  coarse  grid.  Notice  that  there  are  about  27, 
18,  and  9  grid  points  per  period  for  the  first  ( n  =  1),  the  second  (n  =  2), 
and  third  harmonic  (n  =  3),  respectively.  The  amplitudes  of  these  three 
harmonics  are  in  the  order  of  10\  10-1,  and  1CT3  for  the  first,  second,  and 
third  harmonics.  The  figures  show  that  the  7th-order  scheme  captures  all 
these  modes  well. 

The  results  of  wave  harmonics  obtained  by  different  order  schemes  of  the 
same  grid  are  compared  in  Figs.  11  to  13.  The  results  shows  that  the  funda- 
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mental  mode  is  captured  very  well  by  all  three  schemes  of  5th,  7th,  and  9th 
order.  For  second  harmonics  (n  =  2),  however,  the  5th-order  scheme  is  not 
as  accurate,  while  the  7th  and  9th  order  produce  almost  the  same  results. 
Similarly,  the  5th-order  scheme  under  predicts  the  mean  flow  distortion 
(n  =  0  mode)  caused  by  nonlinear  wave  interaction.  Therefore,  the  9th- 
order  scheme  produces  more  accurate  results  than  the  5th-order  scheme  for 
the  transient  flow  field  when  the  length  scale  is  small  for  the  high  harmonics 
and  the  mean  flow  distortion  due  to  nonlinear  interactions. 

Similar  to  the  steady  solution  case,  it  is  necessary  to  have  sufficient 
grid  resolution  for  the  flow  length  scale  in  order  to  have  good  accuracy.  The 
corresponding  unsteady  flow  have  also  been  computed  by  using  a  relatively 
coarse  31  x  51  grid.  Figure  14  shows  the  Fourier  amplitudes  of  pressure 
perturbation  along  the  parabola  surface  for  the  same  case.  The  solution  is 
obtained  by  the  9th  order  scheme  using  a  31  x  51  grid.  The  results  show 
that  the  high-order  schemes  capture  the  fundamental  mode  very  well,  but 
cannot  capture  the  higher  harmonics  accurately  because  of  the  coarser  grid. 

6.  Conclusion 

The  high-order  nonuniform  grid  schemes  have  been  applied  to  2-D  hyper¬ 
sonic  flow  simulations  using  the  nonlinear  Navier-Stokes  equations.  Stable 
numerical  solutions  have  been  obtained  for  the  receptivity  of  Mach  15  flow 
over  a  parabola.  The  accuracy  of  both  steady  and  unsteady  solutions  ob¬ 
tained  by  using  different  orders  of  the  schemes  and  different  grid  resolutions 
have  been  evaluated.  The  results  show  the  new  nonuniform  grid  schemes 
are  stable  and  are  able  to  produce  highly  accurate  results. 
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Figure  1.  Computational  grid  for  hyper¬ 
sonic  flow  over  a  blunt  leading  edge  where 
the  bow  shock  shape  is  obtained  as  the 
numerical  solution  for  the  upper  grid  line 
boundary. 


Figure  3.  Pressure  contours  for  steady 
base  flow  solutions  using  five  nonuni¬ 
form-grid  schemes  of  the  following  orders: 
1st,  3rd,  5th,  9th,  11th  order  schemes 
(31  x  51  grid). 


Figure  2.  Mach  number  contours  and 
velocity  vectors  for  steady  base  flow  solu¬ 
tions  using  the  llth-order  nonuniform-grid 
scheme  (31  x  51  grid). 


parabola  surface  for  steady  base  flow  solu¬ 
tions  using  nonuniform- grid  schemes  of  the 
following  orders:  1st,  3rd,  5th,  9th,  11th  or¬ 
der  schemes  using  31  x  51  grid  and  a  case 
of  11th  order  using  a  finer  grid  of  51  x  91. 
Lower  figure  shows  the  comparison  near  the 
minimum  vorticity  point. 
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Figure  5.  Stead  pressure  distribu¬ 
tions  along  parabola  surface  using  nonuni¬ 
form-grid  schemes  of  different  orders  at 
31  x  51  and  different  grids. 


distributions  along  parabola  surface  for 
steady  base  flow  solutions  using  nonuni¬ 
form-grid  schemes  of  different  orders  and 
different  grids. 
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Figure  7.  Relative  pressure  errors  at  the 
stagnation  point  for  steady  base  flow  solu¬ 
tions  using  nonuniform-grid  schemes  of  dif¬ 
ferent  orders  and  different  grids. 


the  stagnation  point  for  steady  base  flow 
solutions  using  nonuniform-grid  schemes  of 
different  orders  and  different  grids. 
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pressure  perturbation  contours  for  the  case 
of  freestream  acoustic  wave  of  F  —  2655 
and  wave  amplitude  of  0.001.  The  solution 
is  obtained  by  the  9th  order  schemes  using 
51  x  91  grid. 
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Figure  10.  Fourier  amplitudes  of  pres¬ 
sure  perturbation  and  their  real  part  along 
parabola  surface.  The  solution  is  obtained 
by  the  7th  order  schemes  using  51x91  grid. 
In  the  figure,  n  =  0, 1,2,3,  corresponds  to 
mean  flow  distortion,  fundamental  mode, 
second  harmonic,  and  third  harmonic. 
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Figure  12.  Second  harmonic  (n  =  1) 
pressure  perturbation  amplitudes  along 
parabola  surface.  The  solution  is  obtained 
by  the  5th,  7th,  and  9th  order  schemes  us¬ 
ing  51  x  91  grid. 


Figure  13.  Mean  flow  distortion  \n  =  0) 
for  pressure  perturbation  amplitudes  along 
parabola  surface.  The  solution  is  obtained 
by  the  5th,  7th,  and  9th  order  schemes  us¬ 
ing  51  x  91  grid. 


Figure  11.  Fundamental  mode  (n  =  1) 
pressure  perturbation  amplitudes  along 
parabola  surface.  The  solution  is  obtained 
by  the  5th,  7th,  and  9th  order  schemes  us¬ 
ing  51  x  91  grid. 


The  solution  is  obtained  by  the  9th  order 
schemes  using  the  coarser  31  x  51  grid. 
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Abstract.  We  propose  to  perform  turbulent  flow  simulations  in  such  a 
manner  that  the  difference  operators  do  have  the  same  symmetry  prop¬ 
erties  as  the  underlying  differential  operators,  i.e.  the  convective  operator 
is  represented  by  a  skew-symmetric  matrix  and  the  diffusive  operator  is 
approximated  by  a  symmetric,  positive-definite  matrix.  Such  a  symmetry¬ 
preserving  discretization  of  the  Navier-Stokes  equations  is  stable  on  any 
grid,  and  conserves  the  total  mass,  momentum  and  kinetic  energy  (when 
the  physical  dissipation  is  turned  off).  Its  accuracy  is  tested  for  a  turbu¬ 
lent  channel  flow  at  Re=5,600  (based  on  the  channel  width  and  the  mean 
bulk  velocity)  by  comparing  the  results  to  those  of  physical  experiments 
and  previous  numerical  studies.  This  comparison  shows  that  with  a  fourth- 
order,  symmetry-preserving  method  a  64  x  64  x  32  grid  suffices  to  perform 
an  accurate  direct  numerical  simulation. 


1.  Introduction 

The  smallest  scales  of  motion  in  a  turbulent  flow  result  from  a  subtle 
balance  between  convective  transport  and  diffusive  dissipation.  In  math¬ 
ematical  terms,  the  balance  is  an  interplay  between  two  differential  oper¬ 
ators  differing  in  symmetry:  the  convective  derivative  is  skew-symmetric, 
whereas  diffusion  is  governed  by  a  symmetric,  definite  operator.  With  this 
in  mind,  we  have  developed  a  spatial  discretization  method  which  preserves 
the  symmetries  of  the  balancing  differential  operators.  That  is,  convection 
is  approximated  by  a  skew-symmetric  discrete  operator,  and  diffusion  is  dis¬ 
cretized  by  a  symmetric,  definite  operator.  Second-order  and  fourth-order 
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versions  have  been  developed  thus  far,  applicable  to  structured  nonuniform 
grids.  The  resulting  semi-discrete  representation  conserves  energy  exactly 
in  the  absence  of  physical  dissipation.  For  finite  Reynolds  numbers,  i.e.  in 
the  presence  of  physical  dissipation,  the  kinetic  energy  of  any  discrete  solu¬ 
tion  decreases  unconditionally  in  time.  Therefore,  a  symmetry-preserving, 
spatial  discretization  is  stable  on  any  grid,  and  we  need  not  add  an  artificial 
demping  mechanism  that  will  inevitably  interfere  with  the  subtle  balance 
between  convection  and  diffusion  at  the  smallest  length  scales.  This  forms 
our  motivation  to  investigate  symmetry-preserving  discretizations  for  direct 
numerical  simulation  (DNS)  of  turbulent  flow.  Because  stability  is  not  an 
issue,  the  main  question  becomes  how  accurate  is  a  symmetry-preserving 
discretization,  or  stated  otherwise,  how  coarse  may  the  grid  be  for  a  DNS? 
We  will  address  this  question  in  Section  2  by  evaluating  the  results  for  a 
turbulent  flow  in  a  channel  at  Re=5,600.  We  will  kick  off  by  sketching  the 
main  lines  of  symmetry-preserving  discretization  (Section  1).  For  a  more 
detailed  discussion,  we  refer  to  Verstappen  and  Veldman  (1998,  2002).  Con¬ 
servation  properties  of  numerical  schemes  for  the  Navier-Stokes  equations 
are  currently  also  pursued  at  other  research  institutes,  see  e.g.  Hyman  et  al. 
(1992),  Morinishi  et  al.  (1998),  Vasilyev  (2000),  Twerda  (2000)  and  Ducros 
et  al.  (2000). 

2.  Symmetry-preserving  discretization 

The  temporal  evolution  of  the  discrete  velocity  vector  ui,  is  governed  by  a 
finite-volume  discretization  of  the  incompressible  Navier-Stokes  equations: 

n^  +  C(uh)uh  +  Duh-M'ph  =  0  Muh  —  0,  (1) 

dr 

where  the  vector  ph  denotes  the  discrete  pressure,  ft  is  a  (positive-definite) 
diagonal  matrix  representing  the  sizes  of  the  control  volumes,  C  (uh)  is  built 
from  the  convective  flux  contributions  through  the  control  faces,  D  contains 
the  diffusive  fluxes,  and  M  is  the  coefficient  matrix  of  the  discretization  of 
the  integral  form  of  the  law  of  conservation  of  mass.  The  coefficient  matrices 
C  (uh)  and  D  are  constructed  such  that 

C  (Uh)  +  C*  ( uh )  =0,  £>  +  !>*  positive- definite.  (2) 

The  symmetry  condition  on  the  coefficient  matrix  C  ( Uh )  reflects  that 
C  (uh)  represents  a  discrete  gradient  operator:  its  null  space  consists  of 
the  constant  vectors  (provided  that  the  consistency  condition  C  (tt^)  1  0 

is  satisfied)  and  C  {v>h)  Is  skew-symmetric  like  a  first-order  differential  op¬ 
erator.  The  coefficient  matrix  D  of  the  discrete  diffusive  operator  inherits 
its  positive-definiteness  from  the  underlying  diffusive,  differential  operator 
-V  •  V/Re. 
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The  semi-discretization  (l)-(2)  is  conservative  and  stable.  The  total 
mass  is  trivially  conserved,  and  the  same  holds  for  the  total  amount  of 
momentum  (provided  that  the  discretization  is  exact  for  Uh  —  1)*  The 
evolution  of  the  discrete  energy  u*h£luh  of  any  solution  u h  of  (l)-(2)  is 
governed  by 

^(ii£nuft)  (=>  -u*h{C  +  C*)uh-u*h{D  +  D*)uh+2p*hMuh 

at  ' - v - ' 

=o 

=  -K(D  +  D*)uh  <  0,  (3) 

where  we  have  used  the  skew-symmetry  of  C  (u/J.  The  right-hand  side  is 
zero  if  and  only  if  uh  =  0,  or  D  +  jD*  =  0.  Thus,  the  energy  is  conserved 
if  the  diffusion  is  turned  off.  Note  that  the  pressure  term  M*ph  in  (1) 
does  not  affect  the  evolution  of  the  total  kinetic  energy  (on  condition  that 
Muh  =  0),  because  the  discrete  pressure  gradient  is  represented  by  the 
transpose  of  the  coefficient  matrix  M  of  the  incompressibility  constraint. 

With  diffusion  (that  is  for  D  ^  0)  the  right-hand  side  of  (3)  is  negative 
for  all  Uh  ^  0  provided  that  D  +  D*  is  positive-definite.  So,  the  energy  of 
the  discrete  system  (1)  decreases  in  time  if  (2)  is  satisfied.  The  semi-discrete 
system  (1)  is  stable  under  this  symmetry  condition:  a  solution  of  (1)  can 
be  obtained  on  any  grid,  and  there  is  no  need  to  add  an  artificial  damping 
mechanism  to  stabilize  the  spatial  discretization. 

Since  these  favorable  conservation  and  stability  properties  are  directly 
related  to  the  symmetries  of  the  coefficient  matrices  in  (1),  we  want  to 
construct  these  matrices  such  that  they  fulfil  (2).  To  illustrate  the  way  in 
which  this  may  be  achieved,  we  consider  the  approximation  of  the  first-order 
derivative  in  one  spatial  dimension.  The  traditional  method  maximizes  the 
(formal)  order  of  the  local  truncation  error.  On  a  stencil  consisting  of  three 
points,  this  leads  to  the  second-order  approximation 

dxu(xi)  «  ify”1  (r,_1Ui+1  -  (r,"1  -  r^Ui  -  ,  (4) 

where 

O-1  =  5  (Zj+i  -  Xi- 1)  and  n  =  (xi+i  -  Xi)/(xi  -  Kj-i). 

The  essence  of  our  method  is  that  the  first-order  derivative  dxu(xi)  is  ap¬ 
proximated  by  a  discrete  operator  fi_1C7,  where  the  coefficient  matrix  C 
is  skew-symmetric: 

dxu(xi)  «  (itj+i  -  ui+i) .  (5) 

The  two  ways  of  discretization  are  illustrated  in  Figure  1. 
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Figure  1.  Two  ways  of  approximating  dxu.  In  the  left-hand  figure  the  derivative  is  ap¬ 
proximated  by  means  of  a  Lagrangian  interpolation,  that  is  by  Eq.  (4).  In  the  right-hand 
figure  the  symmetry-preserving  discretization  (5)  is  applied. 


As  the  diagonal-entry  of  operator  in  the  right-hand  side  of  (4)  is  non-zero 
for  r\  7^  1,  the  standard  discretization  method  breaks  the  skew-symmetry 
on  a  nonuniform  grid.  Consequently,  the  standard  method  does  not  conserve 
the  energy  and  is  not  conditionally  stable  on  nonuniform  meshes. 

The  local  truncation  error  of  the  symmetry-preserving  discretization 

Th(x{)  =  ^(5xi+ 1  -  5xi)dxxu(xi)  -f  0{8x^yi),  (6) 

is  first-order,  unless  the  grid  is  (almost)  uniform.  Given  stability,  a  sufficient 
condition  for  second-order  accuracy  of  the  discrete  solution  Ui  is  that  the 
local  truncation  error  r h  be  second  order.  Then  the  error  in  the  solution 
u/j,  given  by  =  t^,  is  second-order.  Yet,  this  is  not  a  necessary  con¬ 

dition,  as  is  emphasized  by  Manteufel  and  White  (1986).  They  have  proven 
that  the  symmetry-preserving  approximation  yields  second-order  accurate 
solutions  on  uniform  as  well  as  on  nonuniform  meshes,  even  though  its  local 
truncation  error  Th  is  formally  only  first-order  on  nonuniform  meshes. 

The  accuracy  of  the  basic  scheme  (5)  may  be  improved  by  means  of 
a  Richardson  extrapolation,  just  like  in  Antonopoulos-Domis  (1981).  This 
results  into  the  following,  fourth-order  accurate  discretization: 

dxu(xi)  «  (-«i+ 2  +  &ui+ 1  -  Sui-i  +  Ui- 2) , 

where 

Qi  =  \  (~Xi+ 2  +  8a?t+i  -  &£i-i  +  xi- 2)  • 

The  diffusive  operator  undergoes  a  similar  treatment,  leading  to 
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Next,  we  will  compare  the  symmetry-preserving  discretization  with  the 
traditional  discretization  methods  based  on  Lagrange  interpolation  (mini¬ 
mizing  local  truncation  error)  for  a  steady-state  solution  of  the  convection- 
diffusion  equation 

dtu  +  udxu  —  dxxu/ Re  =  0. 

Since  on  uniform  grids  the  methods  are  equal,  we  choose  an  example  with  a 
boundary-layer  character,  requiring  grid  refinement  near  the  outflow  bound¬ 
ary  x  =  1.  This  is  achieved  by  imposing  the  boundary  conditions  w(0,  t)  =  0 
and  u(l,  t)  —  1.  The  parameters  are  set  equal  to  u  =  1  and  Re  =  1, 000. 

Grid  refinement  has  been  carried  out  on  an  exponentially  stretched  grid, 
with  half  the  grid  points  in  the  thin  boundary  layer  of  thickness  10/Re  near 
x  —  1.  Four  discretization  methods  have  been  investigated: 

-  The  traditional  Lagrangian  second-order  method  (2L)  and  its  fourth- 
order  counterpart  (denoted  by  4L)  where  we  have  implemented  exact 
boundary  conditions  to  circumvent  the  problem  of  a  difference  molecule 
that  is  too  large  near  the  boundary; 

-  The  second-order  (2S)  and  fourth-order  (4S)  symmetry-preserving  meth¬ 
ods. 

We  form  the  vector  wexact  by  restricting  the  analytical  solution  to  the 
grid  points,  and  monitor  the  global  discretization  error  defined  by  \\uh  — 
UexactlU  (where  the  norm  is  the  kinetic  energy  norm).  Figure  2  shows  the 
global  error  as  a  function  of  the  mean  mesh  size  1  /TV,  where  N  is  the  number 
of  grid  points. 

A  number  of  observations  can  be  made. 

—  For  all  grid  sizes  the  Lagrangian  discretization  appears  to  be  less  ac¬ 
curate  than  its  symmetry-preserving  alternative. 

-  For  coarser  grids  the  4th-order  Lagrangian  method  is  not  even  as  ac¬ 
curate  as  its  2nd-order  Lagrangian  relative.  Similar  observations  have 
been  made  frequently,  and  this  explains  why  thusfar  4th-order  dis¬ 
cretization  has  not  been  very  popular. 

—  The  symmetry-preserving  methods  already  behave  nicely  on  coarse 
grids.  They  display  a  regular  monotone  behaviour  upon  grid  refine¬ 
ment.  Moreover,  the  discretization  error  of  4S  (2S)  picks  up  its  final 
slope  at  much  coarser  grids  then  4L  (2L).  As  in  turbulent-flow  simu¬ 
lations  one  will  always  have  to  cope  with  limitations  on  the  affordable 
number  of  grid  points,  methods  that  are  less  sensitive  in  this  respect 
are  preferable. 

—  Also  note  that  for  a  given  accuracy  (say  10-5),  the  grid  size  of  the 
4th-order  symmetry-preserving  method  can  be  chosen  roughly  three 
times  larger  than  that  of  the  4th-order  Lagrangian  method! 
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number  of  unstable  eigenvalues 


Figure  2.  The  left-hand  figure  shows  the  global  error  as  a  function  of  the  mean  mesh  size 
on  an  exponential  grid  with  half  of  the  grid  points  inside  a  boundary  layer  of  thickness 
10/Re.  Four  methods  are  shown:  2L  and  4L  (2nd-  and  4th-order  Lagrangian),  2S  and 
4S  (2nd-  and  4th-order  symmetry-preserving).  The  right-hand  figure  depicts  the  number 
of  eigenvalues  of  the  Lagrangian  methods  2L  and  4L  located  in  the  unstable  haifplane. 
Only  the  Lagrangian  methods  are  shown,  since  the  symmetry-preserving  discretization 
keeps  all  the  eigenvalues  in  the  stable  halfplane. 


—  The  fourth-order  Lagrangian  method  nearly  breaks  down  for  N  =  28 
where  the  stretching  factor  is  0.72  (which  is  not  extreme).  This  is  due 
to  an  eigenvalue  moving  from  the  unstable  half  plane  (for  low  values 
of  IV),  towards  the  stable  half  plane  (for  higher  iV),  which  crosses  the 
imaginary  axis  close  to  the  origin,  making  the  coefficient  matrix  almost 
singular.  When  one  or  more  eigenvalues  of  the  coefficient  matrix  are 
located  in  the  unstable  halfplane,  the  corresponding  time-dependent, 
semi-discrete  system  is  unstable,  and  can  not  be  integrated  in  the  time 
domain.  In  the  above  examples  we  have  computed  the  discrete  steady- 
state  by  a  direct  matrix  solver  to  avoid  this  problem. 

For  details  concerning  the  application  to  the  three-dimensional,  incom- 
presible  Navier-Stokes  equation,  we  refer  to  Verstappen  and  Veldman  (1998, 
2002).  On  a  uniform  grid,  the  second  order  scheme  proposed  by  Harlow 
and  Welsh  (1965)  preserves  the  symmetries  of  the  convective  and  diffusive 
operator.  In  outline,  we  have  generalized  Harlow  and  Welsh’s  scheme  to 
nonuniform  meshes  in  such  a  manner  that  the  symmetries  are  not  broken, 
and  apply  Richardson  extrapolation  to  improve  the  order  of  accuracy.  A 
variant  of  our  approach  for  collocated  grids  has  been  developed  at  Delft 
University  (Twerda,  2000). 
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3.  A  challenging  test-case:  turbulent  channel  flow 

In  this  section,  the  symmetry-preserving  discretization  is  tested  for  turbu¬ 
lent  channel  flow.  The  Reynolds  number  is  set  equal  to  Re  =  5,600  (based  on 
the  channel  width  and  the  bulk  velocity),  a  Reynolds  number  at  which  di¬ 
rect  numerical  simulations  have  been  performed  by  several  research  groups; 
see  Kim  et  al  (1987),  Gilbert  and  Kleiser  (1991),  Kuroda  et  al  (1995).  In 
addition  we  can  compare  the  numerical  results  to  experimental  data  from 
Kreplin  and  Eckelmann  (1979). 

As  usual,  the  flow  is  assumed  to  be  periodic  in  the  stream-  and  spanwise 
direction.  Consequently,  the  computational  domain  may  be  confined  to  a 
channel  unit  of  dimension  2tt  x  1  x  7r,  where  the  width  of  the  channel  is 
normalized.  All  computations  presented  in  this  section  have  been  performed 
with  64  (uniformly  distributed)  streamwise  grid  points  and  32  (uniformly 
distributed)  spanwise  points.  In  the  lower-half  of  the  channel,  the  wall- 
normal  grid  points  are  computed  according  to 


=  sinh  (jj/Ny) 
Vj  2  sinh  (7/2) 


with  j  =  0, 1, Ny/2, 


where  Ny  denotes  the  number  of  grid  points  in  the  wall-normal  direction. 
The  stretching  parameter  7  is  taken  equal  to  6.5.  The  grid  points  in  the 
upper-half  are  computed  by  means  of  symmetry. 

The  temporal  integration  of  (1)  is  performed  with  the  help  of  a  one- 
leg  method  that  is  tuned  to  improve  its  convective  stability  (Verstap- 
pen  and  Veldman,  1997).  The  non-dimensional  time  step  is  set  equal  to 
St  =  1.25  10-3.  Mean  values  of  computational  results  are  obtained  by  av¬ 
eraging  the  results  over  the  directions  of  periodicity,  the  two  symmetrical 
halves  of  the  channel,  and  over  time.  The  averaging  over  time  starts  after  a 
start-up  period.  The  start-up  period  as  well  as  the  time-span  over  which  the 
results  are  averaged,  1500  non-dimensional  time-units,  are  identical  for  all 
the  results  shown  is  this  section.  Figure  3  shows  a  comparison  of  the  mean 
velocity  profile  as  obtained  from  our  fourth-order  symmetry-preserving  sim¬ 
ulation  (Ny  =  64)  with  those  of  other  direct  numerical  simulations.  Here 
it  may  be  stressed  that  the  grids  used  by  the  DNS’s  that  we  compare  with 
have  typically  about  1283  grid  points,  that  is  16  times  more  grid  points 
than  our  grid  has.  Nevertheless,  the  agreement  is  excellent. 

To  investigate  the  convergence  of  the  fourth-order  method  upon  grid 
refinement,  we  have  monitored  the  skin  friction  coefficient  Cj  as  obtained 
from  simulations  on  four  different  grids.  We  will  denote  these  grids  by  A, 
B,  C  and  D.  Their  spacings  differ  only  in  the  direction  normal  to  the  wall. 
They  have  Ny  —  96  (grid  A),  Ny  =  64  (B),  Ny  =  56  (C)  and  Ny  =  48  (D) 
points  in  the  wall-normal  direction,  respectively.  The  first  (counted  from 
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Figure  3.  The  mean  streamwise  velocity  u+  versus  y+ .  The  dashed  lines  represent  the 
law  of  the  wall  and  the  log  law.  The  markers  represent  DNS-results  that  are  taken  from 
the  ERCOFTAC  Database. 


the  wall)  grid  line  used  for  the  convergence  study  is  located  at  y /"  ~  0.95 
(grid  A),  yf  «  1.4  (B),  yf  »  1.6  (C),  and  yf  «  1.9  (D),  respectively. 
Figure  4  displays  the  skin  friction  coefficient  Cf  as  function  of  the  fourth 


Figure  4.  Convergence  of  the  skin  friction  coefficient  Cf  upon  grid  refinement.  The 
figure  displays  Cf  versus  the  fourth  power  of  the  first  grid  point  yf . 
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power  of  yf.  The  convergence  study  shows  that  the  discretization  scheme  is 
indeed  fourth-order  accurate  (on  a  nonuniform  mesh).  This  indicates  that 
the  underlying  physics  is  resolved  when  48  or  more  grid  points  are  used  in 
the  wall  normal  direction.  In  terms  of  the  local  grid  spacing  (measured  by 
yj*~),  the  skin  friction  coefficient  is  approximately  given  by  Cf  =  0.00836  - 
0.000004(yJh)4.  The  extrapolated  value  at  yf  =  0  lies  in  between  the  Cf 
reported  by  Kim  et  al  (1987)  {Cf  =  0.00818)  and  Dean’s  correlation  of 
Cf  =  0.073  Re~l!A  =  0.00844  (Dean,  1978). 

The  convergence  of  the  fluctuating  streamwise  velocity  near  the  wall 
(0  <  y+  <  20)  is  presented  in  Figure  5.  Here,  we  have  added  results  obtained 
on  three  still  coarser  grids  (with  Ny  =  32,  Ny  =  24  and  Ny  =  16  points 
in  the  wall- normal  direction,  respectively),  since  the  results  on  the  grids 
A,  B,  C  and  D  fall  almost  on  top  of  each  other.  The  coarsest  grid,  with 
only  Ny  =  16  points  to  cover  the  channel  width,  is  coarser  than  most  of 
the  grids  used  to  perform  a  large-eddy  simulation  (LES)  of  this  turbulent 
flow.  Nevertheless,  the  64  x  16  x  32  solution  is  not  that  far  off  the  solution 
on  finer  grids,  in  the  near  wall  region.  Further  away  from  the  wall,  the 
turbulent  fluctuations  predicted  on  the  coarse  grids  (Ny  <  32)  become  too 
high  compared  to  the  fine  grid  solutions,  as  is  shown  in  Figure  6. 

The  solution  on  the  64  x  24  x  32,  for  example,  forms  an  excellent  starting 
point  for  a  large-eddy  simulation.  The  root- mean-square  of  the  fluctuating 
streamwise  velocity  is  not  far  of  the  fine  grid  solution,  and  viewed  through 
physical  glasses,  the  energy  of  the  resolved  scales  of  motion,  the  coarse 
grid  {Ny  =  24)  solution,  is  convected  in  a  stable  manner,  because  it  is 
conserved  by  the  discrete  convective  operator.  Therefore,  we  think  that  the 
symmetry-preserving  discretization  forms  a  solid  basis  for  testing  sub-grid 
scale  models.  The  discrete  convective  operator  transports  energy  from  a 
resolved  scale  of  motion  to  other  resolved  scales  without  dissipating  any 
energy,  as  it  should  do  from  a  physical  point  of  view.  The  test  for  a  sub¬ 
grid  scale  model  then  reads:  does  the  addition  of  the  dissipative  sub-grid 
model  to  the  conservative  convection  of  the  resolved  scales  reduce  the  error 
in  the  computation  of  urms. 

The  results  for  the  fluctuating  streamwise  velocity  urms  are  compared 
to  the  experimental  data  of  Kreplin  and  Eckelmann  (1979)  and  to  the 
numerical  data  of  Kim  et  al  (1987)  in  Fig.  7.  This  comparison  confirms 
that  the  fourth-order,  symmetry-preserving  method  is  more  accurate  than 
the  second-order  method.  With  48  or  more  grid  points  in  the  wall  normal 
direction,  the  root-mean-square  of  the  fluctuating  velocity  obtained  by  the 
fourth-order  method  is  in  close  agreement  with  that  computed  by  Kim  et 
al  (1987)  for  y+  >  20  (Figure  7  shows  this  only  for  y+  up  to  40;  yet, 
the  agreement  is  also  excellent  for  y+  >  40).  In  the  vicinity  of  the  wall 
{y+  <  20),  the  velocity  fluctuations  of  the  fourth-order  simulation  method 
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Figure  5.  The  root-mean-square  velocity  fluctuations  normalized  by  the  wall  shear 
velocity  as  function  of  the  wall  coordinate  y+  on  various  grids  for  y+  <  20.  The  markers 
correspond  to  the  results  obtained  in  the  grid  points.  The  solution  on  grid  B  is  also 
represented  by  a  continuous  line. 
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Figure  6.  The  root-mean-square  velocity  fluctuations  normalized  by  the  wall  shear 
velocity  for  y+  <  200  on  various  grids. 


fit  the  experiment  data  nicely,  even  up  to  very  coarse  grids  with  only  24 
grid  points  in  the  wall- normal  direction.  However,  the  turbulence  intensity 
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Figure  7.  Comparison  of  the  mean-square  of  the  streamwise  fluctuating  velocity  as 
function  of  y+. 

in  the  sublayer  (0  <  y+  <  5)  predicted  by  the  simulations  is  higher  than 
that  in  the  experiment.  According  to  the  fourth-order  simulation  the  root- 
mean-square  approaches  the  wall  like  urms  ~  0.38y+  (Ny  =  64).  The  exact 
value  of  this  slope  is  hard  to  pin-point  experimentally.  Hanratty  et  ah  (1977) 
have  fitted  experimental  data  of  several  investigators,  and  thus  came  to  0.3. 
Most  direct  numerical  simulations  yield  higher  values.  Kim  et  al.  (1987) 
and  Gilbert  and  Kleiser  (1991)  have  found  slopes  of  0.3637  and  0.3824 
respectively,  which  is  in  close  agreement  with  the  present  findings. 

So,  in  conclusion,  the  results  of  the  fourth-order  symmetry-preserving 
discretization  agree  better  with  the  available  reference  data  than  those  of  its 
second-order  counterpart,  and  with  the  fourth-order  method  a  64  x  64  x  32 
grid  suffices  to  perform  an  accurate  DNS  of  a  turbulent  channel  flow  at 
Re=5,600. 
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Abstract 

Numerical  simulations  using  the  lattice  Boltzmann  method  are  presented 
for  the  two-  and  three-dimensional  decaying  homogeneous  isotropic  turbu¬ 
lence  for  low,  medium  and  high  Reynolds  numbers.  Time  history  of  global 
statistical  quantities,  wave  number  spectra,  and  vorticity  contour  plots  are 
compared  with  those  of  the  higher-order  method  of  lines.  Comparisons  be¬ 
tween  the  square  lattice  and  the  triangular  (FHP)  lattice  models  are  also 
performed.  It  is  found  that  the  lattice  Boltzmann  method  is  able  to  re¬ 
produce  the  dynamics  of  decaying  turbulence  and  could  be  an  alternative 
for  solving  the  Navier-Stokes  equations.  Computational  costs  of  the  lattice 
Boltzmann  method  is  less  than  half  of  that  of  the  lOth-order  method  of 
lines. 

1.  Introduction 

The  rapid  development  and  introduction  of  new  supercomputer  systems 
over  the  last  decade  has  opened  new  opportunities  for  numerical  studies  of 
incompressible  fluid  flows.  The  direct  numerical  simulations  of  turbulence  is 
one  of  such  problems.  So  far  almost  all  direct  simulations  of  turbulence  has 
been  carried  out  by  either  spectral[l]  or  pseudo  spectral[2,3]  approximation 
to  spatial  derivatives.  However,  these  methods  which  require  the  use  of 
series  are  global  in  character  so  that  they  are  quite  unsuitable  for  complex 
geometry  problems  and  for  parallel  computing.  Therefore,  the  development 
of  more  flexible  and  efficient  methods  is  hoped  for  in  the  simulations  of 
turbulence. 
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We  have  proposed  a  new  higher-order  method  based  on  a  method  of 
lines  (MOL)  approach[4-7]  and  demonstrated  that  results  obtained  by  the 
method  were  comparable  to  those  using  the  pseudospectral  method  with 
less  than  one  sixth  of  the  computational  time  in  direct  simulation  of  two- 
dimensional  homogeneous  isotropic  turbulence  on  513  x  513  grid  points. 

In  the  later  half  of  the  80’s,  a  novel  technique  called  Lattice  Gas  Au¬ 
tomata  (LGA)  for  solving  the  Navier-Stokes  equations  was  developed.  Since 
the  first  two-dimensional  model  representing  incompressible  Navier-Stokes 
equations  was  proposed  by  Frisch,  Hasslacher,  and  Pomeau  (FHP)  in  1986[8], 
LGA  have  attracted  much  attention  as  promising  methods  for  solving  a  va¬ 
riety  of  partial  differential  equations  and  modeling  physical  phenomena. 
The  basic  idea  of  LGA  methods  is  to  represent  the  fluid  as  an  ensemble 
of  interacting  low-order  bit-computers  situated  at  regularly  spaced  lattice 
nodes.  In  the  FHP  model,  the  underlying  lattice  is  a  close-packed  equi¬ 
lateral  triangular  lattice  with  nodes  at  triangle  vertices,  each  node  has  a 
seven-bit  state  with  the  first  bit  specifying  the  existence  or  not  of  a  par¬ 
ticle  at  rest  at  the  lattice  node  and  the  remaining  six  bits  specifying  the 
presence  or  not  of  a  particle  traveling  at  an  angle  -  (ir/3 )j  (0  <  j  <  6) 
along  the  legs  of  the  triangular  lattice.  Each  particle  (except  a  rest  parti¬ 
cle)  moves  one  lattice  distance  in  one  fundamental  time  interval.  After  the 
particles  propagate  they  then  interact  according  to  certain  collision  rules. 
Although  the  LGA  method  has  provided  a  fast  and  efficient  way  for  solv¬ 
ing  partial  differential  equations,  there  exist  some  fundamental  problems 
in  this  method  in  simulating  realistic  fluid  flows  obeying  the  Navier-Stokes 
equations.  Besides  its  intrinsic  noisy  character  which  makes  the  computa¬ 
tional  accuracy  difficult  to  achieve,  it  contains  certain  properties  even  in  the 
fluid  limit.  The  lattice  gas  fluid  momentum  equations  cannot  be  reduced 
to  the  Navier-Stokes  equations  because  of  two  fundamental  problems.  The 
first  is  the  non-Galilean  invariance  property  due  to  the  density  dependence 
of  the  convection  coefficient.  This  limits  the  validity  of  the  LGA  method 
only  a  strict  incompressible  region.  Second  the  pressure  has  an  explicit  and 
unphysical  velocity  dependence.  To  avoid  some  of  those  inherent  problems, 
several  lattice  Boltzmann  (LB)  models  have  been  proposed[9-15].  The  main 
feature  of  the  LB  method  is  to  replace  the  particle  occupation  variables  n* 
(Boolean  variables)  by  the  single-particle  distribution  functions  (real  vari¬ 
ables)  fi  =  (nj),  where  (  )  denotes  a  local  ensemble  average,  in  the  evolution 
equation,  i.e.,  the  lattice  Boltzmann  equation.  The  LB  method  as  a  numer¬ 
ical  scheme  was  first  proposed  by  McNamara  and  Zaretti[9].  In  their  model, 
the  form  of  collision  operator  is  the  same  as  in  the  LGA,  written  in  terms 
of  distribution  functions  and  completely  neglecting  the  effect  of  correla¬ 
tions  between  particles.  Higuera,  Jimenez,  and  Succi[10,ll]  introduced  a 
linearized  collision  operator  that  is  a  matrix  and  has  no  correspondence  to 
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the  detailed  collision  rules.  Statistical  noise  is  completely  eliminated  in  both 
models;  however,  the  other  problems  remain,  since  the  equilibrium  distri¬ 
bution  is  still  Fermi-Diracs.  The  LB  model  proposed  by  Chen  et  al[12,13] 
and  Qian  et  al[14,15]  abandons  Fermi-Dirac  statistic  and  applies  the  single 
relaxation  time  approximation  first  introduced  by  Bhatnager,  Gross,  and 
Krook  in  1954[16],  to  greatly  simplify  the  collision  operator.  This  model  is 
called  the  lattice  BGK  (LBGK)  model. 

This  paper  organized  as  follows.  In  section  2  the  lattice  Boltzmann 
methods  simulating  the  Navier-Stokes  equations  are  discussed.  The  lat¬ 
tice  Boltzmann  simulation  of  two-dimensional  homogeneous  isotropic  tur¬ 
bulence  is  presented  in  section  3.  Three-dimensional  homogeneous  isotropic 
turbulence  is  presented  in  section  4.  Accuracy  and  efficiency  of  the  lattice 
Boltzmann  method  in  comparison  with  the  conventional  higher-order  MOL 
approach  are  also  discussed.  The  final  section  contains  concluding  remarks. 

2.  Lattice  Boltzmann  Method 

2.1.  SQUARE  LATTICE  MODEL 

In  this  section  an  outline  is  given  of  the  LB  methods  with  BGK  model 
for  the  collision  operator.  A  square  lattice  with  unit  spacing  is  used  on 
which  each  node  has  eight  nearest  neighbors  connected  by  eight  links  as 
shown  in  Fig.l.  Particles  can  only  reside  on  the  nodes  and  move  to  their 
nearest  neighbors  along  these  links  in  the  unit  time.  Hence,  there  are  two 
types  of  moving  particles.  Particles  of  type  1  move  along  the  axes  with 
speed  |ei5i|  =  1  and  particle  of  type  2  move  along  the  diagonal  directions 
with  speed  |e2,i|  =  >/2.  Rest  particles  with  speed  zero  are  also  allowed  at 
each  node.  The  occupation  of  the  three  types  of  particles  is  represented 
by  the  single-particle  distribution  function,  /^(x,  £),  where  subscripts  a 
and  i  indicate  the  type  of  particle  and  the  velocity  direction,  respectively. 
When  a  —  0,  there  is  only  /oi  -  The  distribution  function,  /^(x,  t),  is  the 
probability  of  finding  a  particle  at  node  x  and  time  t  with  velocity  e^. 
According  to  Bhatnagar,  Gross,  and  Krook  (BGK),  the  collision  operator 
is  simplified  using  the  single  time  relaxation  approximation.  Hence,  the 
lattice  Boltzmann  BGK  (LBGK)  equation  (in  lattice  unit)  is 

fai{x  +  e(Ti,t  +  1)  -  Ui(x,t)  =  --[/<n(x,<)  -  f£\x,t)]  (1) 

T 

where  /^(x,  t)  is  the  equilibrium  distribution  at  x,t  and  r  is  the  single 
relaxation  time  which  controls  the  rate  of  approach  to  equilibrium.  The 
density  per  node,  p  ,  and  the  macroscopic  velocity,  u  ,  are  defined  in  terms 
of  the  particle  distribution  function  by 

P  ~  pu  — 


(2) 
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A  suitable  equilibrium  distribution  can  be  chosen  in  the  following  form  for 
particles  of  each  type  0 

C=pa-  fpu2  (3) 

fu  =  PP  +  \p(eU  •  U)  +  \p^  ■  U)2  “  \pu2  (4) 

}fi  =  p- — -§ — “  +  ■  u)  +  8P^e2i '  U^2  "  24pu2  ^ 

The  relaxation  time  is  related  to  the  viscosity  by 


where  v  is  the  kinematic  viscosity  measured  in  lattice  units.  In  ref.  [17],  Hou 
et  al  used  the  value  of  a  =  4/9  and  /3  =  1/9. 

The  equilibrium  populations  are  determined  by  assuming  that  they  can 
be  expressed  as  a  power  series  in  velocity  and  density  of  the  form: 

ff)  =  Aal(p)  +  Bai(p)eai  •  u  +  Cai (p) (eai  ■  u)2  +  D(p)alu2  (7) 


A  Chapman-Enskog  procedure  is  then  applied  to  determine  the  macro¬ 
scopic  behavior  of  this  model.  The  values  of  Bai ,  C^i  and  Da{  are  cho¬ 
sen  so  that  the  macroscopic  behavior  matches  the  Navier-Stokes  equations 
to  as  high  an  order  as  possible.  The  resulting  continuity  and  momentum 
equations  follow. 


dua  dua 
P—  +  PUP 


dt 


dxp  dxa  dx/3 


(  ( dup  dua 

1  dxa  dxp 


(8) 


+  0(e2)  +  0(M3a)  (9) 


Characteristic  dimensionless  parameters  are  the  Mach  number,  Ma  = 
\fW I c  where  U  is  a  characteristic  macroscopic  flow  speed  and  c  —  1  in 
lattice  units,  the  Knudsen  number  which  is  proportional  to  e  =  cr)L  where 
L  is  a  macroscopic  flow  length,  and  the  Reynolds  number,  Re  —  pUL/ fi. 


2.2.  TRIANGULAR  (FHP)  LATTICE  MODEL 

Another  lattice  model  commonly  used  in  two-dimensional  LB  simulation  is 
a  triangular  lattice  (FHP)  model.  There  are  two  types  of  particles  on  each 
node  of  the  FHP  model:  rest  particles  and  moving  particles  with  unit  veloc¬ 
ity  ej  along  six  directions  as  shown  in  Fig.2.  The  equilibrium  distributions 
for  the  FHP  model  are  given  as, 

jf  =  d0-  pu2  =  pa-  pu2 


(10) 
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fP=d+lp 

p  —  pa  1 

6  +  3P 


(e,  •  u)  +  2(e*  •  u)2  -  ^u2 
(e,  •  u)  +  2(e,  •  u)2  -  ^u2 


(11) 


where  a  is  an  adjustable  parameter.  If  the  ratio  of  rest  and  moving  parti¬ 
cles  is  defined  as  A  =  do/d,  the  pressure  is  determined  by  the  isothermal 
equation  of  state, 


p  =  3d  = 


(i  -q)p  =  3 
2  A  +  6^ 


(12) 


and  the  speed  of  sound  is 

2  _  1  —  a  _  3 

Cs  =  2  =  A  +  6 


(13) 


The  viscosity  is  related  to  the  relaxation  time  through  an  equation  of  the 
form 


v  ~ 


2r  —  1 
8 


(14) 


2.3.  CUBIC  LATTICE  MODEL 


A  cubic  lattice[17]  with  unit  spacing  is  used  on  which  each  node  has  fourteen 
nearest,  neighbors  connected  by  fourteen  links.  Particles  can  only  reside  on 
the  nodes  and  move  to  their  nearest  neighbors  along  these  links  in  the  unit 
time  as  shown  in  Fig.3.  Hence,  there  are  two  types  of  moving  particles. 
Particles  of  type  1  move  along  the  axes  with  speed  |ei)?;|  =  1  and  particle 
of  type  2  move  along  the  links  to  the  corners  with  speed  |e2,i  |  =  \/3.  Rest 
particles  with  speed  zero  are  also  allowed  at  each  node. 

A  suitable  equilibrium  distribution  can  be  chosen  in  the  following  form 
for  particles  of  each  type 

for  =  pa-  ^pn2  (15) 


fif  =Pl3  +  ^p(eii  •  u)  +  tp(eu  •  u)2  -  tpu2  (16) 

fif  =  P~ — ^  ■ u)  +  \p(e2i ' u)2  -  ^u2  (1?) 

Values  of  a  =  2/9  and  fd  —  1/9  are  used.  The  relaxation  time  is  related  to 
the  viscosity  by 


where  v  is  the  kinematic  viscosity  measured  in  lattice  units. 
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3.  Two-dimensional  Homogeneous  Isotropic  Turbulence 

3.1.  INITIAL  AND  BOUNDARY  CONDITIONS 

The  initial  condition  of  the  vorticity  is  randomly  determined  by  satisfying 
the  relation, 

E(k )  =  i  I  "(fri.  fc2)  I2  A'2  =  |fcexP  (19^ 

where  u  denotes  the  vorticity  in  the  Fourier  space,  k2  =  k2  +  k%,  and 
ki  and  k2  are  the  wave  numbers.  The  periodic  boundary  conditions  are 
imposed  in  the  x  and  y  directions.  The  computational  domain  is  square, 
(0,0)  <  (aj,y)  <  (2n,2n). 

3.2.  LOW  REYNOLDS  NUMBER  SIMULATION 

In  order  to  compare  the  results  of  the  LBGK  method  with  those  of  the 
MOL,  numerical  simulation  using  the  square  lattice  model  is  carried  out 
for  a  low  Reynolds  number.  The  kinematic  viscosity  is  chosen  as  v  =  0.01. 
The  number  of  lattice  nodes  is  129  x  129  (129  lattice  nodes  and  128  lattice 
units  in  one  side).  In  this  case,  the  initial  integral  scale  Reynolds  number 
Rl  corresponds  to  Rj.  =  31.9,  which  is  expressed  as  Rl  =  ■  fi  and 

T]  denote  the  total  energy  and  the  enstrophy  dissipation  rate,  which  are 
defined  as 

=  /  E(k)dk,  ri  =  2v  k4E(k)dk  (20) 

Jo  Jo 

Perhaps  the  most  striking  verification  of  the  accuracy  of  the  LBGK  method 
is  found  in  the  direct  comparison  of  contour  plots  of  vorticity  between  the 
LBGK  method  and  higher-order  MOL  at  the  same  physical  time.  Fig.4 
displays  comparison  of  vorticity  contours  at  t  —  2.0  between  the  square 
lattice  BGK  method  (solid  line)  and  lOth-order  MOL  (dashed  line).  The 
vorticity  distribution  is  extremely  similar  down  to  detailed  structure  in  the 
two  simulations.  Simulation  by  using  the  triangular  (FHP)  lattice  BGK 
method  is  also  performed  for  the  same  initial  condition  on  lattice  nodes.  In 
Fig.5  comparison  of  vorticity  contour  plots  at  is  shown  between  the  square 
lattice  (solid  line)  and  the  FHP  lattice  (dashed  line).  Once  again,  the  plots 
from  the  two  methods  show  excellent  agreement.  In  order  to  investigate 
the  behavior  of  statistical  quantities,  time  history  of  (a)  the  total  energy 
(b)  the  enstrophy  Q  and  (c)  the  enstrophy  dissipation  rate  77  is  shown  in 
Fig.6,  where  the  enstrophy  Q  is  defined  as  Q  =  /0°°  k2E(k)dk.  Here  Q  and 
Q  are  inviscid  invariants,  and  therefore  are  monotonically  decreasing  in  this 
dissipative  simulation.  The  solid  line,  dotted  line,  and  dashed  line  indicate 
to  these  quantities  for  the  square  lattice  model,  FHP  lattice  model,  and 
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lOtli-order  MOL,  respectively.  What  is  evident  in  Fig.6  is  that  the  LBGK 
method  tracks  the  higher-order  MOL  closely  with  respect  to  evolutions  of 
0,  Q  and  77.  Wave  number  spectra  of  the  total  energy  are  also  compared  in 
Fig. 7  which  clearly  displays  the  excellent  match  between  the  three  methods. 
In  the  simulation  of  low  Reynolds  number  case,  no  significant  difference  is 
observed  between  the  square  and  triangular  lattice  models  for  this  resolu¬ 
tion. 

3.3.  HIGH  REYNOLDS  NUMBER  SIMULATION 

As  a  large-scale  direct  numerical  simulation  of  high  Reynolds  number  ho¬ 
mogeneous  isotropic  turbulence,  simulation  for  the  case  with  v  =  0.0001 
is  carried  out.  This  corresponds  to  the  initial  integral  scale  Reynolds  num¬ 
ber  Rl  =  25500.  The  number  of  lattice  nodes  is  1025  x  1025.  Fig.8  shows 
comparison  of  vorticity  contour  plots  at  t  =  3.0  between  the  square  lat¬ 
tice  BGK  method  and  the  lOth-order  MOL.  Although  slight  difference  in 
vorticity  contours  is  noticeable  at  late  time,  strikingly  similar  features  can 
be  found  for  the  LBGK  simulation,  as  compared  with  the  solutions  by  the 
lOth-order  MOL. 

Time  history  of  (a)  the  total  energy  O  and  (b)  the  enstrophy  dissipation 
rate  77  is  shown  in  Fig.9.  Since  Reynolds  number  is  much  higher  than  the 
previous  case,  decrease  in  O  is  much  less  than  observed  in  Fig.6(a).  In 
contrast  to  O  and  Q  which  are  monotonically  decreasing  in  these  cases,  77 
can  be  amplified,  as  much  as  dissipated,  and  not  monotonic  as  shown  in 
Fig. 9(b).  Wave  number  spectra  of  k3E(k)  at  t  =  3.0  are  compared  in  Fig.  10. 
From  this  figure  it  is  seen  that  two  methods  yield  quite  a  similar  answer 
in  terms  of  the  statistical  behavior  of  the  flow.  With  the  present  lattice  of 
1025  x  1025  nodes,  the  inertial  range  of  two-dimensional  turbulence  can  be 
resolved.  The  spectrum  shown  in  Fig.  10  indicates  that  there  is  a  range  of 
wave  number  k  <  50  for  which  k^E(k)  is  roughly  constant  so  that  E(k)  is 
proportional  to  fc-3. 

Computational  cost  of  the  LBGK  method  for  this  high  Reynolds  number 
simulation  on  SGI  POWER  ONYX  10000  is  compared  in  table  1  with  that 
of  the  lOth-order  MOL.  As  far  as  efficiency  is  concerned,  the  LBGK  method 
requires  less  than  half  CPU  time  per  characteristic  time  of  that  of  the  MOL. 

4.  Three-dimensional  Homogeneous  Isotropic  Turbulence 

4.1.  INITIAL  AND  BOUNDARY  CONDITIONS 

Three-dimensional  decaying  turbulence  is  simulated  with  a  random  initial 
condition  having  the  energy  spectrum; 

E{k)  =  [-2 (fc/*Wx)2] 


(21) 
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where  we  set  vo  =  1.0  and  the  peak  wave  number  kmax  =  4.75683  for  low 
Reynolds  number  case  and  kmax  =  2.37841  for  medium  Reynolds  num¬ 
ber  one.  The  periodic  boundary  conditions  are  imposed  in  the  x,  y  and  z 
directions.  The  computational  domain  is  a  cube,  0  <  (x,y,z)  <  2n. 

4.2.  LOW  AND  MEDIUM  REYNOLDS  NUMBER  SIMULATIONS 

Numerical  simulations  are  carried  out  for  two  cases.  In  the  first  case  the 
kinematic  viscosity  is  chosen  as  v  =  0.01189.  The  initial  integral  scale  and 
micro  scale  Reynolds  number  is  30  ~  45  which  corresponds  to  low  Reynolds 
number  simulation.  In  the  medium  Reynolds  number  case  v  =  0.0025  is 
chosen  which  corresponds  the  initial  integral  scale  and  micro  scale  Reynolds 
number=340.  The  number  of  lattice  nodes  is  65  x  65  x  65. 

Contour  surface  of  the  enstrophy  at  t  —  0.5  for  the  cubic  LBGK  method 
and  the  MOL  for  v  =  0.01189  are  shown  in  Fig.  11  (a)  and  (b)  respectively. 
The  enstrophy  ft  is  defined  as 

ft(z,  y,  z)  =  4-  Jg)  (22) 

Plot  value  is  Slplot  =  150.  Contour  surface  of  the  enstrophy  computed  by 
two  methods  are  almost  indistinguishable.  Time  history  of  the  total  energy 
and  the  enstrophy  for  medium  Reynolds  number  are  compared  in  Fig.  12(a) 
and  (b).  The  former  is  monotorically  decreasing  while  the  latter  is  ampli¬ 
fied.  Wave  number  dependence  of  energy  spectrum  E(k )  at  t  =  0.7  is  also 
compared  in  Fig.13.  From  these  figures  it  is  seen  that  two  methods  yield 
quite  a  similar  results  in  terms  of  the  statistical  behavior  of  the  flow.  Com¬ 
putational  cost  of  the  LBGK  method  for  low  Reynolds  number  simulation 
on  a  SGI  POWER  ONYX  10000  is  also  compared  in  Table  1  with  that  of 
the  lOth-order  MOL.  As  far  as  efficiency  is  concerned,  the  LBGK  method 
requires  26%  less  CPU  time  than  that  of  the  MOL.  Comparison  between 
the  cubic  LBGK  method  and  the  MOL  shows  that  the  cubic  LBGK  method 
can  be  an  alternative  for  solving  the  Navier-Stokes  equations. 


5.  Conclusions 

Two-  and  three-dimensional  simulations  of  decaying  homogeneous  isotropic 
turbulence  using  the  LBGK  method  have  shown  that  the  method  is  as  ac¬ 
curate  as  the  conventional  method  using  the  same  lattice  size.  The  LBGK 
method  is  able  to  reproduce  the  dynamic  of  decaying  turbulence  and  could 
be  an  alternative  for  solving  the  Navier-Stokes  equations.  Further  investi¬ 
gation  is  needed  on  the  accuracy  and  efficiency  of  cubic  LBGK  model. 
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Figure  1.  Square  lattice  model 
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Figure  3.  Cubic  lattice  model 


LBGK(square) 

l.BGK(iriangular) 


Figure  5.  Comparison  of  vorticity 
countours  between  LBGK(square)  and 
LBGK (triangular)  at  t  =  2.0,  v  —  0.01 


Figure  6(b).  Time  history  of  enstrophy 
Q  computed  by  LBGK(square), 

LBGK  (triangular)  and  MOL(lOth-order) 
for  v  —  0.01 


LBGK(squarc) 

MOL(IOth-order) 


Figure  4 •  Comparison  of  vorticity 
countours  between  LBGK  (square)  and 
MOL(lOth-order)  at  t  =  2.0,  v  =  0.01 


Figure  6(a).  Time  history  of  total 
energy  fi  computed  by  LBGK(square), 
LBGK(triangular)  and  MOL(lOth-order) 
for  v  =  0.01 


Figure  6(c).  Time  history  of  enstrophy 
disspation  rate  7]  computed  by 
LBGK(square),  LBGK  (triangular)  and 
MOL(lOth-order)  for  v  =  0.01 
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Figure  1.  Wave  number  dependence  of 
energy  spectrum  E(k)  computed  by 
LBGK(square),  LBGK(triangular)  and 
MOL(lOth-order)  at  t  =  1.0,  v  ~  0.01 


LBGK(square) 

MOLOOth-order) 


Figure  8.  Comparison  of  vorticity 
countours  between  LBGK(square)  and 
MOL(lOth-order)  at  t  =  3.0,  v  =  0.0001 


Figure  9(a).  Time  history  of  total 
energy  computed  by  LB GK  (square) 
and  MOL(lOth-order)  for  v  —  0.001 


Figure  9(b).  Time  history  of  energy 
dissipation  rate  r)  computed  by 
LBGK(square)  and  MOL(lOth-order)  for 
v  =  0.001 


Figure  10.  Wave  number  dependence  of 
energy  spectrum  k3E(k)  computed  by 
LBGK(square)  and  MOL(lOth-order)  at 
t  =  3.0,  v  =  0.0001 


Figure  11(a).  Enstorophy  contours  at 
t  =  0.5  for  the  cubic  LBGK  method 


Enstrophy 
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Figure  11(b).  Enstorophy  contours  at 
t  =  0.5  for  the  MOL 


Figure  12(a).  Time  history  of  total 
energy  computed  by  LB GK (cubic)  and 
MOL  for  v  —  0.0025 


Figure  12(b).  Time  history  of  enstrophy 
computed  by  LBGK(cubic)  and  MOL  for 
v  =  0.0025 


r - 1 - 1  i  i  ' 

1.0  u  4.1  7.0  10.0  20.0 


Wave  Number 

Figure  13.  Wave  number  dependence  of 
spectrum  E(k)  at  t  =  0.7 


TABLE  1.  Comparison  of  computational  cost 


two-dimension  three-dimension 

LBGK  (square)  MOL(lOth-order)  LBGK(square)  MOL(lOth-order) 

y/{u?)  =  0.04  At  -  0.001  \fW)  =  0-01  At  =  0.01 

4047 [time  step]  1000[time  step]  1019[time  step]  100[time  step] 

*  =  1.0  t  =  1.0  t  =  L0 _ t  =  1.0 

63006  136639  8686[sec]  10924[sec] 

<  1  >  <  2.17  >  <  1  >  <  126  > 

15.47[sec/time  step]  136.64[sec/time  step]  8.52[sec/time  step]  109.24[sec7time  step] 

<  1  >  <  8.83  >  <  1  >  <  12-82  > 


TOWARD  THE  DE-MYSTIFICATION  OF  LES 


C.D.  PRUETT 

Department  of  Mathematics  &  Statistics 
MSC  7803 

James  Madison  University 
Harrisonburg,  VA  22807 


1.  Introduction 

Some  35  years  have  elapsed  since  large-eddy  simulation  (LES)  was  intro¬ 
duced  as  a  computational  tool  for  weather  modeling  (Lilly,  1966).  Because 
direct  numerical  simulation  (DNS)  will  remain  prohibitively  expensive  well 
into  the  foreseeable  future  for  high-Reynolds-number  flow,  LES  continues 
to  hold  great  promise  for  simulating  flows  of  engineering  interest.  However, 
despite  the  attention  the  method  has  received  over  the  past  decades,  and 
despite  important  recent  developments  (e.g.,  the  notions  of  “explicit”  fil¬ 
tering  and  localized  or  “dynamic”  modeling  (Germano  et  al ,  1992)),  LES 
has  been  slow  to  mature  as  a  predictive  tool.  In  contrast,  parabolized  sta¬ 
bility  equation  (PSE)  methodology,  for  example,  which  originated  in  the 
mid  1980’s  (Bertolotti  et  al. ,  1992),  matured  quickly  and  is  now  ready  for 
use  by  the  aerospace  industry  for  transition  prediction. 

In  the  author’s  view,  the  relatively  slow  adaptation  of  LES  as  a  pre¬ 
dictive  tool  arises  not  from  any  fundamental  flaw  in  the  idea  itself  but 
most  likely  from  misconceptions  that  widely  permeate  the  practice  of  LES. 
The  current  paper  addresses  three  pervasive  misconceptions,  each  of  which 
reveals  a  lack  of  clarity  regarding  the  properties  of  digital  filters  and  the 
relationship  between  the  grid  filter  and  the  subgrid-scale  (SGS)  model. 

2.  Misconception  1:  Grid  Filtering  is  a  Mere  Formality 

From  an  otherwise  excellent  recent  text  on  turbulent  flows  (Mathieu  and 
Scott,  2000)  comes  the  following  quote: 

Note  that,  if  one  forgets  that  the  Ui  is  supposed  to  represent  the  filtered  velocity 
field,  the  filter  plays  absolutely  no  role  (emphasis  added)  in  the  final  LES 
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equations,  which  can  be  understood  in  terms  of  adding  a  subgrid  viscosity  term 
to  the  Navier-Stokes  equations,  without  introducing  the  notion  of  filtering. 

The  mistake  here  is  confuse  formal  invariance  under  filtering  operations 
with  quantitative  invariance.  To  be  precise,  the  grid-filtered  Navier-Stokes 
equations  are  given  as  follows: 

dUk  d(ukui)  _  dp  1  d2uk  dm 
dt  dxi  dxk  Redxidxi  dxt 

Tkl  =  ukui  -  ukut  (2) 


Whereas  the  form  of  Eq.  1  is  independent  of  the  filter,  the  value  of  the 
residual  stress  rki  is  not. 

To  illustrate,  suppose  that  grid  filtering  is  applied  at  a  wavenumber 
cut-off  kc  greater  than  the  Kolmogorov  wavenumber  k ^  (Fig.  1).  Then,  in 
effect,  one  conducts  fully  resolved  DNS  rather  than  LES,  in  which  case,  for 
all  practical  purposes  rkl  =  0.  As  written,  Eq.  2  is  missing  a  parameter.  In 
reality,  rki  =  rki(kc).  That  is,  the  exact  residual  stress  depends  first  and 
foremost  upon  the  cut-off  of  the  grid  filter.  What  else  does  it  depend  upon? 
Figure  2  compares  exact  residual  stresses  computed  from  a  priori  analy¬ 
ses  of  isotropic  turbulence  (Pruett  and  Adams,  2000)  by  filtering  with  two 
different  grid  filters:  one  of  2nd-order,  the  other  of  4th-order.  The  correla¬ 
tion  between  the  exact  residual  stresses,  which  differ  in  both  distribution 
and  amplitude,  is  only  0.5!  Thus,  at  minimum,  rki  depends  upon  both  the 
cut-off  and  the  order  of  the  grid  filter.  Can  the  dependence  of  the  residual 
stress  upon  the  filter  be  fully  characterized? 

Yes.  A  filter  is  completely  characterized  in  terms  of  its  transfer  func¬ 
tion  if(£),  which  expresses  the  action  of  the  filter  on  the  Fourier  harmonic 
exp (ikx),  where  £  =  kAx.  That  is,  if  the  filter  is  represented  by  the  param¬ 
eterized  (A)  convolution  integral  u(x)  =  G(x'  —  x,  A  )u(x')dx\  then  H 

is  the  Fourier  transform  of  the  kernel  G,  and  G  is  its  inverse  transform.  For 
example,  consider  the  top-hat  filter  whose  kernel  is 


G(x,A)  =  {  J/A 


if  \x\  <  A/2 
otherwise 


(3) 


Trapezoidal-rule  quadrature  over  a  filter  width  of  A  =  2Ax  results  in  the 
discrete  3-point  top-hat  filter  of  weights  [1/4, 1/2, 1/4],  whose  transfer  func¬ 


tion  is 


1  +  cos(£) 
2 


X 2  X4 

2(2!)  +  2(4!) 


(4) 


Alternately,  the  action  of  a  filter  can  be  examined  by  Taylor-series  expan¬ 
sion  of  a  filtered  field  in  terms  of  the  un-filtered  field  and  its  derivatives. 
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For  example, 

u(x)  =  u(x)  4  a2U,r(x)Ax 2  4-  cnu^ (x)  Ax4  4  ...  (5) 


(Because  we  have  presumed  G  to  be  symmetric,  the  expansion  has  only 
even-ordered  terms.)  For  convenience,  the  factorials  in  the  expansion  have 
been  absorbed  into  the  coefficients  a2m •  A  filter  is  said  to  be  of  order  2m  if 
a 2m  (m  >  0)  is  the  first  non- vanishing  coefficient.  Equations  4  and  5  carry 
the  same  information  in  different  guises,  which  becomes  apparent  if  Eq.  5 
is  applied  to  the  function  u(x)  =  exp (tkx),  from  whence  it  follows 


«2m 


(_l)mtf(2m)(0) 

(2m)! 


(6) 


Thus,  the  coefficients  of  Eq.  5  are  completely  determined  by  derivatives  of 
the  filter’s  transfer  function.  For  the  three-point  top-hat  filter,  for  example, 

a2m  =  2(2m)! ' 

Now  let  Gx  and  Gy  be  discrete  filters  in  the  x  and  y  dimensions,  whose 
Taylor  coefficients  are  a2m  and  62m,  respectively.  For  two-dimensional  fil¬ 
tering,  suppose  u  =  Gy(Gx{(u)).  By  two-fold  expansion,  one  obtains  the 
following  expression  for  the  exact  residual  stress: 

duk  dm  2  duk  dui  9 
-rki  =  2a2  — —  Axz  4  262  —  -rr-Ay 


4 


4 


4«4 


dx  dx 
duk  d3m 
dx  dx 3 


dy  dy 
4  (6(2-4  —  O2) 


2 sd2ukd2m  ,  ,  d3ukdui 


dx2  dx2 


4  4(i4 


dx 3  dx 


Ax 


duk  d3u\  duk  dPui  d2uk  d2m  d3uk  dm  d*uk  dui 

dx  dxdy 2  +  dy  dx2dy  dxdy  dxdy  dxdy2  dx  dx2dy  dy 


x2a2b2Ax2  Ay2 
duk  d^u 


(7) 


4 


464 


1  ,  L2^02ukd2m  ,  ^  d3ukdm 
r  +  (6^4  -  b2)  0  o  o  o  +  4&4 


dy  dy 3  '  v  *  ^  dy 2  dy 2 

40(/i6)  where  h  E  {A.t,  Ay} 


dy3  dy 


Ay ■ 


Eq.  7  is  completely  general;  it  is  valid  for  any  grid  filters  Gx  and  Gy  whose 
coefficients  are  known,  provided  the  associated  Taylor  series  converge.  The 
issue  of  convergence  is  addressed  in  Vasilyev  et  al  (1998)  and  Pruett  et  al 
(2001).  In  short,  convergence  is  guaranteed  for  positive  symmetric  filters. 

We  conclude  that  the  exact  SGS-stress  tensor  is  completely  determined 
by  the  grid  filter,  as  expressed  through  derivatives  of  its  transfer  function. 


3.  Misconception  2:  Any  Model  Goes  with  Any  Filter 

In  the  conventional  practice  of  LES,  the  grid  filter  and  the  SGS-model 
are  often  selected  independently,  as  observed  by  Piomelli  et  al  (1988).  In 
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contrast,  previous  discussion  reveals  the  filter,  the  exact  SGS  stresses,  and 
the  model  to  be  fundamentally  interrelated. 

To  be  specific,  Fig.  3  compares  the  transfer  functions  of  filters  of  selected 
orders.  The  order  of  a  filter  is  related  to  the  flatness  (i.e.,  the  number  of 
vanishing  derivatives)  of  its  transfer  function  at  £  =  0.  Spectral  filters, 
characterized  by  a  sharp  cut-off  in  Fourier  space,  act  with  infinite  order. 
From  Eq.  7,  it  follows  that  the  leading  term  of  rki  is  of  order  h2m  if  the  grid 
filter  itself  is  of  order  2m  (m  >  1). 

The  most  common  models  for  LES  are  of  eddy- viscosity  type  (Mathieu 
and  Scott,  2000),  of  which  the  Smagorinsky  model  (Ml)  is  the  most  famil¬ 
iar.  Because  Ml  is  scaled  by  h2,  it  is  consistent  only  with  filters  of  (first 
or)  second  order.  In  particular,  Ml  is  inconsistent  with  spectral  filters. 
Even  when  used  in  conjunction  with  second-order  filtering,  the  Smagorin¬ 
sky  model  correlates  poorly  with  exact  (E)  residual  stresses,  as  observed 
in  experiments  by  Liu  et  al  (1994)  and  computational  studies  by  Pruett 
and  Adams  (2000).  Typically  C(E,M  1)  <  0.2,  as  suggested  in  Fig.  4.  In 
contrast,  similarity  (M2)  and  gradient  (M3)  models  perform  considerably 
better  in  a  priori  analyses.  Typically,  C(E ,  M2)  >  0.8  and  C(E ,  M3)  ~  0.6, 
respectively  (Liu  et  al .,  1994;  Pruett  and  Adams,  2000). 

The  many  well-known  deficiencies  of  the  Smagorinsky  model  help  to 
explain,  in  physical  terms,  its  poor  performance.  Among  these,  Ml  is 
overly  dissipative,  which  undermines  its  successful  application  to  laminar- 
turbulent  transition,  and  it  is  isotropic,  which  limits  its  applicability  in  the 
near-wall  region.  However,  from  a  mathematical  perspective,  the  deficiency 
of  Ml  is  apparent:  formally  it  doesn’t  match  the  leading-order  terms  of 
Eq.  7.  In  contrast,  M3  matches  at  leading  order  term  and  M2  matches 
at  leading  order  and  partially  matches  beyond  that.  The  author  is  led  to 
concur  with  Leonard  (1997)  that  the  Smagorinsky  model  has  “little  justi¬ 
fication”  beyond  some  nice  properties. 

To  conclude,  further  advancement  of  LES  requires  that  more  attention 
be  devoted  to  filter-model  consistency,  to  models  that  have  greater  fidelity 
to  Eq.  7  (for  example,  similarity  models)  than  does  the  Smagorinsky  model, 
and/or  to  promising  new  mathematical  techniques  such  as  deconvolution 
(Domaradzki  and  Saiki,  1997;  Stolz  and  Adams,  1999)  that  avoid  explicit 
modeling. 

4.  Misconception  3:  Fixed- Width  Filters  are  Fine  for  LES 

Whereas  the  wavenumber  k*  and  the  grid  increment  Ax*  are  dimensional 
quantities  with  dimensions  [1/L]  and  [L],  respectively,  their  product  £  = 
A:* Ax*  is  dimensionless.  (Here,  asterisks  denote  dimensional  quantities.) 
Several  problems  in  LES  result  from  a  failure  to  non-dimensionalize. 
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To  be  specific,  the  maximum  wavenumber  k ^ax  in  a  simulated  flow 
is  determined  by  physical  considerations.  For  fully  resolved  DNS,  A;^ax  > 
h*  where  k *,  the  Kolmogorov  wavenumber,  depends  solely  on  Reynolds 
number.  For  LES,  fc*nax  «  k *,  where  k*  lies  in  the  inertial  range  of  the 
energy  spectrum  (Fig.  1).  Either  way,  physics  determines  k^ ax. 

On  the  other  hand,  the  grid  increment  Ax*  is  mandated  by  numerical 
considerations,  that  is,  by  the  resolution  necessary  to  resolve  the  smallest 
eddies  for  the  numerical  scheme  of  choice.  For  example,  for  Fourier  and 
Chebyshev  spectral,  and  fourth-  and  second-order  finite-difference  (FD) 
schemes,  respectively, 

Ax*  =  7r//cr*nax  (Fourier  spectral) 

Ax*  =  2 /&max  (Chebyshev  spectral)  (8) 

Ax*  =  7r /(A^nax)  (4th-order  FD) 

Ax *  =  7r / (16/^ax)  (2nd-order  FD) 

For  the  spectral  schemes,  the  stated  resolution  results  from  application  of 
the  Nyquist  criterion.  For  the  FD  schemes,  resolution  is  based  upon  the 
author’s  computational  experience  (Pruett  et  a/.,  1995). 

A  fixed-width  filter  (e.g.,  the  3-point  top-hat  filter)  has  the  disadvan¬ 
tage  that  its  cut-off  is  “hardwired”  to  the  grid  increment  A#*.  In  contrast, 
a  tunable  filter  permits  the  cut-off  k*  to  be  adjusted  independently  of  Ax*. 
Figure  6  presents  the  transfer  functions  of  a  family  of  one-parameter  second- 
order  filters  of  Pade  type  (Lele,  1992),  as  functions  of  their  dimensionless 
cut-off  £c  =  k*Ax*,  where,  by  definition,  H(^c)  =  1/2.  The  filter  is  con¬ 
tinuously  adjustable  over  its  entire  domain  of  cut-off  values  0  <  £c  <  7r, 
which  represent  varying  levels  of  numerical  dissipation.  In  particular,  £c  =  7r 
provides  no  dissipation,  and  «  0  provides  maximum  dissipation.  The 
fixed- width  top-hat  filter  corresponds  to  the  particular  value  £c  =  7r/2. 

What  then  are  the  problems  with  fixed-width  filters?  First,  for  FD  nu¬ 
merical  schemes,  allowing  the  dissipation  of  the  filter  to  be  set  by  the  grid 
increment  virtually  guarantees  that  the  unintended  truncation  error  of  the 
numerical  scheme  will  contaminate  the  intended  dissipation  of  the  filter. 

Second,  suppose  we  wish  to  compare  LES  against  the  results  of  a  priori 
analysis  from  fully  resolved  DNS  at,  say,  twice  the  grid  resolution  of  the 
LES.  For  specificity,  presume  that  both  methods  exploit  Fourier  spectral 
methods.  The  comparison,  of  course,  should  occur  at  the  same  physical 
cut-off  in  wavenumber  space  (Fig.  1).  Thus  (&c)DNS  =  (^c)LES*  However, 
because  (Ax*)Lgg  =  2(Aa;*)j)j^g,  for  the  same  physical  cut-off,  the  dimen¬ 
sionless  cut-offs  must  have  the  ratio  (£c)dNS/(£c)lES  ~  Without  a 
tunable  filter,  the  comparison  cannot  be  made  at  the  same  physical  cut-off. 

Third,  Ad  hoc  attempts  at  tuning  the  three-point  top-hat  filter,  for 
example,  can  have  unintended  consequences.  By  naively  extending  the  filter 
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width  A*  from  2 As*  to  4 A#*,  the  transfer  function  changes  from  low-pass 
to  U-shaped  (Fig.  5).  It  is  therefore  highly  preferable  to  begin  with  a  tunable 
low-pass  filter  whose  behavior  is  suitable  at  all  values  of  dissipation  (cut¬ 
off).  The  Pade  filter  shown  in  Fig.  6,  for  example,  is  such  a  filter. 

To  summarize,  in  LES,  the  dimensional  cut-off  k J  is  determined  by  phys¬ 
ical  considerations,  but  the  grid  resolution  Ax*  is  mandated  by  numerical 
ones.  Tunable  (one-parameter)  filters  permit  the  cut-off  and  resolution  to 
be  specified  independently,  according  to  their  respective  criteria. 

Conclusion 

Most  SGS  models  for  LES  have  been  developed  on  the  basis  of  physical 
rather  than  mathematical  considerations.  However,  it  is  shown  that  the  ex¬ 
act  residual  stress  is  completely  determined  by  the  mathematical  properties 
of  the  grid  filter;  that  is,  by  its  order,  its  cut-off  wavenumber,  and  the  shape 
of  its  transfer  function. 
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DE-MYSTIFICATION  OF  LES 


Figure  1.  DNS  vs.  idealized  LES. 
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Figure  3.  Filters  of  differing  orders. 


Figure  2.  Exact  SGS  stresses  from  grid 
filters  of  2nd-  (E2)  and  4th-order  (E4). 
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Figure  5.  Transfer  functions  of  three-point 
top-hat  filters. 
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one-parameter  family  of  Pade  filters. 


Figure  4.  Planar  contours  of  exact  ( E )  and 
modeled  (Ml-Smagorinsky,  M2-similarity, 
M3- gradient)  SGS  stresses  (rn  compo¬ 
nent). 
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1.  Introduction 

In  [1]  and  [2]  the  filter  operation  acting  upon  nonlinear  partial  differential 
equations  (PDE)  is  examined  by  way  of  a  PDE  filter  on  a  domain  involv¬ 
ing  space/time  and  an  additional  dimension  associated  with  a  space  scale 
parameter.  Under  this  approach  it  is  possible  to  obtain  an  estimate  for 
the  error  associated  with  the  equations  satisfied  by  the  filtered  solutions 
of  the  microscopic  scale  PDE  given  any  approximation  of  the  residuals. 
This  provides  a  condition  of  consistency.  The  PDE  filter  approach  suggests 
approximations  for  the  residuals  that  are  independent  of  empirical,  or  ar¬ 
bitrary,  parameters. 

Here  the  main  points  of  [1]  and  [2]  are  presented  with  some  additional 
issues  addressed.  An  attempt  is  made  to  remain  within  a  setting  of  general 
nonlinear  PDE  systems.  The  filtered  equations  of  reactive  turbulent  flows 
are  presented  as  an  example. 

2.  Macroscopic  Equations 

Let  Q  C  R3,  T  =  (0,  to)  and  rj  G  /  =  (0,  r/o),  where  to  >  0  and  0  <  770  <<  1. 
Define  M  C  Rn  such  that  M  =  Q  x  T  x  7.  If  0  C  R3  is  bounded 
we  denote  the  boundary  of  Q  by  dfl.  The  summation  convention  of  re¬ 
peated  upper  and  lower  indices  is  adopted  and  for  convenience  the  fol¬ 
lowing  ranges  for  the  indicated  indices  should  be  assumed  throughout: 
a,b,c,d  G  {1, n  -  2};  i,j,k,l  G  -  1};  p,g,r,s  G  {l,...,n}. 

Here  n  (=  5)  is  the  dimension  of  M  and  under  this  convention  (xa)  = 
(zft)i<a<3  =  (x,y,z),  xn~x  —  t,  xn  —  rj.  Hence  we  write,  £1  has  a  coor¬ 
dinate  system  (rr°),  QxT  has  a  coordinate  system  {xl)  =  ( xa ,  t)  and  M  has 
a  coordinate  system  ( xp )  =  {x1  ,rf).  The  Greek  indices  are  within  the  range: 

G  {1, ...,  N}y  and  are  associated  with  the  dependent  variables,  ua , 
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where  N  denotes  the  number  of  dependent  variables.  Throughout  we  shall 
work  with  nondimensional  variables. 

The  scale  parameter  ?/  is  defined  by 

r)  =  /3e2/2  (1) 

where  e  =  l/L  represents  the  ratio  of  the  microscopic  length  scale  l  (small¬ 
est  resolvable  characteristic  length  scale)  and  the  macroscopic  length  scale 
of  the  domain  L.  The  parameter  f3  (>  0)  is  chosen  to  control  the  rate  of 
damping  of  fluctuations  in  the  dependent  variables.  In  most  practical  appli¬ 
cations,  e  represents  a  characteristic  grid  size  for  a  (nondimensional)  spatial 
discretization. 

The  set  of  smooth  functions  on  M  will  be  denoted  by  F(M).  For  any 
/  G  F(M)  the  comma  followed  by  a  subscript  f,p  will  indicate  the  partial 
derivative  of  /  with  respect  to  the  coordinate  xp.  It  should  be  noted  that 
much  of  the  work  that  follows  could  be  relaxed  by  replacing  the  smoothness 
condition  to  one  of  differentiability  of  some  finite  order.  It  will  be  useful  to 
introduce  a  subset  F(M)  C  F{M)  which  is  defined  as  follows: 

Definition  1.  Any  f  G  F(M)  has  the  following  properties: 

(i)  /  G  F(M) 

(ii)  For  any  ua  G  F(M),  f  =  fn(u“,  u%  u%). 

Property  (ii)  of  the  definition  states  that  any  member  of  F(M)  can  be 
expressed  in  a  functional  form  explicitely  independent  of  xp ,  uc‘n  and  vFnp. 
It  should  be  pointed  out  that  F(M)  is  introduced  here  only  to  avoid  some 
notational  difficulties.  In  [2]  the  ideas  that  follow  are  more  conveniently 
developed  in  the  setting  of  contact  manifolds  where  some  of  the  restrictions 
introduced  here  can  be  avoided. 

For  any  ua  G  F(M)  let  ipa  G  F(M)  be  defined  by 

=  (2) 

where  L  is  an  elliptic  differential  operator  on  O. 

Define  the  vector  field  operator 

U  =  L(UP)d0  +  (L(^)),4  +  {L{u0))tl}dli>  (3) 


with  the  notation 


~  a.. 3’ 


d 


du?'  0  du0 


dij  = 


d 


du 


(4) 


A  calculation  shows  that 
8 


(£-  -  U)f  =  Wf ,  /  e  F(M) 

dr] 


(5) 
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where 

W  =  <pada  +  (6) 

The  PDE  filter  is  defined  as  follows: 

Definition  2.  Any  ua  E  PDEF{L,  fa,  ua}  has  the  following  proper¬ 
ties: 

(i)  ua  E  F(M),  ua  E  F(Q  x  T)  and 

va\n=»  =  2°  (7) 

(ii)  L  :  F(M)  — >  F(M)  is  an  elliptic  operator  on  0  and 

-  L)u°  =  0,  (x*>)  e  M  (8) 

(iii)  /a  E  F(M)  vanishes  at  rj  =  0,  i.e. 

fQ\n=o  =  fa(n0,u%u%)  =  O  (9) 

In  Definition  2  the  ua(xa,t)  are  exact  solutions  of  the  equations  that 
describe  the  system  at  the  microscopic  scale.  These  are  expressed  in  the 
form  of  the  PDE  system  (9)  defined  on  ft  x  T.  7, From  the  prescribed 
data  ua  1^=0  =  ua(xa,t)  we  can  generate  a  one  parameter  family  of  fields 
ua(xa,t,r])  on  M  by  integrating  (8)  with  respect  to  the  scale  parameter 
77.  The  operator  L  must  be  chosen  such  that  the  integration  of  (8),  with 
respect  to  77,  will  damp  out  fluctuations  in  each  ua  that  cannot  be  resolved 
on  each  scale  associated  with  the  parameter  77.  We  will  refer  to  ua(xa,t,rj) 
for  77  >  0  generated  by  (8)  as  the  filtered  fields  associated  with  solutions 
of  the  system  of  PDE  (9).  The  existence  of  each  ua  E  E(f2  x  T)  (cou¬ 
pled  with  suitable  boundary  conditions  for  the  filtered  fields  on  dQ  if  0 
is  bounded)  is  sufficient  to  guarantee  the  existence  of  the  filtered  fields 
ua  E  PDEF{LJa,ua}. 

An  effective  filter  in  its  simplest  form  can  be  obtained  using  the  space 


Laplace  operator 


L  =  Scd 


d 2 

dxcdxd 


(10) 


where  Scd  =  1  if  c  =  d  and  Scd  =  0  if  c  ^  d.  For  demonstration  purposes 
we  assume  (10)  throughout.  It  should  be  noted  that  here  we  are  employing 
space  filters.  Definition  2  could  be  easily  modified  to  include  space  and/or 
time  filters.  The  simplest  time  only  filter  can  be  obtained  by  setting  L  = 
d2/dt2. 

If  Q  =  R3  and  each  ua  E  F(Q  x  T)  is  bounded  on  O  x  T  then  the 
filtered  fields  obtained  from  the  integration  of  (8)  with  respect  to  77  subject 
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to  the  initial  data  (7)  yields  the  Gaussian  filter 

ua(xa,t,T])  =  [  G(xa  -  za,i])ua(za,t)dz1dz2dz3  (11) 

where 

G(xa,r))  =  (4ni))~3t2exp[-5abxaxb/(4r))}  (12) 

Here  the  Gaussian  filter  is  expressed  in  normalized  form  so  that 

f  G(xa  -  za,ri)dzldz2dzz  =  1  (13) 

Jn 

For  the  case  of  bounded  O  we  must  impose  boundary  conditions  for  the 
filtered  fields  on  d£l.  The  PDE  filter,  as  it  is  defined  here,  will  still  be  ef¬ 
fective  in  damping  out  irresolvable  fluctuations  provided  suitable  boundary 
conditions  can  be  imposed.  _  ^ 

As  r i  is  increased  from  0  each  fa  G  F(M)  may  deviate  from  0.  We 


introduce 


fa  =  fa  +  ra 

(14) 

for  some  residual  ra  €  F(M)  such  that 

ra|,=o  =  0 

(15) 

Let'  ea  €  F(M)  be  defined  by 

(16) 

where  cra  e  F(M)  is  given  by 

o*  =  (L  -  U)Ja 

(17) 

iFrom  (14),  (16)  and  (17)  is  obtained 

e“  =  (|-  -  L)fa  -  wr 
or] 

(18) 

If  ua  e  PDEF{L,fa,ua}  then  ipa  =  0  and  the  vector  field  operator  W 
vanishes.  Hence  for  ua  €  PDEF{L,  fn .  ua ) 

<Jri)r=e" 

(19) 

^From  (9)  and  (15)  we  have 


fV  0  =  0 


(20) 
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Consider  first  the  case  0  =  R3.  We  see  that  each  fa  satisfies  the  initial 
value  problem  (19)- (20),  where  rj  replaces  the  traditional  role  taken  by  time 
and  t  appears  only  as  a  parameter.  If  each  ea  E  F(M)  is  bounded  on  M 
the  solution  to  this  initial  value  problem  can  be  obtained  in  the  explicit 
form  (see  Lecture  8  [3]) 

fa(xa,t,T])  =  f”  f  G(xa  -  za,r] -Z)ea(za,t,Odzldz2dz3d(,  (21) 
Jo  Jn 

Thus  for  consistency  we  need  to  generate  residuals  ra  such  that,  through 
the  identity  (16),  each  ea  is  rendered  sufficiently  small. 

If  has  a  boundary,  <90,  then  we  can  assume  that  given  some  pre¬ 
scription  of  ua  and  ra  (and/or  their  spatial  gradients)  on  the  boundary 
dO  we  can  set  fa\an  =  0.  This  along  with  the  system  (19)-(20)  defines  an 
initial  boundary  value  problem  satisfied  by  each  fa.  For  an  estimate  of  the 
consistency  error  we  can  replace  the  expression  (21)  by  some  inequality. 
For  instance  in  terms  of  the  Z/2(0)-norm,  ||  •  ||,  we  can  obtain,  for  each 
a  E  {1, ...,  N },  rj  Gl  and  t  E  T, 

II /“(•,»/)  Il<  I"  We^OWe-^-Vdt  (22) 

Jo 

for  some  A  >  0.  The  inequality  also  holds  for  the  case  A  =  0. 

If  ea  =  0  on  M  then  the  residuals  ra  are  known  exactly.  Thus,  on  M, 
the  filtered  fields  of  the  solutions  of  the  PDE  (9)  and  the  exact  residuals 
ra  e  F(M)  satisfy  the  system 

/°  +  ra  =  0  (23) 

(^ —  L)ra  —  cra  —0  (24) 

where  aa  is  given  by  (17).  These  are  the  exact  macroscopic  equations  for  the 
filtered  fields  ua  G  PDEF{L ,  /a,  ua}.  Written  in  this  form  it  is  clear  where 
the  difficulties  arise  in  constructing  subgrid  scale  models  for  general  nonlin¬ 
ear  PDE  systems  (9).  In  application  one  desires  the  solution  computed  only 
on  some  slice  M\v-const .  The  presence  of  the  term  dra/dr]  makes  the  solu¬ 
tion  of  (24)  impractical  and  some  approximation  for  the  residuals  needs  to 
be  introduced.  The  task  is  to  generate  ra  such  that  ea  is  minimzed  in  (16). 
The  relationship  (21)  (or  (22))  gives  an  estimate  of  how  close  (23)  is  satis¬ 
fied  by  the  filtered  fields  ua  E  PDEF{L,  fa,ua}  given  any  approximation 
of  the  residuals  ra. 

3.  Approximation  of  the  Residuals 

We  consider  an  approximation  to  (24),  presented  in  [1]  and  [2],  that  is  valid 
for  any  slice  M|7?=con5t  for  0  <  t?  <  rjo-  Assume  ra  E  E(M),  such  that 
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ra\v=o  =0,  satisfy  on  M 


(-  -  L)ra  -aa=  0  (25) 


for  some  ua  e  F(Af),  not  necessarily  in  PDEF{L,  /a,  ua},  and  <ja  given 
by  (17).  A  calculation  based  on  (15),  (16)  and  (25)  gives 


_  dra 
drj 


(26) 


If  d2ra/drj 2  can  be  suitably  bounded  then  we  have  ea  =  0(rj).  ^From  (21) 
(or  (22))  it  follows  that  fa  =  0(r]2)  for  ua  €  PDEF{L,fa ,ua}. 

In  general  any  ua  (E  PDEF{L,  /Q,  ti**}  will  not  satisfy  (23)  exactly  on 
M  if  the  residuals  are  not  exact,  i.e.  they  do  not  satisfy  (24).  In  application 
one  generates  ua  €  F(M)  by  enforcing  (23)  and  introducing  some  approx¬ 
imation  for  the  residuals  ra  (for  example  obtained  from  (25)).  In  such  a 
case  each  ua  can  only  approximate  members  of  PDEF{L ,  /a,  ua}. 


4.  Approximation  of  the  Filtered  Fields 

Let  ua  e  F(M)  satisfy  (i)  and  (iii)  of  Definition  2  and  be  generated  from 
(23)  given  some  approximation  of  the  residuals  ra  (for  example  through 
(25)).  Let  ua  e  PDEF{L,  fa ,  ua).  Since  ua  is  not  a  member  of  PDEF{L,  /Q, 
ua)  there  exists  tpa  6  F(M)  satisfying  (2)  and  we  have 

(|-  -  L)(ua  -  ua)  =  <pa  (27) 

07] 

Consider  first  the  case  Q  is  unbounded  (i.e.  Q  =  R3).  If  ipa  €  F(M)  is 
bounded  on  M  then  we  obtain 

{ua -ua){xa,t,ri)  =  r  [  G(xa- za,ri-t)<pa{za,t,Z)dz1dz2dz3dt  (28) 

Jo  Jo, 

For  the  case  where  O  has  a  boundary  Oil  we  assume  that  ua\,)n  =  ua\on-  As 
before,  in  terms  of  the  L2(fi)-norm  we  can  obtain,  for  each  a  €  {1, ...,  N}, 
r]  €  I  and  t  G  T, 

II  (u“  -  «“)(•,  Tj)  ll<  r  II  ¥>“(•.  0  II  e-^-Ud(  (29) 

J  o 

for  some  A  >  0.  The  inequality  also  holds  for  the  case  A  =  0.  Both  (28)  and 
(29)  suggest  that  convergence  of  the  approximations  of  the  filtered  fields 
rests  upon  the  boundedness  of  tpa . 
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A  calculation  based  on  (16),  (17)  and  (23)  gives 

Wfa  =  —ea  (30) 

If  the  residuals  ra  jtre  exact,  then  ea  =  0  and  W fa  =  0.  For  this  to 
hold  for  arbitrary  fa  we  must  have  W  =  0  (the  zero  operator).  Hence 
ipa  =  0  and  ua  E  PDEF{L,  f(\  ua}.  If  each  ra  is  not  exact  then  each  ua , 
generated  from  (23),  will  not  be  a  filtered  field  and  each  (pa  will  not  vanish 
everywhere  on  M.  Suppose  that  approximations  for  the  residuals,  ra,  can 
be  found  rendering  each  ea  =  0(5(r])),  where  $  is  an  order  function  with 
respect  to  7/  such  that  limv->o5(r))  =  0.  The  problem  is  then  transformed 
into  one  of  establishing  the  rate  at  which  the  operator  W  tends  to  the  zero 
operator  as  rj  — >  0. 

5.  Example:  Reactive  Flows 

The  ideas  of  the  previous  sections  are  developed  in  the  context  of  general 
nonlinear  PDE.  For  demonstration  purposes  we  assume  an  incompressible 
fluid.  The  fa  are  associated  with  the  three  fluid  momentum  equations  and 
fn~l  is  associated  with  the  continuity  or  fluid  mass  conservation  equation. 
The  system  is  augmented  with  fn~l+A  (. A  =  1,...,Q)  associated  with  Q 
mass  balance  equations  for  the  Q  chemical  components.  In  this  case  we 
have  N  =  n  —  1  +  Q  and 

ua  =  va,  Un~l=p ,  un~l+A  =  uA,  (A  =  1, Q)  (31) 

where  va  (1  <  a  <  3)  correspond  to  the  fluid  velocity  components,  p  the 
fluid  pressure  and  uA  (A  =  1, ...,  Q)  are  the  mass  fractions  of  the  chemical 
components.  We  can  write  the  functions  fa  E  F(M)  corresponding  to  the 
equations  of  motion  of  an  incompressible  fluid  and  chemical  component 
mass  balance  as 


fa  =  +(vbva +5abp-5bcv“c/Re),b 
fn~l  =  ^  (32) 

fn~l+A  =  uA +  (vbu>A  -  K5bcu>A),b+£A 

where  Re  is  the  Reynolds  number,  k  is  a  coefficient  associated  with  molec¬ 
ular  diffusion  of  the  chemical  components  in  the  fluid  medium  and  — 
^(u;1,  ...,c<;^)  are  the  chemical  source  terms.  It  should  be  mentioned  that 
to  regard  (9)  under  the  prescription  (32)  as  an  exact  description  of  the 
system  at  77  =  0  is  not  entirely  true  since  the  fluid  viscous  and  chemical 
diffusion  terms  are  only  approximate  models  of  nonlinear  effects  ocurring 
at  even  smaller  scales.  For  the  sake  of  this  demonstration  we  shall  regard 
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this  formulation  as  representing  the  exact  microscopic  equations  at  r]  =  0. 
We  should  note  that  the  viscous  and  diffusion  terms  are  linear  and  do  not 
contribute  to  the  residuals  under  filtering. 

A  calculation  based  on  (17)  and  (32)  leads  to 

aa  =  2  5cd(v^d),b 

crn_1  =  0  (33) 

an-i+A  =  26a,(fy$jk  +  EA 


where 

5 a  =  (L-  U)£a  (34) 

is  left  in  the  generic  form  since  we  have  not  specified  the  source  terms  £A 
as  explicit  functions  of  the  chemical  components.  We  can  assume  that  the 
source  terms  £A  €  F(M). 

The  identities  (33)  provide  the  source  terms  that  appear  in  the  system 
(23)- (24)  (or  the  approximate  system  (23),  (25)).  Since  <jn~l  =  0  we  can  set 
rn~l  =  0  in  (16)  and  hence  the  continuity  equation  will  be  invariant  under 
filtering,  i.e.  fn~l  =  0  on  M.  It  is  seen  that  each  oa ,  for  the  incompressible 
case,  depend  only  on  the  velocities  and  their  spatial  partial  derivatives. 
The  corresponding  residuals,  ra,  will  model  the  influence  of  the  residual 
stress/strain  of  the  turbulent  fluid. 

The  source  terms  can  be  decomposed  into  two  parts 


1 +A  __  n-l+A 
udisp 


+  cr 


n—l+A 

reac 


(35) 


where  is  associated  with  dispersion  and  <JreacrA  is  associated  with 

the  reaction  kinetics.  In  the  absence  of  reaction  source  terms  (i.e.  when 
=  0)  each  (JreacrA  vanish  and  the  residuals,  rn~l+A,  will  model  the 
influence  of  the  dispersion  of  the  chemical  components  in  the  flow  field. 
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Abstract.  The  large  eddy  simulation  equations  of  turbulent  flows  are  for¬ 
mally  derived  by  applying  a  low-pass  filter  to  the  Navier-Stokes  equations. 
As  a  result  the  subgrid-scale  stress  tensor  strongly  depends  on  the  assumed 
filter  shape,  which  causes  a  subgrid  scales  model  to  be  filter  dependent.  De¬ 
pending  on  the  choice  of  the  filter,  the  corresponding  model  should  satisfy 
very  different  requirements  in  terms  of  large  scale  dynamics  and  kinetic 
energy  budget.  In  this  paper,  it  is  demonstrated  that  the  assumed  filter 
shape  can  have  a  significant  effect  in  terms  of  spectral  content  and  physical 
interpretation  of  the  solution. 


1.  Introduction 

The  large  eddy  simulation  (LES)  equations  of  turbulent  flows  are  formally 
derived  by  applying  a  low-pass  filter  to  the  Navier-Stokes  equations.  The 
resulting  equations  have  the  same  structure  as  the  original  ones  plus  addi¬ 
tional  terms,  called  subgrid  scale  (SGS)  stresses.  The  success  of  the  LES 
approach  clearly  depends  on  the  ability  of  the  SGS  model  to  accurately 
represent  the  effect  of  the  unresolved  scales  on  the  resolved  ones.  However, 
both  the  definition  of  resolved  scales  and  the  model  for  the  SGS  stress  ten- 
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sor,  Tij  =  uiu]  —  UiUj ,  strongly  depend  on  the  assumed  filter  shape.  If  the 
low-pass  filter  is  exactly  the  sharp  cut-off  or  close  to  it,  then  there  is  a  clear 
separation  of  scales  into  large  (resolved)  and  small  (unresolved)  ones  and 
SGS  stresses  represent  the  effect  of  small  scales  on  large  ones.  However, 
if  the  filter  is  smooth  (like  Gaussian  or  top-hat  filter)  then  the  boundary 
between  resolved  and  unresolved  scales  is  not  well  defined  and  the  resulting 
SGS  stresses  represent  the  effect  of  small  as  well  as  large  scales  interactions. 

The  present  paper  is  mainly  aimed  at  demonstrating  the  importance 
of  looking  at  filtering  and  SGS  modeling  as  one  inseparable  issue  and  to 
provide  LES  practitioners  a  reference  for  interpreting  the  results  of  their 
simulations.  Moreover,  the  knowledge  of  how  the  filter  shape  affects  LES 
solution  is  of  great  importance  in  constructing  efficient  and  consistent  tur¬ 
bulence  models.  Thus,  the  objective  of  the  present  study  is  to  establish  the 
general  framework  for  looking  at  the  effect  of  the  filter  shape  on  large  scale 
dynamics  and  energy  transfer. 


2.  Theoretical  Accomplishments 

In  this  section  the  effect  of  the  filter  shape  is  briefly  studied  from  a  theo¬ 
retical  point  of  view.  For  a  deeper  analysis  one  can  see  in  the  related  paper 
by  the  authors  (De  Stefano  &  Vasilyev,  2001).  For  simplicity  reasons  we 
consider  one-dimensional  (ID)  homogeneous  flow  governed  by  the  viscous 
Burgers  equation,  originally  proposed  as  a  model  equation  for  turbulence 
(Burgers,  1974), 


Despite  the  simplicity  of  this  model,  the  analysis  and  subsequent  conclu¬ 
sions  drawn  from  it  are  applicable  for  the  general  LES. 

By  filtering  Eq.(l)  one  obtains  the  following  LES  equation  describing 
the  evolution  of  the  filtered  field: 


du  _du  _  d2u  1  dr 
dt  dx  dx 2  2  dx  ’ 


where  r  =  u2-u2  stands  for  the  SGS  stress,  that  must  be  modeled  in  order 
to  close  the  problem. 

From  a  physical  point  of  view,  one  would  like  to  follow  the  dynamics 
of  flow  structures  down  to  a  given  size,  i.e.  to  solve  the  velocity  field  up 
to  a  certain  characteristic  wave- number.  Thus,  the  most  natural  choice  for 
the  filter  function  is  the  sharp  cut-off  filter  in  Fourier  space.  This  way, 
the  velocity  fluctuation  does  not  contain  resolved  wave-numbers  compo¬ 
nents  and  the  resolved  velocity  field  has  a  clear  physical  meaning.  On  the 
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contrary,  smooth  filters  provide  an  overlapping  between  resolved  and  unre¬ 
solved  scales  and  the  physical  interpretation  of  the  large-eddy  field  is  more 
obscure.  The  influence  of  the  filter  shape  on  the  SGS  stress  is  very  clear  if 
one  looks  at  its  spectral  content 


(«)  =  [  [<?(*)  -  G(k')G(k”)  u{K')u{K")dK', 

Jk'+k'^k 


(3) 


where  G  stands  for  the  filter  transfer  function.  When  a  sharp  cut-off  (say 
at  wavenumber  kc)  is  applied,  the  SGS  stress  spectrum  exactly  accounts 
for  the  effect  of  small  scales  (\k\  <  kc)  on  large  ones.  For  a  smooth  filter, 
one  can  define  a  characteristic  wave-number  K  so  that  scales  at  \k\  <k  are 
referred  to  as  large  ones.  In  this  case  the  SGS  stress  accounts  not  only  for 
the  effect  of  small  scales,  but  also  for  the  effect  of  filtering  on  large  ones.  It  is 
illustrative  to  consider  a  velocity  field  with  no  Fourier  components  beyond 
K  =  «c.  In  this  case,  according  to  Eq.  (3),  the  SGS  stress  for  the  spectral 
cut-off  vanishes  while,  for  a  smooth  filter,  the  same  equation  provides  a 
non-zero  SGS  stress,  being  G(k'  +  nn)  ^  G{k!)G(k!'). 

The  effect  of  the  smoothness  of  the  filter  appears  also  evident  by  con¬ 
sidering  the  kinetic  energy  budget  in  wave-numbers  space 

^  =  -2  vk2£  +  T  +  V,  (4) 

at 

where  8  is  the  resolved  field  energy  density,  T  the  energy  transfer  among 
different  resolved  wave-numbers  and  V  a  source  term  due  to  the  interac¬ 
tion  between  resolved  and  unresolved  eddies.  When  the  sharp  cut-off  filter 
is  adopted,  V  exactly  represents  the  energy  transfer  between  large  and 
small  scales  while,  for  smooth  filters,  it  must  also  account  for  large  scales 
interactions.  In  the  illustrative  example  considered,  the  sharp  cut-off  filter 
does  not  alter  the  energy  transfer,  since  V  =  0,  while  any  smooth  filtering 
results  in  a  drain  of  energy,  since  V  no  longer  vanishes. 


3.  Numerical  Experiments 

In  this  section  the  results  from  numerical  experiments  are  presented  con¬ 
firming  the  strong  effect  of  the  filter  shape  on  LES  with  explicit  filtering. 
First,  we  report  some  results  dealing  with  the  numerical  simulation  of  a 
ID  freely  decaying  turbulent  flow,  governed  by  the  Burgers  equation  (1), 
in  terms  of  temporal  evolution  of  energy  and  dissipation;  for  a  deeper  anal¬ 
ysis  one  can  see  in  (De  Stefano  &  Vasilyev,  2001).  Then,  some  preliminary 
result  about  the  numerical  simulation  of  isotropic  turbulence  are  shown.  In 
particular,  the  effect  of  the  filter  shape  on  the  energy  spectrum  of  the  flow 
is  discussed. 
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Figure  1.  Temporal  evolution  of  total  energy  E  and  dissipation  dE/dt  for  perfect 

LES,  for  both  sharp  cut-off  ( - )  and  top-hat  ( . )  filters,  together  with  those 

for  DNS  ( - ). 

Herein  a  top-hat  filter  is  used  as  an  example  of  smooth  filters.  It  is  worth 
noting  that  when  comparing  LES  results  for  different  filters,  one  needs  to 
consider  these  latter  corresponding  to  the  same  filter  width.  Thus,  it  is 
important  to  use  consistent  filter  width  definitions.  In  this  paper,  for  the 
smooth  filter,  we  adopt  the  definition  according  to  which  the  filter  width 
is  taken  to  be  proportional  to  the  inverse  wave-number  where  the  filter 
transfer  function  falls  to  0.5  (Lund,  1997),  that  is  k  =  kc  =  7r/A,  being 
A  the  common  filter  width.  LES  runs  are  performed  with  the  aid  of  the 
so-called  perfect  SGS  model,  an  ideal  model  constructed  by  definition  upon 
the  DNS  data,  assumed  as  the  exact  solution.  Then,  in  order  to  mimic  a 
real  SGS  model,  in  which  it  is  hard  to  model  large  scales,  this  ideal  model  is 
modified  by  taking  the  effect  of  large  scales  out,  but  leaving  the  small  scales 
one  intact.  This  is  achieved  by  treating  the  modeled  stress  with  a  high-pass 
filter,  whose  Fourier  transform  is  1  —  G(«),  where  G(k)  corresponds  to^a 
sharp  low-pass  discrete  filter  (Vasilyev  et  a/.,  1998)  with  filter  width  A. 
Note  that  with  the  increase  of  the  ratio  A/  A  >  1  more  scales  are  left  intact 
and  the  perfect  LES  model  is  approached. 

3.1.  BURGERS  SOLUTION 

The  numerical  solution  of  the  ID  homogeneous  Burgers  problem  is  obtained 
integrating  in  time  Eq.  (1)  with  periodic  boundary  conditions.  In  order  to 
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Figure  2.  Sharp  cut-off  filtering:  temporal  evolution  of  total  energy  E  and  dissipation 

dE/dt  for  perfect  LES  ( - )  and  altered  LES  with  different  ratios  A/A:  2  ( - ), 

3  ( - ),  and  4  ( . ). 


minimize  the  influence  of  truncation  and  aliasing  errors,  the  numerical  inte¬ 
gration  is  carried  out  with  the  aid  of  a  high-order  non-dissipative  numerical 
method  and  a  sufficiently  fine  grid.  LES  simulation  with  perfect  SGS  stress 
results  in  the  energy  spectra  identical  to  the  filtered  DNS  solution  regard¬ 
less  of  the  filter  used  (De  Stefano  &  Vasilyev,  2001).  The  temporal  evolution 
of  the  total  flow  energy  and  dissipation  are  shown  in  Fig.  1:  in  case  of  sharp 
cut-off  filtering,  the  solution  keeps  a  high  fraction  of  the  energy  content  of 
the  flow,  while,  for  smooth  filtering,  a  large  part  of  it  is  lost,  even  in  the 
ideal  case.  Due  to  the  perfect  modeling  and  the  very  good  numerics  ex¬ 
ploited  this  loss  of  energy  exactly  accounts  for  the  effect  of  smooth  filtering 
on  LES  solution. 

Results  for  ID  LES  with  altered  SGS  model  are  presented  in  Fig.  2  and 
3.  Altering  the  perfect  SGS  model  causes  a  wrong  evolution  of  total  energy: 
the  dissipation  provided  by  the  model  is  not  enough  and  kinetic  energy 
decays  less  in  time  with  respect  to  the  ideal  case.  For  LES  with  top-hat 
filtering  this  effect  is  more  important  and  the  energy  content  of  the  flow  is 
clearly  badly  represented. 

3.2.  ISOTROPIC  TURBULENCE  SIMULATION 

In  order  to  extend  the  ID  results  to  a  real  turbulent  flow,  some  numerical 
test  dealing  with  three-dimensional  isotropic  forced  turbulence  at  Re\  =  70 
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Figure  3.  Top-hat  filtering:  temporal  evolution  of  total  energy  E^and  dissipation 

dE/dt  for  perfect  LES  ( - )  and  altered  LES  with  different  ratios  A/A:  2  ( - ), 

3  ( - ),  and  4  ( . ). 


are  presented.  The  Navier-Stokes  equations  are  solved  with  the  convective 
term  in  rotational  form  and  numerical  simulation,  both  DNS  and  LES, 
are  performed  using  a  de-aliased  pseudo-spectral  code  (Ruetsch  &  Maxey, 
1991). 

The  DNS  is  conducted  in  the  wave- numbers  range  |k|  <  36,  while  time 
integration  is  carried  out  till  a  statistical  stationary  field  is  reached.  The 
simulation  is  further  advanced  in  time,  storing  each  N  time  steps  the  perfect 
SGS  stress,  where  N  is  the  integer  ratio  of  LES  to  DNS  time  steps. 

LES  with  both  sharp  cut-off  and  top-hat  explicit  filtering  are  conducted 
in  the  range  |k|  <  16.  The  filter  width  is  chosen  such  that  the  characteristic 
wave-number  k  =  12  is  in  the  inertial  range.  In  order  to  avoid  generation  of 
frequencies  beyond  the  characteristic  frequency  k  we  adopted  an  alternative 
SGS  stress  definition  r%j  =  ufu]  —  ufuj  suggested  by  Vasilyev  et  al.  (1998). 

The  energy  spectra  corresponding  to  LES  with  perfect  SGS  model  agree 
quite  well  with  the  filtered  DNS  ones,  as  illustrated  in  Fig.  4.  For  com¬ 
parison  the  spectra  of  LES  without  any  model  are  also  reported.  This  fact 
is  not  surprising,  since  we  provide  perfect  SGS  model  which  gives  us  the 
exact  dynamics  and  energy  transfer.  Moreover,  as  it  is  expected,  the  ap¬ 
plication  of  a  smooth  filter  strongly  affects  the  shape  of  the  spectrum.  In 
other  words,  for  this  kind  of  filter,  even  when  LES  is  conducted  with  the 
ideal  SGS  model,  the  resolved  field  loses  some  important  features  of  the  real 
field.  In  particular,  the  slope  corresponding  to  the  inertial  range  is  clearly 
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Figure  4-  Energy  spectra  for  filtered  DNS  ( - ),  perfect  LES  ( - )  and  LES 

without  any  model  ( . )  ,  for  both  sharp  cut-off  (left)  and  top-hat  (right)  filters. 

There  is  also  shown  the  ideal  slope  of  the  inertial  range  —5/3  ( - ). 


misrepresented. 

The  energy  spectra  corresponding  to  LES  with  altered  SGS  modeling 
are  presented  in  Fig.  5.  For  sharp  cut-off  filtering,  according  to  (3),  the 
SGS  stress  has  a  very  little  contribution  from  large  scales;  thus,  the  altered 
perfect  model  appears  to  work  well,  even  for  A/ A  =  1.  The  same  is  no 
longer  true  for  smooth  filtering,  for  which,  even  for  high  A  one  cannot 
recover  a  good  spectrum. 

4.  Concluding  remarks 

In  this  study  we  carried  out  some  numerical  experiments  in  order  to  address 
the  influence  of  the  filter  shape  in  LES  with  explicit  filtering.  It  is  worth 
noting  that  the  analysis  was  conducted  not  by  means  of  a  priori  tests,  as 
often  made  in  similar  studies,  but  performing  actual  LES  with  SGS  models 
obtained  by  filtering  DNS  time  series.  Due  to  the  good  numerics  adopted, 
the  pure  effect  of  filtering  on  actual  LES  solution  was  illustrated.  In  order 
to  mimic  a  real  simulation,  the  ideal  SGS  model  was  altered  by  filtering  out 
the  contribution  of  large  scales  on  it.  In  the  future,  different  SGS  models 
used  for  LES  simulations  will  be  tested.  Numerical  results  presented  in  this 
paper  have  clearly  demonstrated  the  importance  of  considering  SGS  mod¬ 
eling  and  filtering  as  an  inseparable  issue.  In  particular,  it  was  shown  that 
if  LES  is  based  on  smooth  filter,  then  SGS  model  should  also  model  the 
effect  of  the  filter  on  large  scales,  i.e.  forces  (stresses)  produced  by  interac¬ 
tion  of  large  scales  which  are  filtered  out.  The  same  is  for  energy  cascade: 
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Figure  5.  Energy  spectra  for  LES  with  altered  perfect  SGS  model.  For  sharp  cut-off  filter¬ 
ing  (left),  plots  refer  to  A/A  =  1  ( - )  and  2  ( . )  while,  for  top-hat  filtering,  they 

refer  to  A/A  =  2  ( . )  and  4  ( - ).  Perfect  LES  spectra  are  also  shown  ( - ). 

SGS  model  should  remove  (or  add)  energy  at  the  resolved  scales  due  to  the 
simple  fact  that  filtering  procedure  removes  them.  Thus,  depending  on  the 
smoothness  of  the  filter,  the  corresponding  SGS  model  should  satisfy  very 
different  requirements  in  terms  of  large  scale  dynamics  and  kinetic  energy 
budget.  This  contradicts  the  basic  motivation  behind  LES:  to  resolve  large 
scales  and  model  unresolved  ones.  One  should  not  model  the  interaction 
of  resolved  scales,  otherwise  it  will  be  hard  to  see  the  difference  between 
unsteady  RANS  and  LES.  However,  unless  one  considers  homogeneous  tur¬ 
bulence,  it  is  difficult,  if  not  impossible,  to  adopt  an  implicit  or  explicit 
sharp  cut-off  filter.  Then,  the  next  best  choice  is  to  minimize  the  effect  of 
filter  on  large  scales  dynamics  and  energy  transfer.  This  can  be  achieved 
by  making  the  filter  as  close  to  sharp  cut-off  as  possible. 
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Abstract.  The  application  of  large  eddy  simulation  (LES)  to  wall-bounded  turbu¬ 
lent  flows  has  be  hindered  by  the  failure  of  current  subgrid  models  in  the  strongly 
inhomogeneous  region  very  near  the  wall.  This  is  the  LES  wall  modeling  problem. 
To  address  this  a  new  modeling  approach  called  optimal  LES  modeling  is  applied 
to  a  turbulent  channel  flow.  Ideal  LES  is  an  LES  evolution  that  is  guaranteed  to 
produce  correct  statistics  and  accurate  short-time  dynamics,  and  optimal  LES  is  a 
minimum  error  approximation  to  it.  By  constructing  optimal  models  that  produce 
correct  a  priori  estimates  of  important  statistical  quantities,  it  is  shown  that  for 
inhomogeneous  flows,  the  subgrid  model  must  represent  Reynolds  stress  spatial 
transport,  in  addition  to  transfer  to  small  scales.  Resulting  models  are  found  to 
perform  particularly  well  in  LES. 


1.  Introduction 

Large  eddy  simulation  (LES)  is  a  promising  simulation  technique  in  which  only 
the  large  scales  of  a  turbulent  flow  are  simulated  and  the  effects  of  the  small 
scales  are  modeled.  A  variety  of  subgrid  models  have  been  developed,  and  us¬ 
ing  these  models,  LES  has  been  successfully  applied  in  a  variety  of  flows  (see 
Lesieur  &  Metais,  1996;  and  Meneveau  and  Katz,  2000,  for  reviews).  Unfortu¬ 
nately,  the  near-wall  region  of  a  wall-bounded  turbulent  flow  causes  difficulties 
for  LES,  primarily  due  to  the  strong  inhomogeneity  of  the  turbulence  in  this  re¬ 
gion,  which  results  in  a  violation  of  the  subgrid  homogeneity  and  isotropy  on 
which  most  models  are  predicated.  In  essence,  there  is  “large-scale”  turbulence 
that  is  actually  smaller  than  the  filter  scale. 

A  new  approach  to  large  eddy  simulation  model  formulation  (optimal  LES) 
has  been  developed  (Langford  and  Moser,  1999),  which  does  not  rely  on  subgrid 
homogeneity  or  isotropy.  Optimal  LES  is  the  formal  approximation  of  what  we 
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call  the  “ideal  LES,”  which  is  the  best  possible  deterministic  LES  evolution.  In 
this  paper,  the  optimal  LES  technique  is  applied  to  the  turbulent  flow  in  a  chan¬ 
nel,  to  begin  to  address  the  problem  of  near-wall  LES  modeling.  In  the  following 
subsections  the  optimal  LES  approach  will  be  briefly  described. 


LI.  FILTERING  AND  IDEAL  LES 

The  large  scales  to  be  simulated  in  an  LES  are  defined  through  a  spatial  filter 
denoted  ~  For  the  filter  to  be  useful  in  the  LES  context,  it  cannot  be  invertible 
(Langford  and  Moser,  1999).  That  is,  it  must  discard  information,  so  that  the  (for¬ 
mally  infinite-dimensional)  space  of  Navier-Stokes  solutions  will  be  mapped  to  a 
smaller-dimensional  space  that  can  be  practically  represented  on  a  computer.  If  an 
invertible  filter  were  used,  the  dynamics  of  the  filtered  system  would  be  identical 
to  the  dynamics  of  the  unfiltered  system;  only  the  variables  describing  it  would  be 
different.  Often  the  explicit  filter  used  in  an  LES  is  invertible  (e.g.  Gaussian  or  top- 
hat),  but  the  numerical  discretization  (e.g.  Fourier  truncation  or  point  sampling) 
invariably  introduces  non-invertability.  In  this  case  we  include  the  discretization 
as  part  of  the  filter. 

With  an  uninvertible  filter,  the  LES  state  information  (the  large-scale  field)  is 
insufficient  to  determine  either  the  unfiltered  field  or  the  evolution  of  the  filtered 
field;  thus  the  need  for  a  model.  There  are  in  general  many  possible  evolutions 
of  a  given  filtered  field,  depending  which  of  an  infinite  number  of  subgrid  fields 
is  present.  In  the  absence  of  subgrid  information,  the  large-scale  evolution  can  be 
considered  to  be  stochastic,  and  an  intuitively  reasonable  LES  evolution  would  be 
the  average  of  all  the  possible  large-scale  evolutions.  This  is  written  mathemati¬ 
cally  as  the  conditional  average: 


d  w 

~di 


(1) 


where  the  LES  field  is  w,  and  u  is  a  real  turbulent  field.  It  has  been  shown  (Lang¬ 
ford  and  Moser,  1999)  that  this  is  the  unique  LES  evolution  that  guarantees  accu¬ 
rate  one-time  statistics  and  minimizes  error  of  the  large-scale  dynamics.  Because 
this  is  all  one  could  wish  for  in  an  LES,  this  evolution  is  called  ideal  LES. 

It  is  customary  to  write  the  LES  equations  as  the  Navier-Stokes  operators 
operating  on  the  filtered  field: 


dui  _  dtijUj  _dp_  1  (Puj  +  M 
dt  ~  dxj  dxi  Redxjdxj  u 


(2) 


where 


Mi  = 


$Tij 

dccj 


+  C*, 


Tij  =  UiU j  -  U{Uj , 


(3) 
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and  Ci  is  a  term  that  arises  when  the  filter  does  not  commute  with  spatial  dif¬ 
ferentiation.  The  ideal  subgrid  model  (m)  for  the  the  subgrid  term  (M)  is  then 
written: 

m  (w)  =  ^M(u)|u  =  (4) 


1.2.  OPTIMAL  LES 

The  ideal  LES  defined  above  has  all  the  features  one  could  wish  for  in  an  LES 
model,  but  unfortunately  it  cannot  be  determined  directly.  The  statistical  informa¬ 
tion  embodied  in  the  conditional  average  of  the  ideal  LES  is  so  tremendous  that 
it  is  unlikely  that  the  ideal  model  for  a  given  flow  or  filter  could  ever  be  found 
exactly.  Still,  one  can  approximate  the  ideal  model,  and  indeed,  subgrid  model¬ 
ing  can  be  considered  to  be  the  problem  of  approximating  the  conditional  average 
that  defines  the  ideal  model.  The  term  optimal  LES  is  used  to  describe  formula¬ 
tions  that  most  closely  approximate  ideal  LES  within  some  class.  Optimal  models 
are  defined  using  stochastic  estimation,  as  originally  proposed  by  Adrian  (1990). 
Stochastic  estimation  is  a  well-established  method  for  approximating  conditional 
averages  (Adrian,  1977;  Adrian  and  Moin,  1988;  Adrian  et  al.,  1989). 

In  stochastic  estimation,  a  vector  of  random  fields  Y  is  approximated  linearly 
in  terms  of  a  vector  of  “event”  fields  £7(x).  The  stochastic  estimate  is  then  written: 

Vi(x)  -  (Yi)  +  [  Ly-(x, *')£$(*') dx',  (5) 

Jv 

where  {•)  is  the  average  and  Y1  =  Y  —  (Y). 

The  estimation  kernel  Lij  is  determined  from  the  two-point  cross  correlations 
of  E'(x)  and  Yf  from: 

(E'(x')V'(x))  =  jf  Ljk(x,  x")<£'(x')4(*")>  dx",  (6) 

for  all  i,  j  and  x'.  Nonlinear  estimates  are  obtained  by  including  nonlinear  quan¬ 
tities  as  part  of  of  the  event  vector. 

In  what  follows,  optimal  LES  models  are  devised  for  the  turbulent  channel 
flow  using  stochastic  estimation  to  approximate  the  ideal  model.  In  Section  2,  the 
the  channel  flow  and  subgrid  term  are  characterized,  and  two  optimal  models  are 
described  in  Section  3  and  Section  4.  Finally,  concluding  remarks  are  provided  in 
Section  5. 

2.  LES  of  Turbulent  Channel  Flow 

Optimal  LES  requires  as  input  the  two-point  correlations  that  appear  in  (6).  The 
correlation  data  was  determined  from  the  direct  numerical  simulation  data  of 
Moser  et  al  (1999),  at  Rer  =  590. 
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Figure  1.  Magnitude  of  the  subgrid  force;  (a)  subgrid  contribution  to  mean  Reynolds 

stress  ( - )  and  total  Reynolds  stress  (solid);  and  (b)  mean-square  subgrid  force  fluctuations, 

normalized  by  mean-square  velocity  time  derivative  fluctuations. 


For  simplicity  we  consider  a  Fourier  cut-off  filter  in  the  homogeneous  direc¬ 
tions  parallel  to  the  wall.  The  cut-off  wavenumbers  in  the  streamwise  and  span- 
wise  directions  are  kxh  =  16  and  kzh  =  32,  where  h  is  the  channel  half-width. 
This  results  in  an  LES  representation  with  32  modes  in  the  filtered  directions, 
compared  to  384  in  the  DNS.  The  LES  grid  spacing  is  then  1 16  and  58  wall  units 
in  the  streamwise  and  span  wise  directions  respectively.  This  is  a  coarse  filter  for 
this  flow,  which  results  in  a  significant  model  term,  as  shown  in  Figure  1.  The 

model  terms  accounts  for  as  much  as  70%  of  du[/ dt  near  the  wall  and  30%  of 
the  mean  Reynolds  stress.  This  is  representative  of  the  high-Reynolds  number 
wall  modeling  problem,  but  with  such  a  large  contribution  to  Reynolds  stress, 
Smagorinsky-based  subgrid  models  must  fail  (Jimenez  and  Moser,  1999). 

One  further  complication  that  arises  due  to  the  inhomogeneity  in  the  chan¬ 
nel  flow  is  that  large  quantities  of  statistical  data  are  required  to  represent  the 
two-point  correlation  in  the  inhomogeneous  y  direction  (Balachandar  and  Najjar, 
2000);  more  statistical  samples  than  are  available  from  the  DNS.  To  reduce  the 
data  required,  we  only  consider  estimates  that  are  local  in  y ,  though  this  intro¬ 
duces  limitations  on  the  veracity  of  the  resulting  models  (Volker,  2000). 

3.  Optimal  LES  with  Directly  Estimated  Subgrid  Terms 

Perhaps  the  most  straight-forward  way  to  formulate  an  optimal  LES  of  the  channel 
flow  is  to  directly  estimate  the  fluctuating  subgrid  force  in  terms  of  the  velocity 
and  its  y  derivatives.  In  this  case  the  estimate  reads 

mi(x,  y,  z)  =  (Mi)  +  [  Lij(x  -  x\  y,z-  z')Ej(x',  y,  z')  dx'  dz'  (7) 

Jx,z 

where  the  integrals  are  in  x  and  z  only,  since  the  estimates  are  local  in  y.  This 
local  direct  estimate  of  the  subgrid  force  has  been  used  as  a  model  in  an  LES. 
Some  representative  results  are  shown  in  Figure  2.  Clearly,  the  optimal  model  has 
not  done  a  particularly  good  job.  The  mean  velocity  is  in  poor  agreement  with 
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Figure  2.  LES  results  in  the  channel  at  Rer  =  590;  (a)  mean  velocity  profiles,  and  (b)  rms 
strcamwise  velocity.  Shown  are  the  data  from  the  LES  ( - ),  DNS  ( - )  and  filtered  DNS 


( - ). 


the  DNS,  primarily  because  the  wall  shear  stress  (Cy)  is  over  predicted  by  11%. 
The  rms  streamwise  velocity  near  the  wall  is  also  over-predicted  compared  to  the 
filtered  DNS  quantity. 

The  reason  for  this  poor  performance  can  be  found  by  examining  the  in¬ 
terchange  of  energy  between  the  resolved  and  subgrid  scales.  This  is  given  by 
( U{Mi ),  which  is  plotted  in  Figure  3.  Note  that  near  the  wall  (y+  <  10),  this 
quantity  is  positive,  indicating  energy  transfer  into  the  resolved  scales.  Because  of 
the  linearity  of  the  model,  this  leads  to  exponential  growth  of  resolved  scale  fluctu¬ 
ations,  until  some  other  effect  limits  that  growth  (e.g.  nonlinearity).  However,  this 
energy  transfer  term  is  suggestive  of  transport  in  the  y  direction  as  observed  by 
Haertel  &  Kleiser  (1998).  In  their  analysis,  the  subgrid  energy  transfer  is  rewrit¬ 
ten: 


(uiMi) 


dxj 


2  ( SijTij , 


(8) 


where  the  first  term  on  the  right-hand  side  represents  subgrid  transport  in  y  and  the 
second  term  represents  local  energy  transfer  between  resolved  and  subgrid  scales 
(subgrid  dissipation  for  short).  These  contributions  are  also  shown  in  Figure  3. 
Note  that  the  transport  term  is  responsible  for  the  near-wall  peak  in  ( UiMi ).  The 
subgrid  dissipation  term  is  negative  near  the  wall,  though  there  is  a  region  of  true 
energy  transfer  to  resolved  scales  farther  from  the  wall. 

Since  W{  is  one  of  the  estimation  event  variables,  the  quantity  ( WiMi )  is  pre¬ 
dicted  exactly  by  the  optimal  model,  in  the  a  priori  sense.  But,  because  the  es¬ 
timates  are  local  in  y ,  they  do  not  correctly  represent  the  transport  component 
of  this  term.  To  represent  the  subgrid  transport  and  dissipation  terms  exactly  in 
the  a  prior  sense,  we  must  construct  the  estimates  such  that  {umj)  and  ( Sijnj ) 
are  recovered  (Volker,  2000).  Taking  advantage  of  homogeneity  in  the  x  and  z 
directions,  this  can  be  accomplished  by  writing  M*  as 


Mi~Pi  +  ^2 


where 


dm  _  dm 

dx\  9*3  ’ 


7 i  =  -T»2,  (9) 
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Figure  5.  Contributions  to  the  transfer  of  energy  from  the  resolved  scales  (left);  total  energy  trans¬ 
fer  ( - ),  subgrid  dissipation  ( - ),  subgrid  transport  ( - ).  Also,  (right)  contributions 

of  pi  and  7*  to  subgrid  energy  transfer  computed  a  posteriori  from  LES  realizations  (black),  and  a 
priori  from  DNS  (grey);  (uipi)  ( - ),  —{~iiduildx2)  (  )  ( d'yiUi/dx2 )  (  ) 


and  estimating  pi  and  7 \  in  terms  of  U{  and  dui/dy.  The  total  subgrid  energy 
transfer  then  becomes 


(uiMi)  =  ( Uipi )  +  (ui 


dji  \ 
dx  2/ 


dissipation  transport 


(10) 


where  each  of  the  terms  on  the  right  hand  side  are  represented  exactly  a  priori. 

The  a  priori  contributions  of  the  individual  terms  in  (10)  to  the  total  subgrid 
energy  transfer  are  shown  in  Figure  3.  Note  that  it  is  the  dissipation  term  involving 
7  that  is  responsible  for  the  augmentation  of  energy  in  the  resolved  scales.  Because 
of  the  structure  of  this  term,  it  will  not  produce  unchecked  exponential  growth,  as 
occurs  when  M  is  estimated  directly. 


4.  Optimal  LES  with  Subgrid  Transport  Estimated 

An  LES  based  on  the  local  estimation  of  p  and  7  with  event  data  consisting  of 
the  velocities  and  their  y  derivatives  was  performed.  The  results  are  shown  in 
Figure  4  for  mean  and  rms  velocities.  The  difficulties  with  the  mean  velocity, 
and  over-prediction  of  Cf  are  now  gone.  For  the  rms  velocities,  the  LES  are  now 
much  closer  to  the  values  from  the  filtered  DNS,  though  there  are  still  some  minor 
discrepancies.  A  variety  of  other  statistical  quantities,  including  spectra  and  two- 
point  correlations  are  in  reasonably  good  agreement  with  those  of  the  filtered  DNS 
(Volker,  2000). 

Given  the  apparent  importance  of  the  energy  transfer  and  transport  terms,  the  a 
posteriori  prediction  of  these  quantities  in  the  LES  are  of  some  importance.  They 
are  shown  in  black  in  Figure  3.  The  agreement  with  the  a  priori  results  (grey)  is 
reasonably  good,  suggesting  that  ensuring  that  a  model  is  a  priori  accurate  of  for 
these  quantities  will  lead  to  reasonable  predictions. 


OPTIMAL  LES  IN  TURBULENT  CHANNEL  FLOW 


261 


Figure  4.  Channel  LES  using  optimal  estimation  of  p  and  7  (see  (9));  (a)  mean  velocity  profile, 
(b)  rms  streamwise  velocity  fluctuations,  (c)  rms  wall-normal  velocity  fluctuations,  vrms,  and 

(d)  rms  spanwise  velocity  fluctuations,  wrms-  Shown  are  data  from  the  LES  ( - ),  the  DNS 

( - )  and  the  filtered  DNS  ( - ). 


5.  Discussion  and  Conclusions 

In  both  isotropic  turbulence  (Langford,  2000)  and  the  channel  flow,  a  properly 
constructed  optimal  LES  model  produces  very  good  simulations.  But,  the  expe¬ 
rience  with  the  channel  flow  suggests  that  what  makes  a  “properly  constructed’’ 
optimal  model  is  not  necessarily  obvious.  What  seems  to  be  important  is  that  the 
optimal  models  a  priori  reproduce  essential  statistical  properties  of  the  filtered 
turbulence,  such  as  the  “dissipation’’  of  resolved  scale  energy  (i.e.  transfer  to  sub¬ 
grid  scales)  and  the  subgrid  contribution  to  energy  transport.  The  optimal  models 
actually  a  priori  represent  more  than  just  these  energy  dynamic  terms.  For  exam¬ 
ple  in  isotropic  turbulence,  they  a  priori  represent  the  dynamics  of  the  two-point 
correlation  tensor  (Langford  and  Moser,  1999). 

In  the  channel,  a  global  linear  optimal  model  would  also  reproduce  all  subgrid 
contributions  to  the  two-point  correlation  dynamics.  However,  we  were  not  able 
to  construct  a  global  estimate,  because  of  the  limited  statistical  data  available.  The 
estimates  we  built,  were  designed  to  represent  the  energy  transport  term,  as  well 
as  the  dissipation,  but  they  also  reproduce  the  subgrid  contribution  to  transport 
and  dissipation  terms  in  the  resolved-scale  Reynolds  stress  transport  equations. 
Only  the  velocity-pressure-gradient  term  in  the  Reynolds  stress  equations  is  not 
reproduced  a  priori.  We  speculate  that  a  model  that  also  reproduces  this  term 
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would  further  improve  LES  performance,  and  that  a  global  model  that  reproduces 
2-point  correlation  dynamics  would  do  even  better. 

The  optimal  models  developed  here  rely  on  extensive  correlation  data  that  we 
obtained  from  DNS.  Clearly,  these  models  would  not  be  practical  if  such  detailed 
data  were  required  for  each  flow  in  which  one  wishes  to  perform  an  LES.  It  is 
thus  necessary  to  generalize  models  such  as  those  devised  here  to  be  applicable  in 
a  broad  range  of  applications. 
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Abstract.  Both  necessary  and  sufficient  conditions  are  derived  in  a  system¬ 
atic,  rigorous  way  for  a  subgrid-scale  (SGS)  flux  vector  model  to  preserve 
the  frame- indifference  of  the  vector  and  to  satisfy  both  the  principle  of  ma¬ 
terial  frame  indifference  (PMFI)  and  the  second  law  of  thermodynamics. 
This  leads  to  the  results  either  confirming  the  previous  intuitive  arguments 
or  offering  new  insights  into  turbulence  modelling,  and  is  of  significance  in 
clarifying  some  controversies  in  the  literature,  examining  how  well  existing 
models  preserve  the  physics,  and  developing  new  models. 


1.  Introduction 

SGS  stresses  and  fluxes  of  mass  and  energy  are  believed  to  be  quantities 
determined  by  filtered  large-scale  velocity  and  mass  fraction/temperature 
fields  in  the  large  eddy  simulation  (LES).  Based  on  this  fundamental,  in¬ 
trinsic  belief,  various  approaches  have  been  proposed  to  relate  SGS  stresses 
and  fluxes  to  the  filtered  large-scale  fields,  so-called  SGS  turbulence  mod¬ 
elling.  The  readers  are  referred  to  Ciofalo  (1994),  Mason  (1994),  Lesieur 
&  Metais  (1996)  and  Sagaut  (2001)  for  some  recent  excellent  reviews  and 
discussions  of  this  important  topic.  While  some  LES  results  based  on  some 
commonly  used  models  seem  encouraging,  they  fail  to  meet  either  one  or 
both  of  two  natural  fundamental  requirements  for  turbulence  models:  pre¬ 
serving  the  fundamental  properties  of  the  quantities  being  modeled  and 
satisfying  some  classical  principles. 

The  modelling  of  the  SGS  flux  vectors  of  mass  and  energy  consists  of 
replacing  them  by  constitutive  equations  expressing  them  as  functions  of 
filtered  large-scale  fields  of  velocity  and  mass  fraction/ temperature.  While 
such  constitutive  equations  may  take  different  forms  such  as  algebraic  and 
differential,  it  appears  to  be  a  basic  requirement  to  preserve  the  properties 


263 


264 


LIQIU  WANG 


which  the  flux  vectors  hold  by  their  definition.  Such  a  property  is  the  frame- 
indifference  (Fureby  &  Tabor  1997,  Ghosal  1999,  Wang  2001).  It  follows 
from  the  definition  of  the  SGS  flux  vectors  and  states  that  they  remain  the 
same  directed  line  element  under  a  change  of  frame.  The  issue  concerned 
with  whether  a  model  guarantees  this  property  is  referred  as  the  invariance 
in  the  literature. 

While  the  first  requirement  focuses  on  the  properties  of  the  SGS  flux 
vectors  themselves,  the  second  requirement  emphases  on  their  function  rela¬ 
tion  with  the  filtered  large-scale  fields.  Such  function  relations  are  required 
to  satisfy  some  classical  principles  including  the  PMFI  and  the  second  law 
of  thermodynamics  (Fureby  &  Tabor  1997,  Ghosal  1999,  Wang  1997,  1999, 
2001).  The  PMFI  requires  that  the  function  relation  is  the  same  for  every 
observer,  i.e.  in  every  frame  of  reference.  The  second  law  of  thermodynam¬ 
ics,  on  the  other  hand,  states  that  the  flux  is  always  from  high  concentration 
to  low  concentration.  Note  that  the  realizability  for  the  Reynolds  and  SGS 
stresses  also  comes  from  the  second  law  of  thermodynamics  (Wang  1999, 
2001). 

The  motivation  for  the  present  work  comes  from  the  desire  to  derive 
both  necessary  and  sufficient  condition  in  a  systematic,  rigorous  way  for  a 
SGS  flux  model  to  preserve  the  frame-indifference  of  SGS  flux  vectors  and 
to  satisfy  both  the  PMFI  and  the  second  law  of  thermodynamics.  Unlike 
the  works  in  the  literature,  no  intuitive  assumption  is  introduced  in  the 
derivation;  the  independent  variables  are  chosen  properly;  the  PMFI  and 
the  frame  indifference  of  SGS  flux  vectors  are  clearly  distinguished.  This 
leads  to  some  conclusive  results.  Among  them,  some  confirm  the  previ¬ 
ous  intuitive  arguments,  and  others  form  new  insights  to  SGS  turbulence 
modelling. 

2.  Principle  of  Material  Frame- Indifference  and  Second  Law  of 
Thermodynamics 

Consider  a  class  of  constitutive  relations  which  relate  the  passive  SGS  flux 
vector  q  of  mass  or  energy  to  its  arguments  0 , 0.P.,  v,  L,  i.e., 

q  =  f(0, 0.P.,  V#)  vj  L).  (1) 

Here  f  is  a  vector-valued  function.  9  is  the  concentration  of  a  property. 
It  is  the  mass  fraction  of  a  species  for  the  case  of  SGS  flux  of  mass,  and 
the  temperature  when  q  is  the  SGS  flux  of  energy.  O.P.  denotes  the  other 
scalar-valued  thermophysical  parameters  which  are  independent  of  v  and 
L  and  are  typically  the  local  thermodynamic  state  variables,  \/6  is  ^e 
gradient  of  0 .  v  is  the  filtered  velocity  vector.  L  is  the  velocity  gradient 
tensor  of  v,  a  second  order  tensor-valued  variable. 
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In  sharp  contrast  with  that  in  the  literature,  we  choose  L  as  an  indepen¬ 
dent  variable  instead  of  its  symmetric  part  D  (the  velocity  strain  tensor) 
and  skew  part  W  (the  vorticity  tensor)  because  D  and  W  can  not  be  re¬ 
garded  as  independent.  We  do  not  include  k,  l  or  e:  as  the  independent 
variables.  The  exclusion  of  the  explicit  dependence  of  q  on  time  t  and  po¬ 
sition  vector  r  comes  from  the  fact  that  they  affect  q  through  0 ,  0.P.,  \70, 
v  and  L. 

The  relation  (1)  satisfies  both  principle  of  determinism  and  principle 
of  local  action  since  we  assume  that  q  at  a  point  and  a  time  instant  is  a 
function  of  its  arguments  at  that  point  and  that  instant. 

The  principle  of  frame- indifference  requires  that  f  is  the  same  for  every 
observer,  i.e. 

q*  =  f(0*,  0.P.*,  (v#*)*\  v*,  L*)  (2) 

in  which  superscript  *  represents  the  quantities  observed  by  another  ob¬ 
server  *. 

The  second  law  of  thermodynamics  states  that  q  is  always  from  high 
concentration  to  low  concentration.  This  requires  that:  (1)  f  changes  its 
sign  if  \j6  changes  the  sign,  i.e., 

f  (0, 0.P.,  -  V  0,  V,  L)  =  -f  (e,  O.P. ,  X/0,  v,  L),  (3) 

and  (2)  the  projection  of  the  f  on  \/9  is  negative  semi-definite,  i.e., 

f  •  V0  <  0.  (4) 


2.1.  NECESSARY  CONDITIONS  FOR  REQUIREMENTS  (2)  AND  (3) 

2.1.1.  q  —  v  relation 
Theorem  1.  f  is  independent  ofv. 

Proof  From  the  principle  of  observer  transformations  (Geankoplis  1983, 
Truesdell  1991), 

e*  =  9,  (O.P.y  =  O.P.,  q*=Q(t)q,  ] 

MT  =  Q(t)V0,  L*  =  Q(f)LQT(t)  +  Q(f)QT(t),  } 

r*  =  Q(f)r  +  c(f),  v*  =  =  Q(t)r  +  Q(t)v  +  c(t),  J 

(5) 

where  Q  is  an  arbitrary  rotation  tensor,  r  a  position  vector  of  material 
point,  c(£)  an  arbitrary  vector-valued  function  of  time  t ,  and  a  dot  over  a 
letter  indicates  a  time  derivative.  In  (5),  we  have  used  the  frame  indifference 
of  q. 
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By  making  use  of  (1)  and  (5),  (2)  yields  (suppressing  t) 

f  (0, O.P.,  QV0,  Qr  +  Qv  +  c,  QLQt  +  QQr)  =  Qf  (0, O.P.,  v,  L), 
VQ  and  c. 

(6) 

Since  (6)  holds  for  all  Q,  it  must  be  true  for  Q  =  1.  Take  Q  =  1,  then 
Q  =  0.  Equation  (6)  reduces  to 

f  (0, O.P.,  v  +  c,  L)  =  f  (0, O.P.,  v,  L)  Vc.  (7) 

This  implies  that  f  is  independent  of  velocity  v. 

By  applying  Theorem  1,(1)  and  (6)  reduce  to 

q  =  f  (0,O.P|V0,L),  (8) 

f (0, O.P.,  Qy0>  QLQt  +  QQt)  =  Qf (0, 0.P.,  V0,  L)  VQ.  (9) 

2.1.2,  q  —  L  relation 

Note  that  L  can  be  uniquely  decomposed  into  a  symmetric  tensor  D  (ve¬ 
locity  strain  tensor)  and  a  skew  tensor  W  (vorticity  tensor).  Expression  (9) 
may,  then,  be  rewritten  as 

f (0, 0.P.,  Qv0,  QDQt+QWQt+QQt)  =  Qf(0, 0.P.,  V<?,  L)  VQ.  (10) 

Theorem  2.  For  rotation  tensor  Q(i)  =  exp[Cl(t  -  r)]Q,  we  can,  at  any 

instant  t,  pick  Q(r)  and  Q(r)QT(r)  to  be  arbitrary,  independent  rotation 
and  skew  tensors,  respectively.  Here  Q  is  any  time-independent  rotation 
tensor,  and  S7  any  time-independent  skew  tensor. 

Proof  As  is  a  time-independent  skew  tensor,  exp[Cl(t  -  t)]  is  thus 
a  rotation  tensor  for  any  fixed  time  r  and  all_  time  t.  Since  both  Q  and 
exp[tl(t-T)\  are  rotation  tensors,  Q(t)  =  exp[U(t-r)] Q  is  also  a  rotation 
tensor  for  all  time  t.  Also, 

Q  (t)  =  Q,  (11) 

Q(r)QT(r)  =  f2Q(r)QT(r)  =  ft.  (12) 

They  are  clearly  independent  rotation  and  skew  tensors  if  Q  and  O  are  any 
time-independent  rotation  and  skew  tensors,  respectively. 

Theorem  3.  L  affects  q  only  through  velocity  strain  tensor  D. 

Proof  To  prove  this,  choose  Q(£)  defined  in  Theorem  2  as  the  rotation 
tensor  in  (10)  while  for  any  instant  t,  — QWQt  |r  is  used  as  the  skew 
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tensor  O,  i.e.  SI  =  — QWQ5  |T  (Such  a  fl  do  a  skew  tensor  since  flT  = 
— qwtqt  |t=  qwqt  \T=  -n).  Then  at  time  t  =  r,  (10)  yields 

f {9, 0.P.,  Qx/0,  QDQt)  =  Qf(6>,  O.P.,  L)  VQ.  (13) 

As  this  is  true  for  all  rotation  tensor  Q,  it  must  hold  for  Q  =  1.  Let  Q  =  1, 
(13)  yields 

f(6,O.P.,\/0,L)  =  f(0, 0.P.,  (14) 

or 

q  =  f  (0,O.P.,V*,D).  (15) 


2.1.3.  q~y#  relation 

Expression  (15)  and  the  principle  of  frame-indifference  together  yield 

q*  =f(fl*,(O.P.)*,(V®T,D*)  (16) 

By  making  use  of  (5),  (15)  and  D*  =  QDQT  (TYuesdell  1991),  (16)  leads 
to 

f  (0, 0.P.,  Q v0,  QDQt)  =  Qf(0, 0.P.,  V0,  D)  VQ.  (17) 
Also  the  second  law  of  thermodynamics  [Eq.(3)]  requires  that 

m  O.P.,  -yfl,  D)  =  -f  (0, O.P.,  y0,  D).  (18) 

Since  the  velocity  strain  tensor  D  is  a  real,  symmetric  tensor,  it  has 
three  real  eigenvalues.  The  three  eigenvalues  can  be  distinct,  identical,  or 
two  of  them  can  be  identical.  In  the  present  work,  we  focus  on  the  case  that 
the  three  eigenvalues  are  distinct.  Similar  results  may  be  obtained  for  the 
other  two  cases. 

Theorem  4.  y0,  Dy0,  D2y0  are  linearly  independent  if  three  eigenvalues 
of  D  are  distinct. 

Proof  Let  (ik  and  f*  (A;  =  1,2,3)  to  be  the  eigenvalues  and  eigenvectors 
of  D.  D  may  be  represented,  in  its  spectral  form,  as 

3 

D  =  ^2  Hkh  ®  ffc-  (19) 

k= l 

The  linear  independence  of  f ^(k  =  1, 2, 3)  allows  us  to  write  y0  as 

V#  =  (V0)jfj  (20) 


in  which  =  y0  •  f ). 
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Suppose  that  y^DyS  and  D2V#  are  linearly  dependent  for  all  D  and 
xjO.  there  are  a,  /3  and  7  which  are  not  all  zero,  such  that 

as/0  +  /3Dv#  +  7D2  v#  =  0.  (21) 

Substituting  (19)  and  (20)  into  (21)  yields 

Y,(a  +  Pm  +  7/4)(V0)fcf*  =  °>  (22) 

k= 1 

which  implies,  as  tk  ( k  =  1, 2, 3)  are  linearly  independent, 

{a  +  pnk  +  'ri4){\'0)k  =  0,  (k  =  1,2,3).  (23) 

For  arbitrary  \/6,  (s/0)k  need  not  be  zero,  so 

a  +  /3nk  +  n/nk  =  0,  (k  =  1,2,3)  (24) 

that  requires  that  a  =  /3  =  7  =  0  for  distinct  contrary  to  the  hypothesis. 
Theorem  4  has,  thus,  been  proved. 

Applying  Theorem  4  to  the  SGS  flux  vector,  we  have 

f  (0, 0.P. ,  s/0,  D)  =  <Ao(0, 0.P.,  V®.  D)  +  ft  (f ,  O.P.,  s/0,  D)Dyfl 

+<M0,o.p,v0,d)d2v0, 

(25) 

and 

f(0,O.P.,-V0,D)  =  -0o(^O.P.,-V».D)V®  (261 

—<j>i(0, 0.P.,  -y0,D)DyS  —  ft(0, 0.P.,  —s/0,  D)D2\/0. 

Substituting  (25)  and  (26)  into  (18)  leads  to 

[ft(0, 0-P-,  V«»  D)  “  ft  (*>  O.P.,  -s/0,  D)]V® 

+[ft  (tf,  O.P.,  V0,  D)  -  ft(0,  O.P.,  -S/0,  D)]D  (27) 

+[ft(0,  O.P.,  V*.  D)  -  ft(0,  O.P.,  -S/e,  D)]D2v6>  =  0 

which  implies,  since  yff.Dy^  and  B2s/0  are  linearly  independent, 

<t>i(e,o.p.,s/e,n)  =  M0,o.p.,-s7e,-D),  (z  =  0,1,2).  (28) 

To  satisfy  this  requirement,  take 

<j>i{0,O.P.,S/0,B)  =tpi(0,O.P.,S/e®  S70,T>),  (i  =  0, 1, 2).  (29) 

Then  (25)  and  (29)  result  in 

f  (0,  o.r,  Qve,  qdqt)  =  Q(ipove  +  ftD  +  fto2 s/0)  (3°) 
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in  which, 

k  =  A(o,  O.P.,  QvO  ®  QvO,  QDQT), 

and 

Qf  (0, 0.P.,  v«,  D)  =  Q(Vw#  +  ViDy0  +  ^D2  v<?)-  (31) 

By  making  use  of  (30)  and  (31),  (17)  yields 

(k  -  V’o )v<?  +  (k  -  l>i)DvO  +  (k  -  V’2)D V  =  o  (32) 

that  implies,  by  Theorem  4, 

V'i(0,O.P.,Qv0®QV^1QDQT)  =  V’i(^O.P.,v^®V^D)  VQ.  (33) 
Theorem  5.  Suppose 

CLP.,  Qb  ®  Qb,  QBQt)  =  ip(6, 0.P.,  b  ®  b,  B),  Vb  and  B, 

then 

V>(0, 0.P.,  a  0  a,  A)  —  ip(6, 0.P.,  b  <g>  b,  B) 

whenever  J^( a,  A)  =  «4(b,  B)  (A:  =  1, 2,  •  •  • ,  6).  Here 

Ji(a,  A)  =  tr A,  J2(a,A)  =  ±[(£rA)2  -  tr(A2)],  J3(a,  A)  =  detA, 

J4(a,  A)  =  a  •  Aa,  J5(a,  A)  =  a  •  A2a,  A)  =|  a  |, 

a  and  b  are  two  arbitrary  vectors,  A  and  B  are  two  arbitrary  symmetric 
tensors. 

Proof  Since  <4  (a,  A)  =  J*(b,  B)  (k  =  1, 2, 3),  tensors  A  and  B  have  same 
eigenvalues.  Let  pk  be  their  eigenvalues,  A  and  B  may  be  written  as, 

3  3 

A  -  ^2  fikek  ®  ek,  B  =  E  fiA  ®  ffc 
k- 1  fc= 1 

where  e^  and  f*  (A;  =  1,2,3)  are  eigenvectors  of  A  and  B,  respectively. 
Define 

Q  =  ek  <g>  4 

that  is  a  rotation  tensor,  and 

e;  =  Qfj,  A  =  QBQr,  A2  =  QB2QT,  (*  =  1,2,3).  (34) 

By  applying  <4( a,  A)  —  Jfc(b,B)  (A:  =  4, 5, 6),  we  have 

3  3  3  3 

E(b-fjt)2  =  E(QTa-ffc)2,  Yl  fj.k(b  ■  fk)2  =  E  Mfc(QTa  ’  ffc)2, 

*=l  Jfc=i  fc=i  *=i 

E  Mfc(b  •  ffc)2  =  E  Mfc(QTa  •  ffc)2- 

k= 1  k= 1 


(35) 
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This  implies,  for  the  distinct  pk  (fc  =  1, 2, 3), 

(QTa  ^  b)  •  f/t  =  0,  (*  =  1,2,3).  (36) 

Note  that  f*  (k  =  1, 2, 3)  are  linearly  independent,  then  a  =  ±Qb,  a® 
a  =  Qb  ®  Qb.  By  hypothesis, 

iP(0, 0.P.,  b  0  b,  B)  =  ip(9, 0.P.,  Qb  ®  Qb,  QBQT)  =  ip(9, 0.P.,  a  ®  a,  A) 
in  which  A  =  QBQr  [  (34)]  and  a  ®  a  =  Qb  ®  Qb  are  used.  Therefore, 
V>(0,O.P.,b®b,B)  =ip[0,O.P.,Jk(b,B)],  (*  =  1,2,  •■•,6)  (37) 

if 

0.P.,  Qb  ®  Qb,  QBQt)  =  ip(0, 0.P.,b  ®  b,  B),  Vb  and  B.  (38) 

The  converse  is  also  true  since  ,7^ (Qb,  QBQT)  =  Jk{ b,  B)  (fc  =  1, 2,  •  ■  • ,  6). 

Theorem  6.  The  necessary  condition  for  the  constitutive  process  (1)  to 
satisfy  requirements  (2)  and  (3)  is 

q  =  f  (0, 0.P.,  V0,  D)  =  (<M  +  <£iD  +  4>2 D2)  V<? 


where 


&  =  &[0,O.P.,J*(V0, D)],  (i  —  0, 1,2;  k  =  1, 2,  •  •  •  ,6). 

Proof  Applying  Theorem  5  to  (33)  yields 

V>,(0, 0.P.,  ®  V^D)  =  ipi[6,O.P.,  Jfc(v^D)]-  (39) 

This,  with  (25)  and  (29),  leads  to 

q  =  f(0,O.P.,  V<?>D)  =  (4>01  +  <f>{D  +  02D2)v^  (40) 


where 


=  4h[0 , O.P.,  Jk(S/0,  D)],  (i  =  0, 1, 2;  *  =  1, 2,  •  •  ■ ,  6). 

If  the  three  eigenvalues  of  D  are  not  distinct,  we  can  still  obtain  (40)  with 
(f)i  =  </> 2=0  (for  the  case  of  three  identical  eigenvalues)  or  02  =  0  (f°r  the 
case  of  two  identical  eigenvalues)  by  the  similar  method.  Therefore,  (40)  is 
valid  for  all  cases. 
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2.2.  SUFFICIENCY  OF  (40)  FOR  REQUIREMENTS  (2)  AND  (3) 
Suppose  (40)  holds,  then 


(V#*)*>  v*,L*)  =  Jfc((v0’)*,  D*))l 

+M0\o.PS,M(vn*iVn)n*  +  M(>*,o.p.*,jk(M*y,'D*))n*2} 
(Ve*y  =  {mo,  o.p.,  Jk(  Q  v  o,  qdqt))qiqt  +  mo,  o.p.,  jk(  q  v  o, 

QDQt))QDQt  +  MO,  O.P. ,  Jk(  Q  V  0,  QDQt))QD2Qt}Q  V  0 
=  Q{M0,  O.p.,  Jk( Q  V  0,  QDQT))1  +  MO,  O.P.,  Jk( Q  V  0,  qdqt)) 
D  +  MO,  O.P.,  Jk{ Q  V  0 ,  QDQt))D2}QtQ  V  o 


=  Qf (0, 0.P.,  y0,  V,  L)  =  q*,  (k  =  1, 2,  •  •  • ,  6) 


(41) 

in  which  Eq.(5),  D*  =  QDQT  and  Jk( Q  V  0,  QDQr)  =  J/t(v^>  D)  (k  = 


1,2,.*  •  ■ ,  6)  are  used. 


Also,  if  (40)  holds, 


f (0, O.P.,  -  V  0,  v,  L)  =  {</>o(0,  O.P,  Jk{~  V  0,  D))l 

+<£i  (8,  O.P;  Jk(-  v  0 ,  D))D  +  fc(0, 0.P.,  Jk(-v0, D))D2}(-  y  0) 

=  -{fo(0,  OF,  JfcM,  D))l  +  MO,  O.P.,  Jk(v0,  D))D 

+M0,  O.P.,  Jk{^0,  D))D2}(V0)  =  -f(8,  O.P;  yfl,  v, L),  (*  =  1, 2,  •  •  • ,  6) 

(42) 

in  which  Jfe(-  v  0,D)  =  <7/c(v0,D)  (&  =  1,2,  •  •  •  ,6)  are  used.  Equations 
(41)  and  (42)  establish  the  sufficiency  of  (40)  for  (2)  and  (3). 

2.3.  PROPERTIES  OF  0/  (I  =  0, 1,2)  AND  BOTH  NECESSARY  AND 
SUFFICIENT  CONDITIONS  FOR  INEQUALITY  (4) 

Both  necessity  and  sufficiency  of  (40)  for  Eqs.(2)  and  (3)  are  established 
in  §2.1  and  §2.2.  Here  we  analyze  some  fundamental  properties  of  <f>i  ( i  = 
0, 1,2),  and  develop  both  necessary  and  sufficient  conditions  for  inequality 

(4). 

Rewrite  Eq.(40)  as 

q  =  — K  v»,  (43) 

with 

K  =  —  (</>o  1  +  <j>\  D  +  </>2D2)  =  (44) 

Here  1  is  a  unit  (identity)  tensor,  and 

<Pi  =  -4>i  (*  =  0,1,2).  (45) 

K  has  two  fundamental  properties:  (1)  it  is  a  real- valued  tensor  on  the 
ground  of  practical  transport  processes,  and  (2)  it  is  a  symmetric  tensor 
due  to  the  symmetry  of  velocity  strain  tensor  D. 
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Let  A j  and  fj  (j  =  1, 2, 3)  be  the  three  eigenvalues  of  D  and  K,  respec¬ 


tively.  Since  K  is  related  to  D  through  Eq.(44), 

fj  =  <£o  +  Aj  +  V^Aj,  (j  =  1?  2, 3).  (46) 

Because  D  and  K  are  real-valued  symmetric  tensors,  A  j  and  fj  ( j  =  1, 2, 3) 
must  be  real- valued,  i.e., 

7j=fj,  O'  =  1,2,3),  (47) 

Aj  =  Xj,  0  =  1,2,3).  (48) 

By  Eq.(46), 

/j  =  +  ^2  (i  =  2, 3).  (49) 

By  making  use  of  Eqs.(47)  and  (48),  Eq.(49)  leads  to 

fj  ~  ^0  +  (i  —  1*  2, 3).  (50) 


This,  with  Eq.(46),  yields 

{<Pq  -  Tp0)  +  (<£l  -  ^i)Aj  +  (^2  -  (j  =  3),  VAj  €  R 

(51) 

which  indicates  that 

<Pi=TPi  (*  =  0,1,2).  (52) 

Therefore,  ipi  (i  =  0, 1,2)  must  be  real-valued. 

Substituting  Eq.(43)  into  inequality  (4)  yields 

V#  •  Ky 0  >  0,  Vv#,  (53) 

which  implies  that  K  is  positive  semi-definite.  Note  also  that  K  is,  in  prac¬ 
tice,  an  invertible  tensor,  it  must  be  positive  definite.  The  same  conclusion 
may  be  obtained  by  noting  that  the  equal  sign  in  (4)  is  only  for  reversible 
processes  and  transport  processes  are  irreversible. 

The  necessary  and  sufficient  condition  for  a  symmetric  tensor  to  be 
positive  definite  is  that  all  of  its  eigenvalues  are  positive  definite.  Both 
necessary  and  sufficient  condition  for  inequality  (4)  is,  thus, 

^Pq  +  (pi^j  +  P2 A|  >  0,  ( j  =  1, 2, 3),  VAj  £  R.  (54) 

Two  necessary  conditions  of  (54)  can  be  easily  obtained  by  considering 
cases  of  A  j  =  0  and  |  Aj  |-+  oo,  respectively,  as 


< po  >  0, 


(55) 
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<p2  >  0.  (56) 

Dividing  (54)  by  y>o,  we  can  rearrange  (54)  into  an  alternative  form 

(1  +  ^)2  +  (— -  A)A2  >  0  VA,-  €  R.  (57) 

2<p0  (po  4(^g  J 

This  yields  another  necessary  condition,  by  setting  A  j  =  —2(po/ipi, 

<Pi  —  4<po<f2  <  0-  (58) 

Conversely,  it  is  easy  to  show  that  (55),  (56)  and  (58)  are  also  the  sufficient 
conditions  of  (54). 

The  detailed  expressions  of  <po,ipi  and  ip2  are  material-dependent  and 
need  to  be  determined  through  experiments.  Once  they  are  determined, 
Eq.  (43)  can  serve  as  the  SGS  flux  model  that  is  properly  invariant  and 
satisfies  the  second  law  of  thermodynamics. 

3.  Concluding  Remarks 

For  a  class  of  turbulence  flows  for  which  the  SGS  flux  vector  can  be  de¬ 
scribed  by  Eq.(l),  both  necessary  and  sufficient  conditions  are  derived  in 
a  systematic,  rigorous  way  for  the  invariance,  the  PMFI  and  the  second 
law  of  thermodynamics.  This  leads  to  a  general  model  (43)  with  three  real¬ 
valued  functions  ipi  ( i  =  0, 1,2)  satisfying  (55)  (56)  and  (58).  Any  specific 
model  satisfying  (43),  (55),  (56)  and  (58)  is  properly  invariant  and  satisfies 
the  second  law  of  thermodynamics  while  the  model  violating  these  condi¬ 
tions  is  not.  The  work  is  believed  to  be  important  both  for  developing  the 
specific,  physics-preserving  models  and  for  clarifying  some  confusion  in  the 
literature  by  noting  that  the  previous  works  employ  an  intuitive  approach 
with  the  focus  on  only  obtaining  the  sufficient  condition. 
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Abstract.  The  vorticity- vector  potential  formulation  and  the  fourth- 
order  difference  method  are  combined  with  LES  with  dynamic  subgrid  scale 
model.  The  new  sharp  cut  off  filtering  is  devised,  which  has  the  fourth  order 
accuracy.  The  present  computational  method  is  validated  for  the  simula¬ 
tion  of  transition  in  channel.  The  channel  flow  with  two  rows  of  transverse 
riblet  is  computed  by  the  present  method  and  is  shown  that  the  drag  reduc¬ 
tion  is  attained  after  the  turbulet  field  develop es  fully  on  the  riblet  surface. 
It  is  also  found  that  the  transverse  riblet  has  the  same  effect  as  the  suction. 


1.  Introduction 

Recently,  the  large  eddy  simulation  is  devoted  to  study  the  turbulence 
phenomena  with  complex  geometric  configulations  such  as  turbulence  over 
the  airfoil  (Weber  et  al  2000)  and  the  turbulence  flow  in  motored  piston- 
cylinder  assembly  (Verzicco  et  al  2000).  In  conducting  these  simulations 
accurately,  it  is  crucially  important  to  use  the  accurate  large  eddy  simula¬ 
tion  technique  in  the  generalized  coordinate  system.  The  accurate  filtering 
technique  is  also  important  as  well  as  accurate  computational  method.  The 
dynamic  subgrid  scale  model  (Germano  et  al  1991)  should  be  adopted  in 
these  simulations.  It  has  also  to  be  considered  the  importance  of  the  formu¬ 
lation  method  in  dealing  with  incompressible  turbulent  flow.  The  fractional 
step  method  has  been  widely  used  as  the  formulation  method  since  the  reg¬ 
ular  grid  is  applicable  and  the  continuity  equation  of  the  velocity  field  is 
satisfied  sufficiently. 
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Although,  the  vorticity-vector  potential  method  has  been  used  in  the 
early  stage  of  the  large  eddy  simulations  (Mansour  et.  al ,  1979),  this 
method  was  replaced  to  the  fractional  step  method  due  to  the  difficulty 
on  applicating  the  wall  boundary  conditions  adequately.  However,  recently 
this  problem  has  been  dramatically  solved  by  the  research  works  of  the 
present  author  (Tokunaga,  1992;  Shimada  et.  al .,  1991;  Tokunaga  et.  al , 
1991;  Tokunaga,  1999).  The  fourth  order  accurate  difference  method  has 
been  also  combined  to  this  formulation  in  the  frame  work  of  the  dynamic 
subgrid  scale  model. 

The  present  author  conducts  the  research  works  on  the  drag  reduction  of 
the  transverse  riblet  by  making  use  of  the  large  eddy  simulation  technique 
which  consists  of  the  fourth  order  difference  method,  fourth  order  accurate 
sharp-cut-off  filter,  dynamic  subgrid  scale  model  and  the  vorticity-vector 
potential  formaulation  in  the  curved  coordinate  system. 

It  has  to  be  pointed  out  at  first  the  direct  numerical  simulation  over 
riblet  (Choi  et  a/.,  1994)  about  research  works  of  turbulent  drag  reduction. 
However,  another  studies  exist  on  numerical  simulations  of  the  turbulent 
drag  reduction,  such  as  the  linear  feedback  control  (Cortelezzi  et.  al.y  1999) 
as  well  as  the  transverse  riblet  (Tokunaga  and  Yamauchi,  1997;  Tokunaga, 
1999;  Manuilovich,  1994;  Liu  et.  al ,  1994;  Mochizuki  et  al ,  1994).  The 
present  author  showed  that  the  concave  transverse  riblet  has  the  signifi¬ 
cant  effect  for  drag  reduction  since  the  streak  structure  of  wall  bounded 
turbulence  is  blocked  by  the  concave  transverse  riblet  and  the  turbulence 
is  weakened  as  the  suction  (Tokunaga,  1999).  The  suction  is  used  as  an 
effective  means  for  laminarizing  the  flow  along  airfoil  and  reducing  the  drag, 
in  which  the  slotted  surface  is  accompanied  for  delaying  the  transition  and 
reducing  the  drag,  although  this  apparatus  includes  the  complex  mechanical 
arrangements  (Bobbit  et.  al ,  1991). 

In  the  present  paper,  we  intend  to  verify  more  precisely  the  drag  reduc¬ 
tion  effect  by  conducting  the  large  eddy  simulation  of  the  turbulence  over 
the  two  rows  of  transverse  riblet  in  the  periodic  domain  of  the  streamwise 
direction.  The  computaional  grid  cinsists  of  129  X  85  X  65  where  the  curved 
coordinate  is  used. 


2.  Governing  Equations 

We  adopt  the  fourth  order  accurate  sharp-cut-off  filter  which  is  able  to  be 
applied  to  the  generalized  body  fitted  coordinate  system  since  the  constant 
width  Smin/ 2  is  used  as  shown  in  Fig.  1,  where  8min/ 2  denotes  the  minimum 
grid  spacing  in  the  generalized  coordinate,  and  therefore  the  filtering  and 
differentiation  process  is  comutable  each  other  with  respect  to  the  order. 
The  dynamic  subgrid  scale  is  used  and  the  integration  in  the  box  filtering 
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is  performed  analytically  by  approximating  the  turbulent  field  with  the 
second  order  Lagrage  interpolation  both  on  the  basic  and  test  filtering. 
The  integration  is  performed  by  the  Simpson’s  rule,  so  that  the  fourth 
order  accuracy  is  assured. 


Figure  1.  Filtering  process 


The  vorticty- vector  potential  formulation  is  applied  to  the  equation  of 
LES  with  dynamic  subgrid  scale  model.  ,  The  vorticity  u  is  defined  as 

w  =  V  x  u.  (1) 

The  vorticity  transport  equation  is  derived  by  taking  the  rotation  of  the 
Navier-Stokes  equation  with  the  SGS  model.  After  introducing  the  vector 
potential 

U  =vx^,  (2) 

the  Poisson  equations  are  also  derived  as 

A  4>i  =  -Wi,  (3) 

where  the  solenoidal  condition  is  assumed  for  the  vector  potential 


dxj 

These  equations  are  transformed  to  the  generalized  coordinate  £  and  7]  from 
X\  and  X2- 

The  vortci city- vector  potential  method  was  validated  for  the  numerical 
simulation  of  180°  curved  duct  with  the  circular  section  and  the  transition 
simulation  in  a  plane  channel  (Tokunaga  et  al  1991). 


d'l’j 


(4) 
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3.  Computational  Methods 


In  order  to  compute  accurately  the  shear  flow  turbulence,  the  fourth  order 
difference  method  is  used.  In  this  case,  the  first  and  second  derivative,  for 
example,  are  discretized  in  the  ^-direction  as 


d£  \ijk 


oe  \ij)k 

/ (12  A  £2), 


=  (— “  80c Oijik  +  Ib^i+iJ,*  -  uji+2j,k) 


where  A£  represents  the  grid  interval  in  the  ^-direction  The  derivative  in 
ff-  and  z-direction  as  well  as  the  cross  derivative  are  also  differenced  in  the 
same  way,  and  finally  the  set  of  the  ordinary  differential  equations  (ODEs) 
is  led. 

(6) 

£  =  (ct>i,2, 1^2,2, 1,  (7) 

where  J,  J  and  K  denote  the  number  of  grid  points  in  £,  T)  and  z  direction. 
For  time-stepping  in  the  set  of  ODEs,  we  apply  the  TVD  Runge-Kutta 
method  with  the  third  order  accuracy. 

The  same  discretization  procedure  is  adopted  for  the  Poisson  equation 
for  the  vector  potential,  where  the  point  Jacobi  is  used  in  £  and  z  direction 
while  the  SOR  method  is  only  applied  in  7]  direction,  since  the  computation 
is  performed  by  Fujitsu  FACOM  VPP-800/63  of  the  architecture  of  pipeline 
with  the  huge  length.  The  convergence  of  the  Poisson  equation  gives  a  sig¬ 
nificant  influence  on  the  turbulent  field  and  insufficient  relaxation  weakens 
the  turbulence,  so  that  we  adopt  the  five  hundreds  relaxations  as  maximum. 


4.  Transition  Simulation  in  Channel  Flow 

In  order  to  validate  the  present  computational  method,  the  transition  pro¬ 
cess  in  channel  flow  is  simulated.  The  Renolds  number  is  Re  =  8, 000,  and 
the  initial  condition  consists  of  the  Poiseuille  flow  with  2%  amplitude  2-D 
and  .02%  amplitude  3-D  T-S  waves,  which  is  the  standard  case  (Germano 
et  al  1991). 

The  time  evolution  of  the  wail  shear  stress  is  depicted  in  Fig.  2  (a), 
where  the  wall  shear  is  depicted  both  on  the  lower  and  upper  wall.  The 
transition  occurs  at  t  =  180  due  to  the  impuritt  of  the  initial  condition. 
The  figure  2  (b)  shows  the  streamwise  velocity  distribution  average  in  the 


LES  USING  COMPLETE  FOURTH  ORDER  METHOD  279 


(b)  Averaged  streamwise  velocity 
distribution 


(a)  Time  evolution  of  skin  friction 


Figure  2.  Time  evolution  of  skin  friction  on  channel  wall  srafaces  (a)  and  streamwise 
velocity  distribution  averaged  in  spanwise  direction  (b) 


spanwise  direction,  which  shows  that  the  turbulent  flow  fully  developes. 


5.  Numerical  Simulation  of  Channel  Flow  with  Two  Rows  of 
Transverse  Riblet 

Since  the  possiblity  of  drag  reduction  has  been  already  suggested  in  the 
single  row  of  transverse  riblet  in  the  periodic  domain  (Tokunaga,  1999), 
we  investigate  the  drag  reduction  in  two  rows  of  transverse  riblet  which  is 
shown  in  Fig.  3. 

The  Reynolds  number  Re  =  Umax 2<5/i^  is  chosen  as  8,000  and  the  height 
of  the  transverse  riblet  n  —  —  0.03  which  are  the  same  in  LES  of  the  single 
row  of  transverse  riblet. 


Figure  3.  Transverse  riblet 
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The  initial  turbulent  field  is  initiated  by  adopting  incidently  the  fully 
developed  channel  turbulent  flow,  which  is  obtained  in  the  previous  chapter, 
to  the  channel  with  two  transverse  riblets  in  order  to  elucidate  the  robust¬ 
ness  of  the  present  computational  method.  The  computational  time  is  17 
hours  to  proceed  10  non-dimensional  time  by  making  use  of  single  vector 
processor  of  Fujitsu  VPP-800/63  which  is  the  parallel  super  computer  with 
63  processors  at  the  maximum  performance  504  GFlops  .  Figure  4  (a)  and 
(b)  depict  the  time  history  of  the  total  drag  at  the  lower  and  upper  wall,  as 
well  as  the  skin  friction  and  pressure  drag  at  the  lower  wall.  In  the  present 
paper,  the  total  drag  denotes  the  sum  of  the  skin  friction  and  pressure  drag. 

It  is  shown  that  the  darg  on  the  flat  upper  wall  exceeds  the  total  drag 
on  the  lower  riblet  surface  after  the  initial  channel  turbulent  field  fits  to  the 
geometry  of  two  rows  of  transverse  riblet.  It  is  also  shown  that  the  form 
drag  is  too  small  compared  with  the  wall  shear.  From  this  point  of  view,  it 
is  concluded  that  the  transverse  riblet  has  potential  as  the  device  of  drag 
reduction. 


a 


Time 


(a)  total  drag  on  riblet  and  flat  wall 


Time 

(b)  skin  friction  and  form  drag  on 
riblet  wall 


Figure  4.  Time  history  of  total  drag  (a),  skin  friction  and  form  drag  (b) 


6.  Turbulent  Field  on  Riblet  Surface 

In  this  section,  we  investigate  the  mechanism  of  drag  reduction  from  visual¬ 
izing  the  turbulet  field  on  the  riblet  surface.  Figure  5  (a)  shows  the  contours 
of  the  spanwise  vorticity,  where  it  is  found  that  the  turbulet  vortices  are 
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attracted  to  the  transverse  riblet  and  weakened.  The  effect  is  the  same  as 
the  suction  used  in  the  drag  reduction  device. 

In  Fig.  5  (b),  we  show  the  contours  of  the  velocity  normal  to  the  wall 
which  is  averaged  in  the  spanwise  direction.  It  is  depicted  the  average  veloc¬ 
ity  directs  to  the  riblet  surface.  Therefore,  it  is  thought  that  the  transverse 
riblet  has  the  same  effect  as  the  suction. 


Figure  5.  Contours  of  spanwise  vorticity  on  x  —  y  plane  (k  =  9  )  at  t  =  110  (a)  and 
velocity  normal  to  the  wall  average  in  spanwise  direction  (b) 

The  iso-surface  of  the  spanwise  vorticty  is  depicted  in  Fig.  6.  It  is  found 
that  the  streak  structure  on  the  upper  flat  surface  is  smooth  and  strong, 
while  the  one  on  the  riblet  surface  is  blocked  on  the  two  rows  of  riblets  and 
weakened. 


Figure  6.  Iso  surfaces  of  streamwise  vorticity 
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7.  Conclusions 

The  complete  fourth  order  accurate  method  is  presented  for  LES  in  the 
vorticity-vector  potential  formulation  and  LES  is  performed  for  channel 
flow  with  two  lows  of  transverse  riblets.  As  results,  the  following  conclusions 
are  obtained. 

(1)  It  is  shown  that  the  channel  transition  simulation  is  successfully  carried 
out  by  the  present  computational  method. 

(2)  It  is  found  that  the  total  drag  is  reduced  after  the  turbulet  field 
developes  fully  on  the  riblet  surface. 
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Abstract.  This  paper  presents  numerical  results  obtained  by  applying  an  LES  model  based  on  a 
rational  (subdiagonal  Pade)  approximation  in  the  wave  number  space.  We  used  a  spectral  element 
code  to  test  this  LES  model  and  the  Smagorinsky  model  with  Van  Driest  damping  in  the  numerical 
simulation  of  a  3D  channel  flow  at  ReT  =  180.  The  corresponding  results  were  compared  with  the 
fine  DNS  simulation  of  Moser,  Kim,  and  Mansour. 


1.  Introduction 

Introduced  in  1970  by  Deardorff  [4],  Large  Eddy  Simulation  (LES)  is  one  of  the  most  promising 
approaches  to  the  numerical  simulation  of  turbulent  flows.  LES  has  a  rich  history,  being  success¬ 
fully  developed  and  applied  to  a  wide  range  of  applications  by  the  engineering  and  geophysics 
communities. 

LES  is  based  on  the  idea  that  the  large  scales  in  the  flow  are  essential,  being  responsible  for 
the  important  engineering  quantities  (heat  transfer,  mixing,  etc.),  whereas  the  small  scales  are 
important  because  of  their  effect  on  the  large  scales.  Another  important  assumption  in  LES  is  that 
the  small  scales  of  turbulence  are  more  isotropic  and  more  universal  than  the  large  scales. 

The  usual  LES  starts  by  convoluting  the  Navier-Stokes  equations  (NSE)  with  a  spatial  filter  g$: 

ut  +  V  •  (uu)  -  Re~x  Au  +  Vp  =  f ,  (1) 

where  u  —  gs  *  u  is  the  variable  of  interest.  The  filtered  NSE  (1)  do  not  form  a  closed  system,  and 
most  LES  research  has  been  directed  at  modeling  the  subgrid-scale  (SGS)  stress 

r  =  uu-  u  u.  (2) 

Arguably  the  most  popular  class  of  SGS  models  is  the  eddy  viscosity  type,  based  on  (variants 
of)  Sinagorinsky’s  model  [24], 

t  =  ~{CS6)2  |V5u|  Vsu,  (3) 
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where  5  is  the  radius  of  the  filter  and  Vsu  =  J(V0  +  VuT).  Smagorinsky  proposed  (3)  with  Cs 
a  constant,  but  the  most  successful  models  have  been  those  in  which  Ca  is  computed  dynamically 
(the  dynamic  subgridscale  eddy  viscosity  model  [9]  and  its  variants). 

Other  successful  LES  models  include  the  scale-similarity  models,  the  mixed  models  (scale- 
similarity  models  coupled  with  an  eddy-viscosity  model  to  properly  dissipate  energy),  and  the 
RNG  models. 

Despite  its  undeniable  achievements,  LES  still  poses  numerous  challenges,  many  of  them  at  a 
very  fundamental  level.  One  of  these  challenges  is  the  need  for  more  mathematical  consistency,  which 
would  provide  the  means  for  sounder  mathematical  and  numerical  analysis  for  the  corresponding 
LES  models.  Other  fundamental  challenges  are  the  LES  boundary  conditions,  the  influence  of  the 
filter  on  the  SGS  model,  commutation  errors  in  filtering,  numerical  errors,  and  numerical  validation. 
A  growing  current  of  opinion  in  the  LES  community  favors  the  need  for  new  approaches  that  could 
answer  these  fundamental  challenges. 

The  LES  model  used  in  this  paper  is  based  on  an  approximation  rather  than  a  physical  analogy. 
This  model  has  evolved  in  several  steps.  First,  in  1974  Leonard  [16]  developed  a  continuum  model 

of  u  u 

XTS  =  u  u  +  t”A(u  u)  +  0(S4),  (4) 
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where  S  is  the  radius  of  the  filter  and  7  is  a  parameter  in  the  Gaussian  filter.  Next,  in  1979  Clark, 
Ferziger,  and  Reynolds  [3]  developed  an  analogous  model  for  the  “cross  terms”  uu'  +  u'u,  where 
u'  :=  u  —  u  represents  the  turbulent  fluctuations.  The  approach  used  in  the  derivation  of  these 
models  involved  taking  the  Fourier  transform  of  the  corresponding  terms,  approximating  the  Fourier 
transform  of  the  Gaussian  filter  g$,  dropping  the  terms  of  order  0(54)  and,  finally,  taking  the  inverse 
Fourier  transform  of  the  resulting  approximations.  Noticing  that  the  approximation  by  Taylor  series 
of  g$  actually  increases  the  high  wave  number  components,  Galdi  and  Layton  [8]  developed  a  new 
LES  model  based  on  a  rational  ((0,1)  Pade)  approximation  of  gs,  which  preserves  the  decay  of  the 
high  wave  number  components.  The  resulting  LES  model,  which  will  be  called  in  the  sequel  the 
“Rational”  LES  model,  reads  as  follows: 


W(  -  Re  1  Aw  +  V  •  (ww)  +  Vq  +  V  • 

w(x,  0)  =  U0(x) 

Boundary  Conditions 


— VwVw 
V27 


=  f 


in  Q, 

in  fi, 
on  cftl, 


where  (w,g)  are  proposed  as  an  approximation  to  (u,p), 


ncUd  (d  =  2,3),  and 


(VwVw)I}j 


dw i  dwj 

"  dx-i 


(5) 


A  sound  mathematical  analysis  [2]  and  the  first  steps  for  a  numerical  validation  [12]  were 
provided  for  the  “Rational”  LES  model  (5)  coupled  with  a  Smagorinsky  model  with  a  very  small 
coefficient  Cs  (for  alternatives  to  the  Smagorinsky  model,  see  [14]). 
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This  paper  presents  numerical  results  for  the  “Rational”  LES  model  (5)  applied  to  the  3D 
channel  flow  test  problem  at  a  Reynolds  number  based  on  the  wall  shear  velocity  Rer  —  180. 

2.  Numerical  Setting 

The  3D  channel  flow  (Figure  1)  is  one  of  the  most  popular  test  problems  for  the  investigation  of  the 
wall  bounded  turbulent  flows.  We  will  compare  our  numerical  results  with  the  extensive  data  exist¬ 
ing  for  this  test  problem  (both  Direct  Numerical  Simulation  (DNS)  and  LES).  The  computational 
domain  is  periodic  in  the  streamwise  (x)  and  spanwise  ( z )  directions,  and  the  pressure  gradient 
that  drives  the  flow  is  adjusted  dynamically  to  maintain  a  constant  mass  flux  through  the  channel. 
We  selected  the  periodic  domain  sizes  (.t  and  z )  as  Lx  =  27t,  Lz  =  |7r,  and  we  chose  unity  as  the 
channel  half- width  (<5 channel  ~  !)■  We  employed  in  our  calculations  a  40  x  49  x  40  quadrature  grid. 
The  length  scale  <5  is  computed  as  S  =  {/ Ax  Az  A y(y),  where  Ax  and  Az  are  twice  the  largest 
spaces  between  the  Gauss-Lobatto-Legendre  (GLL)  points  in  the  x  and  z  directions,  respectively, 
and  A y{y)  is  inhomogeneous  and  is  computed  as  an  interpolation  function  that  is  zero  at  the  wall 
and  is  twice  the  normal  meshsize  for  the  elements  near  the  wall  and  for  those  in  the  center  of  the 
channel.  For  the  “Rational”  LES  model  (5)  we  chose  7  =  6  (the  usual  choice  for  the  Gaussian 
filter). 

We  compared  the  “Rational”  LES  model  (5)  with  the  Smagorinsky  model  with  Van  Driest 
damping  (see  [18]).  The  Smagorinsky  model  with  Van  Driest  damping  is  obtained  by  modifying  the 
usual  Smagorinsky  model  (3)  to  reduce  the  eddy  viscosity  in  the  near-wall  region 

r  =  -[CS<5(1  -  exp(-y+IA+))f  |Vsu|  V’u,  (6) 

where  y+  =  (5 channel  —  \y\)uTfl>  is  the  nondimcnsional  distance  from  the  wall,  Cs  is  the  Smagorinsky 
constant,  and  A+  is  a  constant.  Here  uT  is  the  wall-shear  velocity,  uT  =  \frwaulp,  in  which  p  is  the 
density,  and  rwau  is  the  wall-shear.  In  our  calculations  we  made  the  usual  choices:  Cs  —  0.1  and 
=  25. 

The  numerical  simulations  were  performed  using  a  spectral  element  code  based  on  the  —  Pat-2 
velocity  and  pressure  spaces  introduced  by  Maday  and  Patera  [17].  The  domain  is  decomposed  into 
8  x  10  x  8  elements,  as  shown  in  Figure  2.  The  velocity  is  continuous  across  element  interfaces  and 
is  represented  by  N th-order  tensor-product  Lagrange  polynomials  based  on  the  GLL  points.  The 
pressure  is  discontinuous  and  is  represented  by  tensor-product  polynomials  of  degree  N  —  2.  Time 
stopping  is  based  on  an  operator-splitting  of  the  discrete  system,  which  leads  to  separate  convective, 
viscous,  and  pressure  subproblems  without  the  need  for  ad-hoc  pressure  boundary  conditions.  A 
filter,  which  removes  5%  of  the  highest  velocity  mode,  is  used  to  stabilize  the  Galerkin  formulation 
[7].  Details  of  the  discretization  and  solution  algorithm  are  given  in  [5],  [6]. 

We  applied  initial  conditions  consisting  of  the  parabolic  mean  flow  (Poiseuille  flow),  on  which 
a  2D  Tollmien-Schlichting  (TS)  mode  of  2%  amplitude  and  a  3D  TS  mode  of  1%  amplitude  were 
superimposed. 

In  our  numerical  experiments  we  considered,  as  a  first  step,  homogeneous  boundary  conditions 
for  the  “Rational”  LES  model  (5).  The  mathematical  and  numerical  investigation  of  more  realistic 
(slip-with-friction)  boundary  conditions  in  the  LES  context  began  in  [22],  [13]. 

The  numerical  results  include  plots  of  the  following  time-  and  plane-averaged  quantities:  the 
mean  streamwise  velocity  <§C  u  ^ > ,  the  x ,  y-component  of  the  Reynolds  stress  u'v'  3>,  and  the 
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rms  values  of  the  streamwise  u'u'  3>,  wall- normal  v'v'  )$>,  and  spanwise  -C  w'w'  velocity 
fluctuations,  where  <  •  >  denotes  plane  (xz)  averaging,  <  •  »  denotes  time  and  plane  (xz) 
averaging,  the  fluctuating  quantities  /'  are  calculated  as  /'  =  /-</»,  and  a  “+”  superscript 
denotes  the  variable  in  wallunits. 

3.  Results  and  Conclusions 

These  numerical  results  were  the  basis  for  a  posteriori  tests:  we  compared  them  with  the  fine  DNS 
simulation  of  Moser,  Kim  and  Mansour  [19]. 

Figure  3  shows  the  mean  streamwise  velocity;  note  the  almost  perfect  overlapping  of  the  results 
corresponding  to  the  two  methods  (“Rational”  LES  and  Smagorinsky  model  with  Van  Driest  damp¬ 
ing).  The  same  behavior  can  be  observed  in  the  x,  ^-component  of  the  Reynolds  stress  in  Figure  4, 
with  a  slight  improvement  for  the  “Rational”  LES  model. 

Figures  5-7,  containing  the  rms  values  for  the  three  velocity  components,  merit  a  more  detailed 
discussion. 

The  rms  values  of  the  streamwise  velocity  fluctuations  in  Figure  5  show  a  better  (closer  to  the 
fine  DNS  benchmark  results  in  [19])  behavior  for  the  “Rational”  LES  model.  Near  the  wall  this 
improvement  is  clearer,  the  two  models  performing  similarly  away  from  the  wall. 

Figure  6  shows  the  rms  values  of  the  wall-norinal  velocity  fluctuations.  Here,  the  Smagorinsky 
model  with  Van  Driest  damping  performs  slightly  better  near  the  wall,  and  consistently  better 
between  the  near-the-wall  region  and  the  center  of  the  channel.  Toward  the  center  of  the  channel, 
the  “Rational”  LES  model  performs  slightly  better. 

The  rms  values  of  the  spanwise  velocity  fluctuations  in  Figure  7  are  consistently  better  for  the 
“Rational”  LES  model,  with  the  exception  of  a  very  short  portion  close  to  the  center  of  the  channel. 

In  conclusion,  the  “Rational”  LES  model  performs  better  near  the  wall  (with  the  exception  of 
the  rms  values  of  the  wall-normal  velocity  fluctuations),  whereas  the  Smagorinsky  model  with  Van 
Driest  damping  performs  better  closer  to  the  center  of  the  channel  (with  the  exception  of  the  rms 
values  of  the  spanwise  velocity  fluctuations).  The  two  models  are  comparable  in  accuracy. 

Further  research  should  be  directed  at  the  investigation  of  additional  terms  accounting  for  the 
discarded  0(64)  terms  in  the  “Rational”  LES  model,  as  well  as  to  the  influence  of  the  length  scale 
6  in  the  spectral  element  implementation  of  the  “Rational”  LES  model. 
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Figure  1.  Problem  setup  for  the  channel  flow. 
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1.  Introduction 

The  equations  for  Large-Eddy  Simulation  (LES)  of  turbulent  flows  are  for¬ 
mally  derived  by  applying  a  low-pass  filter  to  the  Navier-Stokes  equations. 
In  doing  so,  it  is  often  tacitly  assumed  that  the  filtering  and  differentiation 
operations  commute.  This  assumption  is  invalid  if  the  filter  width  is  not 
uniform — as  is  the  case  if  wall-bounded  flows  are  computed — unless  special 
filter  operators  are  constructed,  see,  e.g,  Vasilyev  et  al  (1998). 

Recent  work  by  Marsden  et  al.  (2000)  resulted  in  a  framework  for  the 
construction  of  filters  on  unstructured  grids  which  commute  with  differ¬ 
entiation  to  a  potentially  arbitrarily  high  order.  They  also  demonstrated 
a  filter  operator  with  a  second-order  commutation  error.  However,  their 
method  appears  to  be  quite  complicated  in  its  construction,  particularly 
in  three  dimensions  and  near  boundaries.  Furthermore,  it  is  dependent  on 
geometric  comparisons  with  user-specified  parameters. 

The  goal  of  the  present  work  is  to  develop  a  simpler  filtering  method 
than  that  of  Marsden  et  al.  (2000).  The  new  filtering  method  is  based  on  the 
following  observation:  The  conditions  for  filtering  a  function  to  a  given  order 
of  commutation  error  derived  by  Vasilyev  et  al.  (1998)  are  formally  identi¬ 
cal  to  the  conditions  for  reconstructing  the  gradient  of  a  function  to  a  given 
order  of  truncation  error.  In  other  words,  the  construction  of  filtering  oper¬ 
ators  may  be  reinterpreted  as  the  construction  of— suitably  reformulated — 
gradient-reconstruction  methods.  This  apparently  trivial  observation  has 
important  consequences  because  the  reconstruction  of  gradients  is  central 
to  many  flow-solution  methods  on  unstructured  grids  and  is  well  under¬ 
stood,  see  Haselbacher  and  Blazek  (2000). 


291 


292 


A.  HASELBACHER 


2.  Least-Squares  Gradient  Reconstruction 

The  least-squares  gradient-reconstruction  procedure  originally  developed 
by  Barth  (1991)  is  based  on  approximating  the  variation  along  an  edge 
linking  vertices  0  and  i  by  a  truncated  Taylor  series,  e.g.,  for  a  linear  ap¬ 
proximation, 

4>i  —  +  (V<£) o  •  Aroi,  (1) 

where  Aroi  =  r*  -  r0  and  r  =  {x,y}K  The  application  of  Eq.  (1),  or 
corresponding  higher-order  approximations,  to  all  edges  incident  to  vertex 
0  gives  a  system  of  linear  equations  for  the  derivatives  at  vertex  0, 

Ax  =  b,  (2) 

where  A  is  a  do  x  no  matrix  of  geometrical  terms,  x  is  an  no-vector  contain¬ 
ing  derivatives,  and  b  is  a  dp- vector  of  function  values,  with  no  being  the 
number  of  derivatives  reconstructed  and  d0  denoting  the  degree  of  vertex 
0.  Since  there  are  usually  more  incident  edges  than  derivatives,  Eq.  (2)  is 
solved  for  x  in  a  least-squares  fashion. 

A  general  closed-form  solution  of  Eq.  (2)  can  be  derived  through  the 
QR-decomposition  of  A  using  the  Gram-Schmidt  process.  In  the  following, 
we  denote  by  a j  and  q^  the  ith  column  vector  of  the  matrices  A  and  Q, 
respectively,  and  by  Vij  the  ijth.  element  of  the  upper  triangular  matrix  R. 
There  is  no  summation  over  repeated  indices.  The  general  solution  is 

x  =  W*b,  (3) 


where  W  is  a  do  x  no  matrix  with  column  vectors  w j  given  by 

w i  =  cuqi  +  C*k  °kk 

k=i-\~  1 


with 


j<i 


<h 


=  cu 


Cji  &.j  I  . 


3= 1 


The  geometrical  quantities  Cij  are  defined  as 
l 


cii  —  rh 

Cij  =  — 


j~  1 

Cli  r,j  +  ^2  Cik  Ckk  Tkj  )  for  j  >  i  <  n0. 
k=i+l 


where 


=  —  fai  ■  aj  -y'rkirkj)  for  j  >i< 

r«  V  tx  J 


no- 


(4) 

(5) 

(6) 

(7) 

(8) 
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The  general  closed-form  solution  allows  the  reconstruction  of  derivatives 
to  an  arbitrarily  high  order  of  accuracy  on  unstructured  grids. 

3.  Least-Squares  Filtering 

The  least-squares  gradient-reconstruction  method  can  be  turned  into  a  fil¬ 
tering  method  by  modifying  Eq.  (1),  so  that  0O  is  no  longer  a  point  value, 
but  represents  a  filtered  value  0O, 


4>i  —  0o  +  (V0)o  •  Aroj.  (9) 

The  effect  of  this  modification  is  that  the  filtered  value  0O  is  appended  to 
the  vector  of  unknowns  x.  The  resulting  system  of  equations  can  be  solved 
using  the  method  described  in  Section  2.  This  leads  to  an  expression  for 
the  filtered  value  in  the  form  of  a  weighted  sum, 

do 

*>  =  £«**.  (id) 

i=  1 

The  accuracy  of  the  filtering  operation  is  determined  by  the  order  of 
the  derivatives  included  in  the  gradient  reconstruction.  For  example,  linear 
gradient  reconstruction  leads  to  a  second-order  accurate  expression  for  the 
filtered  value,  with  weights  given  by 

1  (a  r23  A  .  r  12^23  ~  n3r22  A  \  / 1  i  \ 

i  —  o  (  ^  Ayoz  T  Aa?o« )  ■  (H) 

r% 3  V  r2 2  rnr22  J 

It  is  easily  verified  that  Eq.  (11)  leads  to  two  vanishing  moments, 

do 

^woiAroi  =  0, 

j=i 

which  is  merely  a  consequence  of  its  second-order  accuracy. 

The  spectral  behaviour  of  Eq.  (10)  can  be  improved  if  the  unfiltered 
value  </>o  is  also  included  in  the  stencil, 


do 

0o  —  ^00  00  +  (1  ~~  ^oo)  £  (12) 

i=  1 

This  modification  does  not  degrade  the  accuracy  of  Eq.  (10). 

The  remainder  of  this  work  is  based  upon  Eq.  (12)  and  investigates  lin¬ 
ear  and  quadratic  filter  functions.  For  both  functions,  the  stencil  is  extended 
to  include  an  additional  layer  of  vertices  beyond  the  nearest  neighbours.  In 
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the  interior,  this  gives  a  stencil  of  18  vertices  for  o>oo  =  0  or  19  vertices  for 
u;qo  7^  0.  The  motivation  for  extending  the  support  is  twofold.  First,  hav¬ 
ing  two  layers  of  vertices  allows  the  introduction  of  two  parameters  (3  and 
7,  which  can  be  used  to  weight  the  contributions  to  Eq.  (10)  of  the  inner 
and  outer  layers,  respectively.  Together  with  a>oo>  these  additional  degrees 
of  freedom  may  be  used  to  optimize  damping  of  high- wavenumber  compo¬ 
nents  or  to  achieve  a  specified  filter  width.  Second,  the  nearest-neighbour 
stencil  leads  to  a  singular  matrix  A  for  the  quadratic  filter  function  on 
uniform  grids,  thus  necessitating  the  use  of  additional  points  in  the  stencil. 

One  advantage  of  the  new  filtering  method  is  that  it  allows  reusing 
data  structures  and  geometric  weights  already  employed  to  compute  gra¬ 
dients  in  the  flow-solution  method.  Furthermore,  it  is  easily  extended  to 
three  dimensions  and  does  not  require  special  treatment  at  boundaries  be¬ 
yond  ensuring — as  for  interior  vertices — that  the  degree  of  a  given  vertex 
is  greater  than  the  number  of  derivatives  reconstructed  at  that  vertex. 


4.  Determination  of  Filter  Width 

In  the  present  work,  the  filter  width  is  determined  from  the  polar  moment 
of  the  filter  transfer  function, 


7r/A  7t/A 

W  /(  kl  +  kl)G(kx,ky)dkxdky,  (13) 

0  0 


where  k  =  {A;x,  ky}1  is  the  wave- number  vector,  G(kx ,  ky )  is  the  filter  trans¬ 
fer  function,  and  A  is  the  grid  spacing.  In  one  dimension,  this  reduces  to 
the  second  moment  of  the  filter  transfer  function,  whose  use  in  determining 
the  filter  width  was  originally  suggested  by  Lund  (1997).  In  this  section, 
we  assume  the  grid  spacing  to  be  uniform. 

The  ratio  of  the  filter  width  A/  to  the  grid  spacing  may  be  computed 
from  the  relation 


*5  v 

8J*y  A4  ) 


(14) 


The  constants  in  Eq.  (14)  were  chosen  such  that  it  gives  the  correct  width 
for  the  Fourier  cut-off  filter. 

Figure  1(a)  depicts  the  transfer  function  for  the  linear  filter  function 
with  a;oo  =  1/5  and  =  7  =  1.  While  high  wave- numbers  are  damped 
well,  the  transfer  function  deviates  quickly  from  unity  for  low  to  moderate 
wave-numbers,  and,  as  such,  is  a  poor  representation  of  the  Fourier  cut-off 
filter.  Numerical  evaluation  of  Eq.  (13)  gives  a  =  1.40. 
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The  transfer  function  for  the  quadratic  filter  function  with  o>oo  =  1/2 
and  (3  =  7  =  1  is  shown  in  Fig.  1(b).  Compared  to  the  linear  filter  func¬ 
tion,  the  quadratic  filter  function  is  a  good  approximation  to  the  Fourier 
cut-off  filter  for  low  to  moderate  wave-numbers.  For  higher  wave-numbers, 
preferred  directions  can  be  discerned  which  are  aligned  with  the  edges  in 
the  grid.  For  the  quadratic  filter  function,  Eq.  (13)  gives  a  =  1.12. 


Figure  1.  Transfer  functions  for  filter  functions  on  uniform  grids  and  /3  =  7  =  1.  (a) 
Linear  filter  function  with  cjqo  =  1/5  and  (b)  quadratic  filter  function  with  ljqo  =  1/2. 
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5.  Commutation  Error 

Marsden  et  al  (2000)  proved  that  a  filter  with  p  -  1  vanishing  moments 
is  needed  to  achieve  a  commutation  error  of  order  p  for  smoothly  varying 
filter  widths  in  one  dimension.  An  equivalent  statement  is  that  the  filter 
must  be  accurate  to  order  p  to  achieve  a  commutation  error  of  order  p 
for  smoothly  varying  filter  widths.  For  grids  with  arbitrarily  varying  filter 
widths,  the  commutation  error  will  drop  below  p.  It  is  thus  necessary  to 
construct  filter  operators  of  order  p  + 1  to  obtain  commutation  errors  of  or¬ 
der  p  on  arbitrary  unstructured  grids.  We  are  interested  in  this  general  case 
since  unstructured  grids  rarely  satisfy  smoothness  constraints.  To  obtain  a 
second-order  commutation  error,  we  thus  require  quadratic  filtering. 

The  order  of  the  commutation  error  is  computed  by  carrying  out  a 
grid-refinement  study  using  an  analytic  function  for  the  unfiltered  field. 
Five  uniform  triangular  grids  were  generated  for  a  hexagonal  domain,  con¬ 
taining  271,  1141,  4681,  18961,  and  76321  vertices.  The  interior  vertices 
were  subsequently  distorted  by  random  amounts  of  a  given  fraction  of  the 
grid  spacing  in  both  coordinate  directions.  In  the  results  presented  below, 
this  fraction  was  taken  to  be  0.35.  The  distorted  grid  with  1141  vertices  is 
shown  in  Fig.  2. 
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Figure  2.  Distorted  grid  with  1141  vertices.  Inset  shows  detail  of  distorted  grid. 
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The  commutation  error  is  defined  in  terms  of  the  discrete  divergence, 


_  f  5u  Sv\  ( 5u  6v\  ,  . 

+  +  (15) 

where  8(')/8x  represents  the  discrete  gradient  operator  in  the  ^-coordinate 
direction.  The  function  chosen  in  the  present  study  is 


{ii  1  __  J  cos(7nr)  sin(7n/)  1 
v  J  \  sin(7nr)  cos(7ry)  /  ’ 


(16) 


In  computing  the  commutation-error  norms,  only  the  vertices  were  in¬ 
cluded  whose  gradients  or  filtered  values  were  not  affected  by  boundary 
effects.  Effects  of  one-sided  stencils  arising  from  the  presence  of  boundaries 
will  be  studied  in  future  work.  It  was  verified  that  commutation  errors  were 
identically  zero  for  arbitrary  functions  on  uniform  grids. 

The  variation  of  the  L2-norms  of  the  commutation  error  with  grid  re¬ 
finement  is  shown  in  Fig.  3.  Note  that  the  commutation  error  is  about 
an  order  of  magnitude  smaller  than  the  truncation  error  of  the  divergence 
operator.  The  order  of  accuracy  of  the  filtering  operator,  the  divergence 
operator,  and  the  order  of  the  commutation  error  were  computed  from  a 
linear  least-squares  curve  fit  for  the  finest  four  grids.  The  slopes  were  de¬ 
termined  to  be  3.05,  1.96,  and  2.17,  respectively.  It  is  thus  verified  that  the 
commutation  error  obtained  with  the  new  quadratic  filtering  method  on  a 
randomly  distorted  unstructured  grid  is  of  second  order. 

The  ultimate  test  for  commutation  will  be  to  specify  a  uniform  filter 
width  on  a  randomly  distorted  grid  using  the  parameters  ojoo?  Pi  and  7  and 
to  check  for  zero  commutation  error.  This  is  an  objective  of  future  work. 


6.  Conclusions 

A  new  filtering  method  for  unstructured  grids  was  presented.  Closed-form 
expressions  were  given  which  allow  the  construction  of  filtering  operators  of 
arbitrarily  high  order.  The  new  filtering  method  is  easily  constructed,  does 
not  require  special  treatment  at  boundaries,  and  allows  reusing  data  struc¬ 
tures  and  geometric  terms  needed  by  the  flow-solution  method  without  fil¬ 
tering.  Linear  and  quadratic  filter  functions  were  studied.  A  grid-refinement 
study  on  randomly  distorted  grids  demonstrated  a  commutation  error  of 
second  order. 
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Figure  3.  Variation  of  L2-norm  of  errors  with  grid  refinement.  Solid  lines  represent 
linear  curve  fits  to  data,  and  N  denotes  the  number  of  vertices. 
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Abstract.  Large  eddy  simulation  (LES)  with  a  flamelet-based  chemistry 
model  has  been  evaluated  through  a  priori  and  a  posteriori  tests  in  both  de¬ 
caying  homogeneous  turbulence  and  spatially-developing  mixing  layers.  The 
present  flamelet-LES  approach  involves  a  series  of  models,  among  which 
are  the  models  for  the  PDF  of  mixture- fraction  (/  (z))  and  the  conditional 
filtered  dissipation  rate  We  test  three  models  for  /  ( z):  a)  6— PDF 

(/  (z)  =  S  (z)),  b)  /3-PDF,  c)  Gaussian  PDF;  and  two  models  for  Xst •  The 
Gaussian  PDF  model  consistently  performs  almost  as  well  as  the  f3— PDF, 
and  may  provide  an  alternative  approach  to  the  (3— PDF  method.  This 
point  is  important  to  the  LES  simulations  since  the  calculation  of  Gaussian 
function  is  much  cheaper  than  that  of  /3-function.  Furthermore,  it  may  be 
said  from  the  error  analyses  that  the  counterflow  model  for  Xst  has  average 
performance  in  its  present  form  and  that  a  phenomenological  model  in  the 
form  of  Eq.  (6)  exists  with  an  optimum  value  of  a  parameter  C%  to  produce 
a  better  result.  The  a  posteriori  analysis  shows  a  satisfactory  performance 
of  the  flamelet  model  within  the  context  presented  in  this  paper. 


1.  Introduction 

Large  eddy  simulation  (LES)  constitutes  an  attractive  approach  for  nu¬ 
merical  simulation  of  turbulent  reacting  flows.  The  basic  idea  of  LES  is  to 
calculate  the  large-scale  energy-containing  eddies  and  use  a  subgrid  model 
for  the  small  scales.  The  large-scale  structures  resolved  by  LES  are  effec¬ 
tive  entrainers  and  play  a  role  in  bringing  various  reactive  gas  pockets  into 
contact  before  the  reactants  are  mixed  by  molecular  diffusion,  prior  to  reac¬ 
tion.  Hence,  the  entrainment  rates  induced  by  the  large-scale  structures  will 
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determine  the  overall  reaction  rates  in  a  turbulent  reacting  flow,  and  are 
sometimes  crucial  to  the  understanding  of  flame  behavior,  especially  when 
combustion  instabilities  occur1.  LES  is  thus  regarded  as  a  favorable  tool 
in  combustion  applications,  better  than  the  traditional  Reynolds- Averaged 
Navier-Stokes  (RANS)  turbulent  models  which  are  limited  to  the  descrip¬ 
tion  of  the  mean  flow  field. 

However,  relatively  few  studies  have  addressed  LES  of  reacting  flows. 
Modeling  subgrid  combustion  activities  encounters  great  challenges.  Un¬ 
like  the  aerodynamic  problem,  the  use  of  the  similarity  assumption  for 
the  small-scale  mixing  and  dissipation  processes  in  reactions  leads  to  un¬ 
resolved  terms  which  are  related  to  the  heat  release.  In  addition,  a  more 
serious  problem  for  LES  combustion  models  is  that  the  chemical  reactions 
almost  always  take  place  within  the  unresolved  subgrid  scales.  For  example, 
an  approximate  model  neglecting  subgrid  scale  contributions,  i.e.,  writing 
the  reaction  rates  as  an  Arrhenius  law  in  terms  of  the  filtered  quantities, 
significantly  misrepresents  the  combustion  dynamics2.  The  modeling  tasks 
are  then  as  challenging  as  in  RANS  applications. 

The  current  practice  in  modeling  the  subgrid  combustion  activities  gen¬ 
erally  follows  the  concepts  and  the  techniques  once  developed  for  RANS 
applications.  They  include  the  direct  methods,  such  as  the  extended  version 
of  the  Eddy-Break-Up  model2,  the  Linear-Eddy  model3,  the  Transported 
Probability  Density  Function  (TPDF)  method4  and  the  Conserved  Scalar 
method,  such  as  the  flamelet  approach5.  Some  new  models  based  on  the 
similarity  concept  have  also  been  suggested5.  Until  recently,  the  focus  was 
on  a  priori  testing  of  the  applicability  of  combustion  models  in  LES7;  the 
evaluation  of  the  models  by  a  posteriori  testing  is  not  as  common,  except 
in  the  studies  of  Menon  and  his  co-workers8  and  Pitsch  and  Steiner9. 

The  basic  procedure  for  the  flamelet-LES  model  used  in  the  present 
paper  is  contained  in  Cook  and  Riley7.  However,  the  present  paper  uses 
this  technique  within  the  framework  of  a  generalized  curvilinear  coordinate 
system  to  permit  the  calculation  of  turbulent  combustion  in  realistic  sys¬ 
tems  which  usually  have  complex  geometries.  The  main  contribution  of  the 
present  paper  is  in  the  investigation  of  the  various  model  assumptions  used 
for  the  calculation  of  the  mixture-fraction  dissipation  rate  and  its  PDF. 
Both  the  a  priori  and  a  posteriori  testing  through  direct  numerical  simu¬ 
lation  (DNS)  and  LES  of  turbulent  non-premixed  flames  are  reported. 

2.  Subgrid  Flamelet  Models 

The  generalized  curvilinear  coordinate  formulation  for  the  large-eddy  sim¬ 
ulation  follows  Jordan11,  where  the  full  Navier-Stokes  equations  are  trans¬ 
formed  prior  to  filtering.  The  filtered  reaction  rate  is  approximated  by  the 
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laminar  flamelet  model.  That  is,  in  the  unresolved  subgrid  scales,  combus¬ 
tion  takes  place  in  a  thin  layer  in  the  vicinity  of  the  surface  of  stoichiomet¬ 
ric  mixture  fraction  where  its  local  gradient  is  sufficiently  high.  Therefore, 
the  combustion  in  a  turbulent  flow  is  represented  by  a  statistical  ensemble 
of  such  laminar  flamelet s.  At  each  grid  point,  the  filtered  reaction  rate  is 
therefore  modeled  as 


U)i 


(x)  =  JJ  Wi  (Da,  Ze,  Ce,  P0,  Yn,Yi2,TuT2-,  Z, x*)  •  /  (Z,  Xs;  x)  dZdx 


The  mass  fraction  is  also  modeled  in  a  similar  fashion: 


i(«: 


Vi  (x)  =  ff  Yi  ( Da ,  Ze,  Ce,  P0,  Yiu  «2, TUT2 ;  Z,  Xs)  •  /  (Z,  X ,5  x)  dZdXs- 

1(6) 


In  the  above  equations,  cj*  and  Y{  are  the  reaction  rates  and  species  mass 
fractions  obtained  from  the  steady-state  laminar  flamelet  calculations5.  The 
input  to  the  flamelet  calculations  includes  the  free-stream  values  of  species 
concentrations  and  temperatures  (T\,T2),  and  the  stoichiometric 

dissipation  rates,  which  have  to  be  modeled  from  the  LES  calculations.  The 
normalized  parameters  Da ,  Ze  and  Ce  are,  respectively,  the  Damkholer 
number,  Zeldovich  number,  and  the  Heat  Release  parameter. 

The  joint  probability  density  function  of  the  mixture  fraction  and  its  dis¬ 
sipation  rate,  /  (Z,  Xs),  contains  the  statistical  information  on  the  flamelets 
in  a  turbulent  flow.  Statistical  independence  is  assumed  for  the  mixture 
fraction  (Z)  and  its  scalar  dissipation  rate  (xs)* 


/  (Z,  xs;  x)  =  /(Z;  x)  •  f(x8\ x). 


As  most  reactions  occur  around  the  flame  sheet,  which  is  close  to  the  stoi¬ 
chiometric  surface  in  a  statistical  sense,  it  is  reasonable  to  assume  that 


/(x«;x)  =  <5  (xst) , 

and  /(Z;x)  is  usually  modeled  by  the  /3— form  PDF: 

Za~x  (1  -  Z)6_1 


/(Z;x)  = 


B  (a,  b) 


where  a  =  Z 


<z'2> 


,  6  =  a(  A  ~  1),  and  B  (a,  6) 
z 


(2) 


(3) 


r(a+6)  _  This 

r(a)+r(6)*  111155 


paper  compares  the  performance  of  0— form  PDF  model  with  that  of  a 
Gaussian  PDF: 

/  /  ~\  2 


Z ’X^  (27 r<Z”2>) 


1/2 


exp 


2  <  2"2  > 


(4) 
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Similarity  assumption7  has  been  used  to  model  the  filtered  mixture 
fraction  variance  and  dissipation  rate  for  the  a  posteriori  test  which,  re¬ 
spectively,  are 


Z"2  =  Z2  -  Z1  ~  Ci 


and 


c2d 


0Z_dZ^ 

dxj 


The  symbol  implies  test-level  filtering.  The  constants  C\  ~  1.3  and 
C2  —  1.1  have  been  chosen  from  direct  numerical  simulations  that  were 
carried  out  as  part  of  the  present  study.  For  the  a  priori  test,  they  are 
obtained  directly  from  the  DNS  data.  Cook  and  Riley7  proposed  the  use 
of  the  counterflow  assumption  to  close  the  conditional  filtered  dissipation 
rate  ( \st )  with  the  above  filtered  dissipation  rate,  i.e., 


exp  j— 2  [erfc  1  (2Zst)]2} 

Xst  ~  X/01exp{-2[er/c-i(2Z)]2}/(^' 


(5) 


However,  it  is  argued  that  the  counterflow  structure  is  rarely  found  in  realis¬ 
tic  turbulent  reacting  flows.  For  example,  recent  DNS  of  turbulent,  reacting 
mixing  layers22  found  that  the  chemical  reaction  occurs  typically  in  a  shear- 
type  stretching  mode  instead  of  a  counterflow  structure,  even  though  the 
concept  of  laminar  flamelets  was  still  applicable  in  this  case.  A  mapping- 
closure  approach  has  been  attempted  by  the  current  authors23  to  replace 
the  counterflow  model.  However,  little  improvement  has  been  found.  One 
phenomenological  model  that  has  been  used  in  RANS  modeling  is  evalu¬ 
ated  in  this  paper  but  within  the  framework  of  the  flamelet-LES  procedure 
being  reported  on.  The  phenomenological  model  takes  the  form 

Xst  -  Czx-  (6) 


3.  Numerical  Procedures 

Both  DNS  and  LES  are  performed  to  evaluate  the  subgrid  models  through  a 
priori  and  a  posteriori  testings.  The  numerical  methods  employed  to  solve 
the  DNS/LES  equations  are  the  compact  schemes  for  the  spatial  derivatives 
and  the  classical  fourth-order  Runge-Kutta  scheme  for  the  time  integra¬ 
tion.  This  is  combined  with  a  high-order  filtering  procedure10  in  order  to 
suppress  numerical  instabilities  arising  from  the  unsolved  scales,  mesh  non- 
uniformities  and  boundary  conditions.  It  must  be  noted  that  this  filtering 
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operation  has  a  much  weaker  attenuation  effect  on  the  Fourier  amplitudes 
of  (j)i  than  the  LES  filters  so  that  this  effect  won’t  mask  the  the  effect  of  the 
LES  filter.  The  LES  filter  scheme  uses  the  Simpson’s  averaging  scheme.  To 
account  for  the  boundary  effects,  the  Navier-Stokes  Characteristic  Bound¬ 
ary  Condition  (NSCBC)14  is  extended  to  the  generalized  curvilinear  coor¬ 
dinate  system  in  the  present  work.  The  steady  flamelet  equations  are  solved 
by  the  Newton- Raphson  method,  as  described  in  Ladeinde  et  al 15 . 

A  single-step,  irreversible  chemical  reaction  of  the  type 

F  +  rO  — »  (r  +  1)  P,  (7) 

is  used,  where  r  represents  the  mass  stoichiometric  ratio  of  oxidizer  to 
fuel,  and  is  related  to  the  stochiometric  value  of  mixture-fraction  by  Zst  = 
[1  +r  ■  Yki/Yo]-1.  For  methane/air  combustion,  which  is  represented  by 
Case  2,  r  =  4  and  Zst  =  0.055.  The  reaction  rate  assumes  the  form 

wr  ~  p2  •  Da  •  YiY2  ■  exp 

The  two-dimensional  calculations  in  this  work  are  able  to  capture  the  essen¬ 
tial  features  of  the  reaction  mechanism.  The  test  cases  are  listed  in  Table 

1.  Case  1  and  Case  2  involve  decaying  homogeneous  turbulence  with  ini¬ 
tial  Reynolds  number  of  Re0  =  250.  The  initial  field  for  Z  is  random  with 
a  pseudo  double-delta  probability  distribution17.  The  initial  fields  for  the 
mass  fractions  of  the  reacting  species  are  then  generated  from  Z  assuming 
the  fast-limit  reaction.  The  smallest  turbulent  scales  under  the  Reynolds 
number  of  250  are  fully  resolved  by  the  DNS  grids  for  Case  1  and  Case  2. 
Case  3  involves  a  spatially-developing  mixing  layer  with  an  inflow  Reynolds 
number  of  720  (based  on  vorticity  thickness).  The  convective  Mach  number 
is  0.125  with  a  ratio  of  slow-  to  fast-stream  velocity  0.5.  Both  the  initial 
velocity  field  and  the  initial  mixture-fraction  field  use  the  hyperbolic  tan¬ 
gent  profile,  and  the  initial  mass  fraction  fields  for  the  reacting  species  are 
generated  from  Z,  assuming  the  fast-limit  reaction  distribution.  The  inflow 
conditions  are  generated  by  superposition  of  small  perturbations  on  the 
mean  field.  To  facilitate  the  formation  of  roll-up  structures,  the  perturba¬ 
tions  are  generated  from  the  fundamental  modes  (wq  =  1.3198)  obtained 
from  linear-stability  analysis24.  The  DNS  grids  for  Case  3  have  a  resolution 
of  25 7}  (r/  is  the  Kolmogorov  length  scale),  which  seems  fine  enough  for  the 
mixing  layer  turbulent  flows20  when  the  large-scale  structures  dominate  the 
flow  behaviors.  LES  was  carried  out  for  Case  1  and  Case  3  but  not  for  Case 

2.  However,  Case  2  was  used  in  the  evaluation  of  the  flamelet  model  (Figure 

1). 
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Table  1.  Test  Cases. 


Test 

Flow  Type 

%st 

Da 

Ze 

Ce 

DNS  Grid 

LES  Grid 

Case  1 

Homogeneous 

0.5 

10 

0 

0 

133x133 

35x35 

Case  2 

Homogeneous 

0.055 

10 

0 

0 

133x133 

N/A 

Case  3 

Mixing  Layer 

0.5 

10 

5 

1.0 

375x99 

186x49 

4.  Evaluation  of  Models 

Flamelet  Calculation :  Prior  to  the  a  priori  and  a  posteriori  analyses  of 
model  performance,  flamelet  calculations  are  carried  out  to  obtain  the  val¬ 
ues  of  c bi  and  Yt  for  the  integrals  in  Eq.  (1).  The  calculations  are  performed 
in  the  mixture-fraction  space15.  Note  that  the  parameters  Da ,  Ze  and  Ce, 
are  required  for  the  flamelet  calculations.  The  values  of  Coi  and  Y{  from  the 
flamelet  calculation  are  then  constructed  in  the  form  of  a  look-up  table  (in¬ 
dexed  by  Z,  <  Z"2  >,x  )  to  facilitate  the  LES  calculations.  Figure  1  shows 
the  product  mass  fraction  results  from  the  flamelet  calculations  for  Case 
1  and  Case  2.  The  effects  of  conditional  scalar  dissipation  rate  on  species 
distribution  appear  to  be  significant  for  the  chemistry  model  in  Eq.  (7), 
especially  around  the  stoichiometric  values  of  the  mixture-fraction.  This 
result  implies  that  the  scalar  dissipation  rate  model  has  significant  effects 
on  the  filtered  reaction  rates  and  filtered  mass  fractions  of  product  around 
their  maximum  values,  which  occur  close  to  the  stoichiometric  value  in 
mixture  fraction  space.  However,  it  is  noted  that  the  same  chemistry  model 
has  been  used  by  DesJardin  and  Frankel6  but  with  the  erroneous  assump¬ 
tion  that  the  concentrations  of  the  species  were  independent  of  the  scalar 
dissipation  rate. 

a  priori  analysis:  Data  sets  from  the  DNS  for  the  three  cases  are  used  to 
evaluate  the  accuracy  of  the  flamelet  models.  To  proceed  with  the  analysis, 
the  DNS  data  is  filtered  by  the  Simpson’s  scheme  onto  coarse  grid-points 
(A  DNS  =  c  •  Ac,  where  ADNS  is  DNS  grid-spacingand  Ac  is  the  coarse- 
grid  spacing).  The  “exact”  values  for  Tp,  Z ,  Z"2  and  x  are  used  to 
represent  their  corresponding  filtered  quantities  on  the  coarse  grid  point. 
The  last  three  quantities  are  then  used  to  obtain  the  model  values  for  Yp 
and  ZTf  using  the  flamelet  model  described  above.  Since  the  grid-coarsening 
factor,  C,  determines  the  number  of  sampled  DNS  points  in  each  LES  grid 
point,  it  may  affect  the  statistical  properties  of  the  embedded  flamelets. 
Therefore,  we  test  two  levels  of  this  parameter:  C  =  2  and  C  =  4. 

Figure  2  shows  the  contour  maps  of  product  mass-fraction  obtained 
from  DNS  for  Case  1  (eddy-turn-over  time  of  4.0,  Figure  2(a))  and  Case  3 
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(evolution  time  of  208,  Figure  2(b)).  The  contour  maps  evidently  show  that 
the  fine  flow-structures  are  suitably  resolved,  and  therefore  can  be  used  to 
evaluate  the  flamelet  chemistry  model. 

It  is  noted  that  the  present  flamelet-LES  approach  involves  a  series 
of  models,  among  which  are  the  models  for  the  PDF  of  mixture-fraction 
(/  (z))  and  the  conditional  filtered  dissipation  rate  (xsj).  We  test  three 
models  for  /  (z):  a)  5— PDF  (/  (z)  =  5  (z),  b)  /3-PDF  (Eq.  3),  c)  Gaussian 
PDF  (Eq.  4);  and  two  models  for  Xst  (Eq.  5  and  Eq.  6).  The  errors  from 
these  models  have  been  evaluated  by  two  criteria,  (X™<>dei-Xexact)_  an(j 

exact 

Y]  (x ™odei -x exact)  ^  where  x  represents  Yp  or  d>f.  As  Criterium  2  puts  more 

weight  on  the  large  values,  it  is  considered  to  be  more  suitable  for  evaluating 
the  model  performance  in  the  sense  that  the  model  has  more  significant 
effects  on  the  behaviors  of  Yv  and  Uf  around  their  maximum  values,  which 
are  discussed  at  the  beginning  of  this  section.  Figures  3(a),  3(b),  and  3(c) 
present  the  model  errors  for  ujf  for  Cases  1,  2  and  3,  respectively,  with  grid¬ 
coarsening  factor  C  =  2.  Figure  3(d)  shows  the  model  errors  for  ujj  with 
C  =  4  (Case  1).  The  values  of  C3  for  the  counterflow  model  in  the  figures 
represent  an  averaged  quantity  over  the  whole  domain  since  the  counterflow 
model  for  Xst  produces  a  local  C3  value  at  each  grid  point.  From  these 
figures  we  see  that  the  errors  for  the  Gaussian  PDF  model  and  the  /?— PDF 
are  much  smaller  than  those  for  5— PDF.  The  improvement  in  the  Gaussian 
PDF  and  f3— PDF  prediction  increases  with  increasing  values  of  C .  Since 
the  use  of  5-PDF  implies  that  there  is  no  local  PDF  model  for  the  mixture 
fraction  on  each  LES  grid  point,  the  improvement  in  the  Gaussian  PDF  and 
j3— PDF  predictions  suggests  that  the  use  of  some  subgrid  PDF  models,  even 
though  simple,  will  be  very  helpful  in  LES  calculations,  a  point  consistent 
with  the  results  obtained  by  Jimenez  et  al .21  It  is  also  observed  that  the 
Gaussian  PDF  model  consistently  performs  almost  as  well  as  the  (3— PDF, 
although  the  latter  is  used  more  often  in  the  literature.  The  results  here 
suggest  that  the  use  of  the  Gaussian  PDF  is  equally  acceptable.  This  point 
is  important  since  the  Gaussian  function  is  much  cheaper  to  calculate  than 
the  (3  function.  Furthermore,  it  can  be  seen  from  Figure  3  that  the  Xst  model 
also  has  a  strong  effect  in  comparison  to  the  Gaussian  and  (3— PDF  models. 
The  graphs  clearly  show  that  an  optimal  C3  value  exists  for  each  case. 
It  may  be  said  that  the  performance  of  the  counterflow  model  is  modest 
in  comparison  to  the  performance  of  the  phenomenological  models  in  Eq. 
(6).  This  point  is  strengthened  by  Figure  4,  which  shows  the  correlation 
between  the  exact  and  modeled  values  of  c Of  in  the  form  of  scatter  plots 
for  the  three  cases.  Here,  the  results  from  the  counterflow  model  for  Xst  are 
compared  with  those  from  Eq.  (6)  using  the  optimal  value  of  coefficient  C3. 

a  posteriori  analysis:  The  a  posteriori  tests  are  considered  to  be  the 
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ultimate  tests  of  model  performance  in  the  sense  that  the  model  is  evaluated 
only  after  it  has  been  implemented  in  the  large-eddy  simulation.  Figure  5(a) 
shows  the  correlation  between  the  DNS  and  LES  values  of  Yp  (Case  1)  in 
the  form  of  scatter  plots.  It  appears  from  this  figure  that  the  LES-flamelet 
procedure,  along  with  the  assumptions  in  Eq.  (3)  and  Eq.  (6),  is  capable  of 
generating  accurate  results.  Further  evidence  comes  from  a  comparison  of 
the  growth  rates  of  momentum  thickness  6  in  the  DNS  and  the  LES-flamelet 
calculations  for  the  spatially-developing  mixing  layers  (Figure  5(b)).  The 
LES-flamelet  model  gives  better  results  compared  to  those  without  the 
model.  However,  owing  to  the  combined  effects  of  numerical  discretization 
in  space  and  time,  and  averaging13,  a  posteriori  tests  of  the  mixing  layer 
flows  do  show  some  scatter  for  the  correlation  between  the  DNS  and  LES 
values  of  Yv. 


5.  Conclusions 


We  have  shown  satisfatory  performance  of  a  flamelet-LES  procedure  for  de¬ 
caying  homogeneous  turbulence  and  the  spatially-developing  mixing  layer. 
The  chemical  reaction  used  in  the  tests  has  a  moderate  Damkholer  num¬ 
ber  and  a  reasonable  Zeldovich  number  but  with  weak  heat  release.  The 
laminar-flame  structures  of  the  chemical  reactions  are  strongly  dependent 
on  the  conditional  scalar  dissipation-rate  and  are  thus  very  sensitive  to  the 
model  for  this  quantity. 

We  use  the  a  priori  analysis  to  compare  the  model  values  of  Yp  and 
ujf  with  their  corresponding  “exact”  values  from  DNS  data  sets.  The  error 
analyses  prove  that  the  use  of  some  subgrid  models  for  the  PDF  of  mixture- 
fraction,  even  though  simple,  yields  accurate  LES  calculations,  which  is 
consistent  with  the  observations  of  Jimenez  et  a/.21  We  also  see  in  this  study 
that  the  Gaussian  PDF  model  consistently  shows  a  comparable  performance 
to  the  more  common  /3— PDF,  and  may  provide  an  alternative  approach. 
This  point  is  important  because  the  Gaussian  function  is  much  cheaper  to 
calculate  than  the  j3  function.  Furthermore,  it  may  be  said  from  the  error 
analysis  that  the  counterflow  model  shows  only  a  moderate  performance 

The  a  posteriori  analysis  confirms  the  observation  that  the  performance 
of  the  flamelet-LES  procedure  consistent  with  the  model  assumptions  in  this 
paper  appears  to  be  satisfactory.  However,  owing  to  the  combined  effects  of 
numerical  discretization  in  space  and  time,  and  averaging,  a  posteriori  tests 
of  the  mixing  layer  flows  show  some  scatter  for  the  correlation  between  the 
DNS  and  LES  values  of  Yp . 
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Figure  1.  Flamelet  results  for  Case  1  (a)  and  Case  2  (b),  showing  the  effects  of  different 
values  of  Xat 


Homogeneous  Turbulence 


Mixing-Layer 


(b) 


Figure  2.  Contour  maps  of  product  mass-fraction  at  time  of:  a)  t  —  4.0  (Case  1);  b) 
t  =  208  (Case  3). 


YP(LES) 
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Case  1  Case  2 


Figure  3.  The  effect  of  Coefficient  Cs  on  the  model  errors  of  ojj  for  the  three  cases 
((a)-(c.)),  with  (7  =  2.  The  error  plot  in  Figure  3(d)  is  for  Case  1  with  (7  =  4. 


Figure  5.  a  posteriori  tests  of  model  performance:  a)  the  correlation  between  DNS  and 
LES  values  of  Yj,  in  the  form  of  scatter  plots  for  Case  I;  b)  comparison  of  the  growth 
rates  of  the  momentum  thickness  6  from  DNS  and  flamelet-LES  calculations. 
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Figure  4.  The  correlation  between  the  exact  and  modeled  values  of  Uf  in  the  form  of 
scatter  plots.  Figure  4(a),  (c),  and  (e)  use  Eq.  (6)  with  the  values  of  C3  as  shown  while 
Figure  4(b),  (d),  and  (f)  use  the  Counterflow  model  for  \at. 


A  DYNAMIC  PROCEDURE  FOR  CALCULATING  THE 
TURBULENT  KINETIC  ENERGY 


B.  KNAEPEN,  0.  DEBLIQUY  AND  D.  CAR  ATI 

Universte  Libre  de  Bruxelles,  Boulevard  du  Triomphe,  Campus 

Plaine  -  CP.  231,  1050  Brussels,  Belgium 


Abstract.  We  propose  a  dynamic  model  based  on  the  Germano  identities 
to  evaluate  the  subgrid  scale  energy  <k>  in  LES  as  a  function  of  the  large 
scale  velocity  field  only.  Contrary  to  traditional  transport  equation  for  k , 
this  model  does  not  require  any  additional  equation  and  provide  a  very 
simple  first  approximation  for  k. 


1.  Introduction 

The  aim  of  LES  is  to  make  predictions  about  turbulent  flows  which  are  not 
accessible  by  DNS.  Therefore,  it  is  important  to  establish  correspondence 
rules  between  the  physical  quantities  predicted  by  LES  and  their  actual 
measured  values.  These  correspondence  rules  are  also  useful  when  assess¬ 
ing  the  performance  of  LES  subgrid  models  through  the  comparison  with 
resolved  DNS,  although  in  that  context  it  may  be  possible  to  filter  the  DNS 
fields  down  to  the  LES  scales  to  produce  the  desired  comparison. 

A  detailed  discussion  of  how  to  establish  these  correspondence  rules  can 
be  found  in  (Winckelmans  et  al  2001).  Here  we  focus  our  attention  to  one 
of  most  fundamental  one:  the  relation  between  the  total  energy  (density)  of 
the  turbulent  fluid  and  the  resolved  LES  energy  density.  It  can  be  written 
as, 

E  —  Er  +  ESgS ,  (1) 

where  E  denotes  the  total  energy,  Er  the  resolved  LES  energy  and  Esgs  is 
the  subgrid-scale  energy.  This  last  quantity  is  traditionally  not  available  in 
LES  and  thus  needs  to  be  reconstructed  to  evaluate  the  total  energy  density 
from  the  LES  energy  density.  As  shown  in  (Winckelmans  et  al ,  2001),  Esgs 
is  also  required  to  reconstruct  the  full  Reynolds  stress  tensor. 
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In  order  to  calculate  Esgs ,  a  transport  equation  can  be  introduced.  Al¬ 
though  quite  effective  (Debliquy  et  al,  2001),  this  method  has  however  two 
side  effects.  First,  to  close  the  transport  equation  in  terms  of  filtered  quanti¬ 
ties,  one  needs  further  modelling  efforts.  Second,  the  resolution  of  the  extra 
equation  increases  the  computation  requirements. 

In  this  paper,  we  propose  a  different  approach  and  show  how  an  estimate 
of  the  subgrid  scale  energy  Esgs  can  be  obtained  using  the  Germano  identi¬ 
ties  and  a  model  for  the  energy  spectrum.  We  also  produce  some  numerical 
results  to  illustrate  the  method. 

2.  Modelling  the  turbulent  kinetic  energy 

For  an  incompressible,  Boussinesq  flow,  the  Navier-Stokes  equations  for  the 
LES  field  Ui  read, 

dtUi  +  dj(ujUi)  =  —dip  +  vA  Ui  —  djTij.  (2) 

One  of  the  essential  difficulty  of  LES  consist  in  modelling  the  unknown 
subgrid-scale  stress  tensor  Tij  =  u^u]  —  u{uj  which  appears  in  the  fil¬ 
tered  Navier-Stokes  equations.  Note  that  since  our  numerical  code  is  fully 
dealiased  we  have,  for  consistency,  expressed  (2)  only  in  terms  of  filtered 
quantities,  including  Ty. 

Like  any  second-order  symmetric  tensor,  Tij  may  be  decomposed  into 
an  isotropic  part  and  a  trace-free  part: 

2— 

Tij  =  -kSij  +  T^j ,  (3) 

where  r*j  =  Tij  —  \frr8ij  and 


k  —  ^  'T  rr 


(4) 

(5) 


Traditionally,  k  is  known  in  the  literature  as  the  turbulent  kinetic  en¬ 
ergy.  However,  this  name  might  be  misleading  and  one  must  be  careful 
about  the  interpretation  of  k .  To  be  more  precise,  let  us  denote  by  uL  the 
non-filtered  velocity  and  by  u[  the  subgrid  scale  part  of  ui.  We  then  have 
Ui  =  ui  4-  u[  and  we  can  define  three  local  energy  densities:  1)  e  =  2uiuu  2) 
eR  =  \uiUi\  3)  esgs  =  At  this  stage,  it  might  be  tempting  to  identify 

the  turbulent  kinetic  energy  k  with  esgs.  However,  only  their  space  average 
are  identical.  Indeed,  locally  we  have: 


k  —  &sgs  4”  • 


(6) 
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Therefore,  k  does  not  represent  the  local  contribution  of_the  small  scales  to 
the  energy  budget.  To  add  to  this,  we  also  recall  that  k  is  in  general  not 
even  positive  definite  for  arbitrary  grid  filters  (e.g.  projectors). 

Usually,  modelling  k  is  not  an  issue  in  the  casejrf  incompressible  LES 
since  one  can  define  a  modified  pressure,  pr  =  p  +  \k  which  is  obtained  by 
enforcing  the  continuity  condition  d{Ui  =  0.  However,  this  does  not  apply  to 
the  compressible  case  and  as  we  exposed  in  the  introduction,  the  knowledge 
of  <k>  might  be  very  useful  for  real  flow  predictions  and  comparison  with 
DNS. 

To  proceed,  we  follow  the  steps  of  (Germano  et  al ,  1991)  and  introduce 
a  second  coarser  filter  called  the  test-filter  which  we  denote  by  •••.  In  the 
sequel  all  the  filters  considered  will  be  sharp  Fourier  cut-offs.  Therefore, 
the  “grid + test”  filter,  denoted  —  is  equivalent  to  the  test-filter:  —  =  777 
=  —  The  filtered  velocity  U{  then  satisfies  the  following  equation: 

OtUi  T  Oj ' {ill'll j')  —  &iP  d-  is djTij,  (T) 

where  Tij  =  UjUj  -  u^j  is  the  subgrid-scale  stress  tensor  at  the  combined 
grid+test  filter  level.  The  Germano  identity  states  that  Tij  and  Tij  are 
related  by,  _  _ 

Lij  —  Tij  —  Tij ,  (8) 

where, 

Lij  —  UjUj  UiUj ,  (9) 

is  the  Leonard  tensor. 

For  any  quantity  we  have  the  following  property, 

<  F  >=<  ~F  >=<  F  >,  (10) 

where  the  bracket  <  •  •  •  >  denotes  space  average:  <  F  >=  y  f  d3xF(x). 
Indeed,  for  any  filter  G(y)  (7TT)  we  have  f  d3yG(y)  =  1  so  that: 


<  F  > 


y  l  d*xF( X) 

y  I  d3x  I  d3yG(x-y)F(y) 
y  I  d3yF(y)  I  d3zG(z) 


(11) 

(12) 

(13) 

(14) 


where  we  have  used  the  change  of  variable:  z  =  x  y. 
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E(k) 


kc  k  kc 

Figure  1.  Space  average  of  Leonard  tensor.  kc  and  kc  denote  respectively  the  cut-offs 
at  grid  and  grid-and-test  levels. 

Using  property  (10)  and  the  trace  of  equation  (9)  we  get  the  relation, 

<  La  >  =  <  UiUi  ^  ^  UiUi  ,  (16) 

which  states  that  the  space  average  of  the  Leonard  tensor  is  equal  to  twice 
the  difference  of  the  energy  at  grid  level  and  grid+test  level.  Another  way 
of  getting  this  relation  is  by  taking  the  trace  of  (8).  Denoting  by^AT  the 
turbulent  kinetic  energy  density  at  grid+test  level,  we  obtain,  <  La  >  = 
2 (<  K  >  -  <k  >),  which  has  of  course  the  same  interpretation.  Figure  1 
illustrates  the  situation. 

The  above  considerations  allow  us  to  write, 

<  La  >=  2  fk°  E(k)dk ,  (16) 

J  kc 

where  kc  and  kc  denote  respectively  the  cut-offs  at  grid  and  grid+test  levels. 
The  energy  spectra  E(k)  is  defined  so  that,  E  =  J0°°  E(k)dk. 

The  next  step  in  the  analysis  is  to  introduce  a  model  for  the  energy 
spectra.  To  begin  with,  let  us  suppose  that  kc  and  kc  lie  in  the  ^inertial 
range  which  is  assumed  to  be  represented  by  E(k)  =  *  where 

Ck  is  the  Kolmogorov  constant  and  e  is  the  global  dissipation  which  is 
usually  not  known  in  LES  simulations.  We  propose  here  to  estimate  Ck  e* 
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by  substituting  E(k)  in  (16).  After  straightforward  algebra  one  gets: 

^  La 


Ck  6  3 


3  {kc 


(17) 


If  we  now  extend  the  inertial  range  to  infinity  (which  is  the  main  approxi¬ 
mation  so  far)  we  finally  get  a  dynamic  expression  for  the  mean  turbulent 
kinetic  energy: 


< 


r  oo 

/  E(k)dk 

(18) 

Jk 

<  L{i  > 

T  2 

(19) 

rtC 

^  La  > 

A  2  5 

(20) 

2(f)5 -1 

where  A  and  A  denote  respectively  the  width  of  the  grid  and  grid+test 
filters.  The  last  equation  is  written  to  stress  that  the  model  is  also  suited 
to  the  physical  formulation  approach.  Indeed,  we  only  used  spectral  con¬ 
siderations  to  establish  the  model  but  the  final  result  does  not  require  the 
spectral  formulation.  We  stress  that  the  expressions  (19)  and  (20)  are  in¬ 
deed  dynamic  since  they  can  be  evaluated  during  the  simulation.  Usually 
they  do  not  represent  any  further  computational  effort  since  La  is  often 
already  required  by  dynamic  eddy- viscosity  models. 

In  the  next  section  we  present  some  results  based  on  our  estimate  of 
<k>. 


3.  Numerical  results 

To  test  model  (19),  we  have  build  a  2563  DNS  database  of  isotropic  decaying 
turbulence.  The  initial  condition  is  build  according  to  Rogallo’s  prescrip¬ 
tion  (Rogallo,  1981)  using  the  spectra  of  the  Comte-Bellot-Corrsin  (Comte- 
Bellot  and  Corrsin,  1971)  experiment  at  stage  2.  The  initial  random  phases 
of  the  velocity  fields  are  correlated  by  time-stepping  100  times  the  flow  and 
maintaining  the  spectra  constant. 

The  initial  condition  of  the  DNS  has  then  been  filtered  down  to  323 
modes  and  two  kind  of  LES  have  been  performed.  The  first  one  is  denoted 
LES/KOL.  It  is  based  on  an  eddy- viscosity  model  with  Kolmogorov  scal- 

ing:  t\-  =  —2Cc3A3Sij,  where  Sij  =  \{diUj  +  djUi)\  the  constant  C  is 
evaluated  using  the  dynamic  procedure.  The  second  LES  run  is  denoted 
LES/Transport.  It  is  also  based  an  eddy- viscosity  model  but  this  time,  the 
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Figure  2.  Filtered  energy  and  average  turbulent  kinetic  energy  decays. 


viscosity  is  scaled  with  the  turbulent  kinetic  energy:  t*j  =  —2Ck’iASij, 
where  the  constant  C  is  also  evaluated  using  the  dynamic  procedure  and 
k+  =  k  for  k  >  0  and  k  =  0  otherwise.  The  essential  difference  is  that 
here  k  is  not  evaluated  using  the  diagnostic  (19)  but  is  simulated  using  the 
transport  equation  due  to  Speziale  (Speziale,  1991);  the  details  of  this  LES 
simulation  can  be  found  in  (Debliquy  et  al,  2001).  For  completeness,  we 
have  also  performed  a  323  unresolved  DNS  to  emphasize  the  roles  of  the 
LES  models. 

In  Figure  2  we  plot  1)  the  energy  decay  of  the  32s  modes  resolved  by  the 
LES  (Er  =<  eR  >  in  the  terminology  described  above)  for  the  different 
models  used;  2)  the  subgrid-scale  energies  predicted  by  model  (19)  (dynamic 
TKE)  and  by  the  turbulent  kinetic  transport  equation  (transport  TKE). 
From  the  graph  we  observe  a  good  agreement  between  the  filtered  DNS  and 
the  two  LES  which  produce  very  similar  results  for  the  resolved  energy.  The 
importance  of  the  subgrid-scale  models  is  stressed  by  the  “No  Model  curve” . 
The  average  turbulent  kinetic  energies  predicted  by  the  two  LES  models 
are  quite  different  initially  but  tend  to  get  closer  to  each  other  later. 

In  Figure  3  we  plot  the  decay  of  the  total  energy.  For  the  two  LES, 
the  curves  correspond  to  the  sum  of  the  resolved  energies  and  the  average 
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Time 


Figure  3.  Reconstruction  of  total  DNS  energy. 


turbulent  kinetic  energies  presented  in  Figure  2.  Initially,  model  (19)  tend 
to  overestimate  quite  seriously  the  subgrid  scale  energy.  Later,  the  behavior 
is  much  more  satisfactory  and  even  slightly  better  than  than  the  one  of  the 
LES/Transport  model.  The  initial  precise  match  between  the  DNS  and  the 
LES/Transport  model  is  of  course  natural  since  the  initial  condition  for  k  is 
in  that  case  computed  from  the  DNS.  The  test  for  model  (19)  is  thus  much 
more  severe.  The  initial  overestimate  of  k  by  model  (19)  may  be  due  to  two 
causes.  The  first  one  is  the  choice  of  the  model  for  the  energy  spectrum. 
Indeed,  the  resolution  of  our  DNS  does  not  allow  a  clear  inertial  range 
and  extending  the  later  to  infinity  may  be  a  crude  oversimplification.  The 
second  source  of  error  might  come  from  the  dynamic  procedure  itself.  It  has 
been  observed  already  that  this  procedure  takes  some  time  to  settle  and 
predict  appropriate  values.  This  is  probably  due  to  the  fact  that  a  filtered 
DNS  field  is  badly  correlated  as  an  initial  condition  for  an  LES.  Bearing 
these  in  mind,  the  prediction  of  model  (19)  are  nevertheless  satisfactory  and 
show  that  the  expression  for  <  k  >  is  a  useful  first  approximation  when  no 
DNS  is  available,  and  if  we  want  to  avoid  an  additional  transport  equation 
for  k. 
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4.  Summary  and  conclusion 

In  this  article  we  have  derived  a  dynamic  expression  to  estimate  the  subgrid 
scale  energy  Esgs  of  a  turbulent  flow  from  the  resolved  LES  scales.  The 
knowledge  of  Esgs  can  then  be  used  to  reconstruct  the  complete  Reynolds 
stress  and  in  particular  the  total  energy  from  the  LES  field. 

We  have  presented  numerical  result  which  indicate  that  the  estimate 
we  propose  for  E$gs  is  satisfactory  and  rivals  the  performance  of  a  direct 
evaluation  obtained  from  a  transport  equation. 
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1.  Background  and  objectives 

Simulation  of  spatially  developing  turbulent  flows  using  DNS  or  LES  re¬ 
quires  specification  of  unsteady  inflow  data.  Several  methods  for  generat¬ 
ing  turbulent  inflow  data  for  wall-bounded  flows  have  been  proposed  which 
introduce  a  temporal  periodicity  (e.g.  [1,  2,  11,  13])  on  a  time-scale  of 
0(10)  dw/Uoo  that  can  interfere  with  low-frequency  flow  dynamics.  This 
might  not  be  an  issue  in  a  spatially  evolving  mixing  layer,  since  it  was  found 
by  [9]  that  the  temporal  correlation  introduced  by  the  inflow  generation  de¬ 
cayed  quickly  with  streamwise  distance  from  the  domain  inlet.  However,  in 
flows  involving  separation  from  a  smooth  surface  it  has  been  observed  that 
the  periodicity  of  the  inflow  signal  can  trigger  the  unsteady  behavior  of  the 
detachment  point  of  a  separation  bubble  [1]. 

Other  inflow  generation  methods  which  are  based  on  specification  of 
random  numbers  at  the  inlet  plane  avoid  the  issue  of  temporal  periodicity  [7, 
8].  However,  they  are  known  to  require  an  extended  spatial  development 
region  to  reach  equilibrium  and  the  integral  properties  of  the  developing 
boundary  layer  are  difficult  to  control  with  this  approach. 

Here,  we  propose  a  new  method  which  avoids  certain  drawbacks  of  the 
former  approaches.  The  method  is  based  on  random  numbers  and  therefore 
avoids  long-range  temporal  correlations.  By  introducing  body  forces  in  the 
framework  of  closed-loop  control  we  are  able  to  (i)  accelerate  the  adjustment 
process  towards  equilibrium  turbulence  and  to  (ii)  precisely  control  integral 
properties  of  the  boundary  layer. 
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with  prescribed 
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body  forces  so  that 
the  Reynolds  stress 
-pu'v'(y)  reaches 
a  prescribed  profile 


A  scaling  of  the  mean  and  rms  values  and 
•  the  mean  Reynolds  stresses  according 
to  the  similarity  laws  of  a  turbulent 
:  boundary  layer 


output  of  the  slices 
u(y ,  z,t)  to  be  used  as 
inflow  ciata  for  the 
real  simulation 


PI  controller  adjusting  the 
boundary  layer  thickness  Sj 
at  the  inflow  plane  so  that 
the  boundary  layer  thickness 
6r  at  the  rescaling  station 
reaches  a  prescribed  value 


Figure  1.  Sketch  of  the  computational  domain  and  outline  of  individual  steps  of  the 
method. 


2.  Method 

Similarly  to  [11],  we  demonstrate  the  proposed  new  inflow  generation  method 
for  a  Navier-Stokes  simulation  (DNS  or  LES)  of  a  spatially  developing  tur¬ 
bulent  boundary  layer  in  a  rectangular  computational  domain,  see  Fig.  1.  At 
the  inlet  plane,  we  specify  mean  flow  U(y),V ( y )  and  superimposed  fluctua- 
tions  u'(y,z,t),v'{y,z,t),w'(y,z,t),  generated  from  random  Fourier  coeffi- 
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cients  similarly  to  [7].  The  amplitudes  of  the  coefficients  follow  a  prescribed 
spectrum  (k  <  kp  :  E(k)  ~  k2;  k  >  kp  :  E(k)  ~  fc”5/3)  and  the  profiles 
of  u'rms(y)^  vfrms(y),  w'rms(y)  match  those  obtained  after  time-averaging  and 
rescaling  the  instantaneous  flow  obtained  at  the  “rescaling  station” ,  which 
is  located  at  xr  at  the  end  of  the  development  zone.  Since  it  is  impossible 
to  provide  a  priori  the  correct  phase  relation  between  individual  Fourier 
modes,  turbulence  decays  downstream  of  the  inlet  plane. 

In  the  control  zone  the  flow  is  subject  to  a  body  force  /  acting  in  the 
wall- normal  direction  according  to 

du  _  -*  1  .  _ t 

—  +  (tx  •  V)  u  =  -  Vp  4-  —  A  u  +  fey. 

The  rationale  behind  this  approach  is  the  observation  that  —v'v'dU/dy 
forms  the  dominant  production  term  in  the  balance  equation  for  the  shear 
stress  —pu'vf.  The  body  forces  act  simultaneously  in  several  rr,  z-planes 
which  are  (9(1) £99  apart  in  the  streamwise  direction. 

The  magnitude  of  the  body  force  at  a  streamwise  location  xq  is  adjusted 
via  a  Pi-controller  with  the  goal  to  achieve  a  prescribed  shear-stress  profile 
g(xo,y).  The  target  shear  stress  g(xo,y)  is  obtained  by  upstream  extrapo- 
lat-ion  based  on  a  similarity  hypothesis  using  the  mean  stress  — pu’v '  ’  (y) 
at  the  rescaling  station  as  in  Lund’s  method  [11].  Here,  ()  5  denotes  av¬ 
eraging  in  the  spanwise  direction  and  over  (9(10)^99 /[Too  in  time.  The  use 
of  a  “rescaling”  station  is  not  mandatory,  since  the  target  profile  g(xo,y) 
might  also  come  from  an  experiment  or  from  a  RANS  calculation  -  possibly 
carried  out  simultaneously  with  the  LES. 

The  input  of  the  PI  controller  at  the  location  #0,  the  error  signal  e,  is 
computed  as 

e(y,t)  =  -pu'v’  z'  ( X0,y,t )  -  g(x0,y) . 

With  the  amplitude 

r(y,  t)=a  e(y,  t)  +  0  [  e(y,  t1)  dt', 

Jo 

the  instantaneous  body  force  is  computed  as 

f{x0, y,  z,  t)  =  r(y,  t)[u(x 0,  y,  z,t)-u  ^(zo,  j/)]. 

In  order  to  prevent  stimulation  of  unrealistic  large  shear  stress  ‘events’,  / 
is  only  applied  if  the  following  constraints  for  the  instantaneous,  local  cor¬ 
relation  wV(£o,  Vi  z,  t)  and  the  fluctuations  u'(xo,  2,  t)  and  v'(xq,  y,  z,  t) 
are  met: 


|i/|  <  0.6  Uqo,  |f/|  <  0.4  7700,  itV  <  0  and  |wV|  >  0.0015  U^. 
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The  parameters  a,  /3  of  the  PI  controllers  are  chosen  in  order  to  decrease 
the  error  signal  sufficiently  fast  without  causing  instabilities. 

A  closed-loop  controller  is  used  to  control  the  boundary  layer  thickness 
SI  at  the  domain  inlet  until  S99  at  the  rescaling  station  reaches  a  target  value 
8r.  Similarly,  v(ar)  at  the  top  of  the  domain  is  adjusted  via  a  feedback  loop 
in  order  to  obtain  a  desired  streamwise  pressure  gradient,  e.g.  dp/dx  « 
0.  The  adjustment  times  for  reaching  approximately  steady  values  are  of 

o(m)s99/Uoo- 

The  incompressible  Navier-Stokes  equations  for  primitive  variables  ti,  v, 
w,p  are  solved  on  a  staggered  mesh.  The  non-linear  term  is  discretized  in 
the  skew-symmetric  form,  guaranteeing  conservation  of  kinetic  energy  in 
the  absence  of  viscosity  [12,  6,  5].  Spatial  derivatives  in  the  wall-parallel  di¬ 
rections  (x,z)  including  the  pressure  gradient  and  the  continuity  equation 
are  approximated  with  6th-order  compact  (Hermitian)  differences.  Explicit 
second  order  differences  are  used  in  the  non-equidistant  wall-normal  direc¬ 
tion.  The  pressure  Poisson  equation  is  solved  via  Fourier  transform  in  the 
spanwise  periodic  direction  and  via  cosine  transform  in  the  streamwise  di¬ 
rection  where  the  pressure  satisfies  a  von  Neumann  boundary  condition. 
At  the  outflow  plane  we  specify  a  convective  outflow  boundary  condition. 
The  Smagorinsky  model  accounts  for  the  sub-grid-stresses  with  the  model 
constant  determined  via  the  dynamic  procedure  [4]  in  the  formulation  of 
Lilly  [10].  The  test  filter  is  approximated  with  the  trapezoidal  rule,  filtering 
is  limited  to  the  wall-parallel  directions,  and  the  ratio  of  test  and  grid  filter 
width  is  A/ A  =  2.0\/3/2. 


3.  Results 

The  method  has  been  applied  in  an  LES  in  a  domain  of  size  18 Sq  x  3.5 So  x 
2.2S0.  The  reference  length  Sq  corresponds  approximately  to  the  99%-thick- 
ness  of  the  boundary  layer  at  the  ’’rescaling”  station  which  is  located  at 
xR  =  125o  •  There,  integral  properties  of  the  turbulent  boundary  layer  are 
0/So  =  0.129,  5*/5o  =  0.187,  cf  =  0.00353,  and  Hn  =  1.44.  This  corre¬ 
sponds  to  Re$  =  1816,  Re§*  =  2616,  and  Rer  =  uTS99/u  =  780.  The  do¬ 
main  is  discretized  into  144  x  55  x  48  cells.  At  the  rescaling  station,  the  grid 
spacing  normalized  in  wall-units  is  Ax+  =  98,  Ay+in  «  1.2,  and  Az  —  36. 
Body  forces  act  at  three  stations  located  at  x/S0  =  2,  3.75,  and  5.5.  In 
the  wall-normal  direction  they  are  limited  to  the  region  0.05  <y/S0<  0.5. 
Results  are  compared  with  the  random-phase  method  of  [7]  where  no  ad¬ 
justment  by  body  forces  takes  place. 

Fig.  2  and  3  show  the  results  in  terms  of  ‘streamwise’  evolution  of  skin 
friction  coefficient  cj  =  pul;./ (0.51/^,)  ,  shape  factor  H\2  =  and  velocity 

derivative  skewness  coefficient  SQU/dx  —  (du/dx)^ /(du/dx)2 
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Figure  2.  Streamwise  development  of  friction  coefficient  c/  (left  axis)  and  velocity 
derivative  skewness  Sdu/dx  (right  axis).  Lines  corresponding  to  the  forced  case  are  marked 
with  additional  dots.  Vertical  lines  denote  the  three  forcing  locations. 


Inflow  generation  by  random  numbers  causes  a  strong  deviation  of 
statistics  from  equilibrium  values  due  to  the  lack  of  proper  correlations. 
Obviously,  with  body  forces  the  development  length  needed  for  reaching 
a  statistical  equilibrium  is  shortened  considerably.  This  can  be  seen  from 
the  quicker  recovery  of  cj  and  Squ/qx^  the  latter  being  an  indicator  for  the 
onset  of  non-linear  energy  transfer.  Comparison  with  experimental  data  in 
Fig.  3  reveals,  that  the  auxiliary  body  forces  are  beneficial  for  driving  the 
boundary  layer  closer  to  an  equilibrium  state. 
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Figure  3.  Shape  factor  H\2  and  skin  friction  coefficient  c/  as  function  of  Ree-  For 
comparison  we  include  DNS  and  experimental  data,  for  the  references  see  Fernholz  & 
Finley  (1996). 
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-uV/U  l 

Figure  4.  Profiles  of  shear  stress  -pu'v'  at  several  stations  as  indicated  in  the  plot  for 

the  new  method  ( - )  and  the  random  method  ( - ).  Horizontal  lines  indicate  the 

zone  in  which  the  body  forces  act. 


Fig.  4  shows  the  streamwise  development  of  the  shear-stress  profile. 
Ahead  of  the  first  forcing  station,  shear-stresses  are  too  small  due  to  lack 
of  proper  correlation  between  v!  and  v 1  fluctuations  at  the  domain  inlet. 
Without  body  forces,  recovery  of  the  profiles  proceeds  quicker  near  the  wall 
than  in  the  outer  part  of  the  boundary  layer.  The  addition  of  body  forces  at 
z/tfo  =  2  has  some  influence  on  the  flow  upstream.  At  x/80  =  2.4  we  observe 
the  largest  difference  between  forced  and  unforced  cases.  The  forcing  at  the 
first  station  results  in  an  overshoot  in  the  shear-stress  magnitude.  As  a 
consequence,  body- forces  at  the  second  station  -  located  at  x/Sq  =  3.75  — 
counteract  the  wall-normal  fluid  motion,  thereby  reducing  the  shear-stress 
to  the  desired  levels.  The  amplitude  of  the  force  decreases  nearly  an  order 
of  magnitude  from  the  first  to  the  last  station. 

Downstream  of  the  forcing  zone  the  flow  recovers  into  an  equilibrium 
state.  The  mean  flow  profile  follows  the  standard  log-law,  see  Fig.  5.  We 
observe  a  pronounced  wake  which  does  not  seem  to  be  connected  with 
the  forcing  since  it  is  also  visible  in  the  unforced  case.  Rms-profiles  of  the 
resolved  velocity  fluctuations  are  in  good  agreement  with  DNS  data. 

For  a  coarse-grid  DNS  at  R$  «  340  carried  out  in  a  domain  of  size  lO^gg  x 
3^99  x  3<599,  the  new  method  was  compared  with  Lund’s  [11]  approach.  The 
rescaling  station  was  located  at  xr/8^  =  6.3.  Power  spectra  recorded  inside 
and  outside  the  boundary  layer  are  shown  in  Fig.  6.  Whereas  Lund’s  method 
exhibits  peaks  at  frequencies  Uqq/xr  and  its  higher  harmonics,  spectra  from 
the  new  method  are  smooth  in  the  low-frequency  range.  Thus,  the  proposed 
method  is  capable  of  generating  inflow  turbulence  without  introducing  a 
quasi-periodicity  at  low  frequencies. 
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Figxire  5.  Mean  flow  profile  and  turbulence  statistics  scaled  in  inner  variables  at  several 
downstream  locations. 


Figure  6.  Power  spectra  at  xr  inside  (left)  and  outside  (right)  of  the  boundary 

layer  using  Lund’s  method  ( - )  and  the  new  approach  ( .  )  for  a  coarse-grid 

DNS  at  Re  «  340. 


4.  Conclusions  and  perspectives 

We  propose  a  new  method  for  the  generation  of  turbulent  inflow  data  which 
avoids  a  long-range  temporal  correlation  in  the  artificial  velocity  signal.  It 
turns  out  that  the  method  is  fairly  robust  with  respect  to  several  of  the 
parameters  which  can  be  chosen.  These  include  the  spectrum  of  the  random 
turbulence  introduced  at  the  domain  inlet,  the  streamwise  extent  of  the 
control  zone,  the  number  of  x ,  2-planes  where  body- forces  are  applied,  the 
streamwise  spacing  between  stations,  and  the  vertical  extent  of  the  forcing 
zone. 

The  method  is  not  restricted  to  equilibrium  situations  since  turbulence 
is  forced  to  follow  a  prescribed  target  profile.  The  method  is  capable  to 
both  enhance  and  damp  existing  fluctuations  in  order  to  achieve  a  desired 
target,  e.g.  the  shear  stress  u’vf .  The  method  can  easily  be  extended  to 
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consider  other  targets  such  as  U  or  rms  profiles.  Possibly,  the  occurence  of 
”  adverse”  forces  at  later  stations  could  be  avoided  entirely  by  correcting 
only  part  of  the  ’’error”  at  the  first  station. 

Similar  strategies  might  be  applied  in  the  context  of  hybrid  RANS/LES 
approaches,  where  zones  exist  in  which  the  grid  is  too  coarse  for  resolving 
a  sufficient  range  of  energy  containing  eddies,  e.g.  near  the  wall.  There,  the 
generation  of ’’supporting”  stresses  induced  by  body  forces  might  be  useful 
in  order  to  achieve  a  smooth  transition  between  regions  which  are  modeled 
via  RANS  and  via  LES,  respectively. 
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Abstract.  The  “velocity  filtered  density  function”  (VFDF)  methodology 
is  employed  for  large  eddy  simulation  (LES)  of  a  three-dimensional,  tempo¬ 
rally  developing,  turbulent  mixing  layer.  A  transport  equation  is  derived  for 
the  VFDF  in  which  the  effects  of  the  subgrid  scale  (SGS)  convection  appear 
in  closed  form.  The  unclosed  terms  in  this  equation  are  modeled.  A  system 
of  stochastic  differential  equations  (SDEs)  which  yields  statistically  equiv¬ 
alent  results  to  the  modeled  VFDF  transport  equation  is  proposed.  These 
SDEs  are  solved  numerically  by  a  Lagrangian  Monte  Carlo  procedure.  The 
VFDF  results  are  compared  with  those  obtained  via  several  existing  SGS 
closures  and  with  data  obtained  by  direct  numerical  simulation  (DNS)  of 
the  mixing  layer. 


1.  Introduction 

The  probability  density  function  (PDF)  approach  has  proven  useful  for 
large  eddy  simulation  (LES)  of  turbulent  reacting  flows  (Pope,  2000;  Poinsot 
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and  Veynante,  2001).  The  formal  means  of  conducting  such  LES  is  by  con¬ 
sideration  of  the  “filtered  density  function”  (FDF)  which  is  essentially  the 
filtered  fine-grained  PDF  of  the  transport  quantities  (Pope,  1990).  In  all 
previous  contributions,  the  FDF  of  the  “scalar”  quantities  is  considered 
(Pope,  1990;  Gao  and  O’Brien,  1993;  Colucci  et  al ,  1998;  Reveillon  and 
Vervisch,  1998;  Garrick  et  al .,  1999;  Jaberi  et  al. ,  1999;  James  and  Jaberi, 
2000;  Zhou  and  Pereira,  2000;  Tong,  2001).  The  objective  of  the  present 
work  is  to  extend  the  methodology  for  LES  of  the  velocity  field. 

2.  Formulation 

We  consider  a  constant  (unit)  density,  three-dimensional  temporally  devel¬ 
oping  mixing  layer.  The  primary  transport  variables  are  the  velocity  vector, 
Ui(x,t)  ( i  -  1,2,3),  and  the  pressure,  p(x,i),  field.  Large  eddy  simulation 
involves  the  spatial  filtering  operation  (Guerts,  2001;  Sagaut,  2001) 

/+oo 

/  (x',  t)G(x'  -  x)dx',  (1) 

-oo 

where  G{x)  denotes  a  spatially  and  temporally  invariant,  localized  and 
positive  filter  function  (Vreman  et  al ,  1994)  of  length  A^,  and  (/(x,£))l 
represents  the  filtered  value  of  the  transport  variable  /(x,  £).  The  appli¬ 
cation  of  the  filtering  operation  to  the  instantaneous  equations  describing 
transport  of  the  variables  in  space  and  time  (t)  yields 

Wwh  =0? 

0x{  (2) 

d(uj)L  d(Uj)L(v>j)L  __  d(p)L  d{&ij)L  _  dTLjUj,  Uj) 

dt~ +  dxi  ~  dxj  dxi  dxi 

For  a  Newtonian  fluid  the  viscous  stress  tensor  <Jij  is  represented  by  oij  = 
v  ^  Jmi  +  5  with  v  denoting  the  (constant)  kinematic  viscosity.  The  term 

rUu^Uj)  =  (uiUj)L~{ui)L(uj)L  denotes  the  generalized  SGS  stresses  (Ger- 
mano,  1992).  The  “velocity  filtered  density  function”  (VFDF),  denoted  by 
PL ,  is  formally  defined  as  (Pope,  1990) 

/-(-oo 

e  [«,  u(x', i)]  G(x'  -  x)dx', 

3  °°  (3) 

e [«,  «(x,  i)]  =  ft  5[vi  -  Ui(x,  <)], 

i= 1 

where  S  denotes  the  delta  function  and  v  is  the  velocity  state  vector.  The 
term  £>[v,u(x,t)]  is  the  “fine-grained”  density  (O’Brien,  1980;  Pope,  1985; 
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Pope,  2000),  and  Eq.  (3)  defines  the  VFDF  as  the  spatially  filtered  value  of 
this  density.  With  the  condition  of  a  positive  filter  kernel  (Vrernan  et  al ., 
1994),  Pl  has  all  the  properties  of  the  PDF  (Pope,  1985).  The  transport 
equation  for  the  VFDF  is  obtained  by  applying  the  filter  to  the  equation 
governing  the  evolution  of  fine-grained  density  (Gicquel,  2001).  The  effects 
of  SGS  convection  in  physical  space  appear  in  a  closed  form  in  this  equation. 
However,  the  convective  effects  in  the  velocity  space  due  to  SGS  pressure 
gradient  and  SGS  diffusion  need  to  be  modeled.  For  closure  of  these  terms, 
the  generalized  Langevin  model  (GLM)  (Haworth  and  Pope,  1986;  Pope, 
1994)  is  employed, 


DPl 

Dt 


d 

dxk 


[(Vk  “  ( Uk)L)PL\  + 


d{p)L  dPL 
dx{  dv{ 


d{vjk)L  OPl 
dxk  dvi 


d  [  Ga  (vi 


(uj)L)  PL  ]  +  2  C°  € 


d2PL 

dvidvi  ’ 


(4) 


where  ~  +  {^Lq and  the  two  terms  Gij  and  e  jointly  represent 

the  SGS  pressure-strain  and  SGS  dissipation, 


Gij  —  —  to 


$ij  7 


e  =  C£  /c3/2/Al,  w  -  e/k. 


(5) 


In  this  model  u  is  the  SGS  mixing  frequency,  k  =  ^^(w^Uj)  is  the  SGS 
kinetic  energy,  and  e  is  the  SGS  dissipation  rate.  In  Reynolds  averaged 
simulations,  typically  Ce  ~  1,  and  Cq  ^2.1. 

In  addition  to  VFDF,  three  other  LES  are  conducted  with  (1)  no  SGS 
model,  (2)  the  Smagorinsky  SGS  closure  (Smagorinsky,  1963),  and  (3)  the 
dynamic  Smagorinsky  (Germano  et  al. ,  1991;  Germano,  1992;  Lilly,  1992) 
model.  The  no  model  refers  to  the  case  in  which  the  contribution  of  the 
SGS  is  completely  ignored,  i.e.  rk(ui.  Uj)  =  0. 


3.  Numerical  Solution  Procedure 


The  solution  of  the  VFDF  transport  equation  provides  all  the  statistical 
information  pertaining  to  the  velocity  vector.  The  most  convenient  means 
of  solving  this  equation  is  via  the  Lagrangian  Monte  Carlo  scheme  (Pope, 
1985;  Pope,  1994).  To  do  so,  the  general  diffusion  process  is  considered  via 
the  following  system  of  stochastic  differential  equations  (SDEs)  (Pope,  1985; 
Haworth  and  Pope,  1986), 


dUl 


0(p)l 

dxi 


d(cHkh\ 
dxk  ) 


dXi{t)  —  Ui(t)  dt, 


+  Gij  (Uj (t)  (uj)l) 


dt+y/C&dW?(t) 

(6) 
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where  X{  and  U{  are  probabilistic  representations  of  the  position  and  the 
velocity,  respectively;  and  W?  denotes  independent  Wiener-Levy  processes 
(Karlin  and  Taylor,  1981).  The  corresponding  Fokker-Planck  equation  for 
this  diffusion  process  is  the  same  as  the  VFDF  transport  equation.  With  the 
Lagrangian  description,  the  VFDF  is  represented  by  an  ensemble  of  Monte 
Carlo  particles.  Each  of  these  particles  carries  information  pertaining  to  its 
velocity  and  position.  This  information  is  updated  via  temporal  integration 
of  Eq.  (6).  The  statistics  are  evaluated  by  consideration  of  the  ensemble  of 
particles  in  a  “finite  volume”  centered  at  a  spatial  location.  This  finite 
volume  is  characterized  by  a  cubic  box  of  length  A e  containing  NE  Monte 
Carlo  particles. 

The  “mean  field  solver”  is  based  on  the  “compact  parameter”  finite 
difference  scheme  (Carpenter,  1990)  with  a  fourth  order  spatial  accuracy 
and  a  second  order  symmetric  predictor-corrector  sequence  for  time  dis¬ 
cretization.  All  the  finite  difference  operations  are  conducted  on  fixed  and 
equally  sized  grid  points  with  spacings  A.  The  transfer  of  information  from 
these  points  to  the  location  of  the  Lagrangian  particles  is  conducted  via 
interpolation.  The  mean-field  solver  also  determines  the  filtered  velocity 
field.  That  is,  there  is  a  “redundancy”  in  the  determination  of  the  first  fil¬ 
tered  moments  as  both  the  finite  difference  and  the  Monte  Carlo  procedures 
provides  the  solution  of  this  field.  This  redundancy  is  actually  very  useful 
in  monitoring  the  accuracy  of  the  simulated  results  (Jaberi  et  al .,  1999, 
Muradoglu  et  o/.,  1999).  The  DNS  and  all  the  other  LES  (via  the  no-model, 
Smagorinsky,  and  the  dynamics  Smagorinsky)  are  conducted  with  the  same 
finite-difference  scheme. 


4.  Results 

Simulations  are  conducted  of  a  three-dimensional  (3D)  temporally  devel¬ 
oping  mixing  layer.  This  layer  consists  of  two  parallel  streams  traveling 
in  opposite  directions  with  the  same  speed  (Moser  and  Rogers,  1992).  A 
hyperbolic  tangent  profile  is  utilized  to  assign  the  velocity  distribution  at 
the  initial  time.  The  coordinates  x ,  y,  z  denote  the  streamwise,  cross-stream, 
and  spanwise  directions,  respectively.  The  flowfield  is  initialized  with  a  pro¬ 
cedure  somewhat  similar  to  that  considered  previously  (Vreman  et  al .,  1997) 
which  results  in  the  formation  of  two  successive  vortex  pairings  and  strong 
three-dimensionality.  Simulations  are  conducted  on  1933  and  33s  points  for 
DNS  and  LES,  respectively.  For  filter,  a  top-hat  function  of  width  AL  =  2A 
is  used.  No  attempt  is  made  to  investigate  the  sensitivity  of  the  results  to 
the  filter  function  (Vreman  et  al. ,  1994)  or  the  size  of  the  filter.  Simulations 
are  conducted  with  Ce  =  1,  Cq  =  2.1,  A#  =  A/2,  Ne  —  40,  and  with  a 
uniform  “weight”  (Pope,  1985)  of  the  Monte  Carlo  particles. 
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Figures  1  and  2  show  the  contours  of  the  spanwise  and  the  stream- 
wise  components  of  the  vorticity  field,  respectively.  By  this  time,  the  flow 
has  gone  through  several  pairings  and  exhibits  strong  3D  effects.  This  is 
evident  by  the  formation  of  large  scale  spanwise  rollers  with  presence  of 
counter-rotating  streamwise  vortex  pairs  in  all  the  simulations.  The  results 
via  the  no-model  indicate  too  many  small-scale  structures  which  clearly 
are  not  captured  accurately  on  the  coarse  grid.  The  amount  of  SGS  diffu¬ 
sion  with  the  Smagorinsky  model  is  very  significant  at  initial  times.  Due  to 
this  dissipative  characteristics  of  the  model,  the  predicted  results  are  too 
smooth  and  only  contain  the  large  scale  structures.  The  vortical  structures 
as  depicted  by  the  dynamic  Smagorinsky  and  the  VFDF  are  very  similar 
and  predict  the  DNS  results  better  than  the  other  two  models.  But  both 
models  yield  less  fine  structures  as  compared  to  DNS.  The  Reynolds  aver¬ 
aged  values  of  the  simulated  data  (not  shown)  also  indicate  the  dissipative 
nature  of  the  Smagorinsky  model  resulting  in  a  slow  growth  of  the  layer. 
As  a  result,  this  model  does  not  predict  the  spread  and  the  peak  value  of 
the  resolved  Reynolds  stresses.  The  VFDF  predicts  both  the  spread  and 
the  peak  values  reasonably  well,  except  for  small  C£  values.  In  this  case, 
the  amount  of  energy  in  the  resolved  scale  decreases  too  much  in  favor  of 
the  increase  of  the  SGS  stress. 
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(e) 


Figure  1.  Contour  plots  of  the  spanwise  component  of  the  vorticity.  (a)  Filtered  DNS, 
(b)  no  model,  (c),  Smagorinsky  model,  (d)  dynamic  Smagorinsky  model,  (e)  VFDF. 

1. 
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Figure  2.  Contour  plots  of  the  streamwise  component  of  the  vorticity  vector,  (a)  Filtered 
DNS,  (b)  no  model,  (c)  Smagorinsky  model,  (d)  dynamic  Smagorinsky  model,  (e)  VFDF. 
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Abstract 

The  paper  presents  a  new  dynamic  SGS  model  of  two-way  coupling  for  large 
eddy  simulation  of  particle-laden  turbulent  flow.  The  advantage  of  this  new 
model  is  that  coupling  of  fluid-particles  SGS  components  was  taken  into  account 
and  at  the  same  time  the  coefficient  of  proposed  SGS  model  can  be  optimized  by 
Germano’s  (1991)  dynamic  procedure(1).  To  investigate  the  capability  of  this 
model,  numerical  simulations  of  particle-laden  turbulent  flow  at  Re=644  in  a 
vertical  channel  were  performed  using  this  new  dynamic  SGS  model.  By 
comparing  the  calculation  results  with  that  using  single-phase  SGS  models  which 
didn'  t  consider  coupling  of  SGS  components  the  role  of  particles  SGS 
components  played  in  the  turbulence  modulation  of  fluid  flow  was  clarified  for 
particle-laden  channel  turbulent  flows.  In  addition,  the  subgrid-scale  stresses 
obtained  using  the  proposed  model  vanish  at  wall  boundary,  and  have  the  correct 
asymptotic  behavior  in  the  near-wall  region  of  the  turbulent  boundary. 

1.  Introduction 

In  large  eddy  simulation  of  single-phase  turbulent  flows,  one  major  deficiency  of 
the  Smagrinsky(2)  subgrid-scale  stress  models  is  their  inability  to  represent 
correctly  with  a  single  universal  constant  to  different  turbulent  fields  in  rotating 
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or  sheared  flows,  near  solid  walls,  or  in  transitional  regimes.  Usually  additional 
modifications  to  the  Smagorinsky  model  were  made  in  the  near-wall  region  to 
force  the  subgrid-scale  stresses  to  vanish  at  the  wall  boundary  with  a  standard 
Van  Driest®  damping  function.  The  dynamic  SGS  model  proposed  by 
Germano®  et  al.  (1991)  overcomes  these  deficiencies  by  locally  calculating  the 
eddy  viscosity  coefficient  to  reflect  closely  the  sate  of  the  flow.  In  large  eddy 
simulation  of  multi-phase  turbulent  flows,  it  is  being  expected  that  the  fluid 
turbulence  modulation  SGS  model  can  be  evaluated  by  Germano  s  dynamic 
procedure  as  in  the  single-phase  turbulent  flows. 

In  particle-laden  turbulent  flow,  a  kind  of  multi-phase  turbulent  flows  that 
occur  in  a  wide  range  of  engineering  and  scientific  research,  interaction  of 
particles  and  gas-phase  turbulent  carrier  flow  is  a  problematic  research  topic  of 
both  fundamental  importance  and  practical  interest.  In  addition,  it  is  the  most 
interesting  problem  in  developing  numerical  simulation  models.  A  two  way 
coupling  SGS  model  was  present  by  Yuu(4)  (1997),  in  which  coupling  of 
fluid-particles  SGS  component  was  considered.  However,  the  model  coefficient 
was  simply  decided  in  the  same  way  as  previous  works  for  the  single-phase 
turbulent  flows. 

We  present  here  a  new  dynamic  SGS  model  for  two  way  coupling  LES  of 
particle-laden  turbulent  flow  based  on  Yuu'  s  SGS  model.  The  couplings  of 
fluid-particles  SGS  component  on  fluid  turbulence  modulation  in  LES  was  taken 
into  account  and  at  the  same  time  the  coefficient  of  proposed  SGS  model  can  be 
dynamically  decided  by  assuming  that  the  small  scales  are  in  equilibrium,  so  that 
energy  production,  dissipation  and  interaction  of  fluid-particles  are  in  balance. 

The  main  objective  of  this  paper  is  to  introduce  this  model  and  at  the  same 
time  to  report  the  results  of  investigation  about  the  capability  and  limitation  of 
present  SGS  mode  in  predicting  the  fluid  turbulence  modulation  for 
particle-laden  turbulent  flows  through  numerical  simulations,  which  were 
performed  in  downward  particle-laden  turbulent  flows  at  Re=644  in  a  vertical 
channel  using  Van  Driest  wall  function  model  and  the  proposed  new  dynamic 
SGS  model. 


2.  Improvement  of  Two  Way  Coupling  SGS  model 

For  dilute  particle-laden  turbulent  flow,  in  which  particle  volume  fraction  is 
very  small  but  the  particle  mass  loading  is  large,  momentum  equations  governing 
transport  of  the  large  eddies  was  oriented  by  filtering  the  incompressible 
Navier-Stokes  equations  with  the  particle  source  term,  where  the  Leonard  and 
Cross  terms  were  neglected. 
du  d _  \  dp  u  d2u,  drt 


dt  '  dxj  (U‘Uj^  pf  dx,  '  pf  dxjdxj  dXj 
The  effect  of  the  SGS  on  the  resolved  eddies  in  EQ  (1)  is  represented  by  SGS 
stress  T,y  =  u,Uj  -ufij .  In  this  work,  T,yis  parameterized  using  an  eddy  viscosity 
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hypothesis  expressed  by  EQ  (2),  and  the  particles  turbulent  dispersion  flux  terms 
n  Uj  and  n  upi  adopt  gradient  dispersion  model  as  presented  in  EQ  (3)  and  EQ 


Tij  ^ij^kk  ~  2VTSij 


n  Ui  =  ~VTS  3  W 

oxi 

dN 

n  u  pi  —  vTP  ^  (4) 

Here,  the  viscosity  taking  into  account  fluid  particles  interactions  needs  to  be 
parameterized. 

The  governing  equation  of  kinetic  energy  for  subgrid-scale  flow  considering 
the  interaction  of  fluid  and  particles  can  be  derived  as  follow. 

Dk  dk  _  dk  " — F  3  1  — ,  .1  .  dk  3m  3m 

- +  M • - =  —U-ll'S-  -- — ( —  M  M  M  H - M  p "V  — — ) "V  ^ 

Dt  3 1  dx}  dxj  2  pf  3 Xj  3 Xj  3 'x.  (5) 


-F[Mw,-M,  -M(M^)  +  nM.(M.  -M/)y)+MM.(M.  -Mp()]’ 

From  EQ  (5),  however,  the  third  order  fluctuating  terms  were  neglected,  Yuu(4) 
(1997)  proposed  a  two  way  coupling  SGS  model  applying  a  local  equilibrium 
assumption  expressed  as  EQ  (6)  that  energy  production,  dissipation  and 
interaction  of  fluid-particles  are  in  balance. 

2vTS&-Cekm A-'  -2NF^-k+F^~(U,  -«„)= 0  (6) 

<*TU+ 1  <JV  dxt 

From  EQ  (6),  the  viscosity  taking  into  account  of  fluid-particles  interaction  was 
derived  and  expressed  as  EQ  (7) 

v  =C  C1/3A 


Where  Ax=Ce A'1  A2=2NF 


aTu+\ 


A}  =  2CvrC,snASijSij  A,  =  FCvTC f — f^(«, -«„) 

as  dx, 

Le  _at  A 
Li  ~~  (2&/3)1/2  ~~C~  /2  7 . 1/2 


However,  it  is  difficult  to  decide  the  coefficient  CvT  dynamically  in  Yuu'  s 


model  because  the  filter  width  A  are  mixed  in  EQ  (7).  In  this  study,  we  take  the 
place  of  EQ  (6)  TLi  with  EQ  (8)  and  get  EQ  (9)  as  follows 
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2vTSStJ -Ceky2&~'  -2 NF 


«i  A  ,  i 

Vi — 1 


.fYi*Lgl-uJ= o  <9) 


L  +  F— ^—(i(  -Up,) 

<r  dx, 


The  SGS  turbulence  energy  k  can  be  modeled  as  follows  according  to 
dimensional  analysis 

b-  Cy  A (10) 


*  =  7S«A2(2S,si,.)=7§7rA2|s|2 


Substitution  of  EQ  (10)  into  the  third  term  denominator  of  EQ  (9)  and  put  it  in 
order,  the  new  eddy  viscosity  is  then  given  by 


v  =  C3/  A 

VT  —  ^ vT  ** 


,-,2  FdN-  -  , 

2NF(l-b) 


Because  the  filter  widthAappears  at  only  one  place  in  the  EQ  (11)  similar  to  the 
standard  Smagrinsky  model  of  single-phase  turbulent  flows,  the  coefficient 
of  proposed  model  can  be  easily  decided  by  Germano’s  (1991)  dynamic 

procedure. 


3.  A  proposal  of  new  dynamic  SGS  model  of  Two  Way  Coupling 

Now  substitute  EQ  (11)  into  EQ  (2)  to  get  the  new  dynamic  eddy  viscosity 
subgrid-scale  stress  expressed  as  EQ  (12),  which  takes  into  account  of  the 
interaction  of  particles-fluid  SGS  components  in  LES. 

Tt=utuJ-u,ui 

(12) 


=  -2(CmA)2g(Mi,uPI,N)Sii 

According  to  the  Germano’s  dynamic  procedure  (l>,  the  test  filter  level  SGS  stress 
can  be  defined  as 


—  2vrStj  —  2  Cv 


^2  F  dN -  . 

ff  v  dr, _ 

2FN(l-b)  _ 
•Jy2a,a  +  JCvCe  \s\ 
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Where,  A  is  the  characteristic  filter  width  associated  with  the  grid  level  filtering 
operator,  and  A5  is  the  filter  width  associated  with  the  test  level  filtering 

operator.  Considering  the  similarity  between  the  SGS  stresses  at  the  grid  and  test 
levels,  which  are  modeled  using  the  same  functional  expression,  it  was  assumed 
that  the  coefficient  C ^  or  CmS  in  EQ  (12)  and  EQ  (13)  are  same,  then  grid  filter 


stress  r ij9  test  filter  stress  T{j  and  resolved  turbulent  stress  can  be  related  in 
algebraic  relation  EQ  (14) 

T0 -f,  =£}«,. -^=2C„3;2A[^!^,W)^  -a2g(UjPi,  N)S„  (14) 
From  EQ  (14),  CvT(x,y,z,t)  can  be  obtained  in  principle.  The  quantity  in 
square  brackets,  however,  can  become  zero,  which  would  make  CvT 
indeterminate  or  ill-conditioned.  For  the  channel  flow,  therefore,  it  was  assumed 
that  CvT  is  only  a  function  of  y  and  t .  The  average  of  both  sides  of  EQ  (14) 

are  taken  over  a  plane  parallel  to  the  wall  to  yield 


C  =  C3/4  = 

W7' 


<  fylij 


U^J  > 


2A2  <  [g{u},uP,,N)SIJ -a1g(ul,uP[,N)Sii 


05) 


The  new  dynamic  eddy  viscosity  subgrid-scale  stress  model,  which  takes  into 
account  of  the  interaction  of  particles-fluid  SGS  components  in  LES,  is  then 
given  by 


<  -  UjUj  > 


a2g («,. , uPi ,  N)S„  -  f(n?-  ,  N)SV 


g(u„u„,N)Su 


(16) 


4.  Simulation  overview 
4.1  Calculation  of  fluid  phase 

The  particle-laden  turbulent  flows  between  plane  channels  driven  by  uniform 
pressure  gradient  and  particles  gravity  were  calculated  by  large  eddy  simulations 
at  Reynolds  numbers  based  on  friction  velocity  and  channel  half-width  of  644. 
Van  Driest  damping  function  model  and  dynamic  SGS  models  with  (the  present 
model)  or  without  (Germano’s  model)  couplings  of  SGS  components  were 
applied  respectively.  The  governing  equation  EQ  (1)  and  continuity  equation 
were  solved  numerically  by  SMAC  method  on  a  staggered  grid.  Second-order 
central  difference  scheme  was  used  for  the  advection  and  diffusion  terms,  and 
second-order  Adams-Bashforth  method  was  adopted  for  time  advancement.  The 
Poisson  equation  for  pressure  was  solved  using  ICCG  method.  The  flow  was 
resolved  using  32  X  64  X  32  grid  points  in  the  x,  y  and  z  directions,  respectively. 
The  channel  domain  for  the  calculation  was  716x26X716/2.  For  fully 
developed  channel  flow,  periodic  boundary  conditions  for  the  dependent 
variables  were  applied  in  the  streamwise  and  spanwise  directions,  whereas  the 
no-slip  condition  was  applied  on  the  channel  walls. 
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4.2  Calculation  of  particle  phase 

The  motion  of  particles  was  integrated  using  second-order  Adams-Bashform  in 
time,  and  third  -order  Lagrange  polynomials  were  used  to  interpolate  the  fluid 
velocity  to  the  particle  position  since  it  is  only  by  chance  that  a  particle  is  located 
at  a  grid  point  where  the  Eulerian  velocity  is  available.  For  particles  that  moved 
out  of  the  channel  in  the  streamwise  or  spanwise  directions,  the  periodic 
boundary  conditions  were  used  to  introduce  them  into  the  computational  domain. 
The  channel  walls  were  perfectly  smooth  and  a  particle  was  assumed  to  contact 
the  wall  when  its  center  was  one  radius  from  the  wall.  Elastic  collisions  were 
assumed  for  particles  contacting  the  wall. 

The  initial  condition  of  single  phase  Eulerian  velocity  field  was  given  by  a 
statistically  developed  solution.  Then  the  particles  were  assigned  to  random 
locations  throughout  the  cannel,  where  the  initial  particle  velocity  was  assumed 
to  be  the  same  as  the  fluid  velocity  at  the  particle  location.  Similar  to  the  fluid 
flow,  statistics  of  the  particle  velocity  were  averaged  over  two  homogeneous 
directions,  both  channel  halves  and  time.  To  distinguish  the  effect  of  two  way 
coupling,  the  70  ix  m  Copper  particles  were  blended  at  mass  loading  ratio  1 .0. 


5.  Calculation  results 


Figure  1 .  Profile  of  streamwise  mean  velocity  of  fluid  Figure  2.  Turbulence  intensity  of  fluid  in  streamwise 

The  numerical  simulations  were  carried  out  using  Van  Driest  wall  function  and 
the  present  dynamic  SGS  model,  while  the  SGS  coupling  was  taken  into  account 
or  not  respectively.  The  streamwise  mean  velocities  of  fluid  are  shown  in  Figure 
1 ,  the  root-mean-square  velocity  fluctuations  of  fluid  in  streamwise  are  shown  in 
Figure  2.  As  may  be  observed  in  figures  above,  in  spite  of  the  SGS  coupling  is 
taken  into  account  or  not,  the  mean  velocities  are  predicted  larger,  and  the 
root-mean-square  velocity  fluctuations  are  also  slightly  larger  using  proposed 
dynamic  SGS  models  than  using  Van  Driest  wall  function.  Since  this 
characteristic  is  similar  to  single-phase  turbulent  flow  using  standard  dynamic 
SGS  model,  we  can  say  that  the  present  SGS  model  has  proper  asymptotic 
behavior  near  the  wall  without  the  use  of  ad  hoc  damping  function  in  case  of 
multiphase  turbulent  flow.  As  shown  in  Figure  2,  the  turbulence  intensities  of 
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particle-laden  flow  are  clearly  decreased  than  ones  of  particle-unladen  flow  for 
the  coupling  of  GS  components  of  particle-laden  flow,  but  the  turbulence 
intensities  of  particle-laden  flow  are  hardly  decreased  when  the  SGS  coupling 
was  taken  into  account. 


Figure  3.  Profile  of  mean  model  coefficients  Figure  4.  Profile  of  mean  SGS  eddy  viscosity 

The  eddy  viscosity  model  coefficients  that  were  calculated  by  proposed 
dynamic  SGS  model  are  shown  in  Figure  3.  In  the  channel  buffer  region,  the 
dynamic  SGS  model  coefficient  of  particle-laden  flow  is  smaller  than  that  of 
particle-unladen  flow.  On  the  contrary,  in  the  channel  center  area,  the  former  is 
higher  than  the  latter.  Since  the  effects  of  two-way  coupling  of  GS  and  SGS 
components  correspond  the  profile  of  turbulence  intensity  of  fluid  in  wall  normal, 
the  coefficient  of  proposed  dynamic  SGS  model  obtains  the  correct  asymptotic 
behavior  in  the  near-wall  region.  In  logarithm  law  region(y+ ^  100),  where 
concentration  of  the  local  particles  is  lowest,  the  proposed  model  obtains  the 
fittest  value  Cm^O.  1  in  single-phase  channel  turbulent  flows.  It  reflects  the  local 
structure  of  small  eddies,  showing  that  the  capability  of  proposed  model  is 
validated. 

The  mean  distributions  of  eddy  viscosity  are  shown  in  Figure  4.  In  the 
near-wall  region  (y+<30),  as  the  effects  from  SGS  component  to  GS  component 
are  relatively  small,  the  distribution  of  model  coefficients  correspond  the  profile 
of  eddy  viscosity  as  they  are.  While  in  the  logarithm  law  region,  though  the 
model  coefficients  are  roughly  same,  the  effect  of  two-way  coupling  of  GS 
components  is  significant,  which  may  result  from  the  difference  of  strain  velocity 
S.  As  a  result  of  taking  into  account  of  two-way  coupling  of  SGS  component,  the 
model  coefficients  become  bigger,  which  is  agreed  with  the  tendency  that 
dissipation  of  turbulence  is  enhanced  in  high  frequency. 

The  cascade  profile  of  GS  turbulence  energy  with  or  without  SGS  component 
coupling  is  shown  in  Figure  5,  the  energy  cascade  becomes  slightly  stronger 
owing  to  SGS  coupling  as  expected.  This  indicates  that  the  contribution  of  SGS 
component  to  GS  component  is  shown  as  dissipation  of  GS  component. 
According  to  this  simulation  result,  the  efficiency  of  presented  dynamic  two-way 
coupling  SGS  Model  is  verified.  Intriguingly,  contrary  to  the  conjecture  of 
Yamamoto(5)  et  al.  (1998),  the  spatial  spectra  of  fluctuation  energy  becomes  a 
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little  stronger  with  SGS  coupling  than  that  without  it  as  shown  in  Figure  6. 


Figure  5.  Cascade  Profile  of  GS  turbulence  energy 


Figure  6.  Streamwise  spatial  spectra  of 
fluctuation  enegy  at  y+=5 


6.  Concluding  remarks 

(1)  A  new  dynamic  SGS  model  has  been  proposed  for  two  way  coupling  LES 
of  particle-laden  turbulent  flow  based  on  Yuu'  s  SGS  model,  in  which  tfc 
couplings  of  fluid-particles  SGS  component  on  fluid  turbulence  modulation 
was  taken  into  account  and  at  the  same  time  the  coefficient  of  proposed 
SGS  model  can  be  dynamically  obtained  as  the  calculations  progress  rather 
than  input  a  priori 

(2)  As  a  result  of  taking  into  account  of  two-way  coupling  of  SGS  component, 
the  dynamic  model  coefficients  become  bigger,  and  in  the  channel  buffer 
region,  the  proposed  dynamic  model  coefficient  of  particle-laden  flow  is 
smaller  than  that  of  particle-unladen  flow,  on  the  contrary,  the  former  is 
higher  than  latter  in  the  channel  center  area. 

(3)  Numerical  simulation  results  using  the  new  dynamic  model  proposed 
reflected  the  local  structure  of  small  eddies  of  particle-laden,  showing  that 
the  capability  of  proposed  model  was  validated. 
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Abstract 

The  spatial  development  of  a  3D  turbulent  incompressible  mixing  layer  is  computed 
by  using  Large  Eddy  Simulation  (LES).  The  time  and  space  fluctuations  of  velocity 
components  lead  to  the  energy  spectra.  We  can  then  to  highlight  the  characteristic 
scales  in  both  time  and  space.  The  energy  spectra  in  time  are  in  agreement  with  the 
turbulence  theory  and  show  two  significant  dimensionless  frequencies;  the  largest 
one  encountered  for  all  the  variables  corresponds  to  the  creation  of  main  rolls. 
On  the  energy  spectra  in  space,  we  can  observe  also  two  spanwise  scales,  one.  of 
them  is  found  everywhere  in  the  flow  while  the  other  one  is  representative  of  the 
phenomena  inside  the  mixing  zone. 

Key  words:  Turbulence,  Mixing  layer,  LES,  Time  and  space  scales. 


1.  Introduction 

In  incompressible  flows,  a  mixing  layer  develops  at  the  confluence  of  two  parallel 
flows  with  different  velocities,  from  the  trailing  edge  of  a  flat  plate  (fig.  l.a). 
Instabilities  then  grow  and  eddy  structures  appear  in  the  mixing  zone,  such  as 
Kelvin- Helmoltz  rolls,  aligned  with  spanwise  direction.  A  second  instability  creates 
other  stream  wise  vortices  (braids),  observed  between  main  structures.  We  study 
the  spatial  development  of  a  3D  turbulent  incompressible  mixing  layer,  at  a  high 
turbulent  Reynolds  number.  Therefore,  control  methods  and  flow  reconstruction 
methods  such  as  POD  approach,  require  good  unsteady  descriptions  of  spatially 
developed  flows. 

The  Reynolds  number  1Ze  =  3.5  x  104  is  based  on  the  velocity  difference 
Uhigh  -  Ulow  (JP high  =  42.8  m/s  and  Uiow  —  25.2  m/s)  and  on  the  value  of  the 
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vorticity  thickness  experimentaly  mesured  at  a  reference  section  in  the  similarity 
zone,  as  =  0.03  m. 

The  mixing  layer  development  is  computed  with  a  LES  code,  using  a  velocity- 
vorticity  formulation.  The  influence  of  the  subgrid  model  has  been  previously  stud¬ 
ied  (Lardat  et  al.  ,  1998).  It  was  also  pointed  out  that  the  upstream  condition  has 
a  significant  influence  on  the  quality  of  the  results  (Pellerin  et  al.  ,  1999).  The 
velocity  and  the  Reynolds  stress  tensor  profiles  show  self-similarity  behavior  and 
a  good  agreement  with  the  reference  experiment  data  (Delville,  1994). 

Coherent  structures  have  been  visualized  in  this  simulation  and  a  study  of 
the  energy  spectra  in  time  and  space,  associated  to  this  turbulent  mixing  layer 
computed  by  LES,  would  be  able  to  find  their  time  and  space  characteristics  and 
are  analyzed  in  order  to  recover  the  classic  properties  of  the  turbulence  phenomena. 
Energy  spectra  are  represented  in  appropriate  y  positions,  to  highlight  the  time 
and  space  characteristic  scales  of  the  flow.  Our  numerical  results  are  compared  to 
experimental  ones  and  to  the  well  known  theoretical  behaviors. 

2.  Numerical  method  :  LES 

We  use  a  velocity- vorticity  formulation  of  the  Navier-Stokes  equations.  In  LES, 
the  exact  field  0  is  split  into  a  filtered  variable  (j>  and  a  subgrid  variable  <£'.  The 
incompressible  vorticity  transport  equation  can  then  be  written  as: 

^-Vx(vxw)  =  -^-Vx(l  +  I/t)Vxw  ;  w  =  VxU  (1) 

ut  f'i'e 

where  v  and  Z3  correspond  to  the  filtered  variables,  resolved  on  the  grid.  The 
subgrid  effects  are  based  on  the  Taylor  theory  by  means  of  a  subgrid  model  using 
an  eddy  viscosity,  vu  related  to  the  macroscopic  quantities.  The  filtered  velocity 
and  pressure  fields  are  obtained  by  a  projection  method  (Lardat  et  al.  ,  1997). 

A  mixed  scale  subgrid  model  is  used  here  (Ta  Phuoc,  1994): 

uM  =  [(CsA)2||w||]  a  [Cb  Av^j^l] 1-0  (2) 

where  k '  corresponds  to  a  kinetic  energy  associated  to  the  subgrid  cell.  Note  that 
we  obtain  classical  vorticity  and  TKE  models  for  special  values  of  the  a  exponent  (0 
and  1  respectively).  C$  and  C&  correspond  to  the  Smagorinsky  and  the  Bardina 
constants  respectively.  Following  several  simulations,  we  choose  a  =  0.5  which 
leads  to  the  better  results  for  this  kind  of  problem.  The  advantage  of  this  model 
is  to  dump  smoothly  the  eddy  viscosity  in  the  regions  where  all  the  scales  are  well 
resolved. 

The  upstream  condition  corresponds  to  the  mean  velocities,  according  to  ex¬ 
perimental  values  (Delville,  1994).  A  rather  high  white  noise  is  superimposed  on 
this  condition  in  order  to  obtain  a  correct  development  of  the  mixing  layer  (Pellerin 
et  al.  ,  1999). 
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At  the  outlet  surface,  a  convective  transport  hypothesis  is  applied  (viscous 
effects  neglected).  The  vorticity  tangential  components  are  calculated  using  an  ex¬ 
trapolation  along  the  characteristics.  The  outlet  propagation  velocity  v, %  is  deduced 
from  vorticity,  taking  into  account  the  mass  flux  conservation  over  this  surface. 
In  the  inhomogeneous  direction  (y),  a  slip  condition  is  imposed  at  the  lower  and 
upper  surfaces.  A  periodicity  condition  is  used  for  the  spanwise  direction  (z). 

A  staggered  M.A.C.  grid  is  used  for  the  spatial  discretization  (inhomogeneous 
grid  in  y).  Time  and  space  derivatives  are  estimated  by  second  order  schemes.  The 
LES  code  used  has  been  vectorized  and  reaches  very  good  performances,  the  use 
of  FFT  allowing  speed  improvement  (for  homogeneous  directions).  For  example, 
on  a  NEC-SX5  with  a  maximal  performance  of  8  GFlops  (IDRIS-CNRS,  Orsay), 
we  obtain  for  a  classical  run  about  5  GFlops  (7  x  10-7  sec. /time  step/point). 

3.  Statistical  study  of  the  turbulent  mixing  layer 

Vorticity  thickness,  velocity  and  stress  tensor  components 

Solving  unsteady  Navier  Stokes  filtered  equations  for  incompressible  flows,  we 
obtain  then  the  unsteady  velocity  components.  The  figure  l.b  shows  the  evolution 
in  time  (for  3000  time  steps)  of  the  flow  direction  component  u,  for  three  positions 
over  the  shear  direction  y.  This  variable  has  a  strong  turbulent  behavior  inside 
the  mixing  layer  (at  y  =  0  on  the  figure)  and  very  low  variations  outside  of  it  (at 
y  =  ±8W  here). 

Therefore,  mean  values  are  computed  over  a  large  integration  time  over  9000 
time  steps.  Using  a  reference  time  of  Su(x o)/  ( Uhigh  ~  Uiow),  this  interval  corre¬ 
sponds  to  a  dimensionless  time  of  61.7.  We  then  obtain  the  mean  velocity  values 
and  also  the  Reynolds  stress  tensor  components.  The  mean  values  in  time  are  next 
averaged  over  the  transversal  direction  z  to  compare  with  experimental  data. 

The  characteristic  lenght  of  this  flow  is  the  vorticity  thickness  S^x)  which 
increases  linearly  with  the  flow  direction  x.  Turbulent  structures  in  the  mixing 
layer  can  be  observed  for  y  e  [—  where  y  is  the  shear  direction.  The 

vorticity  thickness  is  calculated  from  the  mean  longitudinal  velocity  (u): 

ux)  =  rnmax-(u)min]/(^)  (3) 

V  /  max 

The  self  similarity  behavior  is  recovered  when  using  the  dimensionless  parameters 
S.^  and  A U  =  Uhigh  —  Uiow •  The  velocity  profiles  show  a  good  self-similarity  be¬ 
havior  (fig.  2. a).  While  it  is  more  difficult  to  converge  the  Reynolds  stress  tensor 
components,  the  resolved  profiles  are  similar  and  show  the  quality  of  our  simula¬ 
tion  (fig.  2.b),  using  the  mixing  scale  subgrid  model  and  an  appropriate  upstream 
perturbation.  All  the  results  agree  with  experimental  ones. 
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Energy  spectra  computation 

Energy  spectra  in  time  and  space  are  computed  from  velocities,  which  can  be 
stored  through  the  calculation  and  on  the  3D  grid.  There  are  about  two  million 
points  in  the  mesh.  Therefore,  we  select  for  storage  five  vertical  positions  y,  such  as 
the  center  of  the  mixing  layer  y  =  0,  its  up  and  down  boundaries  y  =  ±  S^/2  and 
two  positions  outside  of  the  mixing  layer,  y  =  ±6^.  It  is  well  known  that  these  are 
the  right  positions  to  exhibit  the  characteristical  scales.  In  addition,  special  values 
of  the  longitudinal  x  locations  are  selected  inside  the  self-similarity  zone,  where 
the  mixing  layer  is  fully  developed.  In  conclusion,  the  velocity  storage  is  performed 
for  all  time  steps  and  for  all  spanwise  direction  points,  for  these  particular  (x,y) 
locations  (these  positions  are  represented  on  figure  l.a). 

The  Kintchine’s  theorem  about  random  steady  functions  (Chassaing,  p46, 
2000)  allows  to  obtain  the  energy  spectra  using  a  Fourier  transformation  for  ve¬ 
locity  fluctuations.  The  energy  spectra  in  time  as  functions  of  frequencies  /  are 
computed  with  a  common  vectorized  FFT.  The  same  procedure  is  followed  in 
space,  for  the  transversal  direction  z.  The  energy  spectra  in  space  are  represented 
as  function  of  the  wave  numbers  kz . 

4.  Energy  spectra  results  and  characteristic  scales 

For  a  normalized  representation,  we  use  the  dimensionless  wave  numbers  kza(x )  — 
kz*6„  and  the  dimensionless  frequencies  fa(x)  =  ^.  We  choose  for  the  reference 
velocity  Uconv  =  ( Uhigh  +  Ulow)  /2,  according  to  the  Taylor’s  hypothesis.  Energy 
spectra  are  then  plotted  as  function  of  the  (local)  dimensionless  frequencies  fa  and 
the  (local)  dimensionless  wave  numbers  kza. 

Some  characteristic  dimensionless  frequencies  or  wave  numbers  can  be  identi¬ 
fied  and  correspond  to  the  characteristic  scales  in  time  and  space.  For  time  energy 
spectra,  the  characteristic  scale  is  found  for  the  maximal  value,  just  before  the 
theoretical  fall  down.  Spatial  evolutions  are  controled  by  a  spatial  scale  which  is 
a  wave  length,  obtained  by  Az  =  1  jkz  and  unsteady  phenomena  are  characterized 
by  a  time  scale  T  =  l/f. 

Energy  spectra  in  space,  associated  to  the  spanwise  direction  z,  are  presented 
on  figure  3  for  ux ,  uy  and  uz  velocity  components,  as  function  of  the  dimensionless 
wave  numbers.  Spectra  are  plotted  for  two  different  x  locations.  For  every  y  posi¬ 
tion  in  the  mixing  layer,  we  find  equivalent  evolutions  for  both  x  positions.  Spectra 
have  maximal  values  in  the  center  of  the  mixing  layer,  at  y  =  0  and  decrease  from 
the  center  to  ouside.  Outside  of  the  mixing  zone,  energy  spectra  present  very  small 
intensities.  Therefore,  energy  is  localized  in  the  mixing  layer  where  the  velocity 
gradient  is  representative  of  the  flow  behavior. 

A  first  characteristic  spatial  scale  is  encountered  in  energy  spectra  for  all  veloc¬ 
ities.  Its  value  is  about  0.15-0.18  and  coincides  with  the  largest  scale  (wave  length) 
observed  experimentally,  equal  to  0.15.  This  scale  is  representative  of  turbulent 
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phenomena  everywhere  in  the  flow  for  uy  and  uz  velocities  (figs.  3. a  and  3.b)  and 
outside  of  the  mixing  layer  for  ux  (fig  3. a). 

We  find  a  second  spatial  scale  in  ux  energy  spectra,  which  characterizes  the 
spatial  evolution  inside  the  mixing  layer.  This  scale  is  0.5  at  the  boundaries  of 
the  shear  zone  (±  8,^/2)  and  stabilizes  itself  at  0.65  in  y  =  0.  The  uy  energy 
spectra  show  also  this  characteristic  scale,  because  of  divergence  free  effects.  In 
these  spectra,  this  scale  is  clearly  visible  only  in  the  center  of  the  mixing  layer,  at 
y  =  0,  and  is  equal  to  0.7.  This  second  scale  has  been  estimated  experimentally  to 
be  equal  to  0.5. 

Therefore,  the  characteristic  spatial  scales  obtained  numerically  are  in  good 
agreement  with  experimental  results,  which  means  that  the  spatial  behaviors  must 
be  rather  well  simulated.  The  main  conclusion  is  the  highlight  of  two  characteristic 
scales  for  ux,  one  representing  phenomena  inside  the  mixing  layer  and  the  other 
outside  of  the  mixing  zone. 

The  characteristic  spatial  scale  representative  of  phenomena  inside  the  mixing 
layer,  kza  =  kz  *  8 w  ~  0.5  —  0.65,  can  be  associated  to  the  wave  lenght  A~  ~ 
[1.54-2.]  8^-  This  spanwise  scale  characterizes  the  spacing  between  two  successive 
secondary  structures  (braids).  We  recover  approximatively  experimental  results  of 
Bernal  and  Roshko  for  the  equivalent  problem. 

Figure  4. a  represents  the  time  energy  spectra  for  ux  velocity,  using  as  self- 
similarity  parameter,  the  dimensionless  frequency  .  Inside  the  mixing  layer, 
from  the  center  y  —  0  to  the  frontiers  y  —  ±  8^/ 2,  energy  spectra  have  equivalent 
evolutions  and  are  similar  for  the  three  different  chosen  positions  x.  A  characteristic 
scale  fn  less  than  0.2  is  clearly  found  and  aggrees  with  the  experimental  value 
of  0.15  observed  by  Delville  (1995).  An  other  time  scale  expresses  the  behavior 
outside  the  mixing  layer.  The  value  of  this  scale  compares  well  quantitatively  with 
the  experimental  one  equal  to  0.3. 

Energy  spectra  for  uy  is  plotted  on  figure  4.b.  Everywhere  within  the  flow,  for 
all  y  positions,  the  same  scale  is  representative  of  turbulent  phenomena,  about  0.3. 
We  don’t  represent  here  energy  spectra  for  the  transversal  velocity  uz  because  we 
find  the  same  behavior  as  uy.  In  addition,  these  two  velocities  have  energy  spectra 
which  do  not  depend  on  the  x  position. 

The  main  characteristic  time  scale  fa  ~  0.3  can  be  associated  to  a  longitudinal 
wave  lenght  A x  =  T  *  Uconv,  which  controls  longitudinal  space  evolutions.  We  can 
then  write  Ax  —  3.33  <5^.  This  longitudinal  lenght  represents  the  spacing  between 
two  successive  spanwise  vertices  (Kelvin-Helmoltz  instabilities).  If  we  consider  the 
ratio  between  the  transversal  wave  lenght  Az  and  the  longitudinal  one,  Az/Ax  ~ 
0.46  —  0.6  which  compare  quantitatively  well  with  the  experimental  value  of  2/3 
usually  found. 

On  figures  4. a  and  4.b,  the  decrease  of  curves  after  their  maximal  values  (char¬ 
acteristic  scale  in  time),  have  at  least  over  one  decade  a  correct  slope  of  approxi¬ 
matively  -  5/3,  according  to  the  well  known  theoretical  slope  of  the  energy  cascade. 
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5.  Conclusion 

A  3D  spatially  developed  mixing  layer  is  studied  numerically  using  LES.  Energy 
spectra  are  computed  in  order  to  highlight  the  characteristic  scales  in  both  time 
and  space.  Two  spanwise  scales  are  found;  one  is  encountered  everywhere  in  the 
flow  and  the  other  is  representative  of  the  spanwise  spacing  between  braids.  In  ad¬ 
dition,  two  dimensionless  frequencies  are  observed  on  energy  spectra  in  time,  which 
behave  well.  The  largest  frequency  corresponds  to  Kelvin-Helmoltz  instabilities. 
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Figure  1 .  (a)  Spatially  developing  mixing  layer  geometry.  The  mixing  phenomena  estab¬ 
lishes  behind  the  trailing  edge  of  a  flat  plate,  at  the  confluence  of  two  different  velocity 
turbulent  flows;  x  :  ( x,y )  storage  locations  for  energy  spectra  computation;  (b)  Longitu¬ 
dinal  velocity  u  inside  the  mixing  layer  at  y  =  0  and  outside  at  y  =  +<L,  ( u  ~  Uhigh  =  42.8 
m/s)  and  y  =  -<L  ( u  ~  Ulow  =  25.2  m/s),  evolution  for  3000  time  steps. 


(  Y  -  Y0)/5m  {  Y -  YO ) / 8(0 

Figure  2.  Superposition  of  profiles  (at  ten  streamwise  locations)  versus  the  self-similarity 
parameter^/  —  yo)/5(J.  (a)  ux  mean  velocity;  (b)  first  component  of  the  Reynolds  stress 
tensor,  <  u'2  >.  L.E.S.  performed  using  mixed  scale  model  and  white  noise  perturbation 
of  7.5 %  Uhigh. 
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Fiaure  3.  Spatial  energy  spectra  for  the  spanwise  direction  2,  inside  and  outside  the 
mixing  layer,  for  two  x  locations  from  the  flat  plate,  450  mm  and  525  mm.  (a)  en  gy 
spectra  for  u,  velocity,  which  show  two  characteristic  scales  in  space;  (b)  energy  spectra 
for  uy  velocity;  (c)  energy  spectra  for  uz  velocity. 


Fiaure  A  Time  energy  spectra  inside  and  outside  the  mixing  layer,  for  three  x  locations 
from  the  flat  plate,  375  mm,  450  mm  and  525  mm  :  (a)  energy  apectra  for  n,veloaty 
which  show  two  characteristic  scales  in  time;  (b)  energy  spectra  for  velocity,  with  only 
one  characteristic  scale. 
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Abstract.  A  large  eddy  simulation  with  the  estimation  subgrid  scale  model 
was  used  to  simulate  rotating  convective  flows  up  to  a  Rayleigh  number  of 
8.4xl06.  The  flow  fields  demonstrated  expected  qualitative  properties  of 
rotating  flow  including  radially  oriented  convective  plumes.  The  Nusselt 
number  and  mean  temperature  profiles  show  the  decreased  mixing  due  to 
rotation  and  agree  well  with  DNS  results.  For  higher  Rayleigh  numbers, 
including  truncated  Navier-  Stokes  dynamics  resulted  in  better  agreement 
with  DNS. 


1.  Introduction 

Turbulent  convective  flows  under  the  influence  of  strong  rotation  are  im¬ 
portant  in  the  study  of  geophysical  flows.  In  the  arctic  regions,  convection 
and  other  buoyancy  effects  drive  large  scale  thermohaline  circulations  and 
convective  processes  which  ultimately  influence  global  oceanic  circulations. 
The  purpose  of  the  current  research  is  to  apply  turbulent  simulations  to 
rotating  turbulent  convection  in  order  to  better  understand  convective  geo¬ 
physical  flows.  The  evolution  of  turbulent  convective  structures  has  been 
studied  both  experimentally  (Fernando  et  ai ,  1991;  Coates  et  al. ,  1995) 
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and  numerically,  including  DNS  (Julien  et  al .,  1996)  and  LES  with  a  con¬ 
stant  eddy  viscosity  model  (Jones  k  Marshall,  1993).  Initially  the  growth  of 
buoyant  plumes  are  dominated  by  convection.  When  they  reach  a  transition 
depth  hc  (Fernando  et  al. ,  1991),  the  plumes  are  constrained  horizontally 
due  to  the  rotation.  In  addition,  high  rotation  causes  the  plumes  to  elongate 
in  the  radial  direction  and  the  distance  between  plumes  to  decrease. 

The  subgrid  scale  estimation  model  has  been  used  successfully  in  both 
high  Reynolds  number  flows  (Domaradzki  k  Saiki,  1997)  and  turbulent  con¬ 
vection  (Kimmel  k  Domaradzki,  2000).  In  this  study,  we  have  examined  the 
estimation  model  applied  to  convective,  rotating  flows.  The  incompressible 
Navier-Stokes  equations  are  spatially  filtered  to  yield  the  large  eddy  simu¬ 
lation  (LES)  equations  for  rotating  turbulent  convection.  Spatial  filtering 
applied  to  f(x)  is  defined  by  the  relation 

J(x)  =  J  f(x')G(x,x')dx',  (!) 

where  G  is  a  given  filter  function.  The  LES  equations  to  be  solved  are 


dui 

dt 


ypL+y/TiPrVM  3  = 


dx 


ap 

dxi 


+Pr 


cPuj 

dxjdxj 


-jf-Tij+Pr  RaT6i3  (3) 

CJX  j 


dT  dujT  8*T  d  T  (4) 

dt  dxj  dxjdxj  dxj  ej 

In  these  equations,  the  flow  is  assumed  to  be  incompressible,  consistent 
with  the  Boussinesq  approximation,  and  dependent  only  on  the  vertical 
component  of  rotation. 

The  Rayleigh  number  is  defined  as 


agATH 3 
Ra  =  — - , 

VK 


and  the  Prandtl  number  as 

Pr  =  v/k, 

where  AT  is  the  temperature  difference  between  the  upper  and  lower  sur¬ 
faces,  a  is  the  volumetric  thermal  expansion  coefficient,  g  is  the  accelera¬ 
tion  due  to  gravity,  and  v  and  k  are  the  molecular  viscosity  and  diffusiv- 
ity, respectively.  The  equations  are  nondimensionalized  using  diffusivity  k 
and  the  depth  of  the  flow  H.  The  Taylor  number  (Ta),  which  represents 
the  ratio  of  rotational  forces  to  viscous  forces,  is  defined  as 


Ta  = 


4  tfH4 
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In  the  estimation  model,  the  subgrid  scale  stress  tensor  is  computed 
directly  from  the  definition  using  the  approximated  unfiltered  velocity  field 
(Domaradzki  &  Saiki,  1997).  An  estimate  Ui  of  the  unfiltered  velocity  is 
obtained  by  expanding  the  resolved  large  scale  velocity  field,  u j,  to  sub- 
grid  scales  two  times  smaller  than  the  grid  scale.  The  estimation  procedure 
consists  of  two  steps.  The  first  step  utilizes  properties  of  a  top-hat  filtering 
operation  and  the  representation  of  the  velocity  field  in  terms  of  Fourier  se¬ 
ries.  For  the  second  step,  the  phases  associated  with  the  computed  smaller 
scales  are  adjusted  in  order  to  correspond  to  the  small  scale  phases  gen¬ 
erated  by  nonlinear  interactions  of  the  large  scale  field.  Once  the  estimate 
Ui  of  the  full  field  U{  is  known,  the  subgrid  scale  stress  tensor  is  computed 
directly  from  the  definition 


Tij  =  UiUj  -  UiUj.  (5) 

For  convective  flows  the  subgrid  scale  heat  flux  rei  is  computed  in  a  similar 
manner  (Kimmel  &  Domaradzki,  2000). 

Finally,  to  obtain  a  Uj  velocity  field  that  obeys  continuity,  truncated 
Navier-Stokes  dynamics  are  imposed  by  advancing  the  velocity  field  in  time 
on  the  expanded  mesh  using  the  large  eddy  simulation  equations  without 
the  terms  that  account  for  the  interactions  between  the  resolved  scales  and 
the  subgrid  scales  (Domaradzki  et  ah,  2000).  The  current  study  is  the  first 
application  of  the  estimation  subgrid  scale  model  in  an  LES  of  rotating 
turbulent  Rayleigh-Benard  convection.  Horiuti  (1999)  shows  that,  unlike 
dynamic  models,  estimation  subgrid  scale  model  with  truncated  Navier- 
Stokes  dynamics  obeys  transformation  rules  required  for  the  subgrid  scale 
stress  tensor  in  a  noninertial  frame  of  reference,  and  the  LES  results  agree 
well  with  DNS  data  for  rotating,  homogeneous  turbulence. 

2.  Numerical  Simulations 

LES  of  rotating  turbulent  convection  between  two  parallel  plates  were  per¬ 
formed  in  a  three-dimensional  rectangular  domain.  The  boundary  condi¬ 
tions  are  periodic  in  the  horizontal  direction.  No-slip  velocity  and  con¬ 
stant  temperature  boundary  conditions  are  imposed  on  the  top  and  bottom 
boundaries.  The  convection  is  driven  by  an  unstable  temperature  gradient 
in  the  vertical  direction.  The  simulations  and  relevant  parameters  for  this 
study  are  shown  in  Table  1.  Case  R3t  includes  the  truncated  Navier-Stokes 
dynamics.  The  LES  results  shown  here  were  computed  using  a  resolution  of 
32x32x64,  the  same  vertical  resolution  as  a  DNS  but  one  quarter  of  the  hor¬ 
izontal  resolution.  Exact  Nusselt  numbers  are  from  DNS  results  for  rotating 
(Julien  et  a/.,  1996)  and  nonrotating  (Kerr,  1996)  turbulent  convection.  The 
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Rossby  number,  which  is  expressed  as 


(6) 


measures  the  importance  of  rotation.  These  results  were  computed  on  a 
grid  of  32x32x65  for  a  Rossby  number  of  0.75,  and  a  Prandtl  number  of  1. 
At  this  Rossby  number  both  buoyancy  and  rotational  effects  are  important, 
and  the  LES  correctly  reproduces  many  qualitative  features  of  experimental 
and  DNS  results  for  rotating  convection. 


TABLE  1.  Parameters  for  LES  simulations 


|  case(LES) 

Ra 

Ta 

Nu 

Exact  Nu 

E2 

2.5x10® 

0 

13 

11 

R2 

2.5x10® 

4.5x10® 

11 

10 

E3 

l.OxlO7 

0 

19 

16.6 

R3 

8.4x10® 

1.5xl07 

16 

14.6 

R3t 

8.4x10® 

1.5xl07 

13.5 

14.6 

A  measure  of  the  amount  of  heat  transfered  between  the  two  plates  can 
be  estimated  using  the  Nusselt  number  which  is  the  ratio  of  the  total  heat 
transfer  to  the  conductive  heat  transfer.  It  is  defined  as 


iVu  = 


Q 

kA  T/H 


where  Q  is  heat  flux  between  the  upper  and  lower  surfaces.  Since  the  heat 
transfer  depends  on  molecular  transport  and  convective  transport  as  a  re¬ 
sult  of  fluid  motion,  the  Nusselt  number  has  two  components: 


Nu  = 


—nd  <  T  >  /dz+  <  w'T'  > 
kAT/H 


(7) 


the  latter  of  which  includes  both  the  resolved  and  subgrid  scale  heat  trans¬ 
fer.  The  fluctuating  temperature  T'  and  vertical  velocity  wf  are  variations 
from  the  mean 

T'  =  T-  <  T  >, 
wf  =  w—  <  w  >, 

where  <  ...  >  denotes  a  horizontally  averaged  quantity.  The  decreased 
mixing  between  the  two  plates  is  demonstrated  by  less  heat  transfer  and 
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a  smaller  Nusselt  number  then  the  corresponding  nonrotating  flow.  The 
Nusselt  number  from  the  simulation  which  includes  the  truncated  Navier- 
Stokes  dynamics  has  better  agreement  with  the  exact  DNS  results. 

The  influence  of  rotation  on  a  turbulent  convective  flow  is  demonstrated 
for  the  temperature  field  by  comparing  LES  data  with  results  from  an 
equivalent  nonrotating  flow  (Kimmel  Sz  Domaradzki,  2000)  in  Figure  1  for 
vertical  contours  and  in  Figures  2  and  3  for  horizontal  planes.  In  both  cases, 
the  rotation  causes  the  thermals  to  elongate  in  both  the  vertical  direction 
and  the  horizontal  direction  perpendicular  to  the  direction  of  rotation,  as 
has  been  demonstrated  experimentally  (Rossby,  1969). 


(a)  Ra  =  8.4xl06,  Ta  =  1.50xl07 


(b)  Ra  —  l.OxlO7,  Ta  =  0.0  (nonrotating) 


Figure  1.  Temperature  contours  from  LES  data  in  a  vertical  plane  through  center  of 
the  domain  for  rotating  and  nonrotating  turbulent  convection. 

The  LES  can  correctly  reproduce  the  steeper  slope  of  the  mean  tem¬ 
perature  gradient  for  nonrotating  flow  than  for  rotating  flow.  As  shown 
in  Figure  4,  the  agreement  between  the  LES  and  DNS  is  very  good  for 
Ra  —  2.5xl06.  In  Figure  5,  mean  temperature  profiles  for  simulations  at 
Ra  =  8.4xl06  are  shown.  For  the  case,  the  slope  of  the  mean  temperature 
profile  from  the  LES  with  truncated  Navier-Stokes  dynamics  agrees  better 
with  the  DNS  results  than  the  simulation  without  it.  The  difference  between 
the  results  from  these  different  simulations  should  be  more  significant  at 
higher  Rayleigh  numbers. 
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Figure  2.  Gray  scale  plot  of  the  fluctuating  temperature  in  a  horizontal  plane  through 
the  center  of  the  domain  for  Ra  =  8.4xl06  and  Ta  —  1.5xl07. 
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Figure  3.  Gray  scale  plot  of  the  fluctuating  temperature  in  a  horizontal  plane  through 
the  center  of  the  domain  for  Ra  —  8.4xl06  and  Ta  —  0. 
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Figure  4 ■  Comparison  of  mean  temperature  profile  for  rotating  and  nonrotating  con¬ 
vective  flow. 


Figure  5.  Comparison  of  LES  vertical  mean  temperature  profile  with  DNS  results 
for  Ra  =  8.44xl06,  Ta  =  1.7xl07  for  LES  with  (R3t)  and  without  (R3)  truncated 
Navier-Stokes  dynamics 
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3.  Summary 

The  estimation  model  was  used  to  simulate  rotating  turbulent  convection, 
and  good  agreement  with  DNS  results  was  seen.  However,  better  agreement 
between  the  LES  and  DNS  for  Ra  =  8.4xl06  and  Ta  =  1.5xl07  is  seen  for 
the  mean  temperature  profiles  and  Nusselt  number  when  truncated  Navier- 
Stokes  dynamics  is  also  applied.  This  improved  version  of  the  estimation 
model  should  result  in  improved  results  for  strongly  rotating  convective 
flows  at  higher  Rayleigh  numbers. 
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Abstract.  We  have  focused  upon  the  development  and  validation  of  finite 
element  methods  for  LES  of  turbulent  flows  in  settings  in  which  interac¬ 
tion  with  (possibly  geometrically  complex)  boundaries  are  important.  New 
results  are  presented  in  Section  2  on  closure  and  convolution  on  bounded 
domains.  Similarly,  new  near  wall  models  were  required;  our  method  for 
developing  these  is  described  and  one  from  our  work  is  presented  in  Section 
3.  The  difficulties  in  closure  and  wall  modelling  suggest  a  second  approach: 
direct  simulation  of  large  eddy  motion.  We  give  an  extension  of  this  ap¬ 
proach  to  nonlinear,  equilibrium  flows  -  a  step  closer  to  turbulence  for  an 
approach  not  requiring  wall  models  or  closure  models. 


1.  Introduction 

There  is  a  natural  interplay  between  Finite  Element  CFD  and  LES  for  top¬ 
ics  such  as:  closure  models,  near  wall  models,  and  FEM  postprocessing  by 
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local  averaging.  Because  of  their  geometric  flexibility  and  their  flexibility 
with  respect  to  continuum  models  and  linear  or  nonlinear  boundary  condi¬ 
tions,  FEM’s  are  a  natural  discretization  in  the  LES  of  flows  with  complex 
boundaries.  Adaptivity,  highly  developed  for  FEM’s,  has  interesting  po¬ 
tential  for  LES  without  modelling  error.  For  example,  using  extensions  of 
work  in  (John  and  Layton,  2001)  reported  in  Section  4,  a  CFD  mesh  can 
be  designed  so  that  local  averages  of  an  inaccurate  approximate  flow  field 
approximate  the  true  local  velocity  averages  with  assured  accuracy. 

This  paper  surveys  some  of  our  work  developing  a  mathematical  foun¬ 
dation  for  finite  element  LES  and  presents  some  new  results  and  extensions 
of  this  work.  Many  of  the  reports  cited  herein  are  available  at 
http://www.math.pitt.edu/~wjl. 

Consider  therefore  the  turbulent  flow  of  an  incompressible  fluid  in  three 
dimensions,  bounded  by  walls  and  driven  by  a  body  force  f(x,t).  The 
velocity-pressure  (u,p)  satisfy  the  Navier  Stokes  equations,  given  by: 

ut  +  div(im)  -  2Re~ldW  (D (u))  +  gradp  =  /(: r,  t ),  and  divu  =  0,  (1) 

in  a  domain  Q,  complemented  by  boundary  and  initial  conditions 
u  —  0  on  walls,  and  w(a;,0)  = 

where  D(u)  =  (grad  u+  grad  ul)/2  is  the  velocity  deformation  tensor.  Pick¬ 
ing  a  length  scale  S  and  an  associated  averaging  kernel  gs{x)  :=  8~3g(x/S ), 
where  g(x)  is  a  mollifier  satisfying  certain  properties,  local  velocity  and 
pressure  averages  are  frequently  defined  by  convolution  with  g{x),u  := 
gs  *  :=  g§  *p,  etc.,  where  all  functions  are,  when  necessary,  extended 

by  0  off  the  flow  domain  to  compute  the  required  average. 

For  compactness,  we  will  only  discuss  herein  the  case  of  constant  aver¬ 
aging  radius  d.  Alternate  approaches  include  a  variational  definition  of  the 
large  eddies  (Layton,  1999),  (Hughes  et  al ,  2001),  and  differential  filters, 
introduced  by  Germano  in  the  1980*8,  wherein  (in  effect)  S  =  8{x)  -t  0 
as  x  approaches  walls  in  a  manner  intrinsic  to  the  NSE  and  the  domain’s 
geometry,  (Layton  and  Lewandowski,  2001). 

2.  Convolution  on  Bounded  Domains  and  Closure 

With  constant  averaging  radius,  <5,  convolution  operators  commute  with 
differential  operators  in  the  absence  of  boundaries.  With  boundaries,  extra 
terms  arise  which  are  often  overlooked.  For  example,  filtering  (1)  with  gs{x) 
on  a  bounded  domain  gives  the  following  space  filtered  equations  for  u  := 
g§  *  :=  gs  *  p  (see  (Dunca  et  al .,  2001)) 

ut  +  div(u  u)  -  2Re~~ldiv(3(u))  +  gradp  +  div(T(it))  =  /  +  (2) 
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where  a  is  the  stress  of  the  unknown  flow  and  T(u)  :=  uu  —  u  u  is  the 
Reynolds  stress  tensor.  A  direct  calculation  in  (Dunca  et  al.,  2001)  using 
the  theory  of  distributions  reveals  that 

A§(cr)  :=  g$(x  -  s)(a  •  n)(s)ds,  a  :=  2Re~lB(u)  -  pi, 
dn 

which  can  be  interpreted  as  a  boundary  stress  distribution  smeared  out  onto 
the  entire  flow  domain.  Since  the  term  in  (2)  is  normally  neglected, 

it  might  be  hoped  to  be  negligible.  Unfortunately,  this  is  not  the  case,  as  is 
seen  in  the  following  result,  (Dunca  et  al. ,  2001). 

Proposition.  Let  ||w|Up  :=  (/  \w\pdx)l/p ,  1  <  p  <  oo  denote  the  usual  Lp 

IR3 

norm,  1  <  p  <  oo  and  :=  esssuP  M*  Then  for  1  <  p  <  oo 

HA^Ulp  — y  0  as  S  — y  0. 

if  and  only  if  the  normal  stress  is  identically  zero  on  the  boundary  of  the 
flow  domain 

a  ♦  h  =  0  on  the  boundary .  □ 


The  proof  of  this  result  is  moderately  technical  but  the  importance 
of  the  result  is  clear:  the  term  A$(a)  cannot  be  omitted  if  the  boundary 
influences  the  flow ! 

It  is  well-known  that  (2)  are  not  closed  for  periodic  problems  due  (only) 
to  the  Reynolds  stress  tensor  T(u)  and  numerous  LES  models  have  been  de¬ 
veloped  to  model  T(w),  see,  e.g.,  (Iliescu  and  Layton,  1998),  (Berselli  et  al. , 
2001),  (Layton,  2000),  (Galdi  and  Layton,  1999),  (Layton  and  Lewandowski, 
2001)  for  our  work  on  closure.  For  flows  with  real  walls  or  other  boundaries, 
(2)  are  not  closed  due  to  both  T(u)  and  the  “smeared”  wall  stress  oper¬ 
ator  A$(cr).  More  detailed  understanding  of  As(a)  is  necessary  to  model 
correctly  the  interaction  of  large  eddies  with  walls;  see  (Dunca  et  al. ,  2001) 
for  first  steps. 

3.  Near  Wall  Models:  Boundary  Conditions  for  LES 

Either  modeling  or  omitting  the  smeared  wall  stress  term  A^*),  boundary 
conditions  are  still  required  for  the  large  eddies  u  and  simply  imposing 
u  =  0  at  walls  is  inconsistent,  see  (Galdi  and  Layton,  1999),  Figure  1.  This 
inconsistency  is  intuitively  clear:  a  tornado,  as  an  example  of  a  large  eddy, 
does  inove/slip  along  the  ground. 
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What  are  then  the  correct  boundary  conditions?  Motivated  by  this  ex¬ 
ample  of  a  tornado,  we  have  explored  no-penetration  and  slip-with-friction 
conditions  (see,  e.g.,  (Navier,  1823)  and  (Maxwell,  1879)  for  antecedents) 
for  u: 

u  ■  h  =  0  and  (3j  u  ■  fj  +  t(u)  ■  fj  =  0  on  walls,  (3) 

where  h, ti,T2  are  unit  normal  and  tangent  vectors  to  the  wall  (Layton, 
2001),  and  t  is  the  Cauchy  stress  or  traction  vector.  The  effective  friction 
coefficient  0  for  the  large  eddies  is  calculated  explicitly  in  (Sahin,  2000) 
and  (John  et  al.,  2001) 

0  =  (3(6 ,  Re)  or  0  =  (3(8,  \u  ■  fj\)  :  large  eddy  friction  coefficient. 

The  conditions  (3)  thus  allow  both  linear  and  nonlinear  near  wall  models. 
For  turbulent  channel  flow,  the  linear  model,  based  on  a  global  Reynolds 
number,  seems  to  suffice.  However,  for  flows  in  complex  geometries,  the 
local  Reynolds  number,  related  to  the  slip  velocity  \u  ■  fj\,  varies  greatly 
from  recirculation  zones  to  mean  stream  regions.  Thus,  the  nonlinear  model 
seems  necessary. 

The  friction  laws  in  (Sahin,  2000),  (John  et  al.,  2001)  are  calculated 
using  boundary  layer  theory,  with  different  results  for  different  types  of 
turbulent  layers.  For  example,  for  a  power  law  layer  the  linear  wall  model’s 
effective  friction  coefficient  is  as  follows.  Let  r[-]  denote  the  usual  gamma 
function  and  T[v]  the  incomplete  gamma  function,  r/  =  0.21-Re"1  and 
Z  :=  r,/8 


mn)  2v/W![Z1/7{r[A]  -  r[f,  Z2]}  +  V5F(1  -  erf(Z))] 

A  very  good  (and  simple)  approximation  is  given  (to  4  decimal  places)  by 
the  effective  friction  coefficient: 

(3(8,Re)  =  Re~l8~2 1.22e~0'008/z.  (4) 

From  this  simple  formula  we  see  that: 

-  As  6  -»  0,  for  fixed  Re ,  the  friction  f3  oo,  i.e.,  the  boundary  condi¬ 
tions  (3)  reduce  to  no  slip. 

—  As  Re  -*  oo  for  fixed  S ,  the  friction  coefficient  /?  — >  0,  i.e.,  the  boundary 
conditions  (3)  reduce  to  free-slip  and  no- penetration,  as  appropriate  for 
the  Euler  equations. 

To  explain  the  nonlinear  friction  laws  we  note  that  for  a  power  law 
layer  (and  other  profiles  as  well),  the  slip  speed,  s  :=  vl«-  nl2  + 
is  a  monotone  increasing  function  of  Re  for  8  fixed.  Expressing  this  as 
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s  =  g(Re),g’  (Re)  >  0  implies  that  the  inverse  function  #*(•)  of  g(-)  exists. 
We  can  then  write  Re  =  g*  ($).  Inserting  this  inverted  relation  into  (4) 
yields  nonlinear  friction  laws: 

pj{5,g*{\u-fj\))  =  1.22rV(|n-Tj|)e-0009°/®*(l^l). 

This  program  can  be  carried  out  for  different  types  of  turbulent  boundary 
layer  profiles,  see  (John  et  al. ,  2001)  for  detailed  formulas. 

4.  Numerical  Errors  in  LES 

With  closure  models  and  boundary  conditions  selected,  convergence  of  a 
chosen  numerical  method  to  the  model’s  solution  must  be  considered,  e.g. 
(John  and  Layton,  2000),  (Iliescu  et  al. ,  2000),  (Layton,  1996).  For  example, 
in  (John  and  Layton,  2000)  convergence  for  a  FEM  discretization  of  the 
Smagorinsky  model  is  proven  to  be  uniform  in  Re,  as  is  often  reported  in 
practical  simulations  but  hitherto  unproven.  This  work  does  not  address 
the  modelling  error  itself  however. 

In  recent  work,  we  have  devised  new  algorithms  which  give  computable 
bounds  on  both  the  modelling  and  the  numerical  errors ,  (John  and  Layton, 
2000).  This  work  was  begun  in  (John  and  Layton,  2001)  for  (linear)  Stokes 
flow.  Our  current  work,  reported  in  this  section,  has  extended  those  new 
methods  to  the  (nonlinear)  equilibrium  NSE  -  a  step  closer  to  the  true 
problem. 

The  approach  is  simple  to  describe:  the  fluid  velocity  is  directly  ap¬ 
proximated  and  then  postprocessed  by  local  averaging,  giving  g$  *  uh  as  an 
approximation  to  u  —  g$  *  u.  One  key  is  that  the  finite  element  mesh  is 
adapted  within  the  calculation  so  that  g§  *  uh  approximates  u  with  assured 
accuracy ,  even  when  uh  is  a  bad  approximation  to  u.  The  second  key  is  that 
the  averaging  radius  8  must  be  taken  smaller  than  the  local  meshwidth  of 
the  refined  mesh,  8  «  0(h).  These  new  a  posteriori  estimators  are  given 
in  (John  and  Layton,  2000)  (and  a  new  report  in  preparation).  With  these 
new  estimators,  the  error  is  also  concentrated  in  high  frequencies  and  killed 
by  postprocessing.  Thus,  the  error  in  the  large  eddies  is  typically  far  smaller 
than  the  overall  error,  as  in  the  following  theorem. 

Theorem.  Let  the  equilibrium  NSE  be  solved  by  the  FEM  with  finite  ele¬ 
ment  spaces  satisfying  the  usual  stability  and  local-polynomial  degree  k  ap¬ 
proximation  conditions.  Let  the  NSE  solution  be  nonsingular  with  linearized 
dual  Hk+1  -regular.  Then,  the  error  in  the  large  eddies  \\g$  *  uh  —  u\\L 2  is 
related  to  (and  much  smaller  than),  the  error  in  the  velocity  (||V(u  —  w^)!!) 
and  pressure  (|| p  —  ph\\)  by,  for  any  e  >  0: 

\\gs*uh-u\\L2  <  C^Re-'  +  Vh)  (j)%||V(«  -  uft)||L2 
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+  (£)*  <5(||p-pft|b  +  l|V-(u-«/l)|b) 

+  (})*  +  ° 

This  theorem  also  gives  analytical  guidance  for  relating  8  and  h.  How¬ 
ever,  the  related  mesh-adaptation  strategy  is  the  most  important  practical 
contribution  of  this  theory. 

Acknowledgement:  The  work  of  the  second  author  was  partially  sup¬ 
ported  by  the  DAAD  (Deutsche  Akademische  Austauschdienst).  The  work 
of  the  first,  third  and  fourth  authors  was  partially  supported  by  NSF  grants 
DMS9972622,  INT9814115  and  INT9805563. 

References 

A.  Dunca,  V.  John,  and  W.J.  Layton.  Estimates  of  the  commutation  error  in  the  space 
averaged  Navier-Stokes  equations.  Technical  report,  2001. 

L.C.  Berselli,  G.P.  Galdi,  T.  Iliescu,  and  W.J.  Layton.  Mathematical  analysis  for  a  new 
large  eddy  simulation  model.  Technical  report,  2001. 

G.P.  Galdi  and  W.J.  Layton.  Approximating  the  larger  eddies  in  fluid  motion  II:  A  model 
for  space  filtered  flow.  M3  AS,  10:343-350,  2000. 

T.J.R.  Hughes,  A.A.  Oberai,  and  L.  Mazzei.  Large  eddy  simulation  of  turbulent  channel 
flows  by  the  variational  multiscale  method.  Phys.  of  Fluids ,  13:1784-1799,  2001. 

T.  Iliescu,  V.  John,  and  W.J.  Layton.  Convergence  of  finite  element  approximations  of 
large  eddy  motion.  Submitted,  currently  under  review,  2000. 

T.  Iliescu  and  W.J.  Layton.  Approximating  the  larger  eddies  in  fluid  motion,  III:  the 
Boussinesq  model  for  turbulent  fluctuation.  Analele  Stin.  Ale  Univ.  “Al.  I.  Cuza” 
Iasi,  T .  XLIV,  ser.  mat,  pages  245-261,  1999. 

V.  John  and  W.J.  Layton.  Analysis  of  numerical  errors  in  large  eddy  simulation.  Sub¬ 
mitted,  currently  under  review,  2000. 

V.  John  and  W.J.  Layton.  Approximating  the  larger  eddies  in  fluid  motion,  I:  direct 
simulation  for  the  Stokes  problem.  Computing ,  66:269-287,  2001. 

V.  John,  W.J.  Layton,  and  N.  Sahin,  2001.  Report  in  preparation. 

W.  Layton.  Approximating  the  larger  eddies  in  fluid  motion,  IV:  kinetic  energy  balance 
of  scale  similarity  models.  Math,  and  Computer  Modeling ,  31:1-7,  2000. 

W.J.  Layton.  Analysis  of  a  scale-similarity  model  of  the  motion  of  large  eddies  in  turbu¬ 
lent  flows.  To  appear  in  J.  Math.  Anal.  Appls.,  2001. 

W.J.  Layton.  What  are  h  and  f  in  Navier’s  slip  law?  Technical  report,  Dept,  of  Mathe¬ 
matics,  University  of  Pittsburgh,  2001. 

W.J.  Layton.  On  nonlinear  subgrid  scale  models  for  viscous  flow  problems.  SIAM  J.  Sci. 
Computing ,  17:347-357,  1996. 

W.J.  Layton.  A  connection  between  subgrid  scale  eddy  viscosity  and  mixed  methods.  To 
appear  in  Appl.  Math,  and  Computing,  1999. 

W.J.  Layton  and  R.  Lewandowski.  Analysis  of  an  eddy  viscosity  model  for  large  eddy 
simulation  of  turbulent  flows.  Technical  report,  2001. 

J.C.  Maxwell,  1879.  Phil.  Trans.  Royal  Society. 

C.L.M.H.  Navier.  Memoire  sur  les  lois  du  mouvement  des  fluides.  Mem.  Acad.  Royal 

Society,  6:389-440,  1823.  . 

N.  Sahin.  New  perspectives  on  boundary  conditions  for  large  eddy  simulation.  Submitted, 

currently  under  review,  2000. 


ADAPTIVE  NUMERICAL-DISSIPATION/FILTER  CONTROLS 
FOR  HIGH  ORDER  NUMERICAL  METHODS 


H.  C.  YEE 

NASA  Ames  Research  Center,  Moffett  Field,  CA  94035,  USA 
AND 

B.  SJOGREEN 

Department  of  Numerical  Analysis  and  Computer  Sciences,  KTH, 
100  44  Stockholm,  Sweden 


Abstract.1  Proper  control  of  the  nuriierical-dissipation/filter  to  accurately  resolve  all  relevant 
rnultiscales  of  complex  flow  problems  while  still  maintaining  nonlinear  stability  and  efficiency  for 
long-time  numerical  integrations  poses  a  great  challenge  to  the  design  of  numerical  methods.  The 
required  type  and  amount  of  numerical-dissipation/filter  are  not  only  physical  problem  depen¬ 
dent.  but  also  vary  from  one  flow  region  to  another.  An  approach  for  the  automatic  detection  of 
different  flow  features  as  distinct  sensors  to  signal  the  appropriate  type  and  amount  of  numerical- 
dissipation/filter  for  non-dissipative  high  order  schemes  is  proposed.  These  scheme-independent 
sensors  are  capable  of  distinguishing  shocks/shears,  turbulent  fluctuations  and  spurious  high- 
frequency  oscillations.  In  addition,  these  sensors  are  readily  available  as  an  improvement  over 
existing  grid  adaptation  indicators.  The  same  shock/shear  detector  that  is  designed  to  switch  on 
the  shock/shear  numerical  dissipation  can  be  used  to  switch  off  the  entropy  splitting  form  of  the 
inviscid  flux  derivative  [31]  in  the  vicinity  the  discontinuous  regions  to  further  improve  nonlinear 
stability  and  minimize  the  use  of  numerical  dissipation.  The  rest  of  the  sensors  in  conjunction 
with  the  local  flow  speed  and  Reynolds  number  can  also  be  used  to  adaptively  determine  the 
appropriate  entropy  splitting  parameter  for  each  flow  type/region.  The  goal  of  this  paper  is  to 
further  improve  nonlinear  stability,  accuracy  and  efficiency  of  long-time  numerical  integration  of 
complex  shock/turbulence/acoustics  interactions  and  numerical  combustion.  The  minimization 
of  employing  very  fine  grids  to  overcome  the  production  of  spurious  numerical  solution  and/or 
instability  due  to  under-resolved  grids  is  also  sought  [29,  6]. 


1.  Motivation  and  Objective 

When  employing  finite  time  steps  and  finite  grid  spacings  in  the  long-time  integration  of  mul¬ 
tiscale  complex  nonlinear  fluid  flows,  nonlinear  instability  commonly  occurs  and  the  use  of  a 
numerical-dissipation/filter  is  unavoidable.  Aside  from  acting  as  a  post-processor  step,  most 
filters  serve  as  some  form  of  numerical  dissipation.  Without  loss  of  generality,  “numerical- 
dissipation/filter”  is,  hereafter,  referred  to  as  “numerical  dissipation”  unless  otherwise  stated. 
The  required  type  and  amount  of  numerical  dissipation  can  vary  drastically  from  one  flow  region 
to  another  (within  the  same  problem)  and  are  highly  problem  dependent.  This  is  particularly 

Proceedings  of  the  Third  AFOSR  International  Conference  on  DNS/LES,  Arlington,  Texas,  August  4-9, 
2001.  Part  of  this  work  was  carried  out  while  the  second  author  was  a  visiting  scientist  with  RIACS,  NASA  Ames 
Research  Center. 


365 


366 


H.  C.  YEE  AND  B.  SJOGREEN 


true  for  unsteady  high-speed  turbulence  and/or  combustion  problems.  For  this  type  of  problem, 
it  is  of  paramount  importance  to  have  proper  control  on  the  type  and  amount  of  numerical 
dissipation  in  regions  where  it  is  needed  but  nowhere  else.  Inappropriate  type  and/or  amount 
can  be  detrimental  to  the  integrity  of  the  computed  solution,  especially  for  problems  with  no 
known  analytical  solution  and/or  experimental  data  for  comparison. 

The  linear  and  nonlinear  numerical  dissipation  presently  available  is  either  built  into  the 
numerical  scheme  or  added  on  to  the  existing  scheme.  The  built-in  numerical  dissipation  schemes 
are,  e.g.,  upwind,  flux  corrected  transport  (FCT),  total  variation  diminishing  (TVD),  essentially 
non-oscillatory  (ENO),  weighted  ENO  (WENO),  and  hybrid  schemes  (e.g.,  those  that  switch 
between  spectral  and  high-order  shock-capturing  schemes).  The  built-in  nonlinear  numerical 
dissipation  in  TVD,  ENO  and  WENO  schemes  was  designed  to  capture  accurately  discontinuities 
and  high  gradient  flows  while  hoping  to  maintain  the  order  of  accuracy  of  the  scheme  away  from 
discontinuities. 

There  exist  different  specialized  linear  and  nonlinear  filters  to  post  process  the  numerical 
solution  after  the  completion  of  a  full  time  step  of  the  numerical  integration.  Since  they  arc 
post  processors,  the  physical  viscosity,  if  it  exists,  is  taken  into  consideration.  The  main  design 
principle  of  linear  filters  is  to  improve  nonlinear  stability,  under-resolved  grids  [6]  and  de-aliasing 
of  smooth  flows,  while  the  design  principle  of  nonlinear  filters  is  to  improve  the  nonlinear  stability 
and  accuracy  near  discontinuities  as  well.  See,  for  example,  the  present  proceedings  and  [9,  6, 
7,  27]  for  forms  of  linear  filters,  and  see  [30,  31,  21]  for  forms  of  nonlinear  filters.  For  direct 
numerical  simulation  (DNS)  and  large  eddy  simulation  (LES),  there  are  additional  variants  of 
the  filter  approach. 

For  the  last  decade,  CPU  intensive  high  order  schemes  with  built-in  nonlinear  dissipation 
have  been  gaining  in  popularity  in  DNS  and  LES  for  long-time  integration  of  shock-turbulence 
interactions.  Unfortunately,  these  built-in  dissipations  cannot  clearly  distinguish  shocks/shears, 
from  turbulent  fluctuations  and/or  spurious  high-frequency  oscillations.  In  [30,  31,  21],  it  was 
shown  that  these  built-in  numerical  dissipation  are  more  dissipative  and  less  accurate  than  the 
nonlinear  filter  approach  of  [30,  31,  21]  with  a  similar  order  of  accuracy.  It  was  also  shown 
that  these  nonlinear  filters  can  also  suppress  spurious  high-frequency  oscillations.  However,  a 
subsequent  study  of  Sjogreen  &  Yee  [23]  showed  that  the  high  order  linear  filter  can  sustain 
longer  time  integration  more  accurately  than  the  nonlinear  filter  for  low  speed  smooth  flows.  In 
other  words,  for  the  numerical  examples  that  were  examined  in  [23],  the  high  order  linear  filter 
can  remove  high-frequency  oscillations  producing  nonlinear  instability  better  than  the  second- 
order  nonlinear  filter.  Higher  than  third-order  nonlinear  filters  might  be  able  to  improve  their 
performance  or  might  outperform  the  high  order  linear  filters  at  the  expense  of  more  CPU  time 
and  added  complexity  near  the  computational  boundaries.  These  findings  prompted  the  design 
of  switching  on  and  off  or  blending  of  different  filters  to  obtain  the  optimal  accuracy  of  high  order 
spatial  difference  operator  as  proposed  in  Yee  et  al.  and  Sjogreen  &  Yee  [31,  21].  The  missing  link 
of  what  was  proposed  in  [31,  21]  is  an  efficient,  automated  and  reliable  set  of  appropriate  sensors 
that  are  capable  of  distinguishing  shocks/shears,  from  turbulent  fluctuations  and/or  spurious 
high-frequency  oscillations  for  a  full  spectrum  of  flow  speeds  and  Reynolds  numbers. 

The  present  paper  is  a  sequel  to  [30,  31,  21].  The  objective  here  is  to  propose  an  adaptive 
procedure  employing  appropriate  sensors  to  switch  on  the  desired  numerical  dissipation  where 
needed  and  leave  the  rest  of  the  region  free  of  numerical  dissipation  contamination  while  at 
the  same  time  improving  nonlinear  stability  of  the  entire  numerical  process.  In  addition,  the 
minimization  of  employing  very  fine  grids  to  overcome  the  production  of  spurious  numerical 
solutions  and/or  instability  due  to  under-resolved  grids  is  sought  [6].  It  was  shown  in  [17,  8, 31, 21] 
that  conditioning  the  governing  equations  via  entropy  splitting  of  the  inviscid  flux  derivatives  [31] 
can  improve  the  over  all  stability  of  the  numerical  approach  for  smooth  flows.  Therefore,  the  same 
shock/shear  detector  that  is  designed  to  switch  on  the  shock/shear  numerical  dissipation  can 
be  used  to  switch  off  the  entropy  splitting  form  of  the  inviscid  flux  derivative  in  the  vicinity  the 
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discontinuous  regions  to  further  improve  nonlinear  stability  and  minimize  the  use  of  numerical 
dissipation.  The  rest  of  the  sensors,  in  conjunction  with  the  local  flow  speed  and  Reynolds 
number,  can  also  be  used  to  adaptively  determine  the  appropriate  entropy  splitting  parameter 
for  each  flow  type/region.  These  sensors  are  readily  available  as  an  improvement  over  existing 
grid  adaptation  indicators.  If  applied  correctly,  the  proposed  adaptive  numerical  dissipation 
control  is  scheme  independent,  and  can  be  a  stand  alone  option  for  many  of  the  favorite  schemes 
used  in  the  literature.  Although  the  proposed  adaptive  procedure  is  scheme  independent,  we 
prefer  a  complete  treatment  of  the  numerical  approach  in  the  following  framework: 

1.  For  stability  considerations,  condition  the  governing  equations  before  the  application  of  the 
appropriate  numerical  scheme. 

2.  For  consistency,  compatible  schemes  that  posses  stability  properties  similar  to  those  of  the 
discrete  analogue  of  the  continuum  are  preferred. 

3.  For  the  minimization  of  numerical  dissipation  contamination,  efficient  and  adaptive  nu¬ 
merical  dissipation  control  to  further  improve  nonlinear  stability  and  accuracy  should  be 
used. 

4.  For  practical  considerations,  the  numerical  approach  should  be  efficient  and  applicable  to 
general  geometries.  An  efficient  and  reliable  dynamic  grid  adaptation  should  be  used  if 
necessary.  Note  that  the  computation  of  the  illustrative  examples  used  such  a  numerical 
approach  [30,  31,  28,  21,  8,  16]. 

A  brief  summary  of  (l)-(3)  is  discussed  in  the  next  three  sections.  Some  representative  examples 
to  illustrate  the  performance  of  the  approach  are  given  in  Section  5. 

2.  Conditioning  of  the  Governing  Equations 

Traditionally,  conditioning  the  governing  partial  differential  equations  (PDEs)  usually  referred 
to  rewriting  the  governing  equations  in  an  equivalent  set  of  PDEs  in  order  to  prove  the  stability 
and/or  wcll-posedness  of  the  PDEs.  When  numerical  methods  are  used  to  solve  PDEs  that 
are  nonlinear,  it  is  well-known  that  different  equivalent  forms  of  the  governing  equations  might 
exhibit  different  numerical  stability,  accuracy  and/or  spurious  computed  solutions,  even  for 
problems  containing  no  sliock/shear  discontinuities.  There  are  many  conditioned  forms  of  the 
governing  equations  proposed  in  the  literature.  Different  conditioned  forms  of  the  convection 
fluxes  and  the  viscous  fluxes  have  been  proposed  for  the  incompressible  and  compressible  Navier- 
Stokes  equations.  Here  we  mention  a  few  which  are  precursors  of  the  so  called  entropy  splitting 
of  the  compressible  Euler  equations  [31].  If  a  mcthod-of-lincs  approach  is  used  to  discretize  these 
equations,  the  entropy  splitting  reduces  to  the  splitting  of  the  convection  flux  derivatives. 

The  splitting  of  the  convection  terms  (for  both  the  compressible  and  incompressible  Navier- 
Stokes  equations)  into  a  conservative  part  and  a  non-conservative  part  has  been  known  for  a 
long  time.  In  the  DNS,  LES  and  atmospheric  science  simulation  literature,  it  is  referred  to  as  the 
skew-syrnmetric  form  of  the  momentum  equations  [1,  14,  2,  35].  It  consists  of  the  mean  average  of 
the  conservative  and  non-conservative  (convective  form  [35])  part  of  the  momentum  equations. 
The  spatial  difference  operator  is  then  applied  to  the  split  form.  From  the  numerical  analysis 
standpoint,  the  Hirt  and  Zalesak’s  ZIP  scheme  [12,  34]  is  equivalent  to  applying  central  schemes 
to  the  non-conservative  momentum  equations  (convective  form  of  the  momentum  equations). 
MacCormack  [15]  proposed  the  use  of  the  skew-symmetric  form  for  problems  other  than  DNS 
and  LES.  Harten  [10]  and  Tadmor  [26]  discussed  the  symmetric  form  of  the  Euler  equations 
and  skew-adjoint  form  of  hyperbolic  conservation  laws,  respectively.  Although  the  derivation  in 
these  works  is  different,  the  ultimate  goal  of  using  the  split  form  is  almost  identical.  This  goal  is 
to  improve  nonlinear  stability,  minimize  spurious  high-frequency  oscillations  and  robustness  of 
the  numerical  computations.  See  [33,  23]  for  a  historical  consolidation  of  these  approaches.  The 
canonical  splitting  used  by  Olsson  &  Oliger  [17]  is  a  mathematical  tool  to  prove  the  existence 
of  a  generalized  energy  estimate  for  a  symmetrizable  system  of  conservation  laws.  For  the  ther- 
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mally  perfect  gas  compressible  Euler  equations,  the  transformation  consists  of  a  convex  entropy 
function  that  satisfies  a  mathematical  entropy  condition.  The  mathematical  entropy  function, 
in  this  case,  can  be  a  function  of  the  physical  entropy.  Therefore,  the  resulting  splitting  was 
referred  to  as  entropy  splitting  for  ease  of  reference  by  Yee  et  al.  [31].  The  entropy  splitting 
can  be  viewed  as  the  more  general  form  which  provides  L2  stability  proof  of  the  nonlinear  Euler 
equations  with  physical  boundary  conditions  included. 

Consider  a  general  nonlinear  system  of  conservation  laws, 

Ut  +  F(U)x  =  0,  a  <x  <b.  (2.1) 

If  the  conservation  law  has  an  entropy  function,  it  can  be  transformed  into  a  symmetric  con¬ 
servation  law  in  terms  of  a  new  variable  W .  The  change  of  variables  dU/dW  is  symmetric  and 
positive  definite,  and  the  new  Jacobian  dF/dW  is  symmetric.  If  furthermore  U  and  F  are  ho¬ 
mogeneous  in  W  of  degree  ft,  which  is  the  case  for  the  thermally  perfect  gas  Euler  equations  for 
any  ft  ^  —  1,  the  formulas  become  simple.  In  that  case  we  insert  the  change  of  variables  into  the 
conservation  law,  and  define  the  split  form  of  the  flux  derivative  [17] 


Ut  + 


13  :Fx  +  ~FwWx  =  0, 


l  +  ft  x  l+ft 


(2.2) 


with  ft  a  splitting  parameter  (ft  =  oo  recovers  the  original  conservative  form).  Here  ft  /  -1  and, 
for  a  perfect  gas,  ft  >  0  or  ft  <  The  theory  only  gives  the  range  of  ft  and  does  not  give  any 
guidelines  on  how  to  choose  ft  for  the  particular  flow.  The  vectors  F w  and  W  can  be  cast  as 
functions  of  the  primitive  variables  and  ft.  From  the  study  of  [31],  ft  is  highly  problem  dependent. 
Multiplying  the  above  equation  by  W  (where  (p,  q)  denotes  the  scalar  or  inner  product  of  the 
vectors  p  and  q),  gives 

-(1  +  0)(W,  Ut )  =  P(W,  Fx)  +  ( W ;  FwWx)  =  0(W,  Fx)  +  (FwW,  Wx).  (2-3) 


Integration  by  parts  in  space  gives 


(1  +  /3  )(W,Ut)  =  -[WTFwWt 


(2.4) 


from  which  we  obtain  the  estimate 

±(W,  VwW)  =  (Wu  UwW)  +  ( W,  (UwW)t)  =  (Ut,  W )  +  0(W, Ut)  = 

(l  +  0)(W,Ut)  =  -[WTFwW]l 


In  order  to  have  an  energy  estimate,  the  boundary  term  should  be  of  the  sign 

that  makes  the  time  derivative  of  the  norm  negative.  For  stability  the  entropy  norm  (W,UwW) 
should  be  bounded. 


3.  Discrete  Analogue  of  the  Continuum 

For  ease  of  reference,  “scheme”  or  more  precisely  “interior  scheme”  here  generally  refers  to  spatial 
difference  schemes  for  the  interior  grid  points  of  the  computational  domain,  whereas  “boundary 
scheme”  is  the  numerical  boundary  difference  operators  for  grid  points  near  the  boundaries. 
However,  without  loss  of  generality,  we  also  adopt  the  conventional  terminology  of  denoting 
“scheme”  interchangeably  as  either  the  “combined  interior  and  boundary  scheme  or  just  the 
“interior  scheme”  within  the  context  of  the  discussion.  Before  1994,  rigorous  stability  estimates 
for  accurate  and  appropriate  boundary  schemes  associated  with  fourth-order  or  higher  spatial 
interior  schemes  were  the  major  stumbling  block  in  the  theoretical  development  of  combined 
interior  and  boundary  schemes  for  nonlinear  systems  of  conservation  laws.  Olsson  [18]  proved 
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that  an  energy  estimate  can  be  established  for  second-order  central  schemes.  To  obtain  a  rigorous 
energy  estimate  for  high  order  central  schemes,  one  must  apply  the  scheme  to  the  split  form 
of  the  inviscid  governing  equation.  A  discrete  analogue  of  the  continuum  using  a  semi  discrete 
approach  can  be  written  as 

<3.i) 

Here,  D  is  a  difference  operator,  having  the  summation  by  parts  (SBP)  property  [18,  25].  The 
estimate 

~(W,  UwW)h  =  -WjFw(Wj)Wj  +  WjFwiWiWi  (3.2) 

at 

in  the  discrete  scalar  product  follows  in  the  same  way  as  for  the  PDE  with  indices  1  and  J 
the  end  points  of  the  computational  domain,  and  h  the  grid  spacing.  Here  the  SBP  satisfying 
difference  operator,  for  example,  consists  of  central  difference  interior  operators  of  even  order 
together  with  the  corresponding  numerical  boundary  operators  that  obey  the  discrete  energy 
estimate.  See  Olsson  and  Strand  for  forms  of  the  SBP  boundary  operators  [18,  25]. 

For  the  full  discretization  of  the  problem,  we  should  discretize  in  time  in  such  a  way  that 
the  discrete  energy  estimate  also  holds.  The  obvious  solution  would  be  to  discretize  in  time  in  a 
skew  symmetric  way,  in  a  manner  similar  to  the  spatial  discretization,  e.g., 

vhD,U"  +  TT]3Uw{W")D>Wi  =  -YTpDF^  -  1 \pFw(Wf)DWf.  (3.3) 

However,  it  turns  out  that  the  SBP  property  of  the  time  difference  quotient  leads  to  a  problem 
which  is  coupled  implicitly  in  the  time  direction.  To  solve  it  we  have  to  solve  a  nonlinear  system 
of  equations  for  all  time  levels  in  the  same  system,  leading  to  an  impractically  large  computa¬ 
tional  effort.  Furthermore,  numerical  experiments  shown  in  Sjogreen  h  Yee  [23]  indicated  that  a 
bounded  L 2  entropy  norm  [W.  U\vW)}t  does  not  necessarily  guarantee  a  well  behaved  numerical 
solution  for  long-time  integrations.  In  other  words,  L 2  stability  does  not  necessarily  guarantee 
an  accurate  solution.  In  practical  computations,  the  classical  Runge-Kutta  time  discretizations 
using  the  method-of-lines  approach  (which  we  used  for  our  numerical  experiments)  works  well, 
but  wc  have  not  been  able  to  prove  a  time  discrete  entropy  estimate  for  this  method.  In  addition, 
numerical  experiments  shown  in  [23]  indicate  that  the  time  discrete  problem  does  not  have  a 
decreasing  entropy  norm  for  all  values  of  p.  Numerical  experiments  in  Yee  et  al.  [31,  19]  also 
indicate  the  wide  variations  of  the  p  value  for  a  full  spectrum  of  flow  problems.  For  example, 
if  a  constant  P  is  used  for  problems  containing  shock  waves,  a  very  large  value  of  p  is  needed. 
Otherwise  diverge  solution  or  wrong  shock  location  and/or  shock  strength  are  obtained.  With 
those  findings,  employing  a  constant  p  (within  the  allowable  range  of  /?)  throughout  the  entire 
computational  domain  is  not  advisable  unless  the  flow  problem  is  a  simple  smooth  flow.  Studies 
in  [31,  21]  indicate  that  the  split  form  of  the  inviscid  flux  derivatives  does  help  in  minimizing 
the  use  of  numerical  dissipation.  What  is  needed  is  adaptive  control  of  the  p  parameter  from 
one  flow  region  to  another  as  well  as  from  one  physical  problem  to  another. 

We  would  like  to  point  out  that  for  non-homogeneous  physical  boundary  conditions,  it  is 
important  to  impose  these  boundary  conditions  to  maintain  the  SBP  property.  For  a  nonlin¬ 
ear  symmetrizable  system  of  conservation  laws  that  contain  time-dependent  physical  boundary 
conditions,  an  extra  complication  arises,  especially  if  a  multistage  Runge-Kutta  method  is  used. 
See  Johansson  [13]  for  a  discussion. 

4.  Adaptive  Numerical  Dissipation  Control 

For  smooth  flows,  entropy  splitting  does  significantly  improve  the  stability  of  the  compute, - 
tion,  but  does  not  completely  remove  all  nonlinear  instabilities,  especially  for  long-time  wave 
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propagations,  computation  of  turbulent  statistics,  and  spurious  numerical  solutions  and  spurious 
oscillations  due  to  under-resolved  grids  [29,  6].  Furthermore,  the  entropy  splitting  was  developed 
for  smooth  solutions.  Additional  difficulties  from  shock  wave  formation  are  the  oscillatory  behav¬ 
ior  of  the  centered  difference  interior  scheme,  and  the  fact  that  the  nonconservative  terms  might 
lead  to  inconsistent  behavior  at  shocks/shears  [31,  21,  23].  We  propose  to  enhance  the  above 
conditioning  of  the  equations  with  an  advanced  numerical  dissipation  model,  which  includes 
nonlinear  sensors  to  detect  shocks/shears  and  other  small  scale  features,  and  spurious  oscilla¬ 
tion  instability  due  to  under-resolved  grids.  Furthermore,  we  will  use  the  detector  to  switch  off 
the  entropy  splitting  at  shocks/shears  and  adjust  the  entropy  splitting  parameter  with  the  aid  of 
local  Mach  number  and  Reynolds  number  in  smooth  region  as  discussed  earlier.  The  advanced 
numerical  dissipation  model  can  be  used:  (Option  I)  as  part  of  the  scheme,  (Option  II)  as  an 
adaptive  filter  control  after  the  completion  of  a  full  time  step  of  the  numerical  integration  or 
(Option  III)  as  a  combination  of  Options  I  and  II  (e.g.,  high  order  nonlinear  dissipation  (with 
sensor  control)  using  Option  I  and  nonlinear  filter  (with  a  different  sensor  control)  using  Option 

H). 

Due  to  space  constraints,  we  concentrate  here  on  an  adaptive  procedure  that  can  distin¬ 
guish  three  major  computed  flow  features  to  signal  the  correct  type  and  amount  of  numerical 
dissipation  needed  in  addition  to  controlling  the  entropy  splitting  parameter.  The  major  flow 
features  and  numerical  instability  are  (a)  shocks/shears  ,  (b)  turbulent  fluctuations  ,  and  (c) 
spurious  high-frequency  oscillations.  The  procedure  can  be  extended  if  additional  refinement  or 
classification  of  flow  types  and  the  required  type  of  numerical  dissipation  is  needed.  There  exist 
different  detection  mechanisms  in  the  literature  for  the  above  three  features.  These  detectors 
are  not  mutually  exclusive  and/or  are  too  expensive  for  practical  applications.  We  believe  that 
the  multiresolution  wavelet  approach  proposed  in  Sjogreen  &  Yee  [21]  is  capable  of  detecting  all 
of  these  flow  features,  resulting  in  three  distinct  sensors.  If  chosen  properly,  one  multiresolution 
wavelet  basis  function  might  be  able  to  detect  all  three  features.  For  an  optimum  choice,  one 
might  have  to  use  more  than  one  type  of  wavelet  basis  functions  but  at  the  expense  of  an  in¬ 
crease  in  CPU  requirements.  Some  incremental  studies  into  the  use  of  entropy  splitting  and  the 
application  of  these  sensors  were  illustrated  in  [31,  21,  22,  24,  23,  16].  Here,  additional  tools  are 
illustrated  together  with  highlights  of  some  examples.  An  adaptive  numerical  dissipation  model 
illustrating  some  of  the  proposed  ideas  will  be  described  in  the  next  section.  Full  implementation 
of  the  complete  treatment  of  the  numerical  approach  (including  grid  adaptation)  discussed  in 
Section  1  to  complex  realistic  multiscale  problems  is  in  progress. 

5.  Numerical  Examples 

This  section  illustrates  the  power  of  entropy  splitting,  the  difference  in  performance  of  linear 
and  nonlinear  (with  sensor  controls)  filters  and  the  combination  of  both  types  of  filters  with 
adaptive  sensor  controls.  We  use  the  same  notation  as  in  [30,  31,  22].  The  artificial  compression 
method  (ACM)  and  wavelet  filter  schemes  using  a  second-order  nonlinear  filter  with  sixth-order 
spat  ial  central  interior  scheme  for  both  the  inviscid  and  viscous  flux  derivatives  are  denoted  by 
ACM66  and  WAV66.  See  [30,  31,  22]  for  the  forms  of  these  filter  schemes.  The  same  scheme 
without  filters  is  denoted  by  CEN66.  The  scheme  using  the  fifth-order  WENO  for  the  inviscid 
flux  derivatives  and  sixth-order  central  for  viscous  flux  derivatives  is  denoted  by  WEN05.  Com¬ 
putations  using  the  standard  fourth-order  Runge-Kutta  temporal  discretization  arc  indicated 
by  appending  the  letters  “RK4”  as  in  CEN66-RK4.  ACM66  and  WAV66  use  the  Roe’s  average 
state  and  the  van  Leer  limiter  for  the  nonlinear  numerical  dissipation  portion  of  the  filter.  The 
wavelet  decomposition  is  applied  in  density  and  pressure,  and  the  maximum  wavelet  coefficient 
of  the  two  components  is  used.  The  nonlinear  numerical  dissipation  is  switched  on  wherever  the 
wavelet  analysis  gives  a  Lipschitz  exponent  [21]  less  than  0.5.  Increasing  this  number  will  reduce 
oscillations,  at  the  price  of  reduced  accuracy  (see  [21]  for  other  possibilities).  Computations 
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Figure.  5.1.  Vortex  convection  problem  description. 


using  entropy  splitting  are  indicated  by  appending  the  letters  “ENT”  as  in  WAV66-RK4-ENT. 
Computations  using  an  eighth-order  linear  dissipation  filter  are  indicated  by  appending  the  let¬ 
ters  “D8”  as  in  WAVGG-RK4-D8.  In  order  not  to  introduce  additional  notation,  inviscid  flow 
simulations  are  designated  by  the  same  notation,  with  the  viscous  terms  not  activated. 

5.1.  A  2-D  VORTEX  CONVECTION  MODEL  [30,  31,  21,  23] 

The  onset  of  nonlinear  instability  of  long-time  numerical  integration,  the  benefit  of  the  entropy 
splitting  and  the  difference  in  performance  of  linear  and  nonlinear  numerical  dissipations  in 
improving  nonlinear  stability  for  a  horizontally  convecting  vortex  (see  Fig.  5.1)  can  be  found  in 
in  [30,  31,  21,  23].  We  summarize  the  result  here. 

To  show  the  onset  of  nonlinear  instability,  the  2-D  perfect  gas  compressible  Euler  equations 
are  approximated  by  CEN66-RK4  with  periodic  boundary  conditions  imposed  using  a  80  x  79 
grid  with  the  time  step  At  =  0.01.  Since  this  is  a  pure  convection  problem,  the  vortex  should 
convect  without  any  distortion  if  the  numerical  scheme  is  highly  accurate  and  non-dissipative. 
Although  CEN66-RK4  is  linearly  stable,  the  test  problem  is  nonlinear  and  instability  eventually 
sets  in.  Almost  perfect  vortex  preservation  is  observed  for  up  to  5  periods  of  integrations  (5 
times  after  the  vortex  has  convected  back  to  the  same  position  -  time  —  50).  Beyond  5  periods 
the  solution  becomes  oscillatory,  and  blows  up  before  the  completion  of  6  periods.  The  blow 
up  is  associated  with  an  increase  in  entropy  [23].  If  we  instead  use  the  entropy-split  form  of 
the  approximation  (CEN66-R.K4-ENT)  with  a  split  parameter  (3  =  1,  almost  perfect  vortex 
preservation  for  up  to  40  periods  can  be  obtained.  The  computation  remains  stable  for  up  to  67 
periods  before  it  breaks  down.  The  time  history  of  the  L 2  entropy  norm  and  density  contours 
of  the  solution  after  5,  10,  30  and  G7  periods  using  CENGG-RK4-ENT  is  shown  in  Figs.  5.2  and 
5.3.  The  norm  is  decreasing,  although  the  instabilities  break  down  the  solution  after  67  periods. 
Using  the  second-order  nonlinear  filter  without  splitting  (ACM66-RK4  or  WAV66-RK4),  the 
solution  remains  stable  beyond  67  periods.  However,  the  numerical  solution  gradually  starts 
to  diffuse  after  20  periods.  If  we  use  the  nonlinear  filter  in  conjunction  with  entropy  splitting 
(ACM66-RK4-ENT  or  WAV66-RK4-ENT),  almost  perfect,  vortex  preservation  can  be  obtain  for 
up  to  120  periods  using  a  split  parameter  (3  —  1  [31]. 
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Entropy  Norm  vs  Time,  CEN66-RK4-ENT  (1=1 


Figure  5.2.  Entropy  norm  history  of  CEN66-ENT:  entropy  split  parameter  p  =  1  and  80  x  79  grid. 


X  X 


Figure  5.3.  Density  Contours  of  CEN66-ENT:  entropy  split  parameter  p  =  1  and  80  x  79  grid. 


The  density  contours  of  the  solution  after  5,  10,  200  and  300  periods  for  the  unsplit  (/?  =  oo) 
computation  using  the  eighth-order  linear  dissipation  (CEN66-RK4-D8)  are  shown  in  Fig.  5.4. 
The  linear  dissipation  term  (— dh7 (D+D-)4Uj)  with  grid  spacing  h  was  added  to  the  sixth-order 
base  scheme  to  discretize  the  convection  terms.  The  parameter  d  is  a  given  constant  (d  —  0.0002) 
and  is  scaled  with  the  spectral  radius  of  the  Jacobian  of  the  flux  function,  and  D+  and  D-  are  the 
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Figure  5.4 ■  Density  contours  of  CEN66-RK4-D8  using  80  x  79  grid. 


forward  and  backward  difference  operators,  respectively.  This  numerical  dissipation  is  applied 
as  part  of  the  scheme  and  not  as  a  post  processing  filter.  The  computation  can  be  run  for  300 
periods  without  breakdown.  However,  serious  degradation  of  accuracy  occurs  after  250  periods. 
For  this  particular  problem,  the  CEN66-RK4-D8  out  performed  the  ACM66-RK4-ENT  and 
WAV66-RK4-ENT  using  0=1.  Perhaps  using  a  higher  than  third-order  nonlinear  filter  might 
improve  the  performance  of  the  ACM66-RK4-ENT  and  WAV66-RK4-ENT  at  the  expense  of  ari 
increase  in  CPU. 

5.2.  DNS  OF  3-D  COMPRESSIBLE  TURBULENT  CHANNEL  FLOW  [19] 

To  obtain  an  accurate  turbulent  statistics,  very  long-time  integration  and  highly  accurate  meth¬ 
ods  are  required  for  this  DNS  computation.  This  numerical  example  illustrates  the  power  of 
entropy  splitting.  The  computation  employed  the  SBP-satisfying  boundary  difference  opera¬ 
tor  with  the  fourth-order  central  interior  scheme  applied  to  the  split  form  of  the  inviscid  flux 
derivatives  CEN44-RK4-ENT  with  0  =  4.  The  fluid  mechanics  of  this  3-D  wall  bounded  isother¬ 
mal  compressible  turbulent  channel  flow  has  been  studied  in  some  detail  by  Coleman  et  al. 
[4].  They  showed  that  the  only  compressibility  effect  at  moderate  Mach  numbers  comes  from 
the  variation  of  fluid  properties  with  temperature.  They  used  a  uniform  body  force  term  to 
drive  the  flow,  but  recommended  the  constant  pressure  gradient  approach  which  was  adapted 
by  Sandham  &  Yee  [19].  For  simplicity,  the  fixed  pressure  gradient  problem  rather  than  the 
constant  mass  flow  problem  was  solved  using  fixed  fluid  properties.  Thus  only  the  wail  shear 
stress  and  mass  flow  rate  vary  during  the  simulation.  A  Mach  number  of  0.1  is  chosen,  based 
on  friction  velocity  and  sound  speed  corresponding  to  the  fixed  wall  temperature.  Channel  half 
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width  h,  friction  velocity  uT,  wall  temperature  and  bulk  (integrated)  density  are  the  normalizing 
quantities  for  non-dimensionalization  with  a  Reynolds  number  of  180.  Grid  refinement  studies 
(three  grids)  were  conducted  and  comparisons  were  made  with  results  from  incompressible  flow 
spectral  method  calculations  using  the  same  computational  box  size  and  the  finest  of  the  three 
grids.  Very  good  agreement  was  obtained.  In  addition,  using  the  same  uniform  body  force  term, 
computational  box  and  grid  size  as  in  Coleman  et  al.,  excellent  agreement  was  also  obtained 
with  the  Coleman  et  al.  spectral  compressible  Navier-Stokes  computation.  What  is  interesting 
is  that  this  simulation  did  not  require  filtering,  upwinding,  or  additional  numerical  dissipation 
for  shock  free  compressible  turbulence  computations.  Moreover,  this  high  order  method  can  be 
efficiently  extended  to  general  geometries  [28].  Using  CEN44-RK4-ENT  (/?  =  4)  together  with 
a  so  called  Laplacian  viscous  term  formulation,  Sandham  &  Yee  [19]  demonstrated  a  robustness 
down  to  very  coarse  resolutions,  comparable  with  the  best  incompressible  turbulent  flow  solvers 
incorporating  dc-aiiasing  and  skew-symmetric  formulation  of  the  convection  terms.  For  the  same 
3-D  problem,  WEN05  is  more  than  six  times  as  expensive  yet  more  diffusive  than  the  present 
scheme  using  the  same  temporal  discretization.  Without  the  use  of  the  entropy  splitting  of  the 
inviscid  flux  derivatives  and  Laplacian  right  hand  side  formulation,  using  the  same  CFL  number, 
the  CEN44-RK4  solutions  diverge  for  all  three  grids  before  meaningful  turbulence  statistics  can 
be  obtained.  In  view  of  the  spurious  high-frequency-oscillation-producing  nonlinear  instability 
nature  of  central  schemes  and  the  past  experience  in  incompressible  turbulence  simulations,  in 
the  absence  of  entropy  splitting  and  Laplacian  formulation,  the  present  calculations  might  not 
even  be  possible  with  much  higher  resolution  grid. 

For  the  performance  of  ACM66-RK4,  WAV66-RK4  and  WEN05-RK4  on  a  spatially  or  a 
time-developing  mixing  layer  problem  containing  shock  waves,  see  [31,  21]. 

5.3.  MULTISCALE  COMPLEX  UNSTEADY  VISCOUS  COMPRESSIBLE  FLOWS  [22,  24] 

Extensive  grid  convergence  studies  using  WAV66-RK4  and  ACM66-RK4  for  two  complex  highly 
unsteady  viscous  compressible  flows  are  given  in  [22,  24].  The  first  flow  is  a  2-D  complex  viscous 
shock /shear /boundary-layer  interaction.  This  is  the  same  problem  and  flow  conditions  studied 
in  Daru  &  Tenaud  [5].  The  second  flow  is  a  supersonic  viscous  reacting  flow  concerning  fuel 
breakup.  More  accurate  solutions  were  obtained  with  WAV66-RK4  and  ACM66-RK4  than  with 
WEN05-RK4,  which  is  nearly  three  times  as  expensive.  To  illustrate  the  performance  of  these 
nonlinear  filter  schemes,  the  first  model  is  considered.  The  ideal  gas  compressible  full  Navier- 
Stokes  equations  with  no  slip  BCs  at  the  adiabatic  walls  are  used.  The  fluid  is  at  rest  in  a  2-D 
box  0  <  x,y  <  1.  A  membrane  with  a  shock  Mach  number  of  2.37  located  at  x  =  1/2  separates 
two  different  states  of  the  gas.  The  dimensionless  initial  states  are 

pi  —  120,  pl  =  120/7;  PR  =  1-2,  PR  =  1-2/7,  M) 

where  pi,  pi  are  the  density  and  pressure  respectively,  to  the  left  of  x  =  1/2,  and  pr,Pr  are 
the  same  quantities  to  the  right  of  x  =  1/2.  7  —  1.4  and  the  Prandtl  number  is  0.73.  The  two 
Reynolds  numbers  considered  are  200  and  1000.  The  viscosity  is  assumed  to  be  constant  and 
independent  of  temperature,  so  Sutherland’s  law  is  not  used.  The  velocities  and  the  normal 
derivative  of  the  temperature  at  the  boundaries  are  set  equal  to  zero.  This  is  done  by  leaving  the 
value  of  the  density  obtained  by  the  one  sided  difference  scheme  at  the  boundary  unchanged, 
and  updating  the  energy  at  the  boundary  to  make  the  temperature  derivative  equal  to  zero. 

At  time  zero  the  membrane  is  removed  and  wave  interaction  occurs.  An  expansion  wave  and 
a  shock  are  formed  initially.  Then,  a  boundary  layer  is  formed  on  the  lower  boundary  behind  the 
right  going  waves.  After  reflection,  the  left  going  shock  wave  interacts  with  the  newly  formed 
boundary  layer,  causing  a  number  of  vortices  and  lambda  shocks  near  the  boundary  layer.  Other 
kinds  of  layers  remain  after  the  shock  reflection  near  the  right  wall.  The  complexity  of  this  highly 
unsteady  shock/shear /boundary- layer  interactions  increases  as  the  Reynolds  number  increases. 
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For  illustration,  here  we  show  the  difficult  case  of  Reynolds  number  Re  =  1000.  The  com¬ 
putations  stop  at  the  dimensionless  time  1  when  the  reflected  shock  wave  has  almost  reached 
the  middle  of  the  domain,  x  —  1/2.  The  numerical  results  discussed  here  are  at  time  1  with 
uniform  Cartesian  grid  spacings  as  described  by  Daru  and  Tenaud.  Due  to  symmetry,  only  the 
lower  half  of  the  domain  is  used  in  the  computations;  symmetry  BCs  are  enforced  at  the  bound¬ 
ary  y  =  1/2.  Figure  5.5  shows  the  comparison  of  a  second-order  MUSCL  using  a  second-order 
Runge-Kutta  method  (MUSCL-RK2)  with  WAV66-RK4,  ACMG6-RK4  and  WEN05-R.K4  using 
a  1000  x  500  grid.  Comparing  with  the  converged  solution  of  WAV66-RK4  and  ACM66-RK4 
using  3000  x  1500  (see  bottom  of  figure)  and  4000  x  2000  grids  (see  [22]),  one  can  conclude 
that  WAV66-RK4  exhibits  the  most  accurate  result  among  the  1000  x  500  grid  computations. 
Wc  note  that,  for  this  Reynolds  number,  the  unsteady  problem  is  extremely  stiff,  requiring  very 
small  time  steps  and  very  long-time  integrations  before  reaching  the  dimensionless  time  of  1. 

5.4.  AN  ADAPTIVE  NUMERICAL  DISSIPATION  MODEL  FOR  1-D  SHOCK-TURBULENCE 
INTERACTIONS 

In  classical  CFD  codes,  a  second  order  accurate  base  method  is  used  together  with  two  con¬ 
stant  strength  linear  numerical  dissipation  terms.  One  linear  fourth-order  dissipation  is  used 
everywhere  except  near  shocks/shears/steep- gradients  to  remove  nonlinear  instabilities.  It  does 
not  affect  the  second  order  accuracy  of  the  base  scheme.  The  second  dissipation  term  is  a 
second-order  linear  dissipation,  which  affects  the  order  of  accuracy,  but  is  only  switched  on  near 
discontinuities,  and/or  steep  unresolved  gradients  using  a  gradient  sensor.  The  sensor  used  can¬ 
not  distinguish  the  different  flow  features  distinctly  and  is  not  accurate  enough  for  turbulent 
statistics  and  long-time  acoustic  computations,  unless  extreme  grid  refinement  is  employed. 

In  analogy  with  the  aforementioned  classical  methods,  a  more  advanced  numerical  dissipation 
model  with  improved  flow  feature  extraction  sensors  for  high  order  central  schemes  is  proposed. 
Here,  we  consider  a  dissipation  model  with  two  parts.  One  part  is  a  nonlinear  filter  {[30])  and  the 
second  part  is  a  high  order  linear  numerical  dissipation  term  modified  at  boundaries  to  become 
a  semi-bounded  operator,  see  [20,  23].  The  wavelet  dissipation  control  sensor  developed  in  [21] 
is  used  as  the  flow  feature  detector.  The  sensor  is  computed  from  the  wavelet  estimate  of  the 
Lipschitz  exponent  a  of  the  density  and  pressure  in  the  flow  field.  Below  we  present  a  filter 
model  for  1-D  shock/ turbulence  interactions. 

A  Filter  Model:  Using  a  suitable  wavelet  basis  function,  the  final  result  of  the  wavelet  com¬ 
putation  is  a  quantity,  5/,  which  is  near  zero  at  points  Xj  where  the  solution  is  smooth  and  near 
one  where  the  solution  is  discontinuous.  Sj  depends  on  the  Lipschitz  regularity  exponent  of  the 
solution.  We  define  the  filter  numerical  flux  of  the  numerical  dissipation  operator  as 

=  max ( Sj ,  - 1 ) Fj_ { /2  +  dj[l  -  max(Sj,  Sj-i)](h*D+(D+D-)3Uj,  (5.2) 

where  F*_ tj2  is  the  flux  function  corresponding  to  the  dissipative  portion  of  a  shock-capturing 
scheme  (e.g.,  second  order  accurate  TVD  scheme)  [30].  The  first  part  of  the  filter  stabilizes 
the  scheme  at  shock/shear  locations.  The  second  part  is  an  eighth-order  filter  which  improves 
nonlinear  stability  away  from  shock/shear  locations.  Analogous  eighth-order  filters  can  be  used 
if  a  sixth-order  compact,  spatial  base  scheme  is  used  [7,  27].  We  switch  on  the  high  order  part  of 
the  filter  when  we  switch  off  the  nonlinear  filter.  The  physical  quantity  (e.g.,  local  Mach  number) 
can  be  used  to  determine  the  dj  parameter  of  this  high  order  dissipation  term. 

To  further  increase  stability  properties,  it  is  possible  to  use  the  sensor  to  switch  on  and  off 
the  entropy  splitting  and  adjust  the  value  of  the  entropy  splitting  parameter  according  to  flow 
type  and  region.  For  this  problem,  however,  we  believe  a  constant  ft  =  1  away  from  the  shock 
waves  is  sufficient.  After  the  completion  of  a  full  time  step  computation  using  the  sixth-order 
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(c)  WAV66-RK4,  1000  x  500  grid 


(d)  ACM66-RK4,  1000  x  500  grid 


(e)  WAV66-RK4,  3000  x  1500  grid  (0  ACM66-RK4,  3000  x  1500  grid 

Figure  5.5.  Comparison:  MUSCL-RK2,  WAV66-RK4,  WAV66-RK4  and  WEN05-RK4  for  Re  =  1000.  Density 
contours  using  1000  x  500  and  3000  x  1500  grids. 

base  scheme  (denoting  the  solution  by  U3),  we  filter  this  solution  by 

vr = 0j + f  [Hj+i/t  -  u}-  i/j-  <5-3> 

Here  the  filter  numerical  fluxes  are  evaluated  at  U. 

The  Wavelet  Sensor:  The  wavelet  sensor  estimates  the  Lipsehitz  exponent  of  a  grid  function 
f.  (e.g.,  the  density  and  pressure).  The  Lipsehitz  exponent  at  a  point  x  is  defined  as  the  largest 
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a  satisfying 


sup 
hf-  o 


ha 


<C , 


(5.4) 


and  this  gives  information  about  the  regularity  of  the  function  /  where  small  a  means  poor 
regularity.  For  a  Cl  wavelet  function  ip  with  compact  support,  a  can  be  estimated  from  the 
wavelet  coefficients,  defined  as 


<  /,  V/ 


(x)dx, 


(5.5) 


where 

=  (5-6) 

is  the  wavelet  function  ipmj  on  scale  m  located  at  the  point  j  in  space.  This  definition  gives  a  so 
called  redundant  wavelet,  which  gives  (under  a  few  technical  assumptions  on  ip)  a  non-orthogonal 
basis  for  L2.  It  is  possible  to  prove  that  the  coefficients  maxj  \wmj  \  in  a  neighborhood  of  jo  decay 
as  2mo  as  the  scale  is  refined,  where  a  is  the  Lipschitz  exponent  at  jo.  In  practical  computation, 
we  have  a  smallest  scale,  determined  by  the  grid  size.  We  evaluate  wm,j  on  this  scale,  mo,  and 
a  few  coarser  scales,  mo  4-  l,m0  +  2,  and  estimate  the  Lipschitz  exponent  at  the  point  jy  by  a 
least  square  fit  to  the  line  [21] 


max  log2  \wm  j\  —  rnaj0  +  c.  (5.7) 

j  near  j0 

For  the  numerical  experiments,  the  wavelet  coefficient  wmj  is  computed  numerically  by  a  re¬ 
cursive  procedure,  which  is  a  second-order  B-spline  wavelet  or  a  modification  of  Harten’s  multi¬ 
resolution  scheme  [21].  The  sensor  we  use  in  the  computations  is 


where 


Sj  =  T(rtj)> 


T(0Cj) 


1  otj  <  0.5 
0  aij  >  0.5. 


(5.8) 


(5.9) 


The  dissipative  model  (5.2)  is  used  to  solve  a  simple,  yet  difficult,  1-D  compressible  inviscid 
shock-turbulence  interaction  problem  with  initial  data  consisting  of  a  shock  propagating  into  an 
oscillatory  density.  The  initial  data  are  given  by 


(pL,  utl  pL)  =  (3.857143,  2.629369,  10.33333)  (5.10) 

to  the  left  of  a  shock  located  at  x  =  —4,  and 

(PR,  uR,  Pr)  =  { l  +  0.2*sin(5*z),  0,  1)  (5.11) 


to  the  right  of  the  shock  where  u  is  the  velocity.  Fig.  6.6  show  the  comparison  between  a 
second-order  MUSCL-RK2  with  a  sixth-order  central  scheme  and  the  aforementioned  numerical 
dissipation  model  using  R.K4  as  the  time  discretization  (WAV66-RK4-D8).  The  parameter  d  — 
0.002  is  scaled  with  the  spectral  radius  of  the  Jacobian  of  the  flux  function.  Note  that  the  eighth- 
order  dissipation  is  a  filter,  and  is  different  from  the  CEN66-D8  used  in  Section  5.1  where  the 
dissipation  is  part  of  the  scheme.  Solution  using  a  second-order  uniformly  non-oscillatory  (UNO) 
scheme  on  a  4000  uniform  grid  is  used  as  the  reference  solution  (solid  lines  on  the  first  three  sub¬ 
figures).  The  bottom  of  the  right  figures  show  the  density  and  Lipschitz  exponent  distribution 
for  the  WAV66-RK4-D8  using  400  grid  points.  Comparing  our  result  with  the  most  accurate 
computation  found  in  the  literature  for  this  problem,  the  current  approach  is  highly  efficient 
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and  accurate  using  only  800  grid  points  without  grid  adaptation  or  very  high  order  shock- 
capturing  scheme.  For  the  present  computation,  the  WAV66-RK4-D8  consumed  only  slightly 
more  CPU  than  the  second-order  scheme  MUSCL-RK2.  With  the  eighth-order  dissipation  filter 
turned  off  (i.e.,  only  the  nonlinear  filter  remains  -  WAV66-RK4),  the  computation  is  not  very 
stable  unless  a  finer  grid  and  smaller  time  step  is  used.  Turning  on  the  entropy  splitting  away 
from  the  shocks  helps  to  reduce  the  amount  of  the  eighth-order  dissipation  coefficient  [33]. 


6.  Concluding  Remarks 

A  general  framework  for  the  design  of  an  adaptive  low  dissipative  high  order  scheme  is  pre¬ 
sented.  The  approach  is  applicable  to  a  wide  spectrum  of  flow  problems.  However  the  demand 
on  the  overall  numerical  approach  for  nonlinear  stability  and  accuracy  is  much  more  stringent 
for  long-time  integration  of  complex  multiscalc  shock/shcar/turbulcnce/acoustics  interactions 
and  numerical  combustion  problems.  Robust  classical  numerical  methods  for  less  complex  flow 
physics  arc  not  suitable  or  practical  for  such  applications.  The  present  approach  is  designed 
expressly  to  address  such  flow  problems  and  computational  challenges.  The  incremental  stud¬ 
ies  to  illustrate  the  performance  of  the  approach  are  summarized.  Extensive  testing  and  full 
implementation  of  the  approach  is  forthcoming.  The  results  shown  so  far  are  very  encouraging. 
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WAV66-RK4-D8,  400  grid 


Figure  6.6.  Comparison  and  Lipschitz  exponent  distribution  of  WAV66-RK4-D8,  second-order  B-spline  wavelet. 
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1.  Abstract 

A  Large  Eddy  Simulation  of  a  25°  compression  corner  at  M  —  2.88  and 
Res  =  2  x  104  is  performed  using  an  Essentially  Non  Oscillatory  (ENO) 
scheme.  The  Favre  filtered  compressible  Navier-Stokes  equations  are  solved 
using  a  Monotone  Integrated  Large  Eddy  Simulation  (MILES)  technique 
on  an  unstructured  grid  of  tetrahedral  cells.  The  mean  flow  variables  and 
turbulent  shear  stress  at  the  incoming  flow  are  in  good  agreement  with 
experiment  and  DNS.  The  separation  length  scaled  by  the  characteristic 
scale  [27,  31]  shows  agreement  with  the  experiment.  No  pronounced  pres¬ 
sure  plateau  is  observed  compared  with  experiment  at  higher  Reynolds 
number. 

2,  Introduction 

Supersonic  flow  over  a  compression  corner  is  a  classic  problem  embody¬ 
ing  all  the  difficulties  of  viscous/inviscid  interactions,  compressibility  and 
turbulence.  A  full  understanding  of  this  configuration  is  important  for  ef¬ 
ficient  aerodynamic  and  propulsion  design.  An  extensive  effort  [1,  3,  4,  6, 
7,  8,  10,  11,  15,  16,  17,  18,  20,  21,  22,  24,  25,  26,  27,  29,  30,  31,  32]  has 
been  focused  on  the  study  of  this  flow.  However,  traditional  RANS  rneth- 
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ods  have  not  accurately  predicted  the  heat  transfer  and  skin  friction  coeffi¬ 
cient^,  4, 10, 18,  29,  30]  in  cases  with  large  flow  separation.  In  addition,  the 
scaled  seperation  length  proposed  in  [27,  31]  shows  a  significant  deviation 
from  the  experimental  range  in  Fig.  1.  A  Very  Large  Eddy  Simulation  by 
Hunt  [11]  for  a  24°  Mach  2.8  compression  corner  at  Reg  =  106  revealed 
that  the  size  of  the  separation  bubble  correlates  strongly  with  the  shock 
wave  position.  A  DNS  of  18°  Mach  3  compression  corner  at  Reg  =  1685 
implemented  by  Adams  [1]  indicated  the  effect  of  compressibility  on  the  tur¬ 
bulence  structure  in  the  interaction  area.  Eizzetta  et  al.  [16,  17]  performed 
a  DNS  and  LES  of  18°  compression  corner  and  made  full  comparison  with 
DNS  results  by  Adams  [1]. 

This  paper  implements  an  ENO  scheme  for  a  25°  compression  comer  at 
Mach  2.88  and  Reg  =  2  x  104  to  assess  the  capability  of  LES  to  accurately 
predict  the  turbulence  characteristics. 

3.  Methodology 

The  Monotone  Integrated  Large  Eddy  Simulation  technique  [2]  is  used  to 
solve  the  Favre-filtered  compressible  Navier-Stokes  equations.  The  inviscid 
fluxes  are  computed  using  the  second  order  Godunov’s  method  and  the 
viscous  fluxes  and  heat  transfer  are  obtained  by  application  of  Gauss’  The¬ 
orem  to  each  face.  An  ENO  scheme  has  been  developed  for  the  unstructured 
grid.  Our  LES  code  is  parallelized  using  domain  decomposition  in  spanwise 
direction  with  Portable  Message  Passing  Interface  Model  Implementation 
Mpich.  The  details  are  presented  in  [5,  14]. 

Allowing  x,  y  and  z  to  denote  the  streamwise,  transverse  and  span- 
wise  directions,  respectively,  the  computational  domain  is  Lx  =  16.05, 
Ly  =  3.45,  and  Lz  =  1.9255.  The  grid  consists  of  213  x  35  x  57  nodes 
in  the  x,  y  and  z  directions,  respectively.  The  reference  quantities  for  non- 
dimensionalization  are  length  5  (the  incoming  boundary  layer  thickness), 
velocity  Uoo,  density  poo,  static  temperature  TTO  and  molecular  viscosity 
Poo  (where  the  subscript  oo  denotes  the  freestream  conditions  upstream  of 
the  compression  corner).  The  tetrahedral  grid  is  employed  and  stretched 
in  the  y  direction  with  a  spacing  of  0.0085  at  the  wall  and  the  stretching 
factor  of  1.154.  The  grid  is  concentrated  around  the  compression  corner. 
The  details  of  the  grid  are  shown  in  Table  1,  wherein  A y+  =  &y/r)  with 
the  inner  length  scale  r/  =  vwjuT  (uw  is  the  kinematic  viscosity  at  the  wall, 
uT  =  y/rw / pm  is  the  friction  velocity,  tw  is  the  wall  shear  stress  and  pw  is 
the  density  at  the  wall).  The  theoretical  values  of  uT  and  uw  are  obtained 
from  the  combined  Law  of  the  Wall  and  Wake  evaluated  at  y  =  8  and  the 
power  law  of  the  relationship  between  temperature  and  kinematic  viscosity, 
respectively. 
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TABLE  1.  Details  of  Grids 


Name 

Mach 

Az+ 

Ay+ 

at  the  wall 

A  z+ 

AxIS 

A  yfS 
at  y  —  8 

A  z/S 

Tetras 

Theoretical  value 

2.88 

24 

1.9 

8.1 

0.1 

0.14 

0.034 

LES 

2.88 

20.9 

1.67 

7.1 

0.1 

0.14 

0.034 

2,018,240 

The  inflow  condition  is  obtained  from  a  separate  flat  plate  boundary 
layer  computation.  The  non-slip  boundary  condition  is  used  to  the  adiabatic 
wall.  All  the  flow  variables  shown  in  the  figures  are  averaged  in  time  and 
the  spanwise  direction.  The  time  averaging  period  is  set  to  three  times  the 
flow-through  time,  where  one  flow-through  time  is  defined  as  the  time  for 
the  freestream  flow  to  traverse  the  computational  domain.  The  details  are 
presented  in  [21]. 

4.  Results 

The  oncoming  flow  characteristics  are  illustrated  by  the  mean  flow  variables 
in  Fig.  3  and  Fig.  4  and  the  Reynolds  shear  stress  in  Fig.  5.  The  comparisons 
with  experiments  [28]  and  DNS  show  good  agreement. 

Fig.  2  shows  the  pressure  contour  distribution  at  x  —  y  plane  of  z  = 
1.0(5.  A  strong  separation  and  attachment  shock  wave  is  formed  at  the 
compression  corner  leading  to  the  higher  pressure  level  after  the  shock. 
The  strong  adverse  pressure  gradient  causes  the  skin  friction  coefficient  to 
decrease  dramatically  and  the  flow  separates.  Downstream  of  the  corner, 
the  overall  increase  in  pressure  and  the  decrease  in  Mach  number  cause  the 
skin  friction  coefficient  to  recover. 

The  computational  results  are  shown  in  Fig.  6-Fig.  8  along  with  ex¬ 
perimental  data.  The  skin  friction  coefficient  in  Fig.  6  is  compared  with 
the  experiment  at  higher  Reynolds  number  of  Re§  =  63560.  According  to 
the  Law  of  the  Wall  and  Wake,  the  friction  velocity  is  decreased  with  the 
increase  in  Reynolds  number,  leading  to  the  higher  skin  friction  coefficient 
in  the  computation.  The  time  and  spanwise  averaged  surface  pressure  pro¬ 
file  along  the  streamwise  direction  is  compared  with  experiment  at  higher 
Reynolds  number  in  Fig.  7  and  the  pressure  plateau  is  not  observed.  The 
difference  between  the  predicted  and  experimental  surface  pressure  profile 
may  be  attributable  to  the  difference  in  Reynolds  number. 

The  effect  of  Reynolds  number  on  the  separation  length  is  plotted  in 
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Fig.  8.  In  this  figure,  the  separation  length  is  measured  by  connecting  the 
separation  and  attachment  points  at  which  the  time  and  spanwise  averaged 
skin  friction  coefficients  go  to  zero  and  then  scaled  by  the  characteristic 
length  ( Lc )  proposed  by  Zheltovodov  and  Schuelein  [27,  31] 

Lc  =  6(p2/ppi)3-1/M30O  (1) 

where  6  is  the  incoming  boundary  layer  thickness,  pv  is  the  pressure  after 
the  shock  in  inviscid  flow,  ppi  is  the  plateau  pressure  obtained  by  the  em¬ 
pirical  formula  ppi  =  Poo(0-5-^4oo  +  1)  [33]  and  is  the  Mach  number 
in  the  uniform  flow.  Some  LES  and  DNS  results  by  other  researchers  are 
also  plotted  in  Fig.  8  for  comparison.  Our  LES  successfully  predicts  the 
consistent  trend  with  the  experiment. 

5.  Conclusion 

A  25°  supersonic  compression  corner  at  Mach  2.88  and  Re§  =  2  x  104  has 
been  simulated  using  an  Essentially  Non  Oscillatory  (ENO)  scheme.  The 
mean  quantities  in  the  incoming  equilibrium  flow  show  good  agreement 
with  experiment.  The  separation  length  is  consistent  with  the  extrapo¬ 
lated  experimental  trend.  Computations  at  higher  Reynolds  number  are  in 
progress. 
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Figure  3.  Mean  streamwise  velocity 
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1.  Introduction 

In  the  Large  Eddy  Simulation  (LES)  of  turbulence,  we  simulate  the  spa¬ 
tially  filtered  velocity  field.  The  governing  equations  are  obtained  by  ap¬ 
plying  a  spatial  filter  to  the  Navier-Stokes  equations.  The  set  of  filtered 
equations  are  solved  numerically  to  obtain  the  solution  in  terms  of  filtered 
quantities.  Though  successful  LES  have  been  performed  for  several  differ¬ 
ent  flows  (Lesieur  and  Metais,  1996;  Meneveau  and  Katz,  2000),  LES  for 
wall  bounded  flows  posses  some  critical  challenges  (Piomelli  et  al.,  1989; 
Balaras  et  ah,  1996).  Some  of  the  difficulties  in  LES  modeling  of  wall 
bounded  flows  are  due  to  the  strong  inhomogeneity  of  the  turbulence,  the 
scaling  of  the  largest  scales  near  the  wall,  and  the  strong  filter  inhomogene¬ 
ity  commonly  employed  to  accommodate  the  boundary  conditions.  Because 
of  these  issues,  many  of  the  reported  LES  of  wall  bounded  flows  have  no 
filtering  at  all  in  the  wall  normal  direction.  The  problem  associated  with 
strong  filter  inhomogeneity  can  be  thought  of  as  arising  from  the  incon¬ 
sistency  of  the  requirement  to  represent  a  sharp  boundary  in  a  simulation 
which  resolves  only  large  scales. 

In  a  different  context,  immersed  boundary  methods  are  promising  tools 
for  treating  complex  geometries  in  fluid  dynamics  simulations.  In  these 
methods  the  irregular  boundary  is  embedded  in  a  regular  grid  and  a  forc¬ 
ing  term  is  included  to  account  for  the  embedded  boundary.  This  forcing  is 
such  that  a  prescribed  velocity  is  achieved  at  the  given  surface  boundary. 
The  forcing  is  nonzero  only  in  the  neighborhood  of  the  boundary  (few  grid 
points  near  the  wall),  but  due  to  incompressibility  of  the  flow,  the  forcing 
affects  the  entire  flow  field.  The  forcing  can  be  considered  to  be  singular 
field  in  the  computational  domain.  The  concept  was  implemented  by  Peskin 
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(1972)  to  simulate  flow  around  heart  valves,  and  Goldstein  et.  al.  (1993) 
used  this  technique  to  simulate  flows  in  complex  geometries  using  a  pseudo 
spectral  method.  Due  to  the  global  nature  of  the  expansion  functions  used 
in  the  spectral  methods,  discontinuities  produce  Gibbs  phenomenon  in  the 
flow  field.  According  to  Goldstein  et.  al.  (1993),  this  oscillation  does  not 
corrupt  the  flow  field  as  the  flow  evolves  in  time.  Mohd-Yusof  (1997,1998) 
used  a  different  expression  for  the  forcing  to  remove  the  severe  time  step 
restriction  of  the  method  developed  by  Goldstein  et.  al.  (1993).  This  ap¬ 
proach  was  used  by  Verzicco  et.  al.  (1998)  to  perform  an  LES  in  complex 
geometries.  However,  in  immersed  boundary  techniques  it  is  in  general  dif¬ 
ficult  to  preserve  higher  order  accuracy  and  high  resolution  as  is  generally 
required  in  turbulent  simulations.  This  difficulty  mainly  arises  due  to  the 
presence  of  discontinuities  at  the  boundaries. 

These  two  related  observations  lead  us  to  propose  a  new  approach  for 
embedding  boundaries  in  the  context  of  LES.  In  this  approach,  we  treat  the 
wall  by  ‘filtering  through  it’.  A  homogeneous  or  nearly  homogeneous  filter 
is  applied  to  the  flow  field  including  the  embedded  boundary.  As  a  result, 
the  boundary  is  no  longer  a  sharp  interface,  but  is  diffused  across  the  filter 
width.  To  recover  a  Direct  Numerical  Simulation  (DNS),  the  filter  width 
is  made  small  enough  to  resolve  all  relevant  scales  of  motion,  but  remains 
finite  so  that  the  boundary  is  not  a  sharp  interface.  In  LES,  the  scale  on 
which  the  boundary  is  resolved  is  consistent  with  the  resolved  scales  of 
motion. 


2.  Governing  equations  and  numerical  methods 

To  illustrate  the  concept  of  ‘filtering  through  the  wall’,  we  consider  the  heat 
equation  on  y  €E  [ — 1, 1].  In  the  computational  domain,  we  include  a  buffei 
region  outside  the  boundaries,  where  the  velocities  are  zero. 


du  _  d2u 
dt  dy 2 


\y\  < 1 


(i) 


u  =  0  \y\  >  1 


(2) 


These  two  equations 


du 

m 


can  be  combined 


by  introducing  a  Heaviside  function 
—  L  <  y  <  L 


\y\  < 1 

otherwise 


where 
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A  homogeneous  filter  is  applied  on  the  domain  ~~L  to  L,  including  the 
boundary.  For  any  function  /,  the  filtered  function  /  is  obtained  by 


/= £  G(x-of(m 


where  G  is  the  filter  kernel.  The  resulting  filtered  equation  is 


u  u  _ ,  „  x  u  ii  . .  v  x  c/  a  ,  x 

=  —-2  +  G(y  -  1)  o“(l)  “  G(y  + 


L  <  y  <  L 


The  boundary  term,  b  is  defined: 


fc-Gto-DglD-Gto  +  Dgf-1) 

which  includes  the  unfiltered  derivatives  at  the  boundary.  These  are  not 
known  from  the  simulated  filtered  field.  We  propose  to  estimate  the  stress 
by  applying  a  suitable  constraint  on  the  field  in  the  buffer  domain,  \y\  >  1. 
The  boundary  terms  obtained  by  this  technique  are  similar  to  the  forcing 
term  used  by  (Goldstein  et  ah,  1993)  except  the  forcing  is  distributed  in 
the  domain  according  to  the  filter  kernel. 

Now  consider  the  Navier-Stokes  equations  for  incompressible  flows  and 
apply  a  similar  technique.  After  filtering  the  equations  and  taking  account 
of  the  filtered  boundary,  the  filtered  equations  are 


dui  „  dui  __  dp  1  d  d  „ 

dt  dxj  dxi  +  Re  dxj  dxj  U%  1 

where  bi  is  the  boundary  term.  This  boundary  term  is  expressed  as 


bi(x)  =  /  (x;)n,*G(x  -  x')  dx.' 

JdR 


where  a  is  the  stress  at  the  boundary,  including  pressure  and  viscous  stress, 
OR  is  the  boundary  of  the  fluid  region  R  and  rij  is  the  unit  normal  to  the 
surface. 

In  simulating  wall  bounded  turbulent  flow,  a  large  number  of  grid  points 
are  required  to  resolve  the  near  wall  layer,  as  a  result,  in  many  practical 
applications  it  would  be  difficult  to  apply  an  LES  that  resolves  the  wall 
layer.  In  many  LES  of  wall  bounded  flows,  approximate  boundary  condi¬ 
tions  are  used  to  model  the  effect  of  the  wall  layer  (Balaras  et  al.,  1996). 
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The  approximate  boundary  conditions  are  prescribed  in  terms  of  the  wall 
shear  stress,  so  wall  stresses  must  be  determined  in  terms  of  the  resolved 
velocities. 

In  the  present  formulation,  the  unfiltered  wall  stresses  are  also  required, 
and  for  analogues  reason.  Even  though  the  boundary,  or  the  flow  near  it  is 
not  resolved  in  LES,  it  is  necessary  to  represent  the  transfer  of  momentum 
from  the  flow  to  the  wall,  which  is  governed  by  the  wall  stresses.  In  the 
current  description,  in  which  the  unfiltered  velocity  is  zero  in  the  buffer 
domain,  the  wall  stress  is  the  surface  forcing  required  to  ensure  that  mo¬ 
mentum  is  not  transfered  to  the  buffer  domain.  That  is,  that  the  velocity 
remains  zero.  This  suggests  a  technique  for  determining  the  wall  stress. 
Instead  of  defining  a  force  to  make  the  velocity  zero  at  the  boundary  as  in 
Mohd-Yusof  (1997),  we  choose  awall  to  minimize  the  transport  of  momen¬ 
tum  to  the  exterior  domain.  To  this  end,  the  wall  stresses  at  each  time  step 
is  defined  by  minimizing 


E  = 


2 

dx 


(4) 


where  the  integral  is  over  the  buffer  domain.  The  |u|2  term  forces  the  energy 

in  the  buffer  domain  to  be  small,  and  the  a  term  ensures  that  the 

transfer  of  energy  into  the  domain  is  small.  The  constant  cx  controls  the 
balance  between  these  two  competing  requirements  and  is  set  to  a  value 
of  order  At2.  In  the  Fourier  spectral  method  employed  in  section  3  for  the 
channel  flow,  this  minimization  is  straight  forward  since  it  can  be  done 
independently  for  each  (kx,  kz)  wavenumber,  resulting  in  a  6-parameter 
optimization  in  (<JXy>  <Jyy,  (Jzy). 


3.  Results  and  Discussion 

In  this  section,  we  present  the  results  of  two  numerical  tests  of  the  filtered 
boundary  technique. 

In  both  cases,  a  plane  channel  flow  is  simulated.  Periodic  boundary 
conditions  are  applied  in  streamwise  (x)  and  spanwise  (z)  directions,  and 
in  the  wall  normal  direction  (y),  a  buffer  region  outside  the  wall  is  included, 
and  periodicity  is  imposed  in  the  buffer  region  as  well.  A  Fourier  cutoff  filter 
is  applied  in  the  wall  normal  direction  effectively  filtering  the  wall,  and  a 
Fourier  spectral  method  is  used.  A  low  storage  second-order  Runga-Kutta 
method  is  used  to  time  discritize  the  nonlinear  terms  and  the  viscous  terms 
are  treated  using  an  integrating  factor. 
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3.1.  THE  EVOLUTION  OF  SMALL  AMPLITUDE  DISTURBANCES 

In  this  test,  evolution  of  a  linear  stability  mode  is  illustrated.  The  exact 
solution  in  this  case  has  the  form: 

u(x,y,t)  =  (1  -  y2)  +  eRe^yivV^-^),  (5) 

v(x,y,  t)  =  €i?e{io^(j/)e*(ax'“w<)},  (6) 

where  ip  is  the  Orr-Sommerfeld  eigenfunction  (appropriately  normalized), 
u)  is  the  complex  frequency  (eigenvalue),  a  is  the  prescribed  wave  number, 
and  e  is  the  perturbation  amplitude.  The  simulation  was  performed  with 
a  =  I  at  Reynolds  numbers  Rec  =  10000.  For  this  case,  the  most  unstable 
mode  has  eigenvalue  u  =  0.23752649  +  ff). 00373967.  An  initial  condition 
was  constructed  from  the  eigenfunction  with  the  most  unstable  mode  and 
then  filtered.  Two  cases  were  run,  with  64  and  256  Fourier  modes  in  the  wall 
normal  direction.  A  total  of  20  “points”  are  in  the  buffer  domain  outside 
of  the  channel  (\y\  >  1). 

The  exact  unfiltered  pressure  fluctuations  are  formally  zero  in  the  exte¬ 
rior,  resulting  in  a  discontinuity  in  pressure,  and  the  resulting  Gibbs  phe¬ 
nomenon  in  the  filtered  pressure  is  shown  in  figure  lc.  The  wall  normal 
pressure  gradient  appears  in  the  ^-momentum  equation,  and  this  quantity 
is  dominated  by  the  filtered  delta  function  at  the  boundary  and  the  result¬ 
ing  Gibbs  phenomenon  (figure  Id).  Yet  the  Gibbs  phenomenon  in  velocity 
perturbations  in  figure  la  and  lb  is  imperceptible.  The  reason  is  that  the 
terms  bv  (figure  le)  has  exactly  the  same  structure  as  the  pressure  gradient 
and  cancel  the  Gibbs  phenomenon  (figure  If).  The  role  of  the  boundary 
terms  in  the  momentum  equation  is  thus  clear.  They  regularize  the  stress 
discontinuities  at  the  wall  (both  pressure  and  viscous  stresses). 

In  these  tests,  the  intent  is  to  use  a  filter  width  sufficiently  fine  that  the 
only  input  is  the  filtering  of  the  boundary  (i.e.  a  “DNS”). 

The  average  growth  rate  (a;*,  imaginary  part  of  the  complex  frequency) 
of  the  disturbance  was  measured  as  a  function  of  time.  For  a  =  1,  the 
complex  frequency  (a>)  is  given  by 

lj  = —i(l/v)(dv/dt)  (7) 

Due  to  errors  introduced  in  the  initial  conditions,  there  is  a  transient  be¬ 
fore  the  asymptotic  growth  rate  is  reached.  The  solution  with  64  grids  in  y 
direction  under  predicts  the  growth  rate  (.00286091)  and  this  is  apparently 
due  to  inadequate  resolution  in  the  domain.  The  growth  rate  of  the  distur¬ 
bance  is  correctly  reproduced  by  the  simulation  with  Ny  =  256  (.00374844 
vs.  the  value  from  linear  theory  .00373967). 

This  is  a  severe  test  for  the  filtered  boundary  approach,  since  the  Fourier 
spectral  method  behaves  poorly  in  presence  of  discontinuities  and  because 
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Figure  1.  Effect  of  the  boundary  terms  in  the  test  of  evolution  of  small  disturbances 
in  a  channel  flow,  (a)  filtered  u  velocity,  (b)  filtered  v  velocity,  (c)  filtered  pressure,  (d) 
pressure  gradient,  (e)  boundary  term  for  v  equation,  (f)  pressure  gradient  +  boundary 
term.  —  real  part, - imaginary  part. 


the  growth  rate  is  very  sensitive.  But,  the  boundary  terms  precisely  account 
for  the  poor  behavior  of  the  filter  and  provides  a  good  representation  of  the 
filtered  eigenfunction. 

3.2.  TURBULENT  FULLY  DEVELOPED  CHANNEL  FLOW 


To  demonstrate  the  applicability  of  this  technique  in  simulating  turbu¬ 
lent  flow,  a  fully  developed  channel  flow  is  computed  on  a  64  x  128  x  64 
grid  with  20  point  in  the  buffer  region.  Based  on  the  wall  shear  velocity  uT 
and  channel  half-width  £,  the  Reynolds  number 
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Figure  2.  (a)Mean  velocity,  (b)^rms,  normalized  by  wall  shear  stress.  —  present  simu¬ 
lation  ReT  90, - Kim  et.  al.  (1987)  Rer  180. 


of  this  flow  is  92.23.  The  corresponding  Reynolds  number  based  on  the 
centerline  velocity  and  channel  half-width  is  1485.  The  streamwise  and 
spanwise  dimensions  of  the  channel  are  Air  5  and  4/37iA  respectively.  The 
flow  field  was  initialized  by  spatially  filtering  a  DNS  flow  field  obtained  at 
ReT  =  180  by  Kim  et  al.  (1987). 

The  governing  equations  were  integrated  until  the  mean  flow  reached 
statistical  equilibrium  (approximately  4 6/ur).  Instantaneous  results  are 
shown  at  non  dimensional  time  7.  The  mean  velocity  distribution  normal¬ 
ized  by  the  wall  shear  velocity  is  shown  in  figure  2a,  along  with  the  data 
reported  by  (Kim  et  al.,  1987)  at  Rer  =  180.  Also  shown  in  figure  2b  is 
the  streamwise  turbulent  intensity.  Note  that  the  computed  peak  is  9.84% 
lower  than  the  ReT  =  180  case,  and  this  is  not  a  low  Reynolds  number  effect 
(Keefe  et  al.,  1992).  The  cause  of  this  low  peak  in  urms  is  not  clear  at  this 
point,  but  the  near  wall  resolution  may  be  responsible.  In  other  ways,  the 
turbulence  near  the  wall  is  consistent  with  expectations  for  wall  bounded 
flows.  For  example,  familiar  flow  structures  (streaks,  inclined  shear  layers) 
are  present  near  the  wall  and  are  approximately  of  the  expected  scale. 

4.  Conclusion 

A  new  approach  for  treating  boundaries  in  the  context  of  LES,  especially 
extended  boundaries,  was  developed,  and  applied  to  the  computation  of 
turbulent  channel  flow.  In  this  representation,  the  issue  of  highly  inhomo¬ 
geneous  filtering  near  a  wall  in  LES  is  obviated,  since  homogeneous  filters 
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can  be  used  since  the  boundary  itself  is  filtered.  In  this  formulation,  the 
unfiltered  stresses  at  the  wail  are  required,  and  are  obtained  from  a  mini¬ 
mization  of  perturbations  in  the  buffer  domain. 

The  method  was  successfully  tested  in  the  evolution  of  a  Tollmien- 
Schlichting  wave  in  a  channel  flow.  Also  a  low  Reynolds  number  fully  de¬ 
veloped  turbulent  channel  was  simulated.  The  new  approach  is  promising 
for  the  treatment  of  boundaries  in  LES,  and  the  application  of  optimal 
LES  (Langford  and  Moser,  1999)  to  the  filtered  boundary  formulation  is 
planned. 
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Abstract  A  number  of  approaches  to  the  problem  of  using  adaptive  mesh  refine¬ 
ment  in  large  eddy  simulations  are  considered  and  tested.  These  include 
unstructured  and  structured  adaptive  grids,  various  treatments  of  the 
convective  terms  and  a  number  of  flow  diagnostic  procedures.  The  ap¬ 
proaches  are  exemplified  on  a  rotating  channel  flow. 


Introduction 

An  important  aspect  in  applying  large  eddy  simulation  (LES)  to  tech¬ 
nologically  interesting  flows  is  the  control  of  the  computational  costs 
involved.  Complex  flows  usually  present  a  variety  of  regions  in  which 
different  resolutions  are  called  for.  Moreover,  these  regions  are  not  static 
in  the  course  of  the  flow  evolution.  Adaptive  mesh  refinement  is  a  nat¬ 
ural  candidate  for  keeping  computational  costs  down  in  these  types  of 
applications.  In  this  paper  a  number  of  approaches  are  compared  in 
an  effort  to  provide  information  on  the  benefits  of  applying  adaptive 
mesh  refinement  techniques  to  LES  computations.  A  first  comparison  is 
made  between  an  unstructured  grid  algorithm  and  a  structured  grid  al¬ 
gorithm.  The  same  computational  procedures  are  implemented  in  both 
codes  and  comparable  resolutions  are  achieved  on  a  moderately  complex 
flow.  The  results  are  compared  to  one  another  and  a  direct  numerical 
simulation  (DNS)  to  permit  evaluation  of  grid  quality  effects.  An  ad¬ 
ditional  comparison  is  made  between  various  criteria  of  controlling  the 
mesh  adaptation.  A  variety  of  flow  feature  diagnostic  procedures  are 
allowed  to  control  placement  of  additional  grid  points.  These  include 
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comparison  to  predictor  steps  on  coarser  grids  and  refinement  according 
to  local  values  of  vorticity. 

1.  Adaptive  Mesh  Refinement  for  LES 

1.1  General  observations 

Adaptive  mesh  refinement  (AMR)  [5]  has  shown  itself  to  be  a  powerful 
technique  in  the  computation  of  flows  with  dynamic  localized  structures 
that  require  much  greater  resolution  than  that  needed  for  most  areas 
of  the  flow.  AMR  has  been  widely  applied  to  flows  involving  shocks 
or  chemical  reactions.  There  has  been  less  work  in  the  area  of  applying 
AMR  to  turbulent  flow.  AMR  is  not  suitable  for  turbulent  flows  in  which 
fine  resolution  is  required  everywhere.  There  are  however  a  number  of 
flows  in  which  small-scale  structures  appear  and  then  drive  the  overall 
flow.  Such  structures  have  limited  spatial  and  temporal  extent.  The 
streaks  that  appear  in  the  boundary  layer  of  channel  flow  are  an  example. 
The  overall  accuracy  of  the  flow  computation  is  sacrificed  if  the  grid 
resolution  is  not  fine  enough  to  capture  the  streaks.  Extending  the  fine 
grid  required  to  resolve  wall  streaks  to  the  entire  domain  is  prohibitively 
expensive.  The  situation  bears  some  resemblance  to  those  in  which  AMR 
has  been  applied  with  success. 

There  is  however  a  significant  difference  between  standard  AMR  appli¬ 
cations  and  turbulent  flow.  In  standard  AMR  the  computational  grids 
are  set  up  quite  frequently,  every  few  time  steps.  The  standard  tech¬ 
nique  used  to  identify  regions  in  which  additional  resolution  is  required 
is  to  compare  predictions  on  a  coarser  and  finer  grid  and  use  Richardson 
extrapolation  to  estimate  whether  the  local  truncation  error  is  within 
acceptable  limits.  This  implicitly  assumes  that  the  finest  grids  in  the 
computation  can  achieve  enough  resolution  so  that  the  asymptotic  er¬ 
ror  estimates  based  upon  the  formal  order  of  accuracy  of  the  numerical 
method  are  valid.  In  the  context  of  turbulence  computations  this  is 
equivalent  to  stating  that  the  finest  grids  can  achieve  DNS-like  reso¬ 
lution.  This  is  prohibitive  and  a  modification  of  AMR  to  account  for 
unresolved  scales  of  motion  is  necessary. 

Previous  work  has  also  sought  to  address  the  problem  of  differentiat¬ 
ing  between  scales  that  should  be  resolved  and  others  that  can  be  eco¬ 
nomically  modeled.  An  early  idea  due  to  Voke  [18]  was  to  use  multiple 
meshes  as  a  tool  in  accelerating  convergence  to  a  quasi-steady  state.  The 
Dynamic  Multilevel  (DML)  method  of  Dubois,  Jauberteau  and  Temam 
[7]  can  be  seen  as  an  alternative  to  LES.  Instead  of  modeling  subgrid 
stresses  using  a  physical  model,  in  DML  the  small  scales  are  computed 
less  accurately  using  lower-order  schemes  with  larger  time  steps.  Terra- 


AMR  APPROACHES  FOR  LES 


399 


col,  Sagaut  and  Basdevant  [16]  have  suggested  freezing  the  small  scales 
while  a  number  of  time  steps  are  taken  on  the  coarser  grids.  In  order  not 
to  lose  small-scale  dynamics,  they  suggest  a  periodic  prolongation  of  the 
large-scale  velocity  fields  using  small-scales  stored  from  previous  time 
steps.  Both  the  large  and  small  scales  are  advanced  in  time  for  a  few 
steps  after  which  a  new  large  scale  velocity  field  is  obtained  by  filtering. 
This  procedure  raises  the  question  of  the  equilibrium  between  small  and 
large  scales  during  the  prolongation  stage.  This  step  of  the  algorithm 
might  effectively  act  as  an  external,  non-physical  excitation.  Quemere, 
Saguat  and  Couaillier  [15]  presented  a  procedure  in  which  patched  grids 
of  different  resolutions  were  used  in  a  channel  flow.  They  show  that 
considerable  economy  may  be  obtained  by  using  fine  grids  only  in  the 
wall  region  but  also  remark  that  numerical  artefacts  arose  at  the  grid 
boundaries. 


1.2  Governing  equations 

The  governing  equations  are  the  filtered,  compressible  Navier-Stokes 
equations  for  an  ideal  gas 


du  m  m  m  =  0 

dt  dx\  8x2  dxs  ’ 

U  =  [  p  pui  pu2  pU3  pe  ]T  , 
pui 
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pi.  __  pUjU2  T  P$i2  T{2  pSi2 
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80 

{pe+p)ui  -  Qi  -  pSijUj  -  A;— 

with  “  denoting  grid  filtering,  and  ^  density- weighted  averaging.  The 
filtered  equation  of  state  is  p  —  pRT ,  the  diagonal  term  of  the  subgrid- 
stress  tensor  is  neglected  [8],  the  resolved  energy  is 


pe  =  pcvT  +  —p  (u'i  +u\+  uj) 


the  Sutherland  relation  for  constant  Prandtl  Pr  =  cpfi(9)/k(6)  =  0.7  is 
applied,  and  the  system  is  closed  with  variable  density  eddy- viscosity 
and  diffusivity  models 
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1.3  Filtering  procedures 

The  general  multi-level  filtering  framework  proposed  by  Germano  [9] 
is  adopted.  Each  grid  level  has  an  associated  filter  operation  Gn.  Filters 
from  the  same  family  (i.e.  top  hat  in  the  applications  presented  here)  are 
used  at  all  levels.  Filtered  variables  may  be  defined  at  each  grid  level  by 
{4>)n  (x,  t)  =  (Gn  *  <t>)  (x,  t).  The  coarsest  grid  level  is  denoted  by  0  and 
the  finest  existent  at  a  given  space-time  locale  by  L.  The  Navier-Stokes 
equations  from  above,  dtU  -f  N(U)  =  0  become 

dt(U)n  +  N((U)n)  =  -Tn 

after  filtering.  The  closure  procedure  parallels  that  presented  for  a  single 
filtering  operation  in  the  previous  section. 

1.4  Flow  feature  diagnostics 

Standard  AMR  is  typically  viewed  as  a  black  box  that  may  applied  to 
the  solution  of  any  time  varying  problem  that  exhibits  localized  features. 
The  criterion  governing  grid  refinement  is  mathematical  in  nature  and 
typically  does  not  include  any  physical  knowledge  about  the  particular 
problem  being  solved.  On  the  other  hand,  most  multi-level  techniques 
that  have  been  proposed  for  turbulence  simulation  rely  heavily  upon 
physical  modeling  of  the  subgrid  scale  effects.  For  instance,  in  DML  [7] 
the  freezing  of  the  small  scales  when  taking  coarse  grid  time  steps  is 
justified  by  the  different  characteristic  times  in  which  small  and  larger 
scale  turbulence  achieves  local  equilibrium.  The  point  of  view  espoused 
in  this  paper  is  that  probably  both  ingredients  are  required  in  order 
to  achieve  a  successful  algorithm.  The  particular  method  studied  here 
is  a  combination  of  a  posteriori  error  analysis  combined  with  physical 
analysis. 

Initially  the  standard  technique  of  error  estimation  based  upon  Richard¬ 
son  extrapolation  [5]  was  tried.  This  was  unsatisfactory  as  it  led  to  a 
rapid  increase  in  the  overall  number  of  points.  A  resolution  typical  of 
DNS  was  set  up  by  this  procedure.  The  approach  that  was  successful 
consists  of  a  combination  of  error  estimation  and  physical  reasoning. 
Recently,  Adjerid  et  al.  [1]  have  analyzed  the  error  of  a  class  of  discon¬ 
tinuous  Galerkin  methods  applied  to  hyperbolic  problems  that  include 
the  standard  finite  volume  schemes  typically  used  in  compressible  fluid 
computations.  Essentially,  the  procedure  recognizes  that  for  a  given 
polynomial  approximation  of  the  solution  of  degree  p  over  an  element  of 
extent  /i,  the  discretization  error  is  generally  0(hp+1).  At  certain  points 
within  the  element,  that  correspond  to  the  roots  of  the  difference  of  two 
Legendre  polynomials,  the  error  is  0(hp+2).  For  details  the  reader  is 
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directed  to  [1].  The  different  spatial  orders  of  accuracy  permit  a  rapid 
a  posteriori  estimate  of  the  accuracy  achieved  on  the  cells  at  any  one 
particular  grid  level.  Rather  than  obtaining  the  error  estimate  by  com¬ 
parison  to  a  test  integrating  in  time  on  a  coarser  grid,  only  the  results 
from  a  trial  time  step  on  the  current  grid  level  is  required. 

Changing  the  mathematical  error  estimation  method  is  not  enough. 
Tests  using  the  a  posteriori  error  estimate  again  led  to  excessive  refine¬ 
ment  and  consequent  loss  of  economy  of  computation.  An  examination 
of  the  flow  field  showed  that  this  occurred  even  in  regions  where  the 
fluid  turbulence  was  essentially  isotropic  and  suitable  for  modeling  by 
the  subgrid  scale  terms.  A  physical  correction  of  the  error  estimator 
was  therefore  added.  In  the  regions  flagged  for  refinement  by  the  error 
estimator  two  physical  indicators  were  computed:  the  enstrophy  |  V  x  u\ 
and  the  scalar  product  of  the  local  velocity  and  vorticity  |  ( V  x  u)  •  u\ . 
Only  when  one  of  the  physical  indicators  exceeded  a  threshold  value 
was  the  region  subject  to  refinement.  In  effect  the  physical  indicators 
act  to  discriminate  interesting  dynamics  that  includes  prominent  vortex 
tubes  from  that  of  locally  near- isotropic  turbulence.  The  cutoff  value 
was  determined  by  numerical  experimentation.  This  is  unsatisfactory 
and  further  analysis  is  underway  to  establish  a  more  rational  procedure 
of  establishing  a  cutoff  value.  Other  indicators  suggested  by  coherent 
structure  eduction  procedures  are  also  undergoing  tests. 

1.5  Communication  between  grids 

An  important  aspect  in  a  multilevel  algorithm  is  to  establish  proce¬ 
dures  for  communication  of  data  between  grids  on  various  levels.  This 
involves  two  operations:  (1)  a  prolongation  operation  P  from  coarse  to 
fine  grids  and;  (2)  a  restriction  operation  R  from  fine  to  coarse  grids. 
Standard  AMR  typically  uses  a  linear  interpolation  to  define  P  and  a 
cell  averaging  procedure  to  define  R.  A  modification  of  these  procedures 
was  found  to  be  necessary  in  the  context  of  applying  AMR  to  LES.  The 
prolongation  operator  is  applied  whenever  new  fine  grids  are  generated. 
Generally  there  is  significant  overlap  between  the  new  fine  grids  and 
previously  generated  grids  at  the  same  level  since  coherent  structures 
that  require  better  resolution  are  advected  with  the  mean  flow.  In  order 
not  to  lose  dynamic  content  (high  frequency  contributions),  fine  grids 
are  first  initialized  to  previously  computed  values  at  the  same  grid  level 
in  areas  of  grid  overlap.  The  prolongation  operator  is  only  applied  to 
newly  created  fine  grids,  at  level  l  say,  where  no  grids  of  level  l  existed 
previously.  Straightforward  linear  interpolation  was  found  to  induce 
excessive  subgrid  cell  excitation.  This  had  the  effect  of  increasing  the 
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number  iterations  in  the  pseudo-time  variable  (see  below)  required  to 
achieve  convergence  at  a  given  physical  time  step.  Faster  convergence 
was  achieved  by  using  the  truncation  of  the  dispersion  relation  from  the 
Navier-Stokes  equations  to  the  wavenumbers  resolvable  on  the  newly  cre¬ 
ated  grid.  This  relation  was  used  to  define  the  newly  resolvable  spectral 
content  by  assuming  that  the  energy  spectrum  follows  a  power  law.  The 
power  law  coefficient  was  taken  to  depend  on  the  region  of  the  spectrum, 

1. e.  a  quadratic  interpolation  of  the  power  law  coefficient  from  m  =  4  in 
the  energy  containing  eddy  region  tom  =  -5/3  in  the  inertial  range. 

A  number  of  previous  multi-level  turbulence  simulations  (e.g.  [15]) 
mentioned  difficulties  at  the  boundaries  between  coarse  and  fine  grids 
due  to  the  effect  of  averaging.  Simple  averaging  was  found  to  have  the 
same  effect  in  the  computations  carried  out  here.  However,  conservative 
fix-ups  [5],  [4]  in  which  the  more  accurately  computed  fluxes  on  fine  grids 
are  used  to  update  adjoining  coarse  grid  values  was  found  to  work  well. 

2.  Numerical  Methods 

2.1  Unstructured  Grid  Algorithm 

The  unstructured  grid  algorithm  uses  an  embedded  tetrahedral  grid 
approach  implemented  as  an  octal  tree  structure  (OCTLES  -  Octal  Tree 
Large  Eddy  Simulation  code)  [13].  There  are  several  options  for  treating 
the  convective  terms  from  the  Navier-Stokes  equations.  These  include 
multi-dimensional  fluctuation  splitting  [6],  second  order  reconstruction 
and  approximate  Riemann  solvers  along  the  cell  interface  normal  di¬ 
rection  [17]  and  multi- dimensional  wave  propagation  techniques  [12]. 
The  convective  terms  are  advanced  in  time  explicitly.  Diffusive  terms 
are  treated  implicitly.  A  pseudo-time  stepping  technique  [3]  is  used 
within  each  physical  time  step  to  solve  the  resulting  implicit  system. 
Subgrid-scale  turbulent  stresses  are  included  using  the  dynamic  model 
[10].  An  interesting  feature  of  this  application  of  the  dynamic  model  is 
that  subgrid-scale  stresses  are  computed  for  each  grid  pair  between  the 
coarsest,  initial  grid  and  the  finest  grid  present.  This  has  been  observed 
to  speed  up  the  convergence  of  the  pseudo-time  iterations  required  to 
determine  the  contribution  of  the  viscous  terms.  The  code  has  been  vali¬ 
dated  [14]  by  comparison  to  a  number  of  test  cases  proposed  in  [2].  Grid 
adaptation  is  carried  out  by  recursive  subdivision  of  an  initial  tetrahedral 
grid. 
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2.2  Structured  Cartesian  grid  algorithm 

An  alternative  to  the  complicated  program  structures  required  for 
unstructured  girds  is  to  use  embedded  Cartesian  grids  [5].  The  grid 
generation  procedures  are  much  simpler  in  this  case,  but  the  prob¬ 
lem  of  boundary  representation  appears  for  general  geometries.  In  or¬ 
der  to  test  the  AMR-LES  procedures,  sample  computations  have  been 
performed  only  in  a  rectangular  geometry.  The  computer  code  for 
this  approach  (BEARCLAW  -Boundary  Embedded  Adaptive  Refine¬ 
ment  Conservation  Law)  allows  for  a  number  of  treatments  of  the  con¬ 
vective  and  source  terms.  These  parallel  those  presented  in  the  unstruc¬ 
tured  grid  case.  The  BEARCLAW  code  may  be  freely  downloaded  from 
www . Washington . edu/~claw. 

3.  Applications 

3.1  Stationary  and  rotational  channel  flow 

The  above  procedures  are  now  tested  on  channel  flow.  Both  a  sta¬ 
tionary  channel  and  one  rotating  along  an  axis  in  the  spanwise  mean 
flow  direction  are  considered.  The  AMR-LES  results  are  compared  to 
DNS  results  [11].  The  half  channel  width,  bulk  velocity  Reynolds  num¬ 
ber  is  Re  =  Ubh/v  —  2900.  The  rotating  channel  has  a  Rossby  number 
Ro  =  2 Clh/Ub  =  0.5.  The  second  order  wave  propagation  algorithms 
of  [12]  are  used  to  treat  the  convective  terms  in  both  the  structured 
and  unstructured  computations  presented  here.  A  comparison  between 
the  DNS  results  and  those  obtained  by  the  two  AMR  methods  is  pre¬ 
sented  in  fig.  1-2  for  the  turbulent  stress.  An  initial,  coarsest  level,  grid 
of  dimensions  32a;32a;32  was  used.  A  tetrahedral  grid  was  obtained  by 
splitting  each  hexahedron  of  the  regular  Cartesian  grid  in  six  tetrahedra. 
The  AMR  results  are  within  1%  of  the  DNS  results  for  the  stationary 
channel  flow.  Both  the  structured  and  unstructured  methods  perform 
similarly  on  this  case.  This  is  thought  to  result  from  the  overall  sym¬ 
metry  of  the  flow  and  the  fact  that  the  tetrahedral  grid  was  obtained 
by  destructuring  the  Cartesian  grid.  It  is  apparent  from  fig.  1  that  the 
AMR  algorithms  place  finer  resolution  in  the  high  shear  regions  closer 
to  the  walls.  When  rotation  is  applied  the  AMR-LES  methods  exhibit 
lower  accuracy.  The  maximum  error  observed  in  the  turbulent  stress 
was  2.4%.  Also,  the  loss  of  symmetry  imposed  by  the  rotation  led  to  dif¬ 
ferent  grid  placement  in  the  unstructured  algorithm  with  respect  to  the 
Cartesian  algorithm.  Higher  error  levels  were  observed  for  the  tetrahe¬ 
dral  grid  algorithm.  Instantaneous  vorticity  plots  of  the  flow  computed 
by  the  Cartesian  AMR-LES  method  are  presented  in  fig.  3-4.  It  may 
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be  observed  that  the  AMR  procedure  captures  the  rich  dynamics  of  the 
near-wall  region  and  the  relaminarization  which  occurs  on  the  rotating 
channel  suction  side. 

4.  Conclusions 

An  adaptive  mesh  refinement  methodology  for  large  eddy  simulation 
has  been  proposed.  LES  in  itself  reduces  the  dynamic  complexity  of 
simulating  fluid  turbulence.  It  is  asserted  that  adaptive  refinement  may 
offer  further  reductions  of  the  degrees  of  freedom  that  need  to  be  re¬ 
solved.  The  AMR-LES  algorithm  proposed  here  differs  from  standard 
AMR  algorithms.  There  are  always  some  dynamics  taking  place  at  the 
unresolved  scale,  so  the  usual  error  estimation  procedures  used  to  add 
mesh  points  do  not  carry  over  directly.  Rather,  a  combined  strategy 
incorporating  both  numerical  estimates  and  physical  flow  features  is  ap¬ 
plied.  The  overall  effect  is  to  employ  greater  grid  resolution  in  regions 
in  which  the  subgrid  effects  relative  to  grid  level  l  are  diagnosed  as  in¬ 
volving  significant  deviations  from  isotropic  turbulence.  In  regions  in 
which  the  indicator  suggests  that  subgrid  fluctuations  are  isotropic  in 
nature,  a  standard  dynamic,  eddy-viscosity  model  is  used  to  provide 
closure  terms.  Full  testing  of  the  method  is  still  in  progress  and  shall  be 
reported  at  a  later  date. 
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Figure  1.  Comparison  between  DNS  computation  (line)  [11],  Cartesian  grid  AMR 
(squares)  and  tetrahedral  grid  AMR  (diamonds).  The  turbulent  stress  along  the 
channel  span.  Notice  the  larger  grid  spacing  close  the  channel  centerline  and  the 
smaller  grid  spacing  near  the  walls. 
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Figure  2.  Similar  to  previous  figure  but  for  rotating  channel,  Ro  =  0.5. 


Fiaure  i.  Isovorticity  surfaces  computed  using  Cartesian  AMR,  rotating 
Ro  =  0.5. 
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Abstract 

This  paper  is  concerned  with  the  development  of  a  fourth  order  Finite  Volume 
scheme  for  the  numerical  solution  of  the  incompressible  Navier-Stokes  equations 
on  non-uniform  grids.  In  fact,  the  use  of  non-uniform  computational  grids  is 
inevitable  in  handling  non-homogeneous  flow  computations,  while  numerical 
simulation  of  turbulent  flows  demand  for  higher  order  schemes.  The  effective 
high  order  accuracy  is  obtained  by  reformulating  the  momentum  equation  in 
terms  of  a  fourth  order  deconvolved  velocity  field.  Both  a  proper  integration  and 
flux  reconstruction  is  implemented  for  the  space  discretization.  A  Fractional 
Time-Step  method  for  the  pressure-velocity  de-coupling  is  adopted  and  a  second 
order  semi-implicit  scheme  is  used  for  the  time  integration.  Particular  attention 
has  been  devoted  in  developing  congruent  time-accurate  intermediate  boundary 
conditions  for  the  predictor  step. 

1.  Introduction 

Direct  Numerical  Simulations  (DNS)  as  well  as  Large  Eddy  Simulation  (LES) 
demand  for  accurate  and  efficient  numerical  schemes  due  to  the  wide  range  of 
length  scales  involved  in  a  turbulent  flow.  In  fact,  low  order  methods  show  high 
numerical  errors  in  the  smallest  resolved  scales.  As  a  matter  of  fact,  for  a  long 
time,  the  numerical  simulation  of  turbulent  flows  has  been  carried  out  by  means 
of  second  order  Finite  Difference  (FD)  central  scheme  since,  from  the  LES  point 
of  view,  one  performs  an  implicit  application  of  the  top-hat  spatial  filter. 
Moreover,  LES  on  non-uniform  grids  were  initially  performed  in  a 
straightforward  manner  without  taking  into  account  for  the  existing  commutation 
error,  while  only  recently  the  correct  equations  for  LES  on  non-uniform  grids 
were  analysed  [1]  and  much  more  importance  was  given  to  the  correlation 
between  numerical  errors  and  modelling  ones  (e.g.:  [2]).  More  recently, 
conservative  fourth  order  FD  schemes  were  proposed  over  both  staggered  and 
co-located  non-uniform  grids  (e.g.:  [3]). 

As  it  regards  with  the  Finite  Volume  (FV)  method,  the  integral  form  of  the 
Navier-Stokes  equations  appears  the  most  opportune  by  a  physical  point  of  view, 
allowing  mass  and  momentum  to  be  a-priori  conserved.  In  this  framework,  an 
evolution  equation  for  the  volume-averaged  field  v  is  solved,  obtaining  a  second 
order  approximation  for  the  point-wise  velocity  v,  even  by  adopting  higher-order 
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fluxes  integration.  Very  recently,  a  fourth  order  FV  compact  scheme  was 
proposed  in  [4],  where  a  deconvolution  technique  was  proposed  in  order  to 
recover  fourth-order  accuracy  from  the  volume  averaged  velocity  field.  Actually, 
such  procedure  was  applied  only  in  a  post-processing  step  while  the  solved 
variable  remains  the  second  order  averaged  one. 

On  the  contrary,  in  this  paper,  we  follow  the  approach  already  introduced  in  the 
framework  of  the  so-called  Implicit  Structural  Models  [5,  6].  In  that  approach,  a 
modified  integral  equation,  governing  the  evolution  of  an  effective  fourth-order 
variable,  is  obtained  by  means  of  a  de-convolution  procedure  applied  on  the 
original  FV  equations.  Following  such  guidelines,  the  development  of  a  high 
order  FV  scheme  on  non-uniform  grid  is  illustrated  in  the  framework  of  the 
Fractional  Time-Step  (FTS)  method  for  pressure-velocity  de-coupling.  The 
spatial  discretization  is  performed  according  to  the  Simpson  integration  rule 
while  proper  Lagrange  interpolation  is  used  for  the  fluxes  reconstruction.  The 
time  integration  is  performed  by  means  of  the  semi-implicit  Adams- 
Bashforth/Crank-Nicolson  (AB/CN)  scheme.  Finally,  time-accurate  boundary 
conditions  to  be  associate  to  the  predictor  equation  were  developed  in  a  manner 
consistent  with  the  adopted  time  integration.  The  proposed  method  has  been 
validated  in  the  numerical  simulation  of  both  the  two-dimensional  Taylor 
decaying  vortex  solution  and  a  time  evolving  mixing  layer. 


2.  Deconvolved  Navier  Stokes  Equations  On  Non-Uniform  Grids 

Consider  the  Navier-Stokes  equations  for  incompressible  isothermal  flows  in  a 
bounded  domain  V,  written  in  integral  non-dimensional  form  over  a  Finite 
Volume  (FV)  n(x)cV,  centred  in  x,  whose  boundary  is  denoted  by  3£2(x): 


n  •  v  dS  =  0 


j 

dnO 

^+r-nr  fn-Fds=o 


(i) 


(2) 


being  v  the  local  volume  averaged  velocity,  l£2(x)l  the  measure  of  the  FV ,  n  the 
local  unit  vector  outward  to  the  boundary  and  F  the  momentum  flux  tensor, 
expressed  as  vv  +  Ip  —  Vv/Re  -  A  proper  initial  field  Vo  and  boundary  conditions 


\b  on  dV  must  be  associated  to  the  system  (l)-(2). 


Following  the  formulation  proposed  in  [5],  an  m-th  order  Taylor  expansion  for  v 
around  the  FV  centre  x  is  performed,  being  m  an  even  integer.  Owing  to  the  cell 
symmetry,  one  gets  (for  sake  of  brevity,  time  dependence  is  omitted): 

v(x)=(/,,-/fJm))v  +o(hm+2)=Gim)  v  +o{hm+ 2)  (3) 

being  h  a  linear  extension  of  the  FV,  e.g.  /i=l£2(x)ll/3.  The  differential  operator 

flj*)  =-£  I  l2  h{x)D{J'M)  was  introduced,  being  =dffid1^  the 

i=i  ^/|+/2+/3=/1 
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/-th  order  three-dimensional  derivative  in  a  Cartesian  reference  system  and 

1  3  . 

C(i,A(x)  =  rrin  ){x'k-xkfd\  the  coefficients  of  the  moments  of  the 

PlX/|  *- 1  Q(x) 

Taylor  expansion  terms.  By  truncating  and  inverting  Eq.(3),  one  obtains  the  m-th 
order  de-convolved  velocity  v(x)  =  [g^0]"1  v  ,  whose  properties  in  both  physical 

and  Fourier  space  were  analysed  in  [5].  If  the  inverse  operator  [g^)]^'  is  applied 
on  Eq.(2),  one  gets  an  evolution  equation  for  the  de-filtered  field  v  ,  but 
commutation  terms  appear  for  non-uniform  grids.  Herein,  in  order  to  avoid  the 
explicit  computation  of  such  terms,  the  LHS  of  Eq.(2)  is  simply  re-written,  so 
that: 

Glm)^  =  lcmv+hlff+lpress  (4) 

with 
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pres 
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n  -  vv 


(5) 


Re  |D(x)| 
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an(x)  |^(x)|  a^(Xj 

As  a  matter  of  fact,  from  the  LES  point  of  view,  Eq.  (4)  should  be  supplied  with 
a  suitable  Sub-Grid  Scales  (SGS)  model,  in  order  to  express  the  RHS  in  terms  of 
the  resolved  variable  v  .  However,  in  this  paper,  we  just  consider  F(v)~F(v) 


without  addressing  this  issue.  In  the  framework  of  Implicit  Structural  Models 
[6],  this  can  be  interpreted  as  an  LES  approach  for  the  top-hat  filtered  variable, 
supplied  by  a  sort  of  generalized  scale  similarity  SGS  model.  Finally,  the  de- 
convolution  order  is  fixed  to  m=2  ( G2  =  G(2))  in  order  to  get  v  representing  an 
effective  fourth-order  approximation  to  the  point-wise  velocity  field. 


3.  A  Fourth  Order  Deconvolution-based  Scheme  on  Non-Uniform  Grids 

In  this  section,  a  fourth  order  FV  method  is  developed  for  2-D  flows  simulation 
on  Cartesian  non-uniform  grids.  The  de-coupling  between  the  velocity  and  the 
pressure  gradient  is  performed  according  to  the  FTS  method  [7],  while  the  semi- 
implicit  Adams-Bashforth/Crank-Nicolson  second  order  scheme  is  adopted  for 
the  time  integration.  Furthermore,  let  us  assume  the  computational  domain 
V  =  [(^ZJx^Lj  .  Owing  to  its  computational  simplicity,  a  co-located 
arrangement  of  the  variables  was  adopted,  hence  the  flux  vectors  defined  onto 
the  face-nodes  must  be  approximated  in  terms  of  the  balanced  variables  in  the 
FV  centre  nodes. 


3.1.  Two-Dimensional  Grid  Definition 

The  grid  points  (see  Fig.l)  are  uniformly  distributed  in  x-direction  (supposed  to 
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be  a  stream-wise  direction),  i.e.,  xi  -  (i  - 1)/^  +  \  /2 ,  with  hi=WNi  the  step  size, 
i=l#..  ,NU  being  the  number  of  FVs  in  direction.  The  y-direction  (supposed 
to  be  a  normal  wall  one)  has  non-uniform  grid  spacing  obtained  by  means  of  an 
1-D  mapping  y  =  F(^),  being  £  the  independent  variable  in  the  computational 

domain.  This  latter  is  uniformly  discretized  by  a  step  size  being  N2  the 

number  of  FVs  in  y-direction.  Furthermore,  for  each  FV  the  face  co-ordinates 
y-  =  y(^.)and  y+j  =y(£j+1)  ,  are  defined  fory=l,..  N2  and  thus,  the  FV  grid  node 

results  y j  —  (y  7  +  yj )/  2 ,  being  y 7  =  yJ_j  for  grid  construction.  The  mesh  size 
in  y-direction  is  defined  as  h2{j)=  y*  -  y]  =Y(CJ+i)-y(Cj)  having  assumed  a 
smooth  mapping  (  h2/H=0{ l)  )  so  that,  the  FV  definition  is 
QiJ=[xl-ht/2\xl+hl/2]x[yJ-h7(j)/2;yj+h2(j)/2\.  It  is  noteworthy  that  one 

can  simply  express  the  face  co-ordinates  as  xf  =  jc,  ±  \  /  2 ,  y*  =  y }  ±  h^j)/ 2  . 

3.2.  The  FTS  Procedure  and  The  Discrete  Time  Integration 
In  Eqs.(l)  and  (4)  the  diffusive  terms  along  the  y-direction  are  integrated  in  time 
by  means  of  the  Crank-Nicolson  scheme,  while  the  Adams-Bashforth  one  is 
adopted  for  all  the  other  terms.  In  the  present  FTS  method  (pressure-free 
projection  method ),  first  an  equation  for  a  non-solenoidal  vector  v*  is  obtained 
by  integrating  Eq.(4)  and  eliminating  the  pressure  term: 


In  the  previous  relations,  the  operator  D  was  split  as  D  =  Dx+  Dy ,  along  the 
Cartesian  directions,  being  x±  and  y±  the  face  co-ordinates  of  £2.  Observe  that  the 
de-convolution  procedure  does  not  increase  the  computational  cost  since  a  semi- 
implicit  procedure  has  been  adopted  for  the  time  integration.  Therefore,  the  LHS 
will  simultaneously  take  into  account  for  both  deconvolution  and  time 
integration 

The  predicted  velocity  field  v*  must  be  corrected  by  means  of  a  pure  gradient 
field  according  to: 

vrt+1  =  y*  -  V0  .  (7) 

Therefore,  once  the  vector  field  v*  was  computed,  the  continuity  constraint  is 
enforced  at  the  new  time  level  f+1  by  means  of  the  projection  step: 
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D(f>- 


associated  to  the  proper  normal  boundary  conditions. 


(8) 


3.3.  Fourth  Order  Spatial  Discretization 

The  achievement  of  a  real  fourth  order  space  accuracy  is  obtained  by  means  of 
the  Simpson  integral  discretization  along  with  explicit  Lagrangian  interpolation 
for  the  fluxes  discretization.  Although,  at  the  same  accuracy,  a  Lagrangian 
polynomial  involves  a  wider  stencil  than  a  Hermitian  interpolation  (as  recently 
proposed  in  [4]),  the  former  approach  remains  simply  applicable  in  the  non- 


uniform  direction.  The  operator  Q 
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discretized  to  fourth  order  accuracy  by  considering  second  order  central 
difference  formulas  for  the  spatial  derivatives.  Having  deconvolved  the  velocity 
field  to  fourth  order  accuracy,  the  integral  fluxes  in  Eqs.(6)  and  (8)  are 
congruently  discretized  by  means  of  the  Simpson  formula.  In  such  a  way,  one 
has,  as  an  example,  for  the  net  flux  along  x-direction: 


+44-+4-t -f mMf 


+  ...  (9) 


hj 


wherein,  the  face-node  unknowns  (see  Fig.l)  are  expressed  in  terms  of  the  grid 
nodes  values.  A  high-order  Lagrangian  interpolation  procedure  is  adopted  by 
factorising  the  function  along  each  direction  and  approximating  both  the  factors 
by  means  of  two  third  degree  polynomials,  i.e.:  f(x,y)  =  f(x,y)  =  Ll(x)L2(y). 
This  way,  one  obtains  a  global  25  grid-nodes  computational  molecule. 


3.4.  Boundary  Conditions 

The  original  system  (1),  (4)  was  de-coupled  in  the  separate  prediction  (6)  and 
projection  (8)  equations.  The  solution  of  this  latter,  together  with  Eq.  (7),  allows 
the  intermediate  velocity  v*  to  be  corrected  by  imposing  the  exact  normal 
velocity  component  n-\bn+i  on  3F.  Since  the  projection  can  not  correct  the 
tangential  velocity  component,  this  latter  must  be  congruently  assigned  for 
solving  Eq.(6).  In  this  paper  we  propose  a  procedure  for  assigning  time  accurate 
boundary  conditions.  In  fact,  by  taking  the  limit  of  Eq.(6)  for  vanishing  grid 
spacing  (G2^>/  for  h-tO)  and  projecting  it  along  the  direction  tangential  to  the 
boundary,  one  gets: 
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When  properly  spatially  discretized,  Eq.(10)  provides  the  correct  second  order 
time  accurate  solution  on  the  frontier,  as  illustrated  in  the  next  section. 

4.  Numerical  Results 

The  adopted  test  case  is  the  classical  2-D  Taylor  decaying  vortex  solution  at 
Re=l.  The  error  estimations  are  performed  in  the  computational  domain  V=[-K 
7r\x[-7t,  Jii,  by  taking  the  L„  norm  of  the  difference  between  the  x-component  of 
the  exact  and  numerical  velocity  field.  In  a  first  test,  for  bi-periodical  boundary 
conditions,  the  effect  of  the  de-averaging  procedure  was  studied,  having  used  the 
fourth-order  flux  integration  (9).  The  resulting  errors,  computed  after  100  time 
steps  (Ar=104),  are  shown  in  Fig.2  versus  the  normalised  grid  size  in  a  double 
logarithmic  scale,  for  both  uniform  and  non-uniform  grids.  It  can  be  noted  that 
only  in  the  presence  of  the  de-averaging  procedure  (m= 2)  an  effective  fourth 
order  accuracy  is  reached  in  computing  unsteady  solutions.  The  space  accuracy 
is  also  checked  for  Dirichelet  boundary  conditions  in  the  y-direction,  as 
illustrated  in  Fig.3  on  both  uniform  and  non-uniform  grids.  Moreover,  the 
correctness  of  the  proposed  boundary  conditions  (10)  is  analysed  from  the 
results  in  Fig.4,  where  the  time  accuracy  tests  is  reported.  A  single  time 
integration  was  conducted  in  order  to  avoid  stability  problems  when  working 
with  high  time  steps.  The  errors  are  reported  versus  the  used  time  step,  showing 
a  third  order  slope  according  to  the  fact  we  are  evaluating  the  direct  error  on  a 
single  time  step,  that  corresponds  to  a  second-order  local  truncation  error. 

Finally,  the  procedure  was  tested  for  a  time  evolving  mixing  layer.  The  initial 
configuration  is  the  same  adopted  in  [9],  i.e.  a  hyperbolic  tangential  velocity 
profile  u(y)  =  tanh  2y/Sl  (being  2  S,  the  initial  vorticity  thickness) 
submitted  to  a  white  noise  perturbation  plus  a  deterministic  sine  perturbation  at 
kM2% /K)  with  K=7di  ■  Kelvin-Helmholtz  instabilities  lead  to  the  development 

of  vortices  which  in  a  later  stage  roll-up  and  merge.  This  is  a  good  example  for 
the  tendency  of  2D  turbulence  to  transfer  energy  from  small  to  large  scales  thus 
requiring  an  accurate  numerical  simulation.  The  preliminary  results  of  this  study 
are  reported  in  Fig.s  5  for  a  1282  computational  grid  on  a  domain  V=[0,  4AJx[- 
2)t»  2A.J  at  Re  =  n„<J,  lv  =  250  showing  the  salient  features  of  backscatter 
transfer  energy  and  the  appearance  of  a  kA  range  according  to  the  LES  performed 
in  [9], 
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Figure  /:  description  of  the  adopted  2-D  grid, 
non-uniform  in  the  y-  direction.  For  each  j- th 
Finite  volume,  the  vertical  flux  section  is 
centred  with  respect  to  the  node  j  i.e., 
.y±{yj)-yj±h1{j)l2.  The  unknown  variables  u,  v, 
,p  are  co-located  on  the  grid  nodes  (•). 


Figure  2:  Space  accuracy  tests  with  Bi- 
periodic  boundary  conditions  applied.  Effects 
of  the  de-averaging  procedure  on  the  accuracy. 
Errors  computed  after  100  time  steps  on  both 
uniform  and  non-uniform  grids. 


Space  accuracy  lasts  •  Penodic-Dirichlet  BC's  ■  Errors  after 


Non  -  Uniform 
Uniform 
Slope  3 


Figure  3:  Space  accuracy  tests  with  Periodic-  Figure  4:  Time  accuracy  tests.  Errors 
Dirichlet  boundary  conditions  applied.  Errors  computed  after  one  time  steps  on  both  uniform 
computed  after  100  time  steps  on  both  and  non-uniform  grids  of  602  CV’s. 
uniform  and  non-uniform  grids. 
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Re-250  -  Power  spectral  density 


Figure  5:  Time  evolving  mixing  layer;  isovorticity  contours  are  on  the  left  column  while  the  one¬ 
dimensional  energy  spectra  are  on  the  right  for  t  =  35 Sx  /  and  t  =  65S{  / 
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FLOWS  USING  IMMERSED  BOUNDARY  METHOD 


MAYANK  TYAGI,  SUMANTA  ACHARYA 
Mechanical  Engineering  Department 
Louisiana  State  University,  Baton  Rouge,  LA 

Abstract 

Large  eddy  simulations  (LES)  are  performed  for  two  representative 
complex  geometry  problems  of  particular  interest  to  turbomachinery  flows.  First 
problem  studied  is  the  flow  field  inside  a  trapped-vortex  combustor.  Second 
problem  is  the  unsteady  interaction  of  rotor  blade  with  stator  blade  wake  field. 
The  representation  of  complex  geometry  is  done  using  immersed  boundary 
method  (IBM).  Two  different  implementations  are  presented  for  the  body  force 
terms. 


1.  Introduction 

Simulation  of  turbulent  flows  in  complex  geometries  is  a  daunting  task. 
LES  can  formally  alleviate  the  issue  of  ever-increasing  resolution  demand  for 
high  Reynolds  number  flow.  However,  complex  geometries  pose  the  problem  of 
commutation  errors  on  curvilinear  grids.  Moreover,  the  representation  of  moving 
geometries  using  either  sliding  meshes  or  regenerating  the  mesh  becomes 
overwhelmingly  complicated  in  complex  situations.  IBM  relies  upon  the  body 
force  terms  added  in  the  momentum  equations  to  represent  the  geometry  on  a 
fixed  Cartesian  mesh  (Peskin,  1977,  Mohd.-Yusof,  1996,  Glowinski  et  al.,  1994, 
Fadlun  et  al.  2000,  Kellog,  2000).  This  formulation  is  simple  and  ideally  suited 
for  the  moving  geometries  involving  no-slip  walls  with  prescribed  trajectories 
and  locations. 

2.  Governing  Equations 

In  the  immersed  boundary  method,  the  complex  geometrical  features  are 
incorporated  by  adding  a  forcing  function  in  the  governing  equations.  The 
forcing  function  is  zero  everywhere  except  at  the  surface  where  the  influence  of 
the  solid  boundaries  is  assigned  (Subscript  T). 
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where  the  convective  terms  are  represented  by  C  and  the  diffusion  terms  are 
represented  by  D.  In  case  of  highly  refined  meshes,  it  may  be  necessary  to  treat 
some  directions  implicitly  for  diffusion  terms  (generally  using  Crank-Nicholson 
scheme). 

C=-(m-V)m,D=- Vu 
Re 

To  obtain  the  pressure  Poisson  equation,  take  the  divergence  of  the  second  step 
and  enforce  the  continuity  condition  for  the  velocity  field  at  the  next  time  step 

y  At  A  t 

v  V  •«"*'  =0 
V  •  u 

=*V’p  =  -^-v-/ 

At 

Therefore,  the  Poisson  equation  for  pressure  can  be  solved  prior  to  the  second 
step  in  the  time-split  scheme.  The  spatial  discretization  is  performed  using  fourth 
order  central  difference  schemes.  For  the  two  problems  studied,  two  different 
implementations  for  the  body  force  terms  are  presented.  The  trapped-vortex 
combustor  is  a  complicated  but  stationary  geometry  and  hence,  interpolation  on 
only  one-side  of  the  geometry  is  adequate.  However,  for  moving  rotor  blade  the 
interpolation  is  performed  on  both  sides  of  the  curved  surface. 

CASE  A:  Forcing  at  only  one  side  of  the  immersed  boundary  (inside  the  virtual 
solid ) 


Figure  1  Identification  of  the  circular  boundary  on  uniform  2-D  cartesian  mesh 
and  evaluation  of  the  nearest  exterior  point  corresponding  to  each  identified 
interior  point 


Let  A  be  the  mesh  spacing  and  8  be  the  distance  of  the  forcing  point  from  the 
immersed  surface.  Therefore,  we  apply  the  linear  interpolation/extrapolation 
among  the  forced  point,  point  on  the  immersed  surface  and  the  point  just  outside 
the  virtual  solid.  Let  Vd  be  the  desired  velocity  at  the  point  on  the  immersed 
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surface  and  Vc  be  the  computed  velocity  in  the  region  of  interest.  Therefore,  the 
velocity  at  the  forcing  point  Vjm  is  given  by 

[Vc  -  Vd]/[  A  -  8]  =  [Vd  -  Vjm]/[8] 

Vim  =  Vc  [A]/[  A  -  5]  -  Vc  [5]/[  A  -  5] 

Clearly,  In  the  limit  5  going  to  zero,  i.e.  the  forcing  point  approaching  the  point 
on  the  immersed  surface,  we  retrieve  the  limit  Vim  approaching  Vc.  However,  In 
the  limit  8  approaching  mesh  spacing  A,  we  have  Vc  approaching  Vc.  Vim  is  ill- 
defined  because  it  is  the  difference  between  Vd  and  Vc  with  very  large 
coefficients.  For  such  coefficients,  Vc  is  set  equal  to  Vd. 

CASE  B:  Forcing  at  both  sides  of  the  immersed  boundary  (inside  the  virtual 
solid  and  at  the  very  first  point  outside  the  virtual  solid) 

Let  A  be  the  mesh  spacing  and  8  be  the  distance  of  the  forcing  point  from 
the  immersed  surface.  Therefore,  we  apply  the  linear  interpolation/extrapolation 
among  the  forced  points,  point  on  the  immersed  surface  and  the  computed  point 
just  outside  the  virtual  solid  (Figure  2).  Let  Vd  be  the  desired  velocity  at  the  point 
on  the  immersed  surface  and  Vc  be  the  computed  velocity  in  the  region  of 
interest.  Therefore,  the  velocity  at  the  internal  forcing  point  Vint  is  given  by 

[Vc  -  Vd]/[  2A  -  8]  =  [Vd  -  Vint]/[8] 

Vinl  =  Vd  [2A]/[  2A  -  8]  -  Vc  [8]/[  2A  -  8] 

Similarity,  the  velocity  at  the  external  forcing  point  Vext  is  given  by 

[Vc  -  Vd]/[  2A  -  8]  =  [Vext  -  Vd]/[A  -  8] 

Vext  =  Vd  [A]/[  2A  -  8]  +  Vc  [A  -  8]]/[  2A  -  8] 

Clearly,  in  the  limit  8  going  to  zero,  i.e.  the  internal  forcing  point 
approaching  the  point  on  the  immersed  surface,  we  retrieve  the  limit  Vim 
approaching  Vd  and  Vext  approaching  [Vd  +  Vc]/2.  Moreover,  In  the  limit  8 
approaching  mesh  spacing  A,  we  have  Vext  approaching  Vd .  Vint  is  defined  as 
[2Vd  -  Vc]  as  it  should  be  by  reflection  condition.  Thus,  the  forcing  remains 
physical  for  all  positions  of  the  immersed  surface  between  the  grid  interfaces. 
For  moving  boundary  implementation,  it  will  be  important  for  another  reason.  It 
avoids  reflected  velocities  to  show  up  in  the  region  of  interest. 


Immersed  Boundary  Stencil  At  Suction  Side  Immersed  Boundary  Stencil  At  Pressure  Side 

Figure  2  Identification  of  the  interpolation  stencils  for  a  moving  rotor  blade. 
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3.  Trapped  Vortex  Combustor 

3.1  Problem  Description 

A  uniform  cartesian  grid  of  92x57x117  points  is  used  for  a  domain 
containing  the  upper  half  of  the  TV  combustor.  All  the  dimensions  are  selected  to 
approximate  the  experimental  setup  of  Mancilla  (2001)  within  Cartesian 
geometry.  Ratio  of  air  injection  velocity  to  the  mainflow  velocity  is  2.2. 
Reynolds  number  based  on  the  annular  mainflow  velocity  and  air  hole  dimension 
(D)  is  3400  for  these  simulations.  The  radii  of  the  forebody,  the  connecting  tube, 
the  afterbody  and  the  outer  shell  are  24.5D,  3.7D,  23D  and  27.5D  respectively. 
The  lengths  of  the  forebody,  the  connecting  tube  and  the  afterbody  are  12D,  30D 
and  12D  respectively.  The  periodicity  of  the  geometry  is  exploited  by  putting 
half  of  the  jet  injections  around  the  bottom  of  the  computational  domain  with  the 
boundary  conditions  obtained  by  the  rotational  symmetry  about  the  axial 
direction.  At  the  inflow,  fully  developed  laminar  profile  along  with  fluctuations 
is  prescribed.  The  fluctuations  are  assumed  to  be  Gaussian  and  are  calculated 
using  Box-Muller  algorithm.  At  the  walls,  no  slip  boundary  conditions  are 
imposed  using  immersed  boundary  method.  Uniform  injections  of  air  and  fuel 
are  applied  at  the  respective  holes  on  the  afterbody.  Periodic  boundary  conditions 
are  applied  in  the  spanwise  (z)  direction.  At  the  outflow,  a  non-reflective 
convective  scheme  is  applied  to  convect  away  the  flow  structures  out  of  the 
computational  domain  without  any  spurious  reflections.  The  wave  speed  is 
calculated  to  maintain  the  mass  flux  balance  in  the  whole  domain. 

3.2  Results 

The  three-dimensional  simulations  showed  that  the  vorticity  magnitude 
of  the  trapped  vortex  in  the  cavity  changes  due  to  vortex  stretching  mechanism 
that  is  absent  in  the  two-dimensional  simulations  done  by  other  researchers 
(Katta  and  Roquomore,  1996  and  Stone  and  Menon,  2000).  The  motion  of  the 
trapped  vortex  is  unsteady  inside  the  cavity  as  observed  experimentally  as  well  as 
numerically  (Mancilla,  2001).  Unsteady  dynamics  of  the  coherent  structures 
inside  the  cavity  is  a  slower  process  as  compared  to  the  separation  region  oyer 
the  afterbody  and  the  mixing  layer  region  behind  the  forebody  lip.  The  ingestion 
of  annular  mainflow  in  front  of  the  afterbody  separation  region  is  the  main 
mechanism  of  the  flow  entrainment  inside  the  cavity.  The  mixture  in  the  cavity  is 
ejected  radially  outwards  due  to  the  pressure  gradients  there.  The  instantaneous 
axial  and  radial  locations  of  the  TV  are  different  at  different  meridional  planes. 
However,  time-averaged  streamtrace  patterns  seem  to  converge  towards  a  TV 
with  simpler  geometrical  features. 

TIME  AVERAGED  FLOW  FIELD 

The  streamtraces  are  presented  at  the  meridional  planes  0  =  90°,  0°  and 
180°  (figure  3).  At  0  =  90°,  the  large  recirculation  region  is  formed  between  the 
annular  mainflow  and  the  fuel  injections.  The  unsteadiness  of  the  mixing  layer 
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and  the  motion  of  TV  inside  the  cavity  has  been  averaged  out.  At  0  =  0°  and 
180°,  the  streamtraces  are  asymmetric  implying  that  a  longer  averaging  period  is 
needed  to  completely  eliminate  the  slow  variations.  Moreover,  the  axisymmetry 
is  also  absent  at  these  meridional  planes.  The  TV  is  a  doughnut  shaped  structure 
inside  the  cavity.  The  pitch  of  the  spiral  formed  by  streamtraces  close  to  the 
meridional  plane  0  =  90°  is  largest.  The  azimuthal  motion  of  the  streamtraces 
along  the  surface  of  the  TV  is  absent  in  all  the  previous  2-D  studies.  However, 
the  core  of  the  TV  is  mostly  irrotational. 


Time  ■veraged  alreemllnes 

(b) 

Figure  3  Streamtraces  at  (a)  0  =  90°  (b)  0  =  0°  and  180°  (tracers  are 
released  along  radial  positions  at  several  axial  locations). 

TURBULENT  STRESSES  (No  Figures) 

At  0  =  90°,  the  turbulent  shear  stress  mV  inside  the  cavity  is  mostly 
generated  by  the  production  terms  (mV.3V/3x  and  vV.3U/3y)  around  the 
mixing  layer  region.  The  high  axial  momentum  fluctuations  of  the  fluid  parcels 
are  correlated  with  radially  inward  fluctuations  around  the  mixing  layer  region. 
This  implies  the  turbulent  mixing  and  diffusion  is  enhanced  between  the  cavity 
and  annular  mainflow  by  this  stress  component.  The  shear  stress  is  also  large 
along  the  jet  injections.  However,  the  levels  of  turbulent  stresses  indicate  that 
flow  is  mostly  laminar  close  to  the  forebody  and  connecting  tube  junction.  At  0  = 
0°  and  180°,  the  turbulent  shear  stress  mV’  inside  the  cavity  is  mostly  generated 
by  the  production  terms  (m’m\3W/3x  and  Vw\3 U/3z)  around  the  jets  in  the 
cavity  and  the  mixing  layer  region.  This  distribution  indicates  enhanced  mixing 
of  fluid  parcels  inside  the  core  of  TV.  The  distribution  of  mV'  near  the  jet 
injections  is  dictates  the  radial  spread  of  the  jets  along  the  axial  direction  in  the 
cavity.  At  X/D  =  40.8,  the  radial  fluctuations  are  high  at  different  azimuthal  or 
meridional  planes.  The  normal  stress  n’u’  is  mostly  negligible  due  to  suppression 


422  MAYANK  TYAGI,  SUMANTA  ACHARYA 

of  fluctuations  normal  to  the  face  of  the  afterbody.  The  only  significant  levels  are 
above  the  afterbody  in  the  annular  region.  The  distribution  of  the  shear  stress 
vV’  along  the  jets  is  primarily  due  to  turbulent  production  (v’v’.dW/dy  and 
w’w’.dV/dz).  The  distribution  in  the  annular  region  seems  to  attain  the 
periodicity  between  the  fuel  injections.  It  can  be  expected  that  the  modeling  of 
the  shear  stress  tensor  components  using  an  eddy  viscosity  approximation  may 
work  here  since  the  shear  stress  components  depend  on  the  corresponding  mean 
strain  rate  tensor  components  only. 

4.  Unsteady  Stator-Rotor  Interactions 

4.1  Problem  Description 

The  inherent  unsteadiness  of  a  turbomachinery  flow  field  created  by 
relative  motion  between  stationary  blades  (stator)  and  the  rotating  blades  (rotor), 
requires  the  designer  to  account  for  three-dimensional  as  well  as  unsteady 
effects.  The  unsteadiness  is  caused  by  (a)  the  interaction  of  the  rotor  airfoils  with 
the  wakes  and  passage  vortices  generated  by  upstream  airfoils,  (b)  the  relative 
motion  of  the  rotors  with  respect  to  the  stators  (potential  effect),  and  (c)  the 
shedding  of  vortices  by  the  airfoils  because  of  the  blunt  trailing  edges  (Rai  and 
Madavan,  1990,  Saxer  and  Giles,  1994).  Computation  of  such  flows  is 
complicated  by  relative  motion  between  rotor  and  stator  airfoils  and  the  periodic 
transition  of  the  flow  from  laminar  to  turbulent.  Unsteady  simulations  have  been 
performed  using  multitudes  of  approximations  such  as  unsteady  RANS, 
“average-passage”  approach  and  “mixing-plane”  approach.  These  calculations 
have  been  performed  invariably  using  “sliding  mesh”  techniques  requiring 
further  modeling  of  “apparent  stresses”  and  “phase-lagged”  interface  conditions 
(Sharma  et  al.,  1994).  In  the  present  study,  we  utilize  LES  with  moving  IBM  to 
simulate  unsteady  stator-rotor  interactions.  Though,  the  calculation  is  performed 
for  incompressible  fluid  at  a  low  Reynolds  number,  it  demonstrates  the  strength 
of  the  method  by  avoiding  all  ad-hoc  assumptions  pertaining  to  RANS  modeling 
and  sliding  meshes.  A  uniform  Cartesian  grid  of  302x202x11  points  is  used  for  a 
domain  of  the  size  3DxlDx0.1D,  where  D  is  the  chord  length  of  the  rotor  airfoil. 
Choice  of  a  small  spanwise  dimension  may  not  allow  larger  physical  scales  and 
hence  may  not  be  desirable.  The  geometry  of  the  airfoils  is  taken  from  the 
numerical  study  of  Kelecy  et  al  (1995).  The  airfoil  profile  is  approximated  by  the 
cubic  spline  surfaces.  The  airfoil  is  divided  into  leading  edge,  trailing  edge, 
pressure  surface  and  suction  surface  to  ensure  that  immersed  boundary 
conditions  are  enforced  on  enough  grid  points  to  realize  the  geometry.  Uniform 
flow  field  is  specified  at  the  inflow.  Periodic  boundary  conditions  are  applied  in 
the  direction  of  rotor  motion  (y)  and  the  spanwise  (z)  direction.  Reynolds  number 
base  on  the  inflow  velocity  and  rotor  chord  length  is  5000.  At  the  outflow,  a  non- 
reflective  convective  scheme  is  applied  to  convect  away  the  flow  structures  out 
of  the  computational  domain  without  any  spurious  reflections.  The  wave  speed  is 
calculated  to  maintain  the  mass  flux  balance  in  the  whole  domain. 
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4.2  Results 

Four  snapshots  of  the  instantaneous  vorticity  field  are  shown  in  figure  4 
at  time  instants  T  apart  (=0.1 2t,  where  T  is  the  non-dimensional  time  scale). 
There  is  a  separation  region  on  the  suction  side  of  the  stator.  The  trailing  edge 
vortices  of  the  stator  blade  impact  on  the  suction  side  of  the  rotor  blade  near  its 
leading  edge.  The  trailing  edge  vortices  of  the  rotor  and  the  vortices  formed  due 
to  the  interaction  of  stator  wake  and  suction-side  boundary  layer  are  shed  into  the 


c)  to  +  2T 


d)  t0  +  3T 


Figure  4  Instantaneous  snapshots  of  vorticity  component  at  time  a)  t  =  to,  b)  t  = 
t0+T,  c)  t  =  to+2T  and  d)  t  =  t0+3T. 
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5.  Concluding  Remarks 

The  merit  of  immersed  boundary  method  (IBM)  for  simulating  moving 
complex  geometries  on  Cartesian  mesh  has  been  demonstrated.  High  order  of 
accuracy  of  discretization  schemes  is  retained  which  is  very  important  for  LES. 
The  problems  studied  are  a)  Trapped  vortex  combustor  (TVC)  and  b)  Stator-rotor 
interactions  in  a  transonic  turbine  stage.  In  TVC  case  study,  mixing  inside  an 
annular  cavity  is  analyzed.  In  stator-rotor  case  study,  the  superiority  of  this 
method  is  demonstrated  over  existing  methodologies  such  as  sliding  meshes. 
Moreover,  the  ad-hoc  modeling  for  the  “^parent  stresses”  is  not  needed  in  the 
realms  of  LES.  In  future,  a  zonal  refinement  treatment  of  the  immersed 
boundaries  will  be  implemented  to  capture  the  essential  near  wall  physics  to 
render  this  method  with  predictive  capabilities. 
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Abstract.  In  this  paper  the  accuracy  and  efficiency  of  a  finite- volume 
multigrid  solver  for  Large  Eddy  Simulation  (LES)  is  investigated.  The  spa¬ 
tial  discretization  method  employed  is  a  second-order  accurate  central  dif¬ 
ferencing  scheme.  For  time  discretization  of  the  momentum  equations  the 
implicit  second-order  Crank-Nicolson  method  and  the  explicit  second-order 
Adams-Bashforth  method  are  considered.  The  influences  of  the  two  time 
discretizations,  choice  of  grid  size  and  time-step  size  and  multigrid  per¬ 
formance  on  the  numerical  accuracy  and  computational  efficiency  are  dis¬ 
cussed. 


1.  Introduction 

Due  to  the  foreseeable  progresses  in  the  performance  of  computer  systems, 
it  can  be  expected,  that  in  the  near  future  the  Large  Eddy  Simulation 
(LES)  will  become  more  important  and  applicable  also  in  industrial  prac¬ 
tice.  However,  efficient  numerical  algorithms  designed  for  modern  parallel 
computer  architectures  with  facilities  to  allow  the  modeling  of  complex  ge¬ 
ometries  are  another  crucial  issue  in  the  application  of  LES.  In  this  way  it 
will  be  possible  to  achieve  a  sufficient  numerical  resolution  and  geometrical 
flexibility  also  to  deal  with  complex  practical  problems  within  reasonable 
computing  times. 

Numerical  aspects  such  as  spatial  and  temporal  discretization,  solu¬ 
tion  algorithms  and  resolution  requirements  ,  and  modeling  aspects  such  as 
subgrid  scale  models  are  effecting  the  accuracy  and  efficieny  of  the  simula¬ 
tions.  Due  to  the  enormous  computational  requirements  for  LES,  there  can 
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be  found  few  systematic  investigations  about  the  above  mentioned  aspects. 
Despite  that  different  groups  have  organized  LES  workshops  for  specified 
test  cases,  it  was  difficult  to  come  to  any  definite  conclusions  about  the 
performance  of  different  applied  numerical  methods  as  well  as  the  varying 
subgrid  scale  models. 

In  this  study  the  accuracy  and  performance  of  a  finite- volume  multigrid 
solver  for  LES  is  investigated.  The  main  focus  of  the  present  contribu¬ 
tion  will  relate  to  the  following  aspects  with  respect  to  their  influences  on 
the  numerical  accuracy  and  computational  efficiency  of  the  considered  ap¬ 
proach:  comparison  of  the  explicit/implicit  methods,  choice  of  grid  size  and 
time-step  size  and  multigrid  performance. 

For  this  an  already  well  investigated  turbulent  channel  flow  will  be  con¬ 
sidered  for  comparison  to  other  results  from  the  literature. 


2.  Numerical  Procedure 

The  governing  equations  for  an  incompressible  flow  are  given  by 

dui 
dx% 

d(puj)  d  ( pUjUj ) 

dt  dxj 


0, 


(1) 


dp  d 

dxi  dx 


(dui  duj 
dxj  +  dxi 


dr \ 


dx- 


,  (2) 


where  U{  are  the  velocity  components  of  the  resolved  scales  with  respect 
to  the  Cartesian  coordinates  Xi,  p  is  the  corresponding  pressure,  p  is  the 
viscosity,  p  is  the  density  and  t  is  the  time.  The  subgrid  scale  stresses 


Tij  =  p  (ill'll j  ~  UiUj)  (3) 

are  modeled  by  the  Smagor insky  model  [1]  and  the  dynamic  Germano  model 
[2]  to  close  the  problem.  In  order  to  stabilize  the  dynamic  model,  the  nega¬ 
tive  values  for  the  parameter  Cs  of  the  underlying  Smagorinsky  model  are 
clipped. 

The  basic  flow  solver  is  the  FASTEST-3D  code  (INVENT  Computing, 
Erlangen)  [3]  with  extensions  for  LES.  The  solver  is  based  on  a  fully  con¬ 
servative  finite-volume  method  for  solving  the  incompressible  Navier-Stokes 
equations  on  a  non-staggered,  cell-centered  grid  arrangement.  The  spatial 
discretization  method  employed  is  a  second-order  accurate  central  differ¬ 
encing  scheme  for  block-structured  non-orthogonal  boundary-fitted  grids. 
For  time  discretization  of  the  momentum  equations  we  consider  two  dif¬ 
ferent  approaches:  the  implicit  second-order  Crank-Nicolson  method  and 
the  explicit  second-order  Adams-Bashforth  method.  Both  methods  define 
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approximations  u and  pjj  to  the  solution  of  the  continuous  problem  at  the 
time  levels  tn  =  nAt  (n  =  1,2,...),  where  the  parameter  h  is  a  measure 
for  the  spatial  resolution  and  At  >  0  is  the  time-step  size. 

Within  the  implicit  method,  for  each  time-step,  assuming  that  the  un¬ 
knowns  at  the  time  level  tn~\  have  already  been  computed,  the  unknowns 
at  the  time  level  tn  have  to  be  determined  as  the  solution  of  a  nonlinear 
algebraic  system.  For  this  a  nonlinear  full  approximation  multigrid  scheme 
with  a  pressure-correction  smoother  is  employed  [4]. 

The  smoothing  procedure  is  based  on  a  variant  of  the  well-known  SIM¬ 
PLE  algorithm  proposed  by  Patankar  and  Spalding  [5].  The  determination 
of  ufx  and  pjj  is  done  in  several  steps.  In  the  first  step,  after  the  calculation 
of  the  turbulent  viscosity,  an  intermediate  approximation  to  is  obtained 
by  solving  the  discrete  momentum  equations  with  the  pressure  term,  the 
source  term  and  the  matrix  coefficients  formed  with  values  of  the  previ¬ 
ous  iteration.  In  the  second  step,  corrections  Ap%  and  A uJJ  are  sought  to 
obtain  the  new  pressure  pfx  and  the  new  velocity  uft  exactly  satisfying  the 
continuity  equation.  By  considering  a  modified  discrete  momentum  equa¬ 
tion  together  with  the  discrete  continuity  equation,  an  equation  for  the 
pressure  correction  A p%  is  derived,  where  a  selective  interpolation  tech¬ 
nique  is  used  for  making  the  cell  face  velocities  dependent  on  the  nodal 
pressure,  which  is  necessary  to  avoid  oscillatory  solutions  that  may  occur 
owing  to  the  non-staggered  grid  arrangment[6].  To  improve  the  diagonal 
dominance  in  the  pressure-correction  equation  the  contributions  due  to  grid 
non-orthogonality  are  neglected.  The  smoothing  iteration  step  is  completed 
by  correcting  the  velocity  components  and  the  pressure.  To  ensure  conver¬ 
gence,  for  the  velocity  components  and  the  pressure  an  under-relaxation  in 
the  variant  suggested  by  Patankar  [7]  is  employed.  For  the  solution  of  the 
linear  system  of  equations  the  Strongly  Implicit  Procedure  (SIP)  of  Stone 
[8]  is  used.  The  global  outer  multigrid  procedure  is  implemented  as  a  non¬ 
linear  full  approximation  scheme,  in  which  the  above  pressure-correction 
scheme  acts  as  the  smoother.  The  different  grid  levels  are  visited  following 
the  standard  V-cycle  approach,  where  second-order  interpolation  is  em¬ 
ployed  for  the  grid  transfers.  This  procedure  is  repeated  till  convergence  is 
reached. 

Within  the  explicit  method,  first  the  turbulent  viscosity  and  the  veloc¬ 
ity  u %  are  calculated  explicitly  from  the  unknowns  at  the  time  level  tn~ 
Then  the  pressure  correction  equation  is  derived  using  the  modified  dis¬ 
crete  momentum  equation  together  with  the  discrete  continuity  equation. 
The  corresponding  resulting  linear  system  is  solved  by  a  linear  multigrid 
method.  The  computation  of  the  time  level  tn  is  completed  by  correcting 
the  velocity  components  and  the  pressure.  In  Figure  1  a  schematical  flow 
diagram  of  both  methods  is  given. 
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Implicit  Method 


Explicit  Method 


!  YES 


Figure  1.  Flow  diagram  of  implicit/explicit  methods. 

3.  Numerical  Results 

The  following  investigations  concern  the  accuracy  and  the  numerical  effi- 
cieny  of  the  methods  given  in  the  previous  section.  All  computations  were 
carried  out  on  a  Compaq  AlphaServer  ES40  667  MHz. 

As  a  test  case  the  turbulent  flow  between  two  parallel  plates  seperated 
by  a  distance  2 5  is  investigated.  The  flow  is  driven  by  a  uniform  streamwise 
pressure  gradient.  The  Reynolds  number  ReT  =  395  (Re&  —  6875)  based 
on  half-width  and  friction  (or  bulk)  velocity  is  considered.  Since  the  stream- 
wise  and  spanwise  directions  (i.e.  x  and  z)  are  formally  infinite,  periodic 
boundary  conditions  are  used  for  the  simulation  of  a  finite  domain.  The 
computational  domain  has  the  dimensions  2i rS  x  25  x  it 6  which  are  con¬ 
sidered  to  be  large  enough  to  avoid  adverse  effects  of  the  periodic  bound¬ 
ary  conditions.  Initial  conditions  with  random  fluctuations  are  given  to 
assure  turbulence.  Three  different  grids  with  64  x  32  x  32,  96  x  48  x  48  and 
128  x  64  x  64  control  volumes  (CVs)  are  employed  in  x ,  y,  z  directions.  The 
grids  are  equidistant  in  streamwise  and  spanwise  directions  where  in  the 
wall-normal  direction  a  geometric  progression  is  used  for  the  grid  density. 
The  first  point  away  from  the  wall  is  at  ~  9.25  for  the  coarse  grid, 
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«  6.17  for  the  medium  grid  and  ~  4.62  for  the  fine  grid.  Before 
starting  the  computation  of  mean  values  and  statistics  of  the  flow,  the  si¬ 
mulations  are  carried  out  until  the  numerical  solution  reached  a  statistically 
steady  state.  All  data  are  computed  from  the  appropriate  quantities  and 
averaged  in  the  homogeneous  spatial  directions  x  and  z  and  in  time.  The 
averages  in  time  are  taken  over  200  s  in  each  case.  The  results  are  compared 
to  the  DNS  data  given  in  [9]. 

First,  a  validation  of  the  applied  subgrid  models  is  carried  out.  In  Figure 
2  (left)  a  comparison  of  the  mean  velocity  profile  Um  normalized  by  the  fric¬ 
tion  velocity  uT  in  the  normalized  half  channel  width  is  given.  The  results 


Figure  2.  Comparison  of  mean  velocity  profile  (left)  and  rms  velocity  profile  (right) 
between  LES  and  DNS. 


calculated  with  the  finest  grid  and  the  Germano  model  correspond  well  with 
the  reference  data.  Figure  2  (right)  shows  the  root  mean  square  urms  of  the 
velocity  in  streamwise  direction  normalized  by  the  friction  velocity  uT  in 
normalized  half  channel  width  for  three  grids  with  the  Smagorinsky  model. 
Compared  with  the  DNS  data  the  LES  results  for  the  coarse  grid  show 
slightly  lower  fluctuations.  However,  the  overall  agreement  is  satisfactory 
and  with  grid  refinement  the  profile  approaches  the  reference  data. 

Next,  the  numerical  efficiencies  of  the  explicit  and  implicit  methods  are 
investigated.  Figure  3  shows  the  comparison  of  both  methods  without  the 
multigrid  solver  for  CFL=0.5,  where  the  computational  time  per  time-step 
against  the  number  of  CVs  is  plotted.  The  CFL-number  is  defined  by 


CFL  =  max 
cv 


Y  Ui/Axi 
_i=l 


*  At 


where  the  maximum  is  taken  over  all  control  volumes  (CV).  It  is  observed 
that  without  a  multigrid  solver  the  implicit  method  is  more  efficient  than 
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Figure  3.  Comparison  of  explicit  and  implicit  methods  without  the  multigrid  solver  for 
CFL=0.5  with  varying  grid  size. 


the  explicit  method,  where  the  differences  in  CPU-time  increase  with  grid 
refinement.  This  is  due  to  the  fact,  that  within  the  explicit  method,  the 
pressure-correction  equation  has  to  be  solved  very  exactly,  since  it  is  solved 
only  once.  Thus  the  CPU-time  for  solving  the  linear  system  without  the 
multigrid  solver  is  very  high  and  the  computational  effort  increases  rapidly 
when  the  grid  is  refined. 

In  Figure  4  the  computational  time  per  time-step  against  the  number  of 
CVs  for  both  methods  with  the  multigrid  solver  for  the  same  CFL-number 
is  plotted.  The  multigrid  approach  yields  an  acceleration  for  both  methods. 
The  acceleration  for  the  explicit  method  is  much  higher  as  for  the  implicit 
method,  such  that  the  explicit  method  becomes  superior  to  the  implicit 
one. 


Figure  4.  Comparison  of  explicit  and  implicit  methods  with  the  multigrid  solver  for 
CFL=0.5  with  varying  grid  size. 


EFFICIENCY  OF  EXPLICIT  AND  IMPLICIT  METHODS 
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Since  there  exists  no  strict  time-step  limitation,  of  course,  with  the 
implicit  method  computations  with  higher  CFL  numbers  are  possible.  In 
Figure  5  the  computing  times  against  the  number  of  CVs  are  plotted  for 
the  implicit  method  using  CFL=6  and  the  explicit  method  using  CFL=0.5. 
It  can  be  seen  that  even  in  this  comparison  the  explicit  method  still  turns 
out  to  be  slightly  more  efficient.  In  order  to  see  how  the  time-step  size  is 
effecting  the  results  of  the  computations,  in  Figure  6  the  root  mean  square 
values  urms  of  the  velocity  in  streamwise  direction  normalized  by  the  fric¬ 
tion  velocity  ur  in  the  normalized  half  channel  width  for  the  coarse  grid 
with  the  Smagorinsky  model  is  shown  for  different  CFL-numbers.  The  com¬ 
putations  with  a  larger  time-step  size  (CFL=6)  overpredict  the  streamwise 
fluctuations  when  compared  with  the  smaller  time-step  size  (CFL=0.5). 
Further  test  computations  have  shown  that  using  even  larger  time-step 
sizes  (e.g.  CFL=10)  yield  rather  poor  results,  such  that  for  the  considered 
test  case  CFL =6  can  be  viewed  as  the  maximum  value  to  achieve  physically 
reasonable  results. 


Figure  5.  Comparison  of  explicit  and  implicit  methods  with  the  multigrid  solver  for 
different  CFL-numbers  and  varying  grid  size. 


4.  Conclusions 

The  numerical  accuracy  and  efficieny  of  explicit  and  implicit  methods  with 
and  without  multigrid  for  Large  Eddy  Simulation  has  been  investigated.  For 
the  comparisons  the  simple  well  known  turbulent  channel  flow  is  consid¬ 
ered.  Without  using  the  multigrid  solver,  the  computational  requirement  for 
the  explicit  method  increases  very  rapidly  with  increasing  number  of  grid 
points,  such  that  in  this  case  the  implicit  method  is  superior.  However, 
when  employing  the  multigrid  solver,  a  high  acceleration  for  the  explicit 
method  can  be  realized,  which  makes  the  method  more  efficient  than  the 
implicit  one.  It  has  been  shown,  that  with  the  implicit  method  it  is  possible 
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Figure  6.  Comparison  of  rms  velocity  profile  for  different  CFL-numbers. 


to  achieve  also  for  CFL>1  physically  reasonable  results,  but  comparing  the 
overal  computational  performance  the  explicit  method  still  turned  out  to 
be  superior. 

Of  course,  it  would  be  of  interest,  if  the  findings  for  the  considered 
geometrically  very  simple  test  case  will  also  be  confirmed  for  problems  in 
more  complex  geometries.  The  situation  may  change  in  such  cases,  when  it 
is  necessary  to  use  more  irregular  grids  with  higher  variations  of  control- 
volume  sizes.  Here,  the  advantages  of  the  implicit  method,  where  there  is 
no  need  to  adjust  the  time-step  size  to  the  smallest  control  volumes,  can 
become  more  dominant.  Corresponding  investigations  will  be  a  topic  of 
forthcoming  work. 
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Abstract.  We  present  a  large-eddy  simulation  (LES)  of  the  near-field  of 
a  low-Mach  number  square  jet.  The  filtered  governing  equations  of  com¬ 
pressible  flows  are  solved  using  the  approximate  Riemann  solver  of  Roe  for 
the  convective  fluxes  and  an  application  of  Gauss’  theorem  for  the  viscous 
fluxes  on  an  unstructured  grid  of  tetrahedral  cells.  The  LES  is  performed 
with  the  Monotone  Integrated  LES  (MILES)  for  the  subgrid  scale  model. 
A  square  jet  at  a  Mach  number  of  0.3  and  a  Reynolds  number  of  3,200  is 
simulated.  Axis-rotation  occurs  and  is  caused  by  Biot-Savart  self-induction 
associated  with  nonuniform  shear-layer  curvature  at  the  exit.  Complex  vor¬ 
tex  topologies  and  interaction  between  vortex  rings  and  rib  vortices  are  ob¬ 
served  downstream.  Mean  properties  are  in  good  agreement  with  the  Direct 
Numerical  Simulation  (DNS)  results  of  Grinstein  et  al.  (1995). 


1.  Introductions 

Turbulent  round  and  plane  jets  are  simple  inhomogeneous  flows  that  can  be 
served  to  verify  models  for  complex  flows  and  have  been  experimentally  and 
numerically  studied  extensively  [1,  2].  Recently,  noncircular  jets  have  been 
gained  much  interest  in  passive  control  due  to  their  enhanced  jet  mixing 
properties  [3,  4,  5,  6,  7]. 

In  the  past,  Reynolds- Averaged  Numerical  Simulations  (RANS)  have 
often  been  employed  for  the  investigation  of  jet  flows.  However,  this  kind  of 
traditional  method  cannot  give  a  clear  picture  of  the  unsteady  behaviour 
and  the  results  are  too  sensitive  to  the  turbulence  models  used.  The  advan¬ 
tage  of  Direct  Numerical  Simulation  (DNS)  [8]  and  Large  Eddy  Simulation 
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(LES)  [9]  in  being  able  to  capture  a  wide  range  of  spatial  scales  and  tem¬ 
poral  scales  is  of  great  value  for  fundamental  and  applied  studies.  LES  is  a 
good  alternative  to  DNS  which  is  more  expensive  for  high  Reynolds  num¬ 
ber  flows.  One  of  the  practical  uses  of  LES  is  to  predict  the  transition  and 
subsequent  turbulent  mixing  (or  spreading)  process  that  occurs  in  spatially 
developing  flows. 

As  is  well  known,  a  free  jet  is  subject  to  Kelvin- Helmholtz  instability 
which,  in  turn,  means  that  the  flow  experiences  an  exponentially  grow¬ 
ing  instability  and  results  in  rolling  up  of  vortices,  pairing  and  merging 
processes.  Linear  instability  analyses  have  confirmed  this  growth.  The  sub¬ 
sequent  breakdown  of  the  large-scale  vortical  structures  is  followed  by  the 
advent  of  spreading  by  the  secondary  three-dimensional  instability  mecha¬ 
nism.  Vortex  dynamics  are  also  expected  to  be  important  in  the  control  of 
noncircular  jets  instability,  transition  from  laminar  to  turbulence  and  the 
jet  development  further  downstream.  Grinstein  and  DeVore  [3]  showed  a 
transition  to  turbulence  in  free  square  jets  characterized  by  the  dynamics 
of  vortex  rings  and  braid  vortices  and  observed  a  larger  entrainment  rate 
compared  to  round  jets.  The  underlying  mechanism  for  the  enhanced  en¬ 
trainment  is  the  self-induced  axis-rotation  or  axis-switching  resulting  from 
Biot-Savart  deformation  of  vortex  rings  caused  by  non-uniform  azimuthal 
curvature  at  the  jet  exit.  Foss  and  Zaman  [10]  and  Zaman  [11]  analyzed 
the  influence  of  jet  geometry  on  the  characteristics  of  spreading  in  subsonic 
and  supersonic  flows.  They  observed  a  substantial  increase  of  jet  spreading 
when  tabs  were  inserted  at  the  nozzle  which  induced  streamwise  vortex 
pairs. 

The  objective  of  this  research  is  to  validate  the  present  MILES  method¬ 
ology  using  an  unstructured  grid  for  a  subsonic  square  jet.  First,  the  im¬ 
plementation  techniques  of  solving  the  governing  equations  are  discussed 
briefly  using  an  approximate  Riemann  solver  of  Roe’s  method  and  the  SGS 
model  for  the  unresolved  small  scales  in  the  LES.  Secondly,  a  square  jet  at 
a  Reynolds  number  of  3,200  and  a  Mach  number  of  0.3  is  simulated.  Tem¬ 
poral  evolutions  are  visualized  to  characterize  the  dynamics  of  deforming 
vortex  rings,  ribs  and  their  interactions.  Statistical  quantities  are  quantified 
and  compared  with  the  DNS  results  of  Grinstein  et  al  [3]. 

2.  Governing  equations 

The  present  LES  method  is  based  on  solving  the  3-D  time-dependent  non- 
dimensional  filtered  transport  equations  for  mass,  momentum  and  energy 
and  the  state  equation  of  ideal  gas  for  fully  compressible  flows  in  an  unstruc¬ 
tured  grid  of  tetrahedral  cells  using  a  cell-centered  finite  volume  formation. 
Following  are  the  nondimensionalized  governing  equations  and  the  reference 
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quantities  are:  velocity  C/oo,  static  temperature  Too,  density  length  scale 
L  and  viscosity  //qo,  resulting  in  a  Mach  number  of  M ^  =  U0Q/^/,yRTO0  and 
a  Reynolds  number  of  Re  —  p^  [/qo L/p^. 


d(puj) 

dt 

d(pe) 

dt 


dp 

dt 


+ 


_d_ 

dX r 


(puj)  =  0 


+ 


dp  drt 


d(pujUj) 
dxj 

d(p  e+p)uj  _  d 


+ 


13 


+ 


da 


dxi  dxj  dxj 


(*  =  1,2,3) 


dxj 


—  (Qj  +qj+  (Tij  +  (Tij)Uij 


-  pT 
7  Ml 


(1) 

(2) 

(3) 

(4) 


where  summation  over  the  three  coordinate  directions  is  implied  in  terms 
with  repeated  indices,  ui  —  pui/p^  and  e  =  ~pe/p  are  the  Favre-filtered 
velocity  and  total  energy,  p  is  the  pressure,  pe  =  pj (7— 1  )+\ukUk  is  the  total 

energy,  qj  =  RePr^_i)Mi  is  the  molecular  heat  flux,  where  Pr  =  0.72 
is  the  molecular  Prandtl  number.  The  dimensionless  molecular  viscosity 
is  dependent  on  temperature,  p  =  Tn,  where  n  =  0.76.  The  subgrid jscale 
(SGS)  stress  is  r \j  =  pUiUj—pUi  fij,  the  SGS  heat  transfer  is  Qj  =  p(uj  T— 
uj  T),  and  the  molecular  viscous  stress  is  &ij  =  ^[— §  +  (|^  +  ^)]- 

The  SGS  terms  Tij  and  Qj  are  modeled  by  the  MILES  method  (r^-  =  0  and 
Qj  =  0)  to  account  for  the  unresolved  small  scale  turbulence  [12].  Although 
many  advanced  SGS  models  have  been  developed,  the  simple  models  such 
as  the  MILES  are  widely  used. 

The  inviscid  fluxes  are  computed  by  an  approximate  Riemann  solver 
of  Roe’s  flux  difference  splitting  method  [13],  and  Gauss’  theorem  is  ap¬ 
plied  for  the  viscous  fluxes  and  heat  transfer.  A  second-order  Runge-Kutta 
scheme  is  used  for  the  time  marching,  and  the  time  step  is  determined 
such  that  the  total  CFL  (Courant-Friedrichs-Lewy)  number  is  less  than 
1.0.  The  gradients  of  each  variable  (p,pu,pv,pw,pe)  in  a  cell  are  computed 
using  Least  Squares  (LS)  method  of  Singular  Value  Decomposition  (SVD), 
where  eight  neighboring  stencil  cells  are  used.  More  details  of  the  numerical 
procedure  can  be  found  in  Ref.  [14,  15]. 

The  present  MILES  method  has  been  validated  for  several  benchmark 
problems.  In  Okong’o,  Knight  and  Zhou  [14],  good  agreement  was  achieved 
for  the  energy  spectrum  in  an  isotropic  turbulent  flow;  also,  the  comparisons 
with  the  DNS  and  experiment  were  good  for  a  channel  flow.  A  LES  of  a  su¬ 
personic  flat  plate  boundary  layer  was  successfully  validated  by  comparing 
with  experimental  and  theoretical  results  [16]. 


436 


X.  ZHOU  AND  D.  D.  KNIGHT 


3.  Details  of  Computation 

A  free  square  jet  of  width  D  at  Reynolds  number  of  3,200  and  Mach  number 
of  0.3  is  studied.  The  grid  consists  of  65  x  65  x  65  hexahedral  cells  in  an 
unstructured  grid  covering  a  computational  domain  of  5 D  in  the  streamwise 
direction  and  ±3 D  along  the  transverse  directions.  Each  hexahedral  cell  is 
divided  into  five  tetrahedral  cells,  yielding  a  total  of  1.3M  tetrahedra.  A 
uniform  grid  is  used  along  the  streamwise  direction  with  the  hexahedral  grid 
spacing  of  Ax/D  =  0.078,  which  is  larger  than  0.04  used  by  Grinstein  et  al. 
in  their  DNS  [3].  The  grids  are  stretched  along  the  other  two  directions  and 
the  minimum  grid  spacings  are  Ay/D  =  Az/D  =  0.0375.  The  imposed 
boundary  conditions  include  inflow,  outflow  and  wall  boundaries.  At  the 
inflow,  the  streamwise  velocities  are  prescribed  as 

u  =  U[l  +  Asin(27r/£)]  (5) 


and 


U  =  0.5  Uoo  [1  -  tanh[62(2|y|/ D  -  D/{2\y\))]  x 

0.5  Uoo  [1  -  tanh[&2(2M/Z>  -  D/(2\z\))\,  (6) 

where  A  =  0.02  is  the  perturbation  amplitude,  /  is  the  forcing  frequency 
(/  =  0.5),  b2  =  O.25Ri/0,  where  Ri/6  =  40,  R  =  D/2  and  0  is  the 

momentum  thickness.  Zero-gradient  condition  is  imposed  at  the  outlet  and 
symmetry  boundary  conditions  are  used  at  the  side  walls. 

4.  LES  Results 

4.1.  VORTEX  DYNAMICS  AND  TOPOLOGY 

The  iso-surfaces  of  the  total  vorticity  u)  =  corresponding 

to  CJ  =  0.25 Upeak  are  shown  in  Fig.  1.  Azimuthal  nonuniformities  make 
the  evolution  of  the  jet  shear  layer  more  complicated  relative  to  circular 
jets.  Close  to  the  jet  exit,  a  smooth  square  vortex  sheet  can  be  observed, 
and  subsequently  rolled-up  vortex-ring  structures  form  due  to  shear-layer 
Kelvin-Helmholtz  instability.  However,  the  vortex  rings  further  downstream 
deform  to  non-planar  shape  due  to  self-induction  mechanism  caused  by  az¬ 
imuthal  nonuniformities.  The  deformed  vortex  rings  are  connected  with  the 
four  corners  of  the  initial  square  sheet  by  ribs.  The  hairpin  braid  vortices 
aligned  with  the  corners  progress  faster  in  the  diagonal  direction  than  the 
others,  “which  results  in  redistribution  of  energy  between  azimuthal  and 
streamwise  vortices”  [5].  Further  downstream,  the  jet  development  is  char¬ 
acterized  by  the  strong  interaction  between  vortex  rings  and  braid  vortices, 
which  leads  to  a  final  breakdown  of  the  large-scales  coherent  structures 
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and  transition  to  the  turbulent  flow.  The  self-induced  deformation  of  the 
rings  and  rib  pair  were  explained  to  be  the  leading  mechanism  for  larger 
entrainment  properties  in  non-circular  jets  relative  to  circular  jets  [7].  “The 
interactions  between  the  streamwise  vortices  and  the  vortex  rings  is  remi¬ 
niscent  of  the  interaction  between  ribs  and  spanwise  rollers  in  the  mixing 
layer”  [7].  Mixing  of  jets  with  surroundings  can  be  enhanced  through  con¬ 
trolling  the  formation,  development  and  interaction  of  large-scale  coherent 
structures  passively. 

Fig.  2  shows  the  instantaneous  crosswise  vorticity  wz  =  dv/dx  -  du/dy 
contours  at  a  central  x  —  y  plane.  Rolled-up  structures  can  be  observed  near 
the  base,  and  subsequently  symmetrical  counterrotating  toroidal  structures 
form  in  the  shear  layer  which  are  then  followed  by  their  stretching  and 
deformation.  The  organized  structures  can  be  broken  down  into  smaller 
eddies  further  downstream.  Evidently,  the  MILES  model  can  capture  the 
transition  process.  Large-scale  vortex  rings  dominate  in  the  near-field  and 
the  small  vortices  dominate  downstream  after  the  breakdown.  The  spa¬ 
tial  spreading  can  be  clearly  observed  downstream  as  the  jet  spreads  by 
entraining  mass  from  the  surrounding  nonvortical  fluid. 

Fig.  3  (a-d)  shows  the  contours  of  instantaneous  streamwise  vorticity, 
c ox  =  dv/dz  —  dw/dy ,  across  the  y  —  z  planes  of  x/D  —  1,  2,  3  and  4. 
Quite  different  behaviour  can  be  observed  at  different  axial  positions.  Vor¬ 
tex  shears  with  some  rounded-corners  are  stretched  and  thickened  but  still 
keep  the  initial  square  shape  at  the  position  of  x/D  =  1.  The  jet  cross  sec¬ 
tion  switches  axis  45°  relative  to  that  of  the  jet  nozzle  at  the  axial  location 
of  x/D  =  2,3  due  to  self-induced  velocity  around  the  corners  by  the  pres¬ 
ence  of  streamwise  vorticity.  The  flow  structure  develops  into  a  irregular 
shape  further  downstream  at  x/D  =  4. 

4.2.  JET  MIXING  AND  ENTRAINMENT 

The  statistical  quantities  are  obtained  by  averaging  over  5  forcing  cycles 
after  a  statistically  stationary  state  has  been  reached  after  an  elapsed  di¬ 
mensionless  physical  time  of  10. 

The  centerline  distributions  of  the  mean  axial  velocity  by  LES  compared 
with  the  DNS  results  of  Grinstein  et  al.  [3]  are  plotted  in  Fig.  4.  The  mean 
velocity  initially  decays  within  the  first  1.5  diameters  and  subsequently 
shows  a  slight  increase  due  to  the  periodic  roll-up  by  the  sinusoidal  forcing. 
The  decay  after  3.2  diameters  is  the  result  of  turbulent  mixing.  In  general, 
the  agreement  between  present  MILES  and  previous  DNS  results  are  good. 

The  corresponding  centerline  r.m.s.  velocities  u* /Uc  are  shown  in  Fig.  5. 
Note  that  close  to  the  inflow  plane  the  r.m.s.  of  velocity  fluctuations  is 
about  2  percent  and  corresponds  to  the  imposed  disturbance  level.  In  the 
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potential  core  region,  the  r.m.s.  velocity  decreases  slightly  with  increasing 
axial  distance  which  shows  a  tendency  to  remain  laminar  with  low  tur¬ 
bulence  intensities.  Beyond  the  end  of  the  potential  core,  the  fluctuations 
of  velocity  increase  very  rapidly,  which  indicates  the  appearance  of  the 
secondary-instability  mechanism  which  leads  to  the  final  breakdown  of  the 
large  vortex  structures.  Due  to  insufficient  length  scale  in  the  streamwise 
direction,  the  self-similar  behaviour  has  not  been  achieved.  However,  it  can 
be  seen  that  the  agreement  between  MILES  and  DNS  is  very  good  for  the 
transient  square  jet. 

5.  Conclusions 

A  subsonic  free  square  jet  of  Mach  0.3  and  Reynolds  number  of  3,200  has 
been  investigated  by  the  MILES  using  an  unstructured  grid.  Self-induced 
axis- switching  occurs  due  to  azimuthal  non- uniformity  at  the  exit.  Complex 
vortex  topologies  and  interaction  between  vortex  rings  and  rib  vortices  are 
observed  downstream.  The  mean  properties  are  in  good  agreement  with  the 
DNS  results  of  Grinstein  et  al.  [3]. 
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Abstract 

In  the  present  paper  an  implicit  time  accurate  approach  combined  with  multigrid  and  precon¬ 
ditioning  is  used  for  the  large-eddy  simulation  of  low  Mach  number  flows.  It  will  be  shown  that 
the  present  approach  allows  an  efficiency  gain  of  a  factor  4  to  7  compared  to  the  use  of  a  purely 
explicit  approach.  The  efficiency  varies  according  to  the  test  case,  grid  clustering,  physical  time 
step  and  requested  residual  drop. 


1  Introduction 

Preconditioning  is  widely  used  as  a  convergence  acceleration  tool  for  low  Mach  number  flows.  This 
technique,  however,  is  not  time  accurate  excluding  its  straightforward  use  for  unsteady  problems. 
Multigrid  on  the  other  hand  is  one  of  the  most  efficient  convergence  acceleration  tools.  In  practice, 
most  multigrid  applications  are  for  steady  state  problems.  The  dual  time-stepping  approach  can 
be  used  for  time  accurate  problems  and  has  the  advantage  that  non-time  accurate  tools  such  as 
preconditioning,  multigrid,  residual  smoothing  and  local  time  stepping  can  be  used  in  a  time  accurate 
context.  In  the  present  paper  the  use  of  these  methods  is  extended  towards  large-eddy  simulations 
of  low  Mach  number  flows. 

The  LES  code  is  an  extension  of  the  finite  volume  Reynolds  Averaged  Navier-Stokes  (RANS) 
solver  EURANUS,  [1].  EURANUS  contains  an  efficient  multigrid  solver  based  on  the  Full  Ap¬ 
proximation  Storage  (FAS)  scheme  for  flows  ranging  from  low  subsonic  up  to  hypersonic,  [2] [3].  The 
Runge-Kutta  scheme  acts  as  a  smoother  for  the  multigrid.  For  low  Mach  number  flows,  the  efficiency 
of  multigrid  strongly  depends  on  the  stiffness  of  the  equation  and  the  ability  of  the  smoother  to  damp 
the  high  frequency  errors.  The  stiffness  is  removed  with  the  preconditioning  technique  which  was 
applied  successfully  to  different  steady  and  unsteady  RANS  flows,  [4] [2],  and  in  the  present  paper  will 
be  used  in  the  LES  context.  A  central  second-order  finite  volume  spatial  discretization  is  used  in  the 
LES  code.  Fourth-order  artificial  dissipation  is  added  to  increase  the  high  frequency  damping  of  the 
smoother.  In  order  to  avoid  laminarization  of  the  flow,  the  artificial  dissipation  is  only  added  to  the 
continuity  equation  but  not  to  the  momentum  and  energy  equations.  According  to  our  experience, 
this  also  suffices  to  guarantee  a  good  overall  convergence.  As  mentioned  above,  dual  time-stepping  is 
used  to  update  the  equations  in  time.  The  physical  time  derivative  is  discretized  either  by  a  backward 
differencing  method  or  by  a  trapezoidal  scheme.  Numerical  experiments  show  that  the  trapezoidal 
scheme  is  more  flexible  and  allows  bigger  time  steps  as  compared  to  the  backward  differencing. 

The  Smagorinsky  model  is  used  for  subgrid-scale  modeling.  Both  the  classical  model  and  the 
dynamic  model,  [7],  are  available  in  the  code. 
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2  Mathematical  Formulation 


The  preconditioning  procedure  in  the  framework  of  dual  time-stepping  can  be  formulated  as,  [2]. 


1  dp  dp  dpuj 
P 2  dr  dt  dxi 


(1) 


(1  +  a)ui  dp  ,  -dui  (  dpuj  ^  dpUjUj  _  dp  x  dojj  _  drjj 
/P  dr+Pdr  +  dt  dxj  dxi  dxj  dxj 
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sauj+H -(3'\dp  ,  _dH  ,  dpE  ^dipEuj+pujl 
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dQ± 
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kj  uXj  l/o/j 

Where  r  is  the  pseudo-time,  t  the  physical  time  and  6^,  r*;-  respectively  the  filtered  stresses  and 
SGS  stresses: 


Tij  =  p(UiUj 

The  subgrid-scale  heat-flux  Qi  is  defined  as 


_  ,  .  (dui  diij 

uiUj)  =  ~pt{- - (- 


dxi 


2duk  . 
dxi  3  dxk  lj) 
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(5) 


Qi  —  pCp(Tui  Tup) 

It  is  modeled  using  an  eddy  diffusivity  SGS  model: 


(6) 


_  HtCp  df 

Prt  dxi 


(7) 


^  =  pCA2\S\,  and  Prt  -  0.5  or  is  calculated  dynamically,  p  and  a  axe  the  preconditioning 
parameters,  a  is  taken  as  a  constant  around  -1,  and  P  can  be  defined  locally  as,  [9], 


P  =  Min{Max(^/uiUi,  — ,  c) 


(8) 


With  A  the  smallest  cell  length,  l  the  biggest  characteristic  dimension  of  the  domain,  At  the 
physical  time  step  and  c  the  speed  of  sound.  In  the  present  LES  calculations  At  is  rather  small,  due 
to  physical  restrictions,  such  that  Is  the  dominant  term  in  (8).  As  a  result,  p  will  be  constant 
on  the  whole  field. 

By  applying  the  finite  volume  method  to  (1),  (2)  and  (3),  they  can  be  written  in  matrix  form  as 
follows: 


r-idQB_  +  <>un  =  Res  (9) 

dr  dt 

Written  out  fully: 
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The  physical  time  derivative  is  discretized  with  a  multi-step  scheme: 

T-1^  =  -^-Un  +  Sn  +  y1Res{U)  (11) 

dr  At 

where  S11  is  the  source  term  defined  as: 

S "  =  -  A(E7»S2)  _  Ai(tr-'n)  -  ^{U,‘-'i(l)  +  'y2R<’AUn)  (12) 

by  multiplying  both  sides  of  (11)  by  T 

?QL  =  r(-S±-un  +  sn  +  llRes(u))  (13) 

dr  At 

Now  a  Runge-Kutta  method  can  be  used  to  reach  the  steady  state  in  pseudo-time.  For  stability 
reasons  the  term  is  treated  implicitly  within  the  Runge-Kuta  cycle,  for  example  the  i  stage  is 
written  as, 


Qi  +  aiArr^  =  gn  +  a,^:r(Sn+7iiJes(Cl’'-1))  *  =  1,9  (14) 

after  some  algebraic  manipulations, 

Q*  =  Q°  + (I  +  r°lAr  A||riaj  +  s“  +  TlJReS((7i-1))  (15) 

Calculation  of  (jT  +  rajAr^f^)  1  in  a  general  compressible  case  is  computationally  very  expen¬ 
sive.  For  the  sake  of  simplicity,  incompressibility  is  assumed  for  the  evaluation  of  The  matrix 
equals, 


( I  +  TcviAT 


/ \d_U_ 
At  dQ 


-l 


1 

0 

0 

0 

0 


0 


1+Oi 


0 

0 

0 


0 

0 


0 

0 


0 

0 

0 


0 


0 

0 

0 

0 


(16) 


This  simplification  seems  to  be  accurate  enough  and  has  not  brought  any  convergence  problem 
for  the  test  cases  considered  so  far. 


3  Results 

The  efficiency  of  the  dual  time-stepping  method  depends  on  the  number  of  inner  iterations  (n i )  and 
the  ratio  of  the  physical  time  step  to  the  time  step  of  a  purely  explicit  scheme  (n^  =  ^).  The  gain 
achieved  will  be  «2/ni.  As  a  result,  the  main  goal  is  to  choose  the  physical  time  step  (At)  as  large 
as  possible  and  make  the  number  of  inner  iterations  (nj)  as  small  as  possible. 

This  section  is  divided  into  three  parts,  the  first  part  is  about  the  method  of  discretizing  the: 
physical  time  derivative  and  its  effect  on  the  maximum  allowable  time  step  (At),  in  the  second  part 
the  beneficial  effect  of  preconditioning  and  multigrid  on  the  requested  number  of  inner  iterations 
is  demonstrated  and  finally  some  LES  results  of  the  channel,  cavity  and  circular  cylinder  flows  are 
presented. 
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3.1  Relation  Between  the  Time  Integration  and  the  Physical  Time  Step 

It  is  a  well  known  fact  that  the  backward  differencing  scheme  unlike  the  trapezoidal  scheme  has  a 
dissipation  error  proportional  to  the  time  step.  In  order  to  see  this  effect  and  its  influence  on  the  LES 
results  a  channel  flow  at  ReT  =  180  with  a  mesh  of  33  x  33  x  65  points  in  the  x,  y  and  z  directions 
is  considered.  The  time  derivative  is  discretized  either  with  a  backward  differencing  (p\  =  15, 
fa  =  -2,  P—\  =  0.5,  P-2  =  0.0,  7i  =  1.  and  7 2  =  0.0)  or  a  trapezoidal  scheme  (Pi  =  1.,  Po  =  0.0, 
=  _1#  P_.2  -  0.0,  71  =  0.5  and  72  =  0.5)  Figures  (1)  and  (2)  show  the  mean  velocity  profile 
and  the  turbulence  intensities  calculated  with  the  backward  differencing  scheme  and  the  trapezoidal 
scheme,  respectively. 

The  trapezoidal  scheme  is  much  more  flexible  than  the  backward  differencing  for  large  time  steps. 
By  increasing  the  time  step,  the  results  start  deviating  from  the  reference  solution  (obtained  with 
an  explicit  time  accurate  Runge-Kutta  method)  at  At  =  0.005  for  the  backward  differencing  and  at 
At  =  0.02  for  the  trapezoidal  scheme.  This  behavior  is  in  accordance  with  the  flat  plate  boundary 
layer  results  of  Weber  et  a/.[ll].  The  results  are  also  compared  with  the  DNS  data  of  Kim  ct  a/. [12], 
the  discrepancy  between  the  LES  and  DNS  results  is  due  to  the  use  of  a  second-order  scheme  used  for 
the  spatial  discretization  on  a  relatively  coarse  mesh.  By  using  higher  order  methods  more  accurate 
results  can  be  obtained,  [10]. 

3.2  The  Effect  of  Preconditioning  on  Multigrid 

The  success  of  multigrid  depends  on  the  ability  of  the  smoother  to  remove  the  high  frequency 
errors  which  cannot  be  supported  on  coarser  meshes.  For  low  Mach  number  flows  preconditioning  is 
necessary  to  remove  the  stiffness  of  the  equations  and  to  increase  the  high  frequency  damping  ability 
of  the  smoother. 

A  test  was  carried  out  on  the  channel  flow  at  ReT  =  180,  M=0.06  with  a  mesh  of  33  x  33  x  33 
points.  Figure  (3)  shows  part  of  the  convergence  graph  for  four  combinations  of  multigrid  and 
preconditioning.  The  number  of  inner  iterations  is  fixed  to  50. 

When  preconditioning  is  not  used  there  is  almost  no  difference  between  single  grid  and  multigrid, 
but  when  preconditioning  is  activated  multigrid  becomes  quite  efficient. 

When  both  preconditioning  and  multigrid  axe  switched  off,  the  residual  drop  of  the  first  mo¬ 
mentum  equation  is  around  one  order  of  magnitude,  and  for  the  continuity  equation  is  less  than 
two.  When  both  preconditioning  and  multigrid  are  used,  the  residual  drops  are  more  than  four  and 
three  orders  of  magnitude  for  the  first  momentum  and  continuity  equations,  respectively.  Due  to 
the  addition  of  artificial  dissipation,  the  multigrid  works  more  efficiently  for  the  continuity  equation 
than  for  the  first  momentum  equation  in  which  the  artificial  dissipation  is  switched  off.  For  these 
calculations  or  =  -1  and  p  is  globally  defined  as  fP  =  3.V£nt,  where  Vcent  is  the  velocity  at  the 
centerline  of  the  channel.  A  three-level  V-sawtooth  multigrid  is  used. 

3.3  Some  LES  Results 

In  all  calculations  a  second-order  central  discretization  is  used  in  space  and  a  second-order  trapezoidal 
scheme  in  time.  A  five-stage  Runge-Kutta  scheme,  a  =  {£,  5>1}»  P  =  {1,0,0.56,0,0.44}  with 

three  evaluations  of  dissipation,  [6],  is  used  as  the  smoother  for  the  multigrid.  A  three-level  V- 
sawtooth  multigrid  with  a  first  order  prolongation  and  quadratic  restriction  is  used. 

3.3.1  Channel  Flow 

The  rotating  and  non-rotating  channel  flows  are  considered.  For  the  non-rotating  channel  flow,  a 
mesh  of  33  x  33  x  65  points  is  used  in  the  a:,  y  and  z  directions,  the  streamwise,  normal  and  spanwise 
dimensions  are  4tt  x  2  x  27T.  Uniform  meshes  with  spacing  Arr+  =  71  and  Az+  =  — —  13 

are  used  in  the  streamwise  and  spanwise  directions.  A  non  uniform  mesh  with  cosinus  distribution  is 
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used  in  the  wall-normal  direction.  The  first  mesh  point  away  from  the  wall  is  at  y+  =  —  0.87 

and  the  maximum  spacing  (at  the  centerline  of  the  channel)  is  18  wall  units.  The  Reynolds  number 
based  on  the  friction  velocity  is  ReT  —  180  and  the  Mach  number  at  the  centerline  is  M  =  0.06.  A 
dynamic  procedure,  [7],  is  used  to  calculate  the  Smagorinsky  coefficient  and  the  turbulent  Prandtl 
number.  For  this  calculation  a  —  —  1  and  01  —  3. tenter ■ 

For  the  rotating  channel  flow,  the  same  mesh  is  used  and  the  results  of  the  non-rotating  channel 
were  used  as  the  initial  solution.  The  rotation  number  is  equal  to  Ro  =  0.01.  The  rotation  number 
based  on  the  bulk  mean  velocity  (t/m),  angular  velocity  (D)  and  channel  half  width  ( h )  is, 


Ro  — 


2  nh 

Um 


(17) 


The  turbulence  intensities  are  shown  in  Fig,  (4),  the  results  are  compared  with  the  DNS  data  of 
Kim  et  al. [12]  and  Kristoffersen  et  ol  [13]. 

The  physical  time  step  is  around  200  times  bigger  than  the  time  step  of  a  purely  explicit  method, 
the  residual  drop  of  the  continuity  equation  is  fixed  to  -2.5  and  this  requires  almost  50  inner  iterations. 
The  gain  achieved  is  roughly  equal  to  ~  =  4. 


3.3.2  Cavity  Flow 

A  lid  driven  cavity  flow  is  considered  as  another  example  to  test  the  ability  of  the  present  approach. 
The  flow  is  driven  by  the  top  wall,  2  —  h,  in  the  x  direction  moving  with  a  velocity  17  =  1.  The 
Reynolds  number  is  Re  —  ^  —  10000  where  h  is  the  dimension  of  the  cube.  A  333  mesh  is  used  with 
a  cosinus  distribution  of  the  mesh  points.  Starting  from  a  stagnant  flow,  the  flow  is  fully  developed 
after  32 hfU,  after  which  statistics  were  collected  during  a  period  of  32 h/U.  The  mean  velocity 
profiles  along  the  vertical  and  horizontal  symmetry  lines  and  the  statistics  of  the  fluctuating  field 
are  shown  in  Fig.  5.  The  agreement  between  the  experiment,  [14],  and  simulation  is  satisfactory. 
A  Smagorinsky  model  with  damping  near  the  wall  is  used  for  subgrid  scale  modeling.  For  this 
calculation  a  ~  -1  and  (3 2  =  10 .U2.  The  physical  time  step  (At)  is  around  1000  times  bigger  than 
the  maximum  time  step  allowed  by  the  stability  condition  of  an  explicit  scheme  in  a  compressible 
flow.  In  almost  130  inner  iterations  the  residual  of  the  continuity  equation  drops  four  orders  of 
magnitude.  As  a  rough  estimation,  and  without  taking  into  account  the  extra  work  of  the  multigrid, 
the  implicit  approach  is  around  1000/130  ~  7.5  times  faster  than  a  purely  explicit  approach. 

3.3.3  Circular  Cylinder 

The  cylinder  has  a  diameter  of  D  and  a  spanwise  length  of  itD  at  a  Reynolds  number  of  Re d  ~  3900. 
I11  the  plant?  normal  to  the  cylinder  axis,  an  O-type  grid  with  49  x  81  points  is  used  with  81  points 
on  the  surface  and  49  points  in  the  radial  direction,  33  grid  points  is  used  over  the  spanwise  length 
of  7 tD.  The  mesh  is  clustered  near  the  wall  to  ensure  y+  <  1  for  the  first  grid  point.  A  Smagorinsky 
model  with  damping  near  the  wall  is  used  for  subgrid-scale  modeling.  For  this  calculation  o  =  —  1 
and  / 'i 2  =  3.17^.  The  flow  statistics  are  compared  with  the  experimental  data  of  Lourenco  and  Shih, 
taken  from,  [16].  Statistics  were  accumulated  over  T  =  GOD/Uoo-  The  distribution  of  the  pressure 
coefficient  Cp  and  the  friction  coefficient  cj  on  the  cylinder  are  plotted  in  Fig.  6.  In  the  same  figure 
the  mean  streamwise  velocity  component  along  the  centerline  is  shown. 

Figure  7  shows  the  velocity  fluctuations  at  X  —  =  -0.0806,  with  x\  the  location  where  the 

time  averaged  streamwise  velocity  component  is  zero. 

The  residual  drop  of  the  continuity  equation  is  fixed  to  -2.  which  is  obtained  after  100  inner 
iterations.  The  physical  time  step  of  the  implicit  method  is  around  400  times  bigger  than  the  time 
step  of  the  explicit  one.  The  implicit  method  is  =  4  times  faster  than  the  explicit  method. 
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4  Conclusions 

Preconditioning  and  multigrid  have  been  used  for  large-eddy  simulation  of  low  Mach  number  flows. 
A  dual  time-stepping  approach  was  used  to  keep  the  time  accuracy  of  the  simulation.  The  channel 
and  cavity  flows  as  well  as  the  flow  around  a  circular  cylinder  have  been  considered  to  test  the  ability 
of  the  method.  It  was  shown  that  the  present  method  was  4  to  7  times  faster  than  a  purely  explicit 
approach.  The  efficiency  varies  according  to  the  test  case,  grid  clustering,  physical  time  step  and 
requested  residual  drop. 
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Figure  1:  Effect  of  the  time  step  with  the  backward-differencing 


Figure  2:  Effect  of  the  time  step  with  the  trapezoidal  scheme 


33' 33*33  mesh  33*33*33  moth 


MG.  Pr*co 
No  MG.  Ptwo 
No  MG,  No  Proco 
MG.  No  P*aco 


Figure  3:  The  effect  of  preconditioning  on  multigrid  for  the  channel  flow  calculation  with  a  fixed 
number  of  inner  iterations,  left:  continuity  equation,  right:  first  momentum  equation 
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Figure  4:  Turbulence  intensities,  left:  non  rotating  channel  flow,  right:  rotating  channel  flow 


Figure  5:  (left):  mean  velocity  profile  along  two  symmetry  lines,  (middle):  lOVu'u'fU,  (right): 
lOy/vM/U,  lines  are  used  for  the  simulation  data  and  markers  for  experimental  data. 


Figure  6:  (left):  Cp  distribution,  (middle):  c/  distribution,  o  LES  of  Breuer  [17]  (right):  mean 
streamwise  velocity,  Cp  and  <  u  >  are  compared  with  the  experiment  of  Lourenco  and  Shih  [16] 


<n/uW2  tugfeldon  <VV>A«  dltlfeution 


Figure  7:  (left):  velocity  fluctuations  at  X  =  ^  =  -0.0806,  o,  experiment  of  Lourenco  and  Shih 
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Abstract.  The  collocated- mesh  scheme  is  often  favored  over  the  staggered- 
mesh  scheme  for  turbulence  simulation  in  complex  geometries  due  to  its 
slightly  simpler  form  in  curvilinear  coordinates.  The  collocated  mesh  scheme 
does  not  conserve  kinetic  energy  however,  and  few  careful  checks  of  the  im¬ 
pact  of  these  errors  have  been  made.  In  this  work,  analysis  is  used  to  iden¬ 
tify  two  sources  of  kinetic  energy  conservation  error  in  the  collocated- mesh 
scheme:  (1)  interpolation  errors  arising  from  second-order  linear  interpola¬ 
tion  and  (2)  pressure  errors.  It  is  shown  that  the  interpolation  error  can 
be  eliminated  through  the  use  of  a  first-order  accurate  centered  interpola¬ 
tion  operator  with  mesh-independent  weights.  The  pressure  error  can  not 
be  eliminated  and  it  is  shown  to  scale  as  0(At2Ax 2).  The  effects  of  the 
conservation  errors  is  investigated  numerically  by  performing  simulations 
of  turbulent  channel  flow  as  well  as  inviscid  simulations  of  the  flow  over  an 
airfoil.  The  channel  flow  results  are  compared  with  those  of  a  staggered- 
mesh  code.  Neither  the  second-order  interpolation  error  nor  the  pressure 
error  appear  to  lead  to  significant  error  in  the  channel  where  the  Cartesian 
mesh  is  stretched  in  only  one  direction.  The  airfoil  simulations  performed  in 
curvilinear  coordinates  show  a  much  greater  sensitivity  to  the  interpolation 
errors.  The  second-order  centered  interpolation  lead  to  severe  numerical  os¬ 
cillations,  while  the  kinetic  energy-conserving  first-order  centered  interpo¬ 
lation  produce  solutions  that  are  almost  as  smooth  as  those  obtained  with 
a  second-order  upwind  interpolation.  These  results  suggest  that  numerical 
oscillations  can  be  controlled  in  curvilinear  coordinates  through  the  use  of 
properly-constructed  non- dissipative  centered  interpolations. 
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1.  Introduction 

Numerical  Simulation  of  turbulent  flows,  using  either  Direct  Numerical  Sim¬ 
ulation  (DNS)  or  Large  Eddy  Simulation  (LES),  requires  high-fidelity  nu¬ 
merical  methods.  For  incompressible  flow,  it  is  highly  desirable  to  have  a 
scheme  that  conserves  mass,  momentum,  and  kinetic  energy.  In  practice,  it 
is  rather  difficult  to  satisfy  these  three  constraints  simultaneously  and  one  is 
often  faced  with  the  need  to  give  up  strict  conservation.  For  computations 
in  Cartesian  coordinates,  the  staggered-mesh  scheme  is  most  often  used 
since  it  is  fully- conservative  in  this  case.  The  extension  of  the  scheme  to 
curvilinear  coordinates  is  not  entirely  straightforward  however,  and  many 
researchers  have  opted  for  simpler  formulations.  Formost  among  these  is 
the  so-called  collocated- mesh  scheme,  which  has  been  used  by  a  number  of 
investigators  (Peric,  1985),  (Peric  et  a/.,  1988),  (Zang  et  aly  1994),  (Ye  et 
al ,  1998),  (Armenio  and  Piomelli,  2000),  who  were  interested  in  performing 
LES  in  complex  geometries  using  body-fitted  grids. 

Morinishi  et  al  (1998)  analyzed  the  conservation  properties  of  several 
finite-difference  schemes  for  both  staggered  and  collocated  grid  arrange¬ 
ments.  By  restricting  the  analysis  to  Cartesian  uniform  meshes,  Morinishi 
et  al  showed  that  staggered-mesh  methods  can  be  made  fully-conservative, 
whereas  collocated-mesh  methods  will  always  contain  an  energy  conserva¬ 
tion  error  of  the  form  0(AtmAxn).  On  curvilinear  meshes  the  collocated- 
mesh  scheme  may  also  develop  a  second  kinetic  energy  conservation  error 
due  to  interpolation  errors.  Like  the  others  before  us,  we  were  motivated  to 
use  the  collocated-mesh  scheme  for  complex  flow  LES  due  to  it  simpler  form. 
Before  doing  this,  however,  we  wanted  to  perform  analysis  and  numerical 
experiments  to  investigate  the  impact  of  the  kinetic  energy  conservation  er¬ 
rors.  We  were  also  concerned  with  the  prevalence  of  upwind  interpolations 
used  by  prior  investigators  when  performing  LES  with  the  collocated-mesh 
scheme  in  curvilinear  coordinates.  Any  serious  problems  stemming  from  the 
kinetic  energy  conservation  errors,  or  from  the  use  of  upwind  interpolations 
would  be  grounds  for  us  to  reject  the  collocated-mesh  scheme  and  simply 
code  the  staggered-mesh  scheme  in  curvilinear  coordinates. 

The  objective  of  this  paper  is  twofold:  (1)  to  clearly  state  the  source  of 
the  conservation  errors  through  analysis,  and  (2)  to  compare  the  perfor¬ 
mance  of  the  two  schemes  for  LES  of  turbulent  channel  flow,  and  for  the 
inviscid  flow  over  an  airfoil. 

2.  Analysis 

First  we  define  an  interpolation  operator  that  approximates  the  function 
(j)  at  an  arbitrary  position  x*,  which  lies  between  the  mesh  points  x  and 
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x  +  Ax 

(f>(x*)  ~  <f)X  =  (1  —  w)(f)(x)  +  w<t>(x  *F  Ax).  (1) 

This  formula  is  second  order  accurate  if  w  =  (x*  —  x)  /Ax  and  is  first  order 
accurate  otherwise.  It  is  useful  to  rewrite  the  interpolation  operator  as  the 
sum  of  two  operators;  one  with  the  mesh-independent  weights  and  a  second 
containing  the  mesh  information: 

4>x  =  ^[4>(x)  +  4>{x  +  A*)]  +  (to  -  I)  A,X  (2) 


where  S(f>/5x  =  (<^+ 1  —  fa)/ Ax. 

In  addition,  we  define  a  special  interpolation  operator  for  the  product 
of  4>  and  xft: 


_ x  i  1 

4>*l>  = -<l>(x)  ipiix  +  Ax)  +  -'ip(x)  4>{x  +  Ax).  (3) 

The  following  identity  involving  these  two  interpolation  operators  will  be 
needed  later  on  in  the  paper 


S  U  -<f> 


0  _!'(*• 


Sx 


Si  +  2#  Si' 


(4) 


2.1.  STAGGERED  GRID  SYSTEM 

The  staggered  mesh  arrangement  in  Cartesian  coordinates  is  shown  in  figure 
1.  The  velocity  components  U{  (or  U,  V,  W)  are  distributed  around  the 
pressure  points  p.  This  layout  has  the  advantage  that,  when  multiplied  by 
the  cell  face  area,  the  velocity  components  give  the  exact  volume  fluxes,  f^. 
This  feature  leads  to  a  simplified  mass  balance  computation  and  results  in 
fully-coupled  velocity  and  pressure  fields, 

2.2.  COLLOCATED  GRID  SYSTEM 

The  collocated-mesh  arrangement  in  Cartesian  coordinates  is  shown  in  fig¬ 
ure  2.  The  velocity  components  Uj  (or  u,  u,  w)  are  stored  with  the  pressure 
p  at  the  cell  center.  In  addition,  volume  fluxes,  /*-,  are  defined  at  the  cell 
face  in  a  manner  analogous  to  the  staggered-mesh  system.  The  volume 
fluxes  are  not  solution  variables,  but  rather  are  determined  through  in¬ 
terpolation  of  the  cell-centered  ui  values  plus  a  projection  operation  that 
guarantees  exact  conservation  of  mass  (Rhie  and  Chow,  1983).  Use  of  the 
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mass-conserving  volume  fluxes  results  in  a  pressure  equation  identical  to 
that  in  the  staggered-mesh  system  and  thus  also  leads  to  fully-coupled  ve¬ 
locity  and  pressure  fields.  The  only  drawback  of  the  collocated-mesh  scheme 
is  that  cell-center  values,  u;,  are  only  approximately  divergence  free.  This 
feature  leads  to  a  kinetic  energy  conservation  error  as  discussed  below. 


2.3.  KINETIC  ENERGY  CONSERVATION 
2.3.1.  Staggered-grid  system 

When  properly-formulated,  the  second-order  staggered-mesh  scheme  should 
conserve  mass,  momentum,  and  kinetic  energy,  irrespective  of  the  underly¬ 
ing  coordinate  system.  In  developing  higher-order  schemes,  Morinishi  et  al. 
(1998)  first  reviewed  the  conservation  properties  of  several  existing  schemes 
cast  in  uniform  Cartesian  coordinates.  They  were  able  to  show  that  all 
correctly-coded  second-order  accurate  forms  of  the  non-linear  terms  (diver¬ 
gence,  advective,  rotational,  and  skew-symmetric)  are  equivalent  numeri¬ 
cally  and  fully-conservative.  Later  Vasilyev  (2000)  extended  the  work  of 
Morinishi  et  al  to  the  case  of  non-uniform  Cartesian  meshes.  In  this  work, 
Vasilyev  advocated  the  use  of  a  mapping  to  uniform  computational  space 
where  grid-independent  difference  and  averaging  operators  could  be  used. 
In  spite  of  this,  he  chose  to  analyze  the  divergence  form  of  the  non-linear 
terms  in  physical  space.  He  found  that  such  a  formulation  does  not  con¬ 
serve  kinetic  energy  due  to  a  lack  of  commutivity  between  the  average  and 
difference  operators.  This  error  can  be  dispensed  with  by  choosing  to  work 
with  the  non-linear  term  written  in  the  uniform  computational  space.  The 
transformation  is  quite  simple  in  the  case  of  a  non-uniform  Cartesian  mesh, 
and  the  fully-conservative  formulation  can  be  written  as 


SUj  _1_J_ 
St  +  yfr  6£j 


+  +  (vise);  =  0, 

Sxi 


(6) 


where  V  is  the  cell  volume,  F;  is  the  volume  flux,  £;  is  a  computational 
space  with  unit  displacements,  and  (vise);  are  the  viscous  terms.  The  com¬ 
mutation  error  discussed  by  Vasilyev  does  not  appear  in  this  formulation 
since  both  the  average  and  difference  operations  are  performed  in  the  uni¬ 
form  computational  space.  The  only  subtle  point  is  that  this  formulation 
requires  an  average  of  the  physical  velocity  components  in  the  computa¬ 
tional  space  (i.e.  V&).  Although  this  operation  is  easy  to  code  (weights  of 
1/2),  it  results  in  a  an  approximation  that  is  only  first  order  accurate.  This 
same  issue  arises  in  the  collocated  mesh  scheme  and  will  be  discussed  in 
more  detail  below. 
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2.3.2.  Collocated- grid  system 

The  mass  and  momentum  conservation  equations  for  the  collocated-mesh 
system  in  curvilinear  coordinates  are 

<71 

it+JW)^‘ti'>+Ji  (■ J~ + <vbc)i = <8) 

where  and  J~l  is  the  jacobian  of  the  transformation. 

In  the  case  of  the  collocated  layout,  the  pressure  term  is  primarily  re¬ 
sponsible  for  the  lack  of  kinetic  energy  conservation.  The  convective  terms 
may  or  may  not  conserve  kinetic  energy  depending  on  the  details  of  the  in¬ 
terpolation  operator.  Note  that  the  interpolation  suggests  interpolating 
the  physical  velocity  Ui  in  the  computational  space  While  this  is  a  first 
order  accurate  approximation  (since  it  makes  no  account  for  the  physical 
distances),  it  results  in  a  kinetic  energy  conserving  formulation.  In  order 
to  retain  second  order  accuracy,  it  is  tempting  to  compute  mesh-dependent 
weighting  factors  and  make  use  of  Eq.  (2)  for  the  interpolation.  This  at¬ 
tempt  for  higher  accuracy  actually  spoils  kinetic  energy  conservation.  To 
see  this,  we  first  write  the  interpolation  operator  in  the  convective  terms  in 
the  form  of  Eq.  (2)  and  dot  the  result  with  the  velocity  vector  to  get 


_ cO 

Ui  1  Sj  +  rj 


(9) 


where  Sj  is  the  physical  distance  measured  along  the  mesh  direction  £j. 

_ gO  - £  . 

Note  the  trivial  equivalence:  (•) ‘ j  =  (•)  3 . 

Now  making  use  of  Eq.  (4),  Eq.  (9)  becomes 


1  o  fifj  $ 

2Ui~6^  +  U% 


(10) 


The  first  term  on  the  right  hand  side  is  in  divergence  form  and  is  thus 
conservative.  The  second  term  vanishes  due  to  the  continuity  relation.  The 
final  term  represents  the  kinetic  energy  error  arising  from  the  interpolation. 
This  term  vanishes  when  rj  =  0,  which  corresponds  to  mesh-independent 
weights  of  1/2  in  Eq.  (2). 

The  kinetic  energy  conservation  property  of  the  pressure  term  is  ana¬ 
lyzed  in  a  similar  fashion  by  starting  with  the  interpolation  in  the  form  of 
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Eq.  (2): 


Using  the  Rhie  and  Chow  (1983)  interpolation  defined  as 


Eq.(ll)  becomes 

S 


Uj 


K, 


8Jj 

5£j 


PAtJk  +  UiW<  ( riJs<  (J_1^P)  )  (12) 


8m 


sti  K38Sj 


The  first  term  on  the  right  hand  side  is  in  divergence  form  and  is  thus 
conservative.  The  second  term  vanishes  due  to  the  continuity  relation.  The 
remaining  two  terms  are  the  kinetic  energy  error  arising  from  the  fact  that 
the  cell-center  velocities  do  not  conserve  mass  exactly.  The  final  term  van¬ 
ishes  in  the  case  of  a  first  order  interpolation  ( rj  =  0). 

The  pressure  error  terms  are  added  to  the  convective  error  term  to  form 
(Eke)coih  the  total  error  in  kinetic  energy  conservation  for  the  collocated- 
mesh  arrangement: 


S 

{Eke)  coll  —  Ui~~ 


Interpolation  Errors  Pressure  Error 


(13) 


This  analysis  shows  that  there  are  two  sources  of  kinetic  energy  conserva¬ 
tion  error  for  the  collocated-mesh  scheme.  The  interpolation  error  will  be 
present  if  second  order,  mesh-dependent  weighting  factors  are  used.  It  can 
be  eliminated  by  choosing  first  order  fixed  weights  of  1/2  (rj  =  0).  Veldman 
and  Verstappen  (1992),  (1998)  recognized  the  conservation  error  associated 
with  mesh-dependent  averaging  weights  and  opted  for  constant  weights  of 
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1/2,  in  the  case  of  a  non-transformed  staggered  mesh  system.  Although  the 
pressure  error  can  not  be  eliminated,  it  can  be  reduced  to  0(At2)  through 
the  use  of  the  Van  Kan  scheme  (van  Kan,  1986).  In  this  formulation,  one 
effectively  projects  with  Sp  =  pn+l  —  pn  ~  ( dp/dt)At  instead  of  p  in  Eq. 
(12)  and  thus  the  terms  proportional  to  p  in  Eq.  (13)  are  reduced  by  a 
factor  of  At. 

There  are  two  important  questions  regarding  the  kinetic  energy  errors: 
(1)  are  the  pressure  errors  strong  enough  to  de-stabilize  the  scheme,  and  (2) 
does  the  kinetic  energy  violation  due  to  second  order  interpolations  negate 
any  increase  in  accuracy  over  the  first  order  (kinetic  energy  conserving)  in¬ 
terpolations?  We  will  explore  these  questions  in  the  following  section  where 
the  numerical  experiments  are  discussed. 

3.  Numerical  results 

3.1.  TURBULENT  CHANNEL  FLOW 

The  influence  of  the  two  sources  of  kinetic  energy  conservation  error  are 
evaluated  through  LES  of  plane  channel  flow  at  ReT  =  400,  based  on  the 
channel  half  width  and  friction  velocity.  Two  computer  codes  are  used; 
one  is  based  on  the  second-order  staggered-mesh  arrangement  in  the  form 
of  Eq.  (6)  and  the  other  is  based  on  the  second-order  collocated-mesh  ar¬ 
rangement.  In  either  case,  finite  differences  are  used  only  in  the  streamwise 
and  wall-normal  directions  and  Fourier  collocation  is  used  in  the  spanwise 
direction.  This  arrangement  allows  for  more  efficient  convergence  studies 
since  it  is  only  necessary  to  vary  the  mesh  spacings  in  the  x  and  y  direc¬ 
tions  in  order  to  investigate  the  effects  of  the  numerical  error.  Both  codes 
make  use  of  a  third-order  Runge-Kutta  explicit  time  marching  scheme.  The 
spanwise  direction  is  de-aliased  at  no  computational  expense  through  the 
use  of  mesh  shifting  (Rogallo,  1981).  This  is  done  in  concert  with  the  multi- 
step  Runge-Kutta  scheme.  The  pressure  Poisson  equation  is  solved  directly 
via  Fourier  transforms  in  x  and  z  and  tri-diagonal  inversion  in  y  direction. 

Three  mesh  resolutions  and  several  time  step  sizes  are  investigated  in 
order  to  study  the  effect  of  the  discretization  and  the  time  stepping  er¬ 
rors  (see  Table  1).  The  computational  domain  is  $5  x  25  x  25 ,  where  5  is 
the  channel  half  width.  The  subgrid-scale  stresses  are  modeled  using  the 
Sinagorinsky  (1963)  model  in  conjunction  with  a  Van-Driest  type  wall¬ 
damping  function.  The  results  are  compared  with  the  DNS  data  of  Moser 
et  al  (1999)  for  ReT  =  395.  For  the  convergence  studies,  the  time  step  was 
held  fixed  for  the  three  mesh  resolutions.  This  time  step  corresponds  to  a 
viscous  CFL  =  1.5  on  mesh  C.  Cases  were  also  run  at  larger  time  steps  for 
meshes  A  and  B. 

Figure  3  shows  the  mean  velocity  profiles  for  the  three  mesh  resolutions. 
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As  expected,  both  the  staggered  and  collocated  results  improve  as  the  reso¬ 
lution  is  increased.  The  staggered-mesh  results  are  consistently  closer  to  the 
DNS  data  at  all  resolutions,  and  a  very  good  agreement  is  achieved  in  the 
sublayer  and  log  region  on  the  finest  mesh  (case  C).  The  collocated-mesh 
results  are  also  reasonably  accurate  on  mesh  C. 

Since  the  collocated  mesh  scheme  in  conjunction  with  the  Van  Kan 
scheme  (van  Kan,  1986)  has  a  kinetic  energy  conservation  error  that  scales 
like  A i2,  we  investigated  the  possibility  that  the  differences  in  Figure  3 
are  from  this  source.  The  time  step  was  reduced  by  50%  on  mesh  C,  and 
increased  by  400%  on  mesh  B.  In  either  case,  the  results  were  almost  in¬ 
variant  to  changes  in  the  time  step.  This  leads  us  to  believe  that  the  energy 
conservation  errors  in  the  collocated  mesh  scheme  do  not  have  a  visible 
impact  on  the  results. 

Figure  4  shows  a  comparison  of  the  the  turbulent  velocity  fluctuations. 
For  the  sake  of  clarity,  only  results  for  urms  and  urms,  for  cases  A  and 
C  are  shown.  Once  again  the  staggered-mesh  results  are  superior  to  the 
collocated-mesh  at  all  resolutions.  The  DNS  data  were  not  filtered  and 
thus  some  of  the  apparent  difference  between  the  LES  and  DNS  is  due  to 
the  unresolved  energy  in  the  LES.  This  effect  should  be  minimal  on  mesh 
C.  The  differences  between  the  two  schemes  on  the  finest  mesh  (C)  are 
minor  and  either  method  produces  reasonable  results  at  this  resolution. 
The  velocity  fluctuation  profiles  are  also  rather  insensitive  to  changes  in 
the  time  step. 

The  rate  of  convergence  of  the  LES  results  to  the  DNS  data  was  in¬ 
vestigated  by  forming  the  rms  difference  between  the  LES  and  DNS  mean 
velocity  profiles: 

Erms  =  ]f^jQ  (Ules  ~  Udns )2  dy  (14) 

Figure  5  shows  the  Erms  for  both  mesh  arrangements  as  a  function  of  the 
grid  resolution.  The  two  grid  arrangements  behave  similarly,  showing  some¬ 
thing  close  to  second  order  convergence  between  the  finest  two  meshes.  The 
Collocated  mesh  scheme  appears  to  converge  at  a  slightly  higher  rate,  which 
is  consistent  with  the  generally  poorer  results  on  the  coarser  meshes.  The 
collocated  mesh  scheme  also  has  a  slightly  smaller  rms  error  as  compared 
with  the  staggered  mesh  scheme,  even  though  Figure  3  would  suggest  the 
opposite.  The  reason  for  this  is  that  Figure  3  is  plotted  on  a  log  scale,  which 
emphasizes  the  near-wall  region. 

The  convergence  results  suggest  that  the  first  order  momentum  inter¬ 
polations  do  not  have  a  visible  impact  on  the  convergence  rate  at  these 
resolutions.  This  may  be  due  to  the  fact  that  the  interpolation  error  is  mul¬ 
tiplied  by  the  factor  {w  -  1/2)  where  w  is  the  averaging  weight  required 
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for  second  order  accuracy.  For  relatively  coarse,  but  smooth  meshes,  the 
difference  (w  —  1/2)  is  of  the  order  of  the  mesh  spacing,  and  thus  one  will 
not  see  the  effect  of  the  first-order  interpolation  until  the  mesh  is  refined 
further. 

We  also  investigated  the  use  of  the  second  order  interpolation  weights. 
The  results  were  similar  to  those  shown  in  Figures  3  and  4,  but  with  a 
general  small  degradation  in  accuracy.  We  attribute  the  degradation  to  the 
kinetic  energy  conservation  error.  More  exacting  tests  of  the  interpolation 
scheme  will  be  presented  in  the  following  section  where  the  flow  around  an 
airfoil  is  simulated  on  a  curvilinear  mesh. 

3.2.  INVISCID  FLOW  AROUND  AN  AIRFOIL 

The  inviscid  two-dimensional  flow  over  a  NACA-0012  airfoil  at  zero  angle 
of  attack  has  been  considered  to  test  the  behavior  of  the  collocated  mesh 
arrangement  in  curvilinear  coordinates.  An  O-mesh  containing  50  x  30  grid- 
points  with  the  outer  boundary  placed  at  four  chords  is  used  for  the  study. 
The  mesh  is  stretched  in  both  the  radial  and  azimuthal  directions  in  order 
to  better  resolve  the  flow  near  the  leading  and  trailing  edges. 

The  simulation  are  performed  using  three  different  momentum  interpo¬ 
lation  operators:  (1)  the  first-order  centered  interpolation  ( w  =  1/2),  (2) 
the  second-order  centered  interpolation  ( w  =  s* /As),  and  (3)  the  second- 
order  upwind  interpolation  (QUICK-type  (Leonard,  1979)). 

Figure  6  shows  the  distribution  of  the  pressure  coefficient  along  the 
airfoil  for  the  three  operators  considered.  The  results  for  the  first  order 
centered  and  second  order  upwind  interpolations  are  in  good  agreement 
with  the  results  of  a  potential  flow  analysis.  The  results  for  the  second- 
order  centered  interpolation,  on  the  other  hand,  show  strong  oscillations. 
More  insight  can  be  gained  from  a  comparison  of  the  streamwise  velocity 
contours  shown  in  Figure  7.  As  expected,  the  dissipative  second-order  up¬ 
wind  interpolation  gives  the  smoothest  solution.  On  the  opposite  extreme, 
the  second-order  centered  interpolation  produces  a  flow  field  that  is  ob¬ 
scured  by  numerical  oscillations.  The  first-order  centered  interpolation,  on 
the  other  hand  gives  a  reasonably  smooth  solution  that  is  comparable  to  the 
upwind  interpolation.  These  results  are  rather  significant  since  they  imply 
that  numerical  oscillations  can  be  controlled  without  resort  to  dissipative 
upwind  schemes.  This  is  particularly  important  for  turbulence  simulation 
where  the  effects  of  dissipation  have  a  large  negative  impact  on  the  solution. 

4.  Conclusions 

We  have  shown  that,  in  general,  the  collocated-mesh  scheme  violates  ki¬ 
netic  energy  conservation  due  to  two  sources:  (1)  interpolation  errors  and 
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(2)  pressure  errors.  The  first  of  these  can  be  eliminated  through  the  use  of 
mesh-independent  centered  interpolation  operators.  Although  these  opera¬ 
tors  are  formally  only  first  order  accurate,  they  are  multiplied  by  geometric 
terms  that  are  of  the  order  of  the  mesh  spacing  for  practical  computations. 
We  observed  second  order  convergence  under  mesh  refinement  for  typical 
LES  meshes  used  in  turbulent  channel  flow.  The  kinetic  energy  conservation 
errors  associated  with  second-order  centered  interpolations  were  shown  to 
lead  to  fairly  severe  numerical  oscillations  in  a  test  case  involving  the  invis- 
cid  flow  around  an  airfoil  computed  in  curvilinear  coordinates.  The  oscilla¬ 
tions  could  be  controlled  either  by  switching  to  a  kinetic  energy-conserving 
first-order  centered  interpolation,  or  by  switching  to  a  second-order  upwind 
interpolation.  We  favor  the  centered  interpolation  approach  for  turbulence 
simulation  since  it  is  non-dissipative.  This  work  suggests  that  the  use  of  up¬ 
wind  interpolations  may  be  unnecessary  when  the  collocated-mesh  scheme 
is  applied  in  curvilinear  coordinates,  which  would  significantly  increase  the 
fidelity  of  the  numerical  method  for  LES  applications. 

It  does  not  appear  possible  to  eliminate  the  second  source  of  kinetic 
energy  conservation  error  (pressure  error).  It  is  possible,  however,  to  limit 
the  size  of  this  error  to  0(At2Ax2).  We  could  not  discern  any  evidence  of 
this  error  in  turbulent  channel  flow  simulations,  where  its  magnitude  was 
varied  by  a  factor  of  16  through  time  step  refinement.  These  results  suggest 
that  pressure  term  is  probably  not  a  serious  issue  for  LES  where  reasonably 
fine  meshes  and  small  time  steps  are  required  for  general  accuracy  purposes. 

Our  overall  conclusion  is  that  the  collocated-mesh  scheme  behaves  rather 
similar  to  the  staggered- mesh  scheme,  provided  that  the  correct  interpo¬ 
lation  operators  are  used.  Given  its  slightly  simpler  form  in  curvilinear 
coordinates,  the  collocated-mesh  scheme  may  be  a  better  overall  choice  for 
LES  in  complex  geometries. 
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TABLE  1.  Mesh  spacings  used  for  the  LES  of  turbulent  plane 
channel  flow. 


Case 

Nx 

N, 

N* 

Ax+ 

A  y+ 

Az+ 

At  •  UT/ 5 

A 

16 

16 

32 

200 

4—127.15 

25 

1.36xl0-3 

B 

32 

32 

32 

100 

2-62.63 

25 

1.36xl0-3 

C 

64 

64 

32 

50 

1—30.91 

25 

1.36x  10~3 

Figure  1.  Staggered  mesh  arrange-  Figure  2.  Collocated  mesh  arrange¬ 
ment  in  two-dimensional  plane.  ment  in  two-dimensional  plane. 
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Figure  3.  Convergence  of  the  mean  veloc-  Figure  4.  Convergence  of  the  velocity  fluc- 
ity  profile.  tuations. 


Figure  5.  Convergence  history  as  a  func-  Figure  6.  Inviscid  NACA-0012  airfoil  flow: 
tion  of  the  mesh  resolution.  pressure  coefficient  distribution. 


Figure  7,  Streamwise  velocity  contours  for  the  airfoil  flow,  (a)  First-order  centered 
interpolation,  (b)  Second-order  centered  interpolation,  and  (c)  Second-order  upwind  in¬ 
terpolation. 


LARGE  EDDY  AND  DETACHED  EDDY  SIMULATIONS 
USING  AN  UNSTRUCTURED  MULTIGRID  SOLVER 


DIMITRI  J.  MAVRIPLIS 
ICASE 

NASA  Langley  Research  Center,  Hampton,  VA,  USA 
JUAN  PELAEZ 

Department  of  Aerospace  Engineering 
Old  Dominion  University,  Norfolk,  VA,  USA 

AND 

OSAMA  KANDIL 

Department  of  Aerospace  Engineering 
Old  Dominion  University,  Norfolk,  VA,  USA 


1.  Introduction 

This  work  is  concerned  with  the  development  of  an  efficient  parallel  Large 
Eddy  Simulation  (LES)  and  Detached  Eddy  Simulation  (DES)  capability 
using  unstructured  meshes.  The  advantages  of  unstructured  meshes  include 
flexible  modeling  of  complex  geometries,  adaptive  meshing  capabilities,  and 
homogeneous  data  structures  well  suited  for  massively  parallel  computer  ar¬ 
chitectures.  On  the  other  hand,  unstructured  mesh  techniques  require  ad¬ 
ditional  computer  resources  as  compared  to  cartesian  or  structured  mesh 
methods,  and  the  achievable  accuracy  of  the  particular  unstructured  mesh 
discretization  must  be  carefully  considered.  The  approach  developed  in  this 
work  is  based  on  an  existing  steady-state  unstructured  mesh  solver  which 
relies  on  agglomeration  multigrid  for  rapid  convergence  and  has  been  shown 
to  scale  well  on  inexpensive  personal  computer  (PC)  clusters  as  well  as 
on  massively  parallel  supercomputers  using  thousands  of  processors  [1].  A 
vertex-based  discretization  is  used,  where  the  flow  variables  are  stored  at 
the  vertices  of  the  mesh,  and  a  single  edge-based  data  structure  capable 
of  handling  combinations  of  tetrahedra,  hexahedra,  prism  and  pyramids 
is  employed.  Spatial  discretization  is  achieved  through  a  central-difference 
control-volume  formulation  with  scaled  matrix-based  artificial  dissipation 
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derived  from  an  upwind  Roe-Rieman  solver.  This  discretization  is  second- 
order  accurate  in  space.  The  baseline  steady-state  solver  is  extended  to 
an  unsteady  Reynolds- Averaged  Navier-Stokes  (URANS)  solver,  using  a 
second-order  accurate  three-point  backwards  difference  time  discretization 
[2].  At  each  physical  time-step,  the  parallel  agglomeration  multigrid  algo¬ 
rithm  is  employed  to  drive  the  non-linear  (unsteady)  residual  to  conver¬ 
gence.  The  agglomeration  algorithm  automatically  constructs  coarse  levels 
in  a  pre-processing  phase,  based  on  the  graph  of  the  original  fine  grid. 
A  preconditioned  multi-stage  iterative  scheme  is  then  used  on  each  grid 
level  to  drive  the  multigrid  algorithm.  Jacobi  (point-wise)  precondition¬ 
ing  is  used  in  isotropic  regions  of  the  grid,  while  line  preconditioning  is 
used  in  highly  stretched  regions  of  the  grid  such  as  near  walls  where  high 
grid  stretching  is  required  to  resolve  thin  boundary  layers  [3].  The  steady 
and  unsteady  RANS  solver  employs  the  one  equation  turbulence  model  of 
Spalart  and  Allmaras  [4].  The  extension  from  RANS  to  LES  and  DES  is 
achieved  through  the  modification  of  the  length  scale  definition  d  in  the 
Spalart- Allmaras  turbulence  model.  In  the  original  model,  d  is  taken  as  the 
distance  at  a  given  grid  point  to  the  closest  wall.  In  the  DES  extension 
proposed  by  Spalart  [5],  this  length  scale  is  replaced  by: 

doES  =  min(d,CDES,Ax)  (1) 

where  d  represents  the  original  closest-wall  length  scale,  Cdes  represents 
a  model  constant  taken  as  0.65,  and  Ax  represents  a  measure  of  the  local 
grid  spacing.  For  unstructured  meshes,  Ax  is  taken  as  the  maximum  edge 
length  touching  a  given  vertex.  In  regions  far  removed  from  walls,  this 
modification  to  the  turbulence  model  emulates  a  simple  Smagorinsky  model 
for  LES,  while  reverting  in  a  smooth  manner  to  the  well-established  Spalart- 
Allmaras  RANS  model  in  near  wall  boundary-layer  regions. 

The  resulting  solution  methodology  is  nominally  second-order  accurate 
in  space  and  in  time.  We  avoid  the  construction  of  higher-order  accurate 
spatial  operators  in  order  to  be  able  to  retain  all  the  discretization,  solu¬ 
tion,  and  parallelization  techniques  previously  developed  in  the  steady-state 
solver  context.  However,  extra  care  must  be  taken  to  avoid  excessive  nu¬ 
merical  diffusion  from  the  second-order  discretization  from  dominating  the 
turbulence  eddy  viscosity  levels  in  LES  regions.  With  this  in  mind,  the 
individual  convective  and  numerical  dissipative  terms  of  the  discretization 
are  evaluated  separately,  and  a  (constant)  scaling  factor  is  applied  to  the 
dissipative  terms  which  provides  the  option  for  reducing  these  terms  from 
their  nominal  values  obtained  when  the  scheme  is  written  as  an  upwind 
Roe-Rieman  solver. 

The  agglomeration  multigrid  algorithm,  which  is  used  here  as  a  non¬ 
linear  implicit  solver  in  time,  removes  any  stability  restrictions  on  the  per- 
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missible  time-step  size,  thus  allowing  the  time-step  choice  to  be  determined 
solely  by  accuracy  considerations.  While  the  desirable  time-step  size  in  LES 
regions  may  be  small  enough  to  obviate  the  need  for  a  fully  implicit  solver, 
in  the  DES  mode  very  high  Courant  numbers  will  almost  always  be  en¬ 
countered  in  boundary  layer  regions,  where  the  solver  reverts  to  a  RANS 
behavior,  thus  making  the  availability  of  an  implicit  solver  essential. 

In  the  following  sections,  the  solver  is  validated  first  in  unsteady  RANS 
mode  for  the  flow  over  a  circular  cylinder.  Validation  in  the  LES  regime 
is  then  undertaken  by  computing  the  decay  of  isotropic  turbulence  in  a 
periodic  box.  Finally,  the  flow  over  a  sphere  is  simulated  in  DES  mode  and 
compared  with  experiment  and  with  an  equivalent  simulation  using  the 
solver  in  an  unsteady  RANS  mode. 


2.  Unsteady  RANS  Flow  Over  a  Circular  Cylinder 

The  flow  around  a  circular  cylinder  is  a  well-  known  case,  which  has  been 
widely  studied  computationally  and  experimentally.  This  case  is  used  as 
the  basis  for  validation  of  the  unsteady  RANS  solver,  and  for  assessing  grid 
resolution  and  time-step  requirements  for  accurately  predicting  the  vortex 
shedding  frequency  observed  in  the  cylinder  flow.  Two  different  meshes  of 
252,000  and  631,000  grid  points  and  three  different  time-steps  of  0.5,  0.25 
and  0.1  were  used.  The  time-step  is  non-dimensionalized  as  t  =  t0Uinf/d 
where  d  is  diameter  of  the  cylinder  and  Uinf  is  the  freestream  velocity. 

The  one  equation  Spalart-Allmaras  turbulence  model  [4]  was  used  for  all 
calculations  in  fully  turbulent  mode.  In  all  cases  the  agglomeration  multi¬ 
grid  strategy  was  used  with  four  levels.  The  Mach  number  is  0.2  and  the 
Reynolds  number  is  1200  for  this  case.  All  runs  were  performed  in  parallel 
using  16  processors  of  an  Intel  500  MHz  Pentium  III  PC  cluster. 

The  computational  domain  in  the  plane  normal  to  the  cylinder  span  has 
an  aspect  ratio  of  1  and  a  side  length  of  100  cylinder  diameters.  A  span  of 
two  cylinder  diameters  is  employed,  and  inviscid  (slip  velocity)  boundary 
conditions  are  applied  at  the  end-walls. 

Table  1  shows  the  Strouhal  Numbers  computed  for  each  mesh  and  each 
time-step  of  the  cylinder  flow  simulations.  Convergence  is  achieved  as  the 
time-step  is  reduced  and  the  mesh  size  increased.  A  second-order  accurate 
convergence  behavior  is  observed  as  the  time-step  is  reduced,  validating  the 
accuracy  of  the  three-point  backwards  difference  scheme  used  to  discretize 
the  time-step.  From  the  smallest  time  step  results,  the  solution  can  be  seen 
to  be  grid  converged,  at  least  with  respect  to  the  prediction  of  the  vortex 
shedding  frequency.  The  computed  Strouhal  number  compares  very  well  to 
the  experimental  value  of  St  =  0.21. 
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3.  LES  Simulation  of  Isotropic  Decaying  Turbulence 

In  order  to  validate  the  solver  in  the  LES  mode,  the  simulation  of  decaying 
homogeneous  isotropic  turbulence  is  computed  and  the  energy  spectra  of 
the  flow  field  are  compared  with  experimental  results  from  Comte-Bellot 
and  Corrsin  [6].  Strelets  [7]  has  performed  similar  computations  which  were 
used  to  calibrate  the  value  of  the  Cdes  model  constant.  In  the  present  work, 
we  are  mainly  concerned  with  assessing  the  impact  of  numerical  dissipa¬ 
tion  on  solution  accuracy,  since  the  scheme  is  only  second-order  accurate. 
Therefore,  the  value  of  Coes  is  held  constant  at  0.65  for  all  computations, 
which  is  the  value  recommended  by  Strelets  [7].  Artificial  dissipation  levels 
are  varied  by  prescribing  different  values  of  the  dissipation  scaling  param¬ 
eter,  and  by  varying  the  grid  resolution.  In  addition,  simulations  with  and 
without  the  turbulence  model  eddy  viscosity  are  performed  to  assess  the  ef¬ 
fect  of  the  turbulence  model  on  overall  solution  accuracy,  and  to  determine 
whether  the  the  levels  of  eddy  viscosity  dominate  the  artificial  dissipation. 

The  computational  domain  consists  of  a  cube  with  periodic  boundary 
conditions.  Because  no  wall  regions  are  present,  the  DES  model  operates  in 
the  LES  mode  throughout  the  domain  regardless  of  grid  resolution.  Compu¬ 
tations  are  performed  on  a  coarse  and  a  fine  grid,  which  are  constructed  as 
unstructured  cartesian  grids  with  32  and  64  hexahedral  cells,  respectively, 
in  each  dimension  of  the  cubic  domain. 

In  order  to  compare  with  the  experimental  values  from  [6],  the  flow 
field  in  the  computational  domain  must  be  initialized  as  a  solenoidal  field 
with  a  prescribed  energy  spectrum  corresponding  to  that  measured  at  the 
initial  test  section  in  the  experiments  (up  to  the  cutoff  value  of  the  wave 
number  corresponding  to  the  grid  size).  The  initial  eddy  viscosity  field 
must  then  be  obtained  by  preconverging  the  turbulence  model  with  the 
flow-field  held  frozen.  Once  the  initialization  is  complete,  the  flow  field 
is  advanced  in  time  using  the  implicit  time-stepping  procedure  described 
above.  A  time-step  of  0.01  is  employed,  where  time  is  non-dimensionalized 
as  t  =  t0(1.5u,2)1/2/L,  where  L  is  the  box  length,  and  u '  represents  the 
initial  rms  average  velocity  fluctuation.  The  resulting  flow  fields  at  t  =  0.87 
and  t=  2.0  are  postprocessed  to  obtain  the  energy  spectra,  which  are  then 
compared  with  corresponding  experimental  data. 

Figure  1  illustrates  the  computed  spectra  on  both  grids  at  two  time 
levels  for  the  nominal  value  of  the  artificial  dissipation  scaling  factor,  i.e. 
the  value  generally  employed  for  steady-state  calculations  in  RANS  mode. 
Clearly,  the  finer  scales  decay  more  rapidly  than  in  the  experimental  values. 
When  the  same  simulations  are  performed  with  the  eddy  viscosity  turned 
off,  little  difference  in  the  energy  spectra  is  observed,  suggesting  that  the 
eddy  viscosity  values  are  overwhelmed  by  the  levels  of  artificial  dissipation. 
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In  Figure  2,  the  same  computations  are  performed  with  a  lower  scaling  of 
the  artificial  dissipation  terms  (0.25  of  the  nominal  value).  Substantially 
better  agreement  is  observed  at  all  scales,  although  the  finest  scales  are 
still  dissipated  faster  than  in  the  experimental  results.  However,  reasonably 
good  agreement  is  obtained  up  to  k=10  for  the  fine  grid,  and  both  grids 
agree  reasonably  well  at  lower  wave  numbers.  When  the  eddy  viscosity  is 
omitted  in  these  cases,  agreement  with  experiment  degrades,  particularly 
at  the  lower  wave  numbers  where  the  dissipation  is  lower  than  observed 
experimentally. 

4.  DES  Flow  Over  a  Sphere 

The  current  solver  is  applied  in  DES  mode  to  predict  the  flow  around  a 
sphere.  A  Mach  number  of  0.2  was  prescribed,  while  the  Reynolds  number 
was  set  to  104,  corresponding  to  the  sub-critical  regime  (laminar  boundary 
layer  separation),  which  is  similar  to  the  computations  performed  in  [8], 
which  provides  a  comparative  basis  for  our  results.  An  unstructured  mesh 
of  767,000  vertices  is  employed,  in  a  cubic  computational  domain  of  100 
sphere  diameters  in  total  length.  At  the  surface  of  the  sphere,  the  normal 
grid  spacing  is  10“4  sphere  diameters. 

Two  different  time-steps  of  0.1  and  0.05  are  used,  where  the  time-step 
is  non-dimensionalized  as  shown  in  equation  (1).  Four  multigrid  levels  are 
used,  and  each  physical  time-step  is  solved  with  25  multigrid  cycles,  result¬ 
ing  in  a  two  order  of  magnitude  reduction  in  the  residuals.  All  runs  were 
performed  on  a  cluster  of  thirty- two  800  MHz  Pentium  III  PCs,  for  which 
the  convergence  of  a  physical  time-step  could  be  achieved  in  approximately 
6  minutes  of  wall  clock  time. 

This  case  has  been  computed  in  both  DES  and  URANS  mode,  using  the 
Spalart-Allmaras  turbulence  model  without  modification  in  the  latter  case. 
The  time  history  of  the  drag  coefficient  is  shown  in  Figure  3  and  reveals  im¬ 
portant  differences  between  URANS  and  DES.  The  mean  value  of  the  drag 
coefficient  in  both  cases  is  close  to  the  experimentally  reported  value  of  0.40 
from  Schlichting  [9].  However,  the  URANS  simulation  appears  to  damp  out 
most  of  the  oscillations  present  in  the  DES  run,  while  the  DES  runs  show 
a  very  chaotic  oscillatory  pattern  quite  similar  to  the  solutions  obtained 
by  Constantinescu  et  al.  [8].  Spectral  analysis  of  the  time-dependent  drag 
coefficient  history  reveals  a  peak  corresponding  to  a  Strouhal  number  of 
0.1  which  is  not  in  agreement  with  the  values  0.18  to  0.2  reported  experi¬ 
mentally  [8].  This  may  be  due  to  an  insufficiently  long  time  history  sample, 
since  less  than  three  full  periods  of  this  frequency  are  present  in  our  sample. 

In  Figure  4,  the  average  surface  pressure  computed  using  DES  is  seen 
to  provide  superior  agreement  with  experimental  results  at  Re=165,000 
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reported  by  Achenbach  [10]  in  the  separated  region  over  the  URANS  re¬ 
sults,  and  are  in  agreement  with  the  results  reported  by  Constantinescu  [8]. 
The  average  computed  separation  angle  of  81°  in  the  DES  case  compares 
reasonably  to  experimental  vale  of  82.5°  . 

5.  Conclusions  and  Further  Work 

This  work  prepresents  initial  efforts  at  developing  and  validating  a  fully 
implicit  parallel  LES/DES  solver  based  on  unstructured  meshes.  In  the  near 
future,  we  intend  to  pursue  further  validation  studies  on  both  basic  flows 
using  finer  grids  and  time-steps,  and  more  complex  geometries  such  as  flow 
over  bluff  body  components  of  aerospace  vehicles.  Efficiency  improvement 
are  also  under  consideration  through  the  use  of  higher-order  time-stepping 
procedures  and  Krylov  acceleration  methods.  This  work  has  been  supported 
by  AFOSR  under  the  management  of  Dr.  Len  Sakell. 
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TABLE  1.  Computed  Strouhal  Number  for  Various  Grid  Sizes  and  Time  Steps 
for  RANS  Flow  over  Circular  Cylinder 


Grid  Size  (points) 

Time  Step  =  0.5 

Time  Step  —  0.25 

Time  Step  =  0.1 

0.252  million 

0.19249 

0.20304 

0.20833 

0.631  million 

0.19379 

0.20408 

0.20833 

vls2=20  ;  Eddy  Viscosity  ON 


vte2=20 ;  Eddy  Viscosity  OFF 


Figure  1.  Comparison  of  Computed  and  Measured  Energy  Spectra  for  Nominal  Artificial 
Viscosity  Levels  with  Eddy  Viscosity  (LEFT)  and  Without  Eddy  Viscosity  (RIGHT) 
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Figure  2.  Comparison  of  Computed  and  Measured  Energy  Spectra  for  Reduced  Artificial 
Viscosity  Levels  with  Eddy  Viscosity  (LEFT)  and  Without  Eddy  Viscosity  (RIGHT) 
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Figure  3.  Comparison  of  Computed  Drag  Coefficients  for  Sphere  using  DES  (LEFT) 
and  URANS  (RIGHT) 
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Mean  pressure  dtetrDutlon  over  the  sphere. 
M  »0.2,Re-  10,000 


Figure  4.  Comparison  of  Computed  Average  Surface  Pressure  Coefficient  using  DES 
and  URANS  versus  Experimental  Data 
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Abstract 

A  new  so-called  truncation  error  reduction  method  (TERM)  is  developed  in 
this  work.  This  is  an  iterative  process  which  uses  a  coarse  grid  (2h)  to  estimate 
the  truncation  error  and  then  reduces  the  error  on  the  original  grid  (h).  The 
purpose  is  to  use  multigrid  and  simple  stencils  for  high-order  accuracy. 

1.  Introduction 

The  driven  force  for  this  work  is  to  develop  a  new  method  which  can  use 
simple  stencils  with  multigrid  method  for  high  order  accuracy.  The  multigrid 
(Brandt,  1984)  was  originally  used  to  accelerate  the  convergence  for  elliptic 
systems.  The  work  here  is  to  use  multigrid  for  high-order  accuracy  with  a  simple 
stencil  which  allows  to  achieve  high-order  accuracy  with  much  fewer  points  than 
the  traditional  finite  schemes.  The  high-order  scheme  is  particularly  important 
for  direct  numerical  simulation  (Orszag,  S.  A.  &  Patterson,  G.  S.,  1972;  Moine 
and  Mahesh,  1998)  and  the  large  eddy  simulation  (LES)  (Lilly,  1966;  Leseiur  & 
Metais,  1996). 

Let  us  take  a  look  at  the  problem  with  coarse  grid  DNS  from  the 
mathematical  point  of  view.  Here,  the  coarse  grid  DNS  means  to  use  a  grid  which 
is  acceptable  by  currently  available  computers.  The  problem  with  the  coarse  grid 
DNS  is  really  caused  by  the  truncation  error  while  the  mesh  size  ‘h’  and  time 
step  ‘k’  are  not  small  enough.  There  are  resolution  problems  with  coarse  grid 
DNS  as  well,  of  course.  Before  we  can  reduce  the  truncation  error,  we  need  to 
give  an  estimation  which  is  given  by  an  iterative  process  including  a  coarse  grid 
discretization  and  a  coarse-to-fine  grid  interpolation. 

We  use  the  Poisson  equation  as  a  test  case  to  check  the  TERM  method  and 


11  Professor  of  Mathematics 
§  Post-doctoral  Research  Associate 


471 


472 


CHAOQUN  LIU  AND  JIAN  XIA 


will  use  this  method  for  CFD  late. 

2.  Truncation  errors  reduction  methods  for  Poisson  equation 

Let  us  take  a  look  at  the  following  Poisson  equation: 

=  -k27C2(sin(k7Cx)  +  cos(kny))  (1) 

dx2  dy 

u(0,  y)  =  cos(kny);  u(l,  y)  =  cos(kzy) ;  (2) 

1*0,0)  =  1  +  sin(to);  u(x,  1)  =  (-1)*  +  sin(to) 

The  exact  solution  is  sin(to)  +  cos(^^y) .  We  adopt  a  standard  second 


order  central  difference  scheme  with  uniform  grids,  Ax  —  Ay  —  h ,  and  obtain  a 
finite  difference  scheme: 


.  Kh  ^U‘J  +  h 

- 1?  +  v  " u 


(3) 


where  u  is  the  exact  solution  and  st ,  j  —  —k  71  sin (k7Cxi )  k  71  cos {k7txi ) . 


This  finite  difference  scheme  will  give  an  exact  solution  if  we  can  find  the 

exact  truncation  error,  Xhx  j ,  which  has  a  second  order,  0(h2 ) .  We  all  know  it  is 

difficult  to  find  the  exact  truncation  error,  but  we  can  try  to  give  a  more  accurate 
estimate  by  an  iterative  process  which  can  be  described  as  follows. 

1 .  Assume  rf ,0  =  0 ,  do  one  or  two  times  Gauss-Seidel  iterations,  multigrid 


(Brandt,  1984)  may  be  much  faster,  to  get  an  approximation  u^j . 


2.  Find  the  approximation  on  the  coarse  grid  uf£j 2  -  •  1°  our  case>  a 

simple  injection  is  used  for  lf}h  (or  =  unji )• 

3.  Estimate  the  truncation  error  on  the  coarse  grid: 
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2/2 


2  uV\  +  u 


ij 
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u- 1 


-  2ufj  +u'; 
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ij+l 
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(2  hy 


(4) 


4.  Estimate  the  truncation  error  on  the  fine  grid: 


.//,! 


1 


li\,j\  “  ^  Ai2/iti2J2 


(5) 


where  /*/,  should  have  same  or  higher  order  than  the  finite  difference 

scheme  and  we  should  use  1/16  instead  of  1/4  in  the  formula  if  we  use  a 
fourth-order  scheme. 

5.  Get  a  revised  finite  difference  scheme  on  the  fine  grid: 


«,*.  „•  -K  +«Uj 


i.H 


+  (6) 


6.  Go  to  step  1  and  start  a  new  loop  until  II  —Th,n  II  <  tolerance 

This  method  can  be  extended  with  some  changes  to  other  flow  problems  which 
are  usually  non-linear  and  time-dependent. 

3.  Numerical  test  for  Poisson  equation  with  different  grids 

A  number  of  numerical  tests  by  using  this  truncation  error  reduction  method 
(TERM)  for  different  grids  (8x8,  16x16,  32x32,  64x64,  328x128)  and  different  k 
(1 , 2,  3,  4,  8,  1 6)  have  been  conducted. 

Table  1  compares  the  numerical  results  with  the  exact  solution.  The 
comparison  shows  the  error  ratio  of  coarse  grid  2h  over  fine  grid  h  for  standard 

second  order  central  difference  scheme,  —  w 2/1 

shows  the  numerical  scheme  has  a  second  order  accuracy  (Burden  &  Faires, 
1996).  By  using  the  TERM  method  ,  the  accuracy  has  been  significant  increased. 
First  we  find  the  error  ratio  is  nearly  16,  which  shows  we  got  a  fourth  order 
accuracy  with  second  order  stencils.  From  Table  1,  we  can  find  a  solution  with  a 
grid  of  16x16  by  the  new  method  can  get  same  results  as  one  obtained  with  a  grid 
of  64x64  by  the  standard  central  difference  scheme.  It  shows  we  can  save  the 
grids  or  the  computer  memory  by  16  times  for  this  2-d  Poisson  equation.  The 


/ 

.  h 

/ 

u  -  U 

is  near  4,  which 
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computation  time  can  be  saved  almost  100  times.  Similar  conclusion  can  be 
found  with  other  grids  and  different  wave  number  k.  More  encouraging,  the 
method  shows  a  same  achievement  when  the  wave  number  becomes  higher.  It 
still  can  improve  the  results  when  we  have  only  three  points  for  one  wave  (  see 
the  cases  of  8x8  for  k=4  and  16X16  for  k=8).  It  provides  a  high  potential  which 
could  be  used  for  coarse  grid  DNS  for  a  more  accurate  numerical  simulation  for 
transitional  turbulent  flow. 

Figure  1-4  show  the  L2  norm  of  errors  between  the  numerical  solution  and 

exact  solution  against  the  standard  central  difference  method  and  the  TERM 
method  for  different  grids.  It  clearly  shows  that  the  new  method  increases  the 
accuracy  significantly  and  has  potential  for  more  accurate  coarse  grid  simulation. 
For  2-D,  the  new  method  saves  at  least  16  times  in  grid  point  numbers  and  much 
more  in  CPU  time.  We  can  anticipate  it  will  save  at  least  64  times  in  the  number 
of  grid  points  for  3-D  problems. 

4.  Conclusion 

The  new  so-called  truncation  error  reduction  method  (TERM)  can 
significant  increase  the  accuracy  of  numerical  solution  for  Poisson  equation  for 
different  wave  numbers.  It  shows  TERM  can  use  coarse  grids  to  achieve  much 
more  accurate  numerical  solution  than  the  standard  finite  difference  scheme  for 
Poisson  equations.  It  can  save  hundreds  times  in  memory  and  computational  time. 
Potentially,  the  method  may  be  used  for  fluid  dynamics  and  for  coarse  grid  DNS. 
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Analytic  Solution 
u(x,  y)  ~  sm k7Dc  +  coskTty 

IMAX  =  8 
JMAX  =  8 

IMAX  =  16 
JMAX  =  16 

IMAX=32 

JMAX=32 

IMAX=64 

JMAX=64 

IMAX=128 

JMAX=128 

ERROR 

(central  difference) 

3.8297E-003 

1.0188E-003 

2.6273E-004 

6.6712E-005 

1.6809E-005 

7.8555E-004 

6. 1 889E-0O5 

4.3033E-006 

2.8284E-007 

1.81 16E-008 

3.578  IE-002 

9.3823E-003 

2.4108E-003 

6.1159E-004 

1.5406E-004 

■ 

’  Kui 

9.9472E-003 

8.4777E-004 

6.096  IE-005 

4.0573E-006 

2.6110E-007 

ERROR 

(central  difference) 

9.3301  E-002 

2.3893E-002 

6.1033E-003 

1.5461E-003 

3.893  IE-004 

H 

mm 

4.2942E-002 

3.8647E-003 

2.8834E-004 

1.944  IE-005 

I.2565E-006 

ERROR 

(central  difference) 

1.9922E-001 

4.8970E-002 

1.2387E-002 

3.1303E -003 

7.8776E-004 

1.3625E-001 

1.1337E-002 

8.746  IE-004 

5.9764E-005 

3.8789E-006 

k=8 

■  [jUUiTg 

1.3273 

2.3419E-001 

5.5260E-002 

1.3733E-002 

3.44I8E-03 

WuSSSm 

6.7739 

1.6488E-001 

1.2195E-002 

8.9128E-004 

5.9201  E-05 

k=16 

ERROR 

(central  difference) 

91.4400 

1.5034 

2.5141E-001 

5.8164E-002 

1.4329E-02 

ERROR 

(TERM) 

92.3567 

31.4476 

1.8054E-001 

1.2681  E-002 

9.0120E-04 

homogeneous  isotropic  turbulence,  Phys.  Rev.  Lett.  Vol  2,  pp76-79,  1972. 


Table  1.  Error  comparison  between  central  difference  scheme  and  TERM 
with  different  grids  and  wave  numbers 


Figure  1 :  Comparison  of  errors  between 
standard  Central  difference  scheme  and 
TERM  scheme,  k=1. 


IMAX 

Figure  2:  Comparison  of  errors  between 
standard  Central  difference  scheme  and 
TERM  scheme,  k=2. 
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Figure  3:  Comparison  of  errors  between 
standard  Central  difference  scheme  and 
TERM  scheme,  k=3. 


IUAX 


Figure  4:  Comparison  of  errors  between 
standard  Central  difference  scheme  and 
TERM  scheme,  k=4. 


Appendix 

We  can  prove  the  above  TERM  method  for  Poisson  equation  has  fourth 
order  for  interior  points.  For  simplicity,  we  consider  the  one  dimensional  case: 


3 hi 
dx 


2=f 


(7) 


Similarly  to  (3),  the  standard  second  order  central  difference  scheme  with 
uniform  grids,  Ax  =  h ,  can  be  written  as 


2ui+?J±L  +  x  =  f. 


(8) 


fine  grid: 


-4 - • - ♦ - • - ♦ - • 


♦  injecting  points 


interpolating  points 


coarse  grid:  •- 


Figure  5  Injecting  points  and  interpolating  points 


1 .  Injecting  points  where  the  fine  grid  point  coincides  with  the  coarse  grid  point 

(ufh  =*4): 

On  coarse  grid 
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m  ._2  -  2«;  +  ui+2  -  _  - 

(2/Q2  Wi 


(9) 


Here,  Tr-  is  the  truncation  error  on  coarse  grid.  We  have  used  the  following 
relation  between T.  and T . 


1  _  _ 

=  4T'+T' 


«/-2 


2m..  +  w 


i+2 


4/f 


+  T, 


(10) 


Here,  T,.  is  the  truncation  error  for  the  new  scheme.  Substitute  (10)  into  (8),  we 
have 


~«i-2  +  16«,-1  ~  30«,  +  16MM  ~  “<+2  t  f  f  (]1) 

12 h2  ‘  ' 

Using  Taylor  series,  we  can  find  that  Tf  ~  0(hA)  and  (11)  is  a  fourth  order 
scheme. 

2.  Interpolating  points  where  the  fine  grid  point  is  located  between  two  coarse 
grid  points. 

On  coarse  grid 


H,-3  -  2w,_,  +  UM 


(2h) 


+  T/-l  —  fi- 1 


(12) 


-2um  +um  ,  _ 

(2h)2  M  ~  Im 


(13) 


Here,  Tw  and  Ti+]  are  the  truncation  errors  on  coarse  grid.  We  have  used  the 


following  relation  forT(_,,T(+1  and  Tf 


T<  =  4 x  ix  (T'-' + Ti+1  )+fi= if  /m + /,+1  " 


-u,_i  -uM  +m/+3 
4/t2 


+  T: 
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Here,  f.  is  the  truncation  error  for  the  new  scheme.  Substitute  (16)  into  (8),  we 


3  +33 -64m,-  +33 ui+l  -ui+3  (/M  2 /.  +  fi+l)  ~  __ 


+  *,=/,  05) 


We  have  following  relations  on  the  fine  grid: 


)./h 


^  ._i  2a +  m/+1  h  (4) .  k  v  /• 

h1  12  ^  7' 


m .  -  2«.+1  +  ui+2  h  t  (4) 

"  M- 

h 2  12 


«<4)(^+i)  =  4 


Here  Jt,_2  <  £w  <  x, ,  *M  <  £  <  x,+l  and  xt  <  <  xi+2  .  Substitute  (16), 

( 1 7),  ( 1 8)  into  ( 1 5),  we  have 

-u,_3  +4 m,._2  +17m,_1  -40m,-  +17mi+i  +4mi+2  -m,>3  ~  _ 


(m<4)  )  -  2k<4>  )  +  m(4)  (£,•+,  ))  =  /, 


Because 


«<4) (£-, )  -  2«(4) (|, )  +  «<4)  (£+i  )  -  «(6>  (*?;  )/*2 


here  je,_2  <  ?7,  <  Xi+2 .  Therefore 


—  (m(4)(^m)-2«<4,(^)  +  «<4,(^.))  ~  0(h 4)  (21) 

/  Zt 

Using  Taylor  series,  we  can  find  that  Ti  ~  0(/i  )  and  (15)  is  a  fourth  order 
scheme. 
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Abstract 

Direct  numerical  simulations  of  compressible  fluid  flow  are  performed  for 
subsonic  and  supersonic  channel  flow  with  two  symmetrically  backward  fac¬ 
ing  steps  and  for  a  supersonic  compression  ramp  flow  field.  Spatial  deriva¬ 
tives  are  represented  by  a  central  scheme  of  high  order  difference  operators 
(N=2,4,6,8,...)  that  is  used  together  with  artificial  dissipation  of  order  N. 
A  two-step  Richtmyer  scheme  is  employed  for  time  integration.  In  regions 
with  steep  gradients  flux-corrected  transport  (FCT)  according  to  Boris  and 
Book  is  applied.  Preliminary  results  are  presented  for  Mach  number  1.5  in 
case  of  the  channel  flow  and  further  results  for  Mach  number  2.84  in  case 
of  the  ramp  with  a  ramp  angle  of  24  degrees. 

1.  Introduction 

The  Reynolds  Averaged  Navier-Stokes  equations  (RANS)  are  often  used  in 
connection  with  various  turbulence  models  to  model  technical  problems  of 
compressible  fluid  flow,  e.g.  [1].  But  the  aptitude  of  a  particular  turbulence 
model  for  the  problem  to  solve  is  generally  not  known  beforehand  and  may 
even  be  unsatisfactory.  On  the  other  hand,  the  rapidly  growing  computer 
resources  offer  a  promising  future  to  physically  more  realistic  mathematical 
models  like  Large- Eddy  Simulation  (LES)  and  Direct  Numerical  Simulation 
(DNS),  see  for  example  [2] [3].  Both  methods  require  high  order  discretiza¬ 
tion  with  special  treatment  of  shocks  or  steep  gradients.  While  LES  still 
needs  some  modeling  to  account  for  the  spatially  underresolved  stresses, 
DNS  should  be  apt  to  resolve  all  turbulent  scales  without  the  support  of 
any  empirical  turbulence  modeling.  While  the  method  in  [3]  employs  al¬ 
ternating  upwinding  using  compact  differences,  the  method  applied  in  this 
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paper  is  based  on  central  high  order  numerical  operators  for  interpola¬ 
tion  and  approximation  in  space  in  conjunction  with  a  two-step  Richtmyer 
scheme.  The  method  represents  an  extension  of  the  concept  proposed  in 
[4]  for  the  Burgers’  equation  and  the  Euler  equations  to  the  system  of 
the  Navier-Stokes  equations  for  heat  conducting  compressible  fluid  flow  [5]. 
Flux-Corrected  Transport  (FCT)  according  to  Boris  and  Book  has  been 
implemented  to  account  for  steep  gradients,  e.g.  in  the  presence  of  shocks. 

2.  Numerical  Method 

2.1.  INTERIOR  POINTS  OF  THE  SOLUTION  DOMAIN 

Denoting  by  U  the  set  of  conserved  variables  p,  pu,  pu,  pw ,  petotal  and  by 
Fc  the  fluxes  corresponding  to  the  inviscid  and  by  Fd  the  dissipative  part  of 
the  fluxes  and  leaving  out  body  forces  and  body  energy  supply  the  system 
of  Navier-Stokes  equations  reads 

U,t  +  'tFrC  =  'kFrd  W 

r=l  r= 1 

The  equations  are  integrated  with  respect  to  time  employing  a  second  or¬ 
der  Richtmyer  scheme.  Space  discretization  is  performed  with  central  high 
order  numerical  operators  [4]  [5].  The  numerical  scheme  requires  artificial 
dissipation  of  the  highest  order  of  the  scheme  for  numerical  stability  in  the 
sense  of  von  Neumann  [5].  Using  lower  index  ir  for  discretization  in  the 
space  directions  r,  v  =  1,2,3  and  upper  index  n  for  time  stepping  the  set 
of  discretized  equations  reads 

KVi'/l  =  LrUZ+l/2-0.5KA’r\r+l/2RrUZ+1,2 

Ur1  =  U:-txA(F^\%-FX%) 

+  «+l/2  -  Frt-l/2)  -  (SrUt+1,2  -  SrUZ_l/2)} 
ir  =  {i,j,k}  ,  At/Axr  =:  Ar  ,  r  =  1,2,3  (2) 

Therein  Lr,  Rr ,  Sr  represent  the  aforementioned  high  order  operators,  Lr 
serving  for  interpolation,  Rr  for  approximation  and  Sr  for  artificial  dissi¬ 
pation.  Ar  is  the  Jacobian.  With  coefficients  <xm  in  Tr,  bm  in  _Rr,  and  dm 
in  Sr  the  operators  of  order  N  are  defined  as  follows, 

N/2 

LrUir+i/2  =  ^2  +m  +  Uir-m+ 1)> 


(3) 
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N/2 

RrUir+ 1/2  =  £  (~ 1  )m+1bm(Uir+m  -  Uir-m+1),  (4) 

m=l 

N/2 

1/2  —  air  + 1/2  (  —  l)m+1C?m(t/jr_|-m  +  Uir-m+ 1),  (5) 

m=l 

with  &ir+\/2  a  prescribed  factor  for  each  cell  index.  The  expression  for  the 
artificial  dissipation  of  order  N  is 

flNrj 

=  -(SrUir+1/2  -  SrUir_1/2) Ax~\  (6) 

with  a  a  number  to  be  chosen.  Optionally,  in  domains  with  steep  gradients 
FCT  is  applied  in  a  self-controlled  fashion  with  the  following  expressions 
for  the  anti-diffusive  flux  (index  ad)  and  the  corrected  flux  (index  cor) 


jpc(ad )  _  pc{h)n+l/2  _  pc{l)n+l/2  pc{cor)n+ 1/2 

rir  +  1/2  —  rrir+\/2  + 1/2  5  *rir  + 1/2 


Tpc(ad) 

ci+l/2PHr+l/2‘ 


(7) 


The  coefficients  am,bm  and  drn  in  Eq.  (3),  (4),  and  (5)  are  depending  on 
the  order  N  which  is  chosen  for  the  solution  [4]  [5]. 


2.2.  BOUNDARY  POINTS 

At  solid  walls  the  no  slip  condition  is  prescribed  and  walls  are  assumed 
thermally  adiabatical.  The  central  scheme  of  order  N  makes  use  of  N/2 
fictitious  points  by  mirror  principle.  For  solution  points  at  artificial  bound¬ 
aries  marking  the  boundary  of  the  computational  domain,  e.g.  at  inflow  and 
outflow,  also  N /2  fictitious  points  are  needed.  Different  conditions  are  to  be 
distinguished  in  the  fictitious  points  there  for  subsonic  and  supersonic  flow. 
For  subsonic  inflow  and  outflow  part  of  the  values  in  the  fictitious  points 
are  set  using  Riemann  invariants  according  to  a  concept  of  local  simple 
waves  in  the  sense  of  gasdynamics  while  the  other  part  of  the  values  are 
extrapolated.  This  way  non-physical  reflections  from  the  artificial  boundary 
are  mostly  suppressed. 

2.3.  APPLICATION  PROCEDURE  AND  VALIDATION 

The  examples  we  discuss  in  this  paper  would  represent  two-dimensional 
flow  fields  in  case  of  laminar  flow.  The  calculation  starts  as  for  laminar 
flow.  On  the  inflow  boundary  at  a  wall  a  starting  boundary  layer  with 
parabolic  velocity  profile  is  prescribed  which  may  become  later  on  changed 
as  part  of  the  solution  because  of  locally  subsonic  inflow.  At  walls  the 
correct  boundary  conditions  are  introduced  from  the  first  iteration  step. 
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First,  some  thousands  of  time  steps  of  the  solution  are  performed  for  two- 
dimensional  flow.  Then  during  a  certain  number  of  time  steps  a  disturbance 
consisting  of  two  additional  velocity  components  in  the  cross-plane  of  the 
main  flow  direction  is  superposed  to  the  boundary  condition  at  the  entrance 
of  the  solution  domain  which  makes  the  flow  three-dimensional.  Thereafter 
this  disturbance  is  removed. 

Numerous  and  extended  validation  tests  which  are  not  presented  in  the  pa¬ 
per  have  been  conducted  for  the  method  [5]  [11],  e.g.  comparison  was  made 
with  analytical  solutions  of  the  Burgers’  equation,  of  the  ID  Riemann  prob¬ 
lem  for  the  Euler  equations,  and  of  the  mean  velocity  distributions  in  the 
viscous  layer  and  the  logarithmic  layer  from  turbulent  boundary  layer  the¬ 
ory.  Results  for  compressible  flow  at  Mach  number  M=0.2  in  a  straight 
channel  at  Reynolds  number  Re=1750  have  been  compared  with  DNS  re¬ 
sults  [6]  [7]  and  experimental  results  at  comparable  Reynolds  numbers  [8]  [9]. 
Numerical  results  for  a  Mach  0.2  flow  with  Re=2600  through  a  channel  with 
a  backward  facing  step  were  compared  with  experimentally  determined  val¬ 
ues  [10]  including  the  Reynolds  stresses  at  different  positions  behind  the 
step  [5]  [11].  A  kind  of  self- validation  is  the  check  of  asymptotic  convergence 
with  increasing  the  order  N  first  and  then  refining  the  grid.  This  has  been 
done  e.g.  in  [11]  for  the  flow  through  a  channel  with  a  straight  axis  and  a 
symmetric  jump  of  the  channel  height  from  h  on  the  upstream  side  to  3h  on 
the  downstream  side.  Data  for  Mach  and  Reynolds  numbers  were  M=0.6 
and  Re=104.  Asymptotic  convergence  was  found  for  N=8. 


3.  Simulations  of  Supersonic  Flow  Fields 

A  Mach  1.5  flow  through  the  aforementioned  channel  with  two  symmetrical 
backwards  facing  steps  has  been  simulated.  Static  pressure  in  the  flow  just 
before  and  just  behind  the  steps  has  the  same  value  p=l.  The  Reynolds 
number  based  on  the  step  height  h  is  Re=104.  The  length  of  the  solution 
domain  from  the  steps  to  the  outflow  end  is  16h.  Number  of  grid  cells  in 
this  domain  is  256x61x41.  Flow  is  from  left  to  right.  Computation  is  started 
with  given  supersonic  inflow  upstream  of  the  steps  including  a  boundary 
layer  of  thickness  0.15h  at  the  upper  and  lower  wall  with  a  parabolic  veloc¬ 
ity  profile.  In  Fig.(l)  results  of  the  density  distribution  are  shown  for  orders 
from  N=2  up  to  N=16  for  the  same  physical  time  t=20  which  means  20000 
time  steps.  The  flow  field  is  not  yet  fully  established.  Comparing  the  contour 
lines  for  the  different  orders  one  recognizes  that  contrary  to  the  subsonic 
M=0.6  case  the  order  N=8  seems  not  sufficient  for  asymptotic  convergence. 
Before  the  order  step  from  N=14  to  16  the  solution  exhibits  decreasing  but 
still  remarkable  changes  with  increasing  order.  The  long  time  simulation 
was  then  conducted  with  order  16.  In  Fig. (2)  some  results  obtained  so  far 
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are  presented.  The  instantaneous  contour  lines  of  Mach  number,  pressure 
and  density  distributions  for  t=70  show  on  the  inflow  side  the  typical  jet 
behavior  for  the  case  of  adapted  pressure.  Then  the  jet  becomes  declining 
more  and  more,  exhibiting  vortical  structures,  local  supersonic  pockets  at 
vortices  and  shocklets.  The  ranges  of  Mach  number  are  from  M=0.1  to 
M=2.8  and  of  pressure  and  density  from  p=0.3  to  p—2.3  and  p=0A  to  1.7, 
respectively.  Pressure  fluctuations  for  the  time  interval  from  t—40  to  t=100 
have  been  recorded  in  points  x\  =  3/i,  x\  —  2h ,  X3  =  0  and  P2:  x\  —  15 h, 
X2  =  2/i,  X3  =  0.  The  graphs  and  frequency  spectra  do  not  yet  represent 
fully  developed  turbulent  flow.  It  seems  that  the  computational  domain  is 
not  long  enough  to  observe  the  full  transition  region.  Further  investiga¬ 
tions  are  necessary.  As  a  second  example  the  supersonic  flow  over  a  24° 
ramp  is  revisited  [11]  Mach  number  and  Reynolds  number  are  M=2.84  and 
R,e=107.  According  to  experiments  by  Settles  [12] [13].  results  are  depicted 
in  Fig. (3).  The  length  of  the  separation  zone  is  reproduced  fairly  well  by 
the  simulation,  and  the  three-dimensional  character  of  the  flow  is  obvious. 
The  pressure  signature  in  the  middle  of  the  corner  line  is  within  a  range 
of  p=1.9  to  p—3.3.  The  mean  pressure  is  overpredicted  in  the  separation 
zone  but  fits  fairly  well  the  experimental  values  outside.  The  skin  friction 
coefficient  fits  best  the  earlier  experimental  values  found  by  Settles  [12]  . 
That  agrees  with  recent  results  [2]. 
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Figure  1.  Supersonic  flow  (M=1.5,  Re=104)  through  a  channel  with  two  backwards  fac¬ 
ing  steps.  Asymptotic  convergence  check  of  the  instantaneous  density  field  with  increasing 
order,  t=20 
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Figure  3.  Supersonic  flow  along  a  24°  compression  ramp  (M=2.84,  Re=10  ),  isosurfaces 
of  M— 2.74,  2.5  and  2.05  and  p=2.58  and  1.54  (upper  figures),  graph  of  pressure  signature 
in  the  middle  point  of  the  corner  line  for  the  time  interval  from  t=30  to  t=60  and  the 
respective  Fourier  spectrum  (middle  figures)  and  mean  wall  distributions  of  pressure  p 
and  skin  friction  coefficient  C/  (lower  figures).  Symbols  represent  experimental  values 

[12]  [13] 
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1.  INTRODUCTION 

Elliptic  and  hyperbolic  partial  differential  equations  are,  at  the  heart  of  most 
mathematical  models  used  in  engineering  and  physics,  giving  rise  to  extensive 
computations.  Often  the  problems  that  one  would  like  to  solve  exceed  the 
capacity  of  even  the  most  powerful  computers.  On  the  other  hand,  the  time 
required  is  too  great  to  allow  inclusion  of  advanced  mathematical  models  in  the 
design  process.  Also  iterative  processes  for  solving  the  algebraic  equations 
arising  from  discretizing  partial-differential  equations  are  stalling  numerical 
processes,  in  which  the  error  has  relatively  small  changes  from  one  iteration  to 
the  next.  The  computer  grinds  very  hard  for  very  small  or  slow  real  physical 
effect  with  the  use  of  too-fine  discretization  grids.  In  this  case,  in  large  parts  of 
the  computational  domain,  the  mesh  size  is  much  smaller  than  the  real  scale  of 
solution  changes.  In  particular,  convergence  of  iterative  methods  for  elliptic  grid 
generation  based  on  non-linear  grid  generation  equations  is  extremely  slow. 

For  the  above  reason,  the  authors  have  worked  on  the  improvement  of  the 
non-linear  elliptic  grid  generation.  In  this  paper,  the  Laplace  equation  and  the 
algebraic  transformation  were  presented  for  the  domains  in  2D  and  3D  physical 
space.  The  second  order  finite  difference  scheme  was  used  for  the  discretization 
of  the  grid  generating  equations.  The  linear  system  is  solved  by  the  ADI  method 
and  the  convergence  was  accelerated  by  the  multigrid  FAS  scheme.  The 
performance  characteristic  of  the  algorithm  was  discussed  and  illustrations  were 
made. 

2.  2D  AND  3D  ELLIPTIC  GRID  GENERATION 

The  elliptic  grid  generation  method  used  in  this  paper  is  based  on  the  use  of  a 
composite  mapping  [1].  It  is  a  composition  of  an  algebraic  transformation  and  an 
elliptical  transformation  based  on  Laplace  equations.  The  algebraic 
transformation  is  a  differential  one-to-one  mapping  from  computational  space 
onto  a  parameter  space.  The  parameter  space  and  the  computational  space  are 
unit  squares.  The  algebraic  transformation  will  only  depend  on  the  prescribed 
boundary  grid  point  distribution.  The  control  functions  are  defined  based  on  the 
algebraic  transformation.  The  elliptical  transformation  is  a  differential  one-to-one 
mapping  from  parameter  space  onto  the  physical  domain.  The  elliptical 
transformation  depends  only  on  the  shape  of  the  domain  and  is  independent  of 
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the  prescribed  boundary  grid  point  distribution.  The  composition  of  these  two 
mappings  defines  the  interior  grid  point  distribution  and  is  a  differentiable  and 
one-to-one  for  2D  domains  and  surfaces  and,  probably,  also  for  3D  domains. 

2.1  Grid  Generation  Equations 

For  2D  problem,  the  grid  generating  system  of  elliptic  partial  differential 
equations  are  as  follow: 

Pxg  +  2  Qxgq  +  RXjw  +  +  Txn  ~  ^  ^ 

Where 

P  =  (xn,  Xn  ),Q  =  -(Xs  ,xv),R  =  (xi,xi), 

S  =  PP{\  +  2QP'n  +  RPu  ,T  =  PPu+  2  QP,l  +  RPi  (2) 

The  control  functions  are  given  by 


Pn=-T 


Pn  =  -T 


sin 


Pn  =  ~T 


-i  I 


and  the  matrix  T  is  defined  as  T  = 


si  si 
h  tn 


The  six  coefficients  of  the  vectors 

P, ,  =  <A\ .  Pu  )T  -  Pn  =  (pn  -  Pn  V  andP22  =  (pn  >  P22  f  are  called  the  control 
functions.  The  two  algebraic  equations  that  define  the  transformation  are  given 
by 

s  =  sEi(£)(l-t)  +  sEA(£)t  (4) 

and  t  =  tE  (17KI  -  s)  +  tE  (T])s  (5) 


The  3D  grid  generating  system  is  too  complicated  to  describe  here.  It  can  be 
found  in  [1]. 

2.2  Discretization  Method 

Let’s  use  2D  case  as  an  example  and  consider  a  uniform  rectangular  grid  of 
size  (N  + 1  )(M  + 1)  defined  as  £  .  =  £  =i/N,  r/.  .  =  77,.  =  ; / M , 

i  =  0  =  0  ,..M. 
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Let  X(  j  be  prescribed  on  the  boundary  of  this  grid.  We  are  going  to  compute 
XiJ  in  the  interior  of  the  computational  grid  based  on  the  solution  of  the 
Poisson  system  defined  by  Eq.  1 . 

The  solution  of  this  system  of  nonlinear  elliptical  equations  is  obtained  by 
Picard  iteration. 


Pk'x%  +  2Qk\\n  +  RkAxkm  +  +  7*_1x\,  =  0, 


Where,  PkA  =  (*%,  xK1n),  Q*  ‘  =  -(x'  \,  x*\),  R"  =  x^, 

SkA  =  Pk'  P'u  +  2 Qk{  P'n  +  RkA  P'22,  7*’1  =  PkA  P2n  +  2Qk>  P2l2  +  RkA  P222. 

The  six  control  functions  P[  w,  P' \2,  P'22,  P2 n,  P2 \2,  P2 22  are  computed 
according  to  the  equations  given  by  Eq.2  and  by  applying  second  order  central 
difference  schemes  for  the  discretizations  of  s^,sn7],s^J^,tnri, 


>1 


>1 


»k-l 


>1 


>1 


»k-l 


>1 


k-1 


The  arc  length  normalized  variables  (sij,tij)  at  the  boundary  are  computed 
as  follows: 

•  Compute  the  distance  (/)  between  succeeding  points  at  the  each  boundary. 

•  Define  the  length  of  the  edge  (L)  along  each  boundary  as  the  sum  of  the 
distances  between  succeeding  points  along  that  boundary. 

•  The  normalized  distance  (d)  between  succeeding  points  is  then  given  by  UL. 

•  The  arc  length  normalized  variables  ;  and  t(  j  at  the  boundary  are  defined 
by 


'oj 


=  0, 


1,  i  =  0...M,  f,  0  =  0, 


=  1,  |=0.JV, 


and  S-q  =  s 


-1,0  4.o  ’ 


i,M 


=  s 


i-\,M 


oj 


=  t 


0,7-1 


+  d 


oj 


A ’J 


~  ^  N,j-\  “nj 


j  = 


The  arc  length  normalized  variables  (s{  . ,  t{  j )  in  the  interior  of  the  grid  are 
computed  according  to  the  algebraic  straight-line  transformation  given  by  Eq.(3) 
and  (4).  Simultaneously  solving  the  two  linear  algebraic  equations  yields 


=  s,.  0  (! "  hj )  +  si,M  h.j .  h.j  =  h  j  C1  “  si,j )  + 1 


NJSiJ 


at  each  node  (i,  j)e  (1...N  —  l;l...Af  -1) 

The  steps  for  an  iteration  to  improve  the  current  approximation  xk~[  is  as 
follows: 

•  The  coefficients  Pk  X  ,Qk~\  Rk  X  ,Sk~l  ,Tk~'  are  computed  by  applying  central 
difference  schemes  for  the  discretization  of  x^~l  and  xk~l  .  The  six  control 
functions  remain  unchanged  during  the  iterative  process. 
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•  Using  central  difference  schemes  to  discretize  ,  x^ ,  ,  xn .  The 

discretization  of  the  mixed  derivative  using  central  difference  schemes  is  done  in 
a  way  described  in  [2], 

•  We  then  obtain  a  linear  system  of  equations  for  the  unknowns 
xk . , i  =  j  =  0...M  with  Dirichlet  boundary  conditions.  A  Multigrid  solver 
is  used  to  solve  this  linear  system.  The  solver  is  called  twice  to  compute  the  two 
components  x*;  and  yitJ . 

The  initial  approximation  JC°is  obtained  by  an  algebraic  grid  generation.  The 
above  iterative  process  is  repeated  until  a  required  approximation  to  the  solution 
has  been  obtained. 

The  discretization  method  for  3D  problem  can  also  be  found  in  [1]. 


3.  FINITE  DIFFERENCE  AND  FINITE  VOLUME  METHOD 

In  this  paper,  the  second  order  finite  difference  scheme  was  used  to  discretize 
the  equations  and  the  boundary  conditions.  For  2D  problem,  Eq.  (1)  becomes: 


2 Xjj+Xj-u  f 


Ax' 


2Q 


XMJ  - xLH  -xiJ+l  +x^htl  +  2*,.j 


2AxAy 


n  Xi.j+i  +  fj ±±  .  C  j  [  J  -  Q 

Ay2  2Ax  2\y 

Grids  obtained  by  the  nonlinear  elliptic  Poisson  grid  generation  system 
defined  by  Eq.(l)  are  grid  folding  free  and  have  an  excellent  interior  gird  point 
spacing  distribution.  However,  the  computed  grids  are  in  general  not  orthogonal 
at  the  boundary,  but  we  need  grids  to  be  orthogonal  at  the  boundary,  especially 
for  Navier-Stokes  computations.  The  orthogonality  of  the  gird  in  a  boundary 
layer  is  often  desired. 

The  s’  coordinate  in  parameter  space  P  satisfies  the  linear  second-order 
elliptic  equation  +  Ja^s^)^  +(Ja  s^+Ja  s  )n=0  .  The  t 

coordinate  is  obtained  in  the  same  way.  A  finite-volume  cell-centered  nine-point 
stencil  approach  is  used  to  obtain  the  discretized  equations  for  boundary 
orthogonality  of  2D  problem  and  seven-point  stencil  for  that  of  3D  problem. 

4.  MULTIGRID  TECHNIQUE 

As  we  know,  Gauss-Seidel  relaxation  for  solving  Eq.6  typically  stalls  after  a 
few  iterations.  This  is  because  Gauss-Seidel,  though  effective  for  high-frequency 
errors  components,  has  very  little  effect  on  low-frequency  components.  Multigrid 
capitalizes  on  this  “smoothing”  property  of  Gauss-Seidel  by  visiting  coarser  grids 
to  resolve  smooth  errors.  But  the  regular  multigrid  correction  scheme  is  only 
valid  for  linear  problem.  In  order  to  accommodate  the  nonlinearities  in  Eq.6,  we 
applied  the  Full  Approximation  Scheme  (FAS)  version  of  multigrid  with  bilinear 
interpolation  and  full  weighting  of  residuals  and  approximations. 
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4.1.  Full  Approximation  Scheme  (FAS) 

In  non-linear  problem,  the  difference  Lhuh  —  LhUhcm  no  longer  be  replaced 
by  Lhvh ,  where  vh  is  the  truncation  error  onjjij^rid.  Hence,  we  introduce  a  new 
coarse  grid  variable  uih  defined  as  uiu  =  / h  Uh  +v2/l,  where  Ih  represents  a 
so-called  restriction  operator  which  interpolates  fine  grid  solution  variables  to  the 
coarse  grid  and  v2/j  is  the  truncation  error2/pri  coarse  grid.  The  coarse  grid 
equation  can  be  written  as  L2hU2h  —  LnI h  uu  —  ~hrh^  hi *  represents  the 
restriction  operator  which  transfers  residua^  from  fine  to  coarse  grids  and  rh  is 
the  residue  on  fine  grid.  The  operators  /  h  may  in  principle  be  different  from 
each  other. 

It  is  useful  to  rewrite  the  above  equation  as: 

L2hU2h  =  S2h ,  where  S2h  =  L2h  In  Uh  —Ih  rh. 

In  this  form,  the  coarse  gird  equation  is  seen  to  take  on  a  similar  structure  to  the 
original  fine  grid  equation,  with  a  modified  source  term.  This  enables  us  to  use 
similar  techniques  for  solving  both  the  coarse  and  fine  grid  problems.  Once  the 
coarse  grid  equations  have  been  solved,  either  exactly  or  approximately,  the  fine 
grid  variables  are  updated  as: 

— new  — old  r  — new  —2h~old 

Uh  =Uh  +/2/,(M2/j  —Ih  Uh  ) 

which  can  also  be  written  as  ha  =  Uh  +  /2Av2A  •  h h  *s  caMed  interpolation 
operator. 

The  FAS  method  is  carried  out  in  the  following  steps.  [4] 

•  Restrict  the  current  approximation  and  its  fine-grid  residual  to  the  coarse  grid: 
r2h  =l2hh{fh  -  Lh 0„ ))  and  v2h  =  /,f'v„ ,  where  fh  is  the  right-hand  term  of 
nonlinear  equation  system  on  fine  grid. 

•  Solve  the  coarse-grid  problem  Llh  (u2h )  =  L2h  (v2h )  +  r2h . 

•  Compute  the  coarse-grid  approximation  to  the  error:  e2h  -  u2h  —v2h. 

•  Interpolate  the  error  approximation  up  to  the  fine  grid  and  correct  the  current 
fine-grid  approximation:  vh  vh  +  l2he2h  *  where  the  mash  space  on  finest 
grid,  2h:  the  mesh  space  on  coarse  grid. 

4.2.  The  Solver  for  Linear  Systems 

The  linear  systems  were  solved  by  applying  alternating  direction  implicit 
methods  (ADI).  The  basic  idea  for  ADI  method  is  as  follows:  a  complete 
iteration  consists  of  two  scans.  The  first  scan  goes  from  the  smallest  index 
number  to  the  largest  one  from  one  row  to  the  other  followed  by  the  same  in  the 
column  direction.  The  second  scan  is  almost  the  same  as  the  first  one,  except  for 
going  from  the  largest  index  number  to  the  smallest  one.  This  method  can 
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increase  the  convergence  rate  at  the  cost  of  some  complication  in  the 
computational  algorithm.  [3] 

To  illustrate  the  advantage  of  FAS  method,  the  author  compared  ADI  method 
with  FAS  and  ADI  method. 

5.  ILLUSTRATIONS 
5.1.  For  2-D  Case 

In  Fig.  2(a),  the  body-fitted  C-grid  around  a  NACA  0012  airfoil  is  displayed. 
The  close-up  of  mesh  near  the  airfoil  is  shown  in  Fig.  2(b)  where  grids  are 
orthogonal  at  the  boundaries.  The  mesh  is  clustered  near  the  wall  in  the  wall- 
normal  direction  (?))  as  well  as  in  the  vicinity  of  the  leading  and  trailing  edge  of 
the  airfoil  in  the  direction  parallel  to  the  wall  (£ ) .  The  grid  contains  769  points 
in  the  %  direction  and  129  points  in  the  7]  direction. 

As  seen  in  the  figures,  the  grid  generated  is  grid  folding  free  and  the  interior 
grid  point  distribution  is  a  good  reflection  of  the  prescribed  boundary  grid  point 
distribution.  The  initial  grid  is  obtained  with  algebraic  grid  generation  and  is 
required  as  the  initial  solution  for  the  non-linear  elliptical  Poisson  system.  The 
final  grid  is  independent  of  the  initial  grid.  The  quality  of  the  initial  grid  is 
unimportant  and  severe  grid  folding  of  the  initial  grid  is  allowed. 

Fig.  3.  shows  the  Log  (residue)  vs.  Work  Units  of  the  ADI  and  the  multigrid 
method  for  2D  case.  From  the  figure,  the  multigrid  method  reduced  the  residue 
significantly,  which  is  faster  than  the  ADI  method  for  the  above  problem.  The 
multigrid  method  saves  at  least  23  times  in  CPU  times  (or  work  unit)  than  the 
ADI  method. 

5.1.  For  3-D  Case 

The  geometry  of  the  delta  wind,  taken  from  the  experimental  work  of  Rieley 
&  Lowson  ( 1 998),  is  shown  in  Fig.  4.  The  sweep  angle  denoted  by  A  is  85  °  and 
the  leading-edge  angle  denoted  by  O  is  30  .  The  chord  length  is  taken  as  the 
characteristic  length  L ,  such  that  the  non-dimensional  chord  length  is  c  =  1 .0L . 
The  non-dimensional  thickness  of  the  delta  wing  is  h  =  0.024 L . 

In  Fig.5,  the  grids  around  the  delta  wind  are  being  shown.  The  mesh  is  H-type 
in  the  meridian  section  and  C-type  in  the  cross  section.  The  grids  are  orthogonal 
on  the  delta  wing  surface.  The  meshes  are  1 29  x  65  x  65 ,  where  the  sequence  of 
numbers  is  corresponding  to  the  axial,  the  spanwise  and  the  wall-normal 
direction,  respectively. 

Fig.  6.  shows  the  Log  (residue)  vs.  Work  Units  of  the  ADI  and  the  multigrid 
method  for  3D  case.  Great  improvement  of  convergence  speed  can  also  been 
seen  from  this  figure,  although  it  is  not  as  apparent  as  that  in  2D  case.  The 
multigrid  method  saves  at  least  2  times  in  CPU  times  (or  work  unit)  than  ADI 
method. 

6.  CONCLUSIONS 
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The  Multigrid  method  is  applied  to  elliptic  partial  differential  equations.  As 
seen  from  the  illustrations,  convergence  of  the  2D  and  3D  elliptic  grid  generation 
problems  is  greatly  improved  by  using  the  multigrid  solver,  although 
convergence  of  three  dimensional  elliptic  grid  generation  is  still  not  fast  enough 
and  need  to  be  improved.  Second  order  central  difference  schemes  used  for 
discretizing  the  grid  generation  equations  are  close  to  the  exact  differentiation 
and  provide  better  grid  point  distribution. 
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FIG.  1.  Transformation  from  computational  space  to  a  domain  D  in 

Cartesian  (x,  y)  space. 
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(a)  overview  of  the  grids  (b)  grids  near  airfoil  surface 


FIG.  2.  C-grid  around  a  NACA  0012  airfoil 
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Comparison  of  Log  (residue)  vs.  Work  Units 
of  ADI  and  multigrid  method 


FIG.  3.  Comparison  of  Log  (residue)  vs.  FIG.  4.  Schematic  of  the  delta  wing 
Work  Units  of  ADI  and  multigrid 
method  in  2D  case 


FIG.  5.  H-C  type  grid  around  a  85°  FIG.  6.  Comparison  of  Log(residue)  vs. 

sweep  delta  wing  Work  Units  of  ADI  and 
multigrid  method  in  3D  case 
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ABSTRACT 

In  this  work,  the  high-order  central  compact  scheme  is  introduced  to 
improve  the  accuracy  of  the  IFLOW  solver.  The  high-order  compact  filter 
is  used  to  reduce  non-physical  oscillations.  To  achieve  the  conservation 
property  of  the  scheme,  the  compact  scheme  is  combined  with  the  ENO 
reconstruction  method.  The  numerical  flux  at  the  cell  interface  is 
approximated  by  the  derivative  of  its  primitive  function  which  can  be 
exactly  calculated.  At  the  boundary,  ghost  points  are  constructed.  The 
high-order  extrapolation  is  used  to  obtain  values  at  the  ghost  points. 
Instead  of  using  the  one-sided  compact  scheme,  the  explicit  central 
difference  scheme  is  applied  at  the  boundary.  The  results  from  spatial 
simulations  of  trailing  vortices  have  shown  obvious  improvement  in 
accuracy. 

1.  INTRODUCTION 

The  compact  schemes  have  been  widely  used  in  numerical 
simulation  of  complex  flows.  It  has  been  shown  [1]  that  the  compact 
scheme  can  reach  high-order  accuracy  and  good  small  scale  resolution 
with  narrow  grid  stencils. 

IFLOW  code  [2]  is  designed  as  a  general-purpose  production  code 
for  the  numerical  solutions  of  the  incompressible  Reynolds-averaged 
Navier-Stokes  equations  supplemented  by  appropriate  turbulence  models. 
The  numerical  methods  include  multi-block  grid  structure  for  complex 
geometry,  artificial  compressibility  model,  explicit  one-step  multi-stage 
Runge-Kutta  scheme  for  time  stepping,  mutigrid,  local  time-stepping, 
implicit  residual  smoothing,  optimal  precondition,  and  bulk  viscosity 
damping  for  convergence  acceleration.  The  second  order  central 
difference  and  finite  volume  method  are  used  for  spatial  discretization. 
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The  fourth-order  artifical  dissipation  terms  are  added  to  suppress 
numerical  oscillations.  The  code  has  been  used  to  analyze  many  complex 
flow  fields  including  those  around  submarine,  surface  ship,  and  various 
parts  of  each. 

In  this  work,  the  fourth-order  compact  finite  difference  scheme  is 
incorporated  into  the  code  to  improve  the  accuracy  of  the  solutions. 
Instead  of  using  artificial  dissipation,  the  sixth  order  compact  filter  is  used 
to  reduce  non-physical  oscillations.  To  achieve  the  conservation  property 
of  the  scheme,  the  compact  scheme  is  combined  with  the  ENO 
reconstruction  method[3].  The  numerical  flux  at  the  cell  interface  is 
approximated  by  the  derivative  of  its  primitive  function  which  can  be 
exactly  calculated.  The  physical  flux  at  the  boundary  is  used  as  the 
boundary  condition.  To  calculate  the  physical  flux,  ghost  points  are 
constructed  by  the  fourth  order  extrapolation.  The  next  section  presents 
this  method  in  detail,  followed  by  the  test  cases  and  results  of  calculations. 

2.  GOVERNING  EQUATIONS 

The  three-dimensional  incompressible  Reynolds-averaged  Navier- 
Stokes  equations  based  on  the  artificial  compressibility  approach  can  be 
expressed  using  the  following  conservative  formulation. 

P0-'q,+Fx+Gy+Hz=  0  (1) 

where  the  preconditioned  matrix  P0  and  the  three  components  of  fluxes 
F  ,  G ,  and  H  are  defined  as 
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Here  p*  is  the  pressure  p  divided  by  a  constant  density  p .  a  ,  p  and 
y  are  preconditioning  parameters.  In  this  presented  work,  a  =  7  =  0  and 
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p  ~2  =  max(|  u  | 2 ,  £  )  £  =  0.7 .  The  Reynolds  stresses  calculated  by 
turbulence  model  are  given  by  t(>. ,  i,  j  =  x,y,z. 


3.  NUMERICAL  METHOD 

In  the  old  version  of  IFLOW,  a  finite  volume  method  is  used.  The 
mean  flow  is  descretized  by  a  second-order  accurate  central  difference 
method  with  the  fourth-order  dissipation  terms.  The  turbulent  flow  is 
discretized  by  one  of  the  several  upwind  schemes.  The  time  step  is  based 
on  an  explicit  one-step  multi-stage  Runge-Kutta  method  to  reach  a  steady- 
state  solution.  Several  convergence  acceleration  techniques  including 
multigrid,  local  time  step,  implicit  residual  smoothing,  preconditioning, 
and  bulk  viscosity  damping  have  been  implemented. 

In  this  work,  the  fourth-order  compact  finite  difference  scheme  [1] 
and  the  ENO  reconstruction  method  [3]  are  used  to  approximate  the 
derivatives  of  fluxes.  To  illustrate  how  to  use  this  method,  we  choose  Fx , 
the  derivative  of  flux  in  the  x  direction,  as  the  example.  When  a 
conservative  approximation  to  the  spatial  derivative  is  applied,  Fx  can  be 
expressed  as 


where  F  {  and  F  t  are  numerical  flux  functions  at  the  cell  interfaces.  In 

J'+  2  j  2 

order  to  achieve  the  high-order  accuracy,  numerical  fluxes  should  be 
defined  in  such  a  way  that  the  difference  of  numerical  fluxes  is  a  high- 
order  approximation  of  the  derivative  Fx.  According  to  the  ENO 
reconstruction  procedure  [3],  it  has  been  proved  that  the  primitive  function 
of  F  at  the  cell  interfaces  can  be  exactly  calculated  by  the  value  of  Fj  at 

given  points.  If  P  is  the  primitive  function  of  F  ,  then: 


(3) 


Then  the  numerical  flux  F  at  the  cell  interface  can  be  obtained  by 
taking  derivative  of  its  primitive  function  P , 


i 


i 


(4) 
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The  approximations  of  derivatives  of  P  at  cell  interfaces  are  calculated  by 
the  fourth-order  compact  finite  difference  scheme.  Gy  and  H ,  are 
discretized  in  the  same  manner.  The  sixth  order  compact  filter  is  used  to 
reduce  numerical  oscillations. 


4.NUMERICAL  EXAMPLES 


To  verify  the  efficiency  of  this  high-order  approach,  the 
development  of  a  trailing  vortex  is  simulated  using  the  k-to  turbulence 
model.  In  the  first  testing  problem,  a  laminar  q-vortex  solution  of 
Batchelor[2]  is  used  as  the  inlet  flow  condition,  i.e. 


V, 


V"<1  +  2a>T' 


1  -  exp 


u-u„=uD 


where  r2  =  y2  +  z2,a  =  1.25643, V91  =0.286,  UD  =0.165,  and 
ry  =  0.036 .  The  size  of  the  computational  domain  is  40  x  1  x  1 .  The  inlet  is 
located  at  x=5.  The  grid  number  is  96x32x32.  Fig.l  and  2  show  the 
distributions  of  the  streamwise  and  tangential  velocities  along  a  vertical 
line  through  the  vortex  core  at  different  locations  in  the  x  direction.  The 
results  from  the  second-order  and  the  fourth-order  are  displayed  in  the 
same  figure.  Fig.3  shows  the  contours  of  vorticity  at  different  x  locations. 
The  first  row  is  corresponding  to  the  second-order  results,  and  the  second 
row  is  of  the  fourth-order.  It  can  be  seen  from  these  results  that  the  high- 
order  compact  scheme  increases  the  accuracy  of  the  solutions  and  has 
demonstrated  a  better  resolution  than  second-order  scheme. 


Fig.l  Streamwise  velocity  Fig.2  Tangential  velocity 
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Fig.3  Contours  of  vorticity  at  different  x  locations 


In  the  second  testing  problem,  the  experimental  data  from  [2]  are  used  to 
prescribe  the  inlet  flow.  The  geometry  and  flow  condition  match  those  in 
the  experiment.  The  computational  domain  extends  from  */c=5  to  */c=45 
in  the  streamwise  direction.  The  grid  is  clustered  near  the  center  of  the 
vortex  on  the  cross  section.  In  the  streamwise  direction  the  grid  is 
uniform.  The  grid  number  is  56  x  56  x  56 .  Experimental  data  ( 17  x  17 )  at 
x/c=5  are  interpolated  to  the  computational  grid  nodes.  The  numerical 
results  are  compared  with  experimental  data  at  x/c=10.  Fig.4  and  5  show 
the  distributions  of  the  streamwise  and  tangential  velocities  along  a 
vertical  line  through  the  vortex  core  at  different  locations  in  the  x 
direction.  The  results  from  the  second-order  and  the  fourth-order  are 
compared  with  the  experimental  results.  It  is  obvious  that  the  accuracy  is 
improved  by  using  the  high-order  compact  scheme.  The  large  discrepancy 
between  numerical  results  and  experiment  data  is  caused  by  errors  of  the 
interpolated  inlet  boundary  condition,  as  we  find  this  discrepancy  also 
exists  at  the  sections  very  close  to  the  inlet  boundary. 

^CONCLUSIONS 

The  fourth-order  compact  scheme  in  the  conservative  form  has  been 
incorporated  in  to  the  production  code  IFLOW.  The  results  from  the 
testing  cases  have  shown  the  improvement  in  accuracy.  The  further 
applications  of  this  method  to  more  complex  flows  are  undertaken. 
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Fig.4  Streamwise  velocity  Fig.5  Tangential  velocity 
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A  virtual-surface  DNS  is  used  to  examine  hairpin  formation  caused  by 
a  pair  of  suction  holes  below  a  laminar  wall-bounded  flow.  The  work  mod¬ 
els  an  experiment,  presently  underway,  in  which  quasi-periodic  hairpins  are 
to  be  generated  in  a  laminar  plane- Poiseuille  flow.  We  present  some  brief 
preliminary  studies  of  vortex  dynamics  and  find  both  symmetric  and  an¬ 
tisymmetric  modes  of  shedding.  We  also  examine  the  effect  of  inter-hole 
spacing  on  hairpin  formation. 

1.  Introduction 

A  turbulent  boundary  layer  is  known  to  consist  mainly  of  two  different  kinds 
of  coherent  vortical  structures:  counter-rotating  streamwise  vortices  ob¬ 
served  in  the  near  wall  region  and  hairpin-shaped  vortices  extended  across 
the  boundary  layer.  The  hairpin  structure  consists  of  a  head  reaching  out 
into  the  log  layer  and  long  legs  trailing  behind  and  below  in  the  buffer  layer. 
There  may  be  many  variants  on  this  model  since  a  simple,  isolated,  sym¬ 
metric  hairpin  can  be  hard  to  find  in  experimental  or  computational  fully 
turbulent  boundary  layers.  Assy  metric  or  one-legged  structures  are  com¬ 
mon  and  a  visualization  of  a  high  Reynolds  number  simulation  can  often 
look  like  a  confused  mass  of  writhing  worms.  The  hairpin  structures  extend 
from  a  near- wall  region  of  high  shear  having  more  stream-aligned  structures 
out  into  a  much  lower  mean  shear  region.  How  each  region  influences  the 
other  remains  open  to  discussion.  There  has  also  been  much  effort  exerted 
in  trying  to  fathom  out  how  such  coherent  structures  self-replicate.  In  a 
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turbulent  boundary  layer  the  hairpins  may  form  as  an  instability  along  the 
low  speed  streaks.  It  is  likely,  however,  is  that  there  are  several  processes 
which  occur  with  different  frequencies  and  that  if  one  looks  closely,  one 
process  blends  smoothly  into  another  and  becomes  only  distinguishable  by 
degree. 

Levinski  and  Cohen  [6]  (LC)  proposed  a  new  predictive  theoretical 
model  explaining  the  mechanism  leading  to  the  rapid  growth  of  hairpin 
vortices  in  shear  flows.  Malkiel  et  al  [7]  provided  further  proof  of  this  the¬ 
ory.  LC  focused  on  the  evolution  of  localized  disturbances  (all  dimensions  of 
which  are  much  smaller  than  the  length  scale  corresponding  to  variations  of 
the  basic  velocity  shear)  and  used  the  fluid  impulse  integral  to  characterize 
this  type  of  disturbance. 

Their  analysis  showed  that  unidirectional  planar  shear  flows  are  always 
unstable  with  respect  to  finite-amplitude  localized  disturbances.  Further¬ 
more,  the  analysis  predicts  that  the  initial  vortex  grows  exponentially  and 
that  it  is  inclined  at  45°  to  the  basic  flow  direction.  These  predictions  agree 
with  existing  experimental  observations  concerning  the  growth  of  hairpin 
vortices  in  laminar  and  turbulent  boundary  layers. 

The  resulting  set  of  coupled  equations  obtained  by  Levinski  and  Cohen 
[6]  describes  the  dynamics  of  the  localized  vorticity  disturbance.  Accord¬ 
ingly  it  is  governed  by  two  mechanisms:  one  is  the  lift-up  of  the  disturbance 
in  the  cross-stream  direction  which  stretches  the  basic  spanwise  vorticity 
field  and  thus  generates  a  disturbance-vorticity  component  in  the  cross¬ 
stream  direction;  the  other  mechanism  is  associated  with  the  stretching 
and  rotation  of  this  disturbed  vortex  by  the  basic  shear  field.  This  intensi¬ 
fies  the  streamwise  vorticity  component  which,  in  turn,  induces  an  increased 
cross-stream  velocity,  thereby  enhancing  the  lift-up  effect  and  closing  the 
feedback  loop.  Once  formed,  the  hairpin  evolves  through  self-induction  in 
the  presence  of  the  mean  shear. 

Computational  modeling  of  the  Couette  flow  hairpin  device  was  done 
by  Rosenfeld  et  al  [9]  who  suggested  hairpin  formation  due  to  a  shedding 
of  a  vortical  bridge  between  the  holes.  In  an  ongoing  experiment,  hairpins 
are  to  be  generated  in  a  laminar  plane-Poiseuille  flow  by  way  of  suction 
through  a  pair  of  small  holes  on  one  wall.  Computations  of  the  effect  of 
similar  distributed  discrete  suction  holes  by  Meitz  [8]  examined  how  suc¬ 
tion  alters  the  stability  of  quiet  flow,  Klebanoff  modes,  and  TS  waves  in  a 
Blasius  boundary  layer.  Meitz’s  work  utilized  a  prescribed  suction  profile 
over  the  holes  with  forced  spanwise  symmetry  and  emphasized  the  effects 
of  relatively  lower  suction  levels  than  examined  presently. 

We  here  briefly  examine  the  process  through  which  such  quasi-periodic 
hairpins  can  develop.  There  can  be  different  modes  of  hairpin  shedding 
with  hairpins  sometimes  forming  right  between  the  suction  holes,  if  the 
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flow  has  slight  asymetries,  and  at  other  times  the  hairpins  roll  up  much 
further  downstream.  The  suction  holes  obviously  alter  the  mean  (parabolic) 
flow  field  so  whether  the  hairpins  we  examine  correspond  to  those  in  an 
unperturbed  flat  plate  boundary  layer  remains  to  be  determined. 

2.  The  Computational  Approach 

The  present  work  uses  an  unconventional  computational  approach  -  solid 
surfaces  are  modeled  by  applying  a  body  force  to  the  flow  to  bring  the  flow 
to  rest  on  a  virtual  surface.  This  approach  for  creating  a  virtual  solid  surface 
has  been  shown  [1]  to  be  sufficiently  flexible  and  efficient  to  model  laminar 
and  turbulent  flow  over  complicated  geometries.  That  work  also  discusses 
the  numerical  stability  of  the  method.  Goldstein  et  al  [2]  provides  a  more 
detailed  review  of  the  virtual  surface  approach  as  well  as  grid  resolution 
studies  of  laminar  flow  over  riblets,  an  examination  of  the  sensitivity  of 
the  solution  to  various  smoothing  parameters,  and  an  in  depth  analysis  of 
turbulent  flow  over  virtual  flat  and  textured  plates.  Goldstein  and  Tuan  [3] 
produce  exhaustive  grid  resolution  studies  showing  convergence  even  in  a 
turbulent  flow  over  a  ribbed  surface  using  the  same  code  as  used  herein. 

The  basis  of  the  virtual  surface  model  is  that  the  surface  being  modeled 
is  defined  by  a  set  of  boundary  points  which  exist  within  a  region  spanned 
by  a  fixed  (Eulerian)  mesh  on  which  the  flow  equations  are  solved.  The 
boundary  points  xs  exert  a  body  force  on  the  fluid  such  that  the  flow 
comes  to  a  desired  velocity,  Udes>  on  x6>.  A  key  feature  of  the  present 
approach  is  that  flows  around  complex  boundary  geometries  are  reduced  to 
ones  which  are  fully  rectilinear  and  hence  are  amenable  to  spectral  methods 
(we  use  that  of  [5]  and  [4]).  The  virtual  surface  approach  imposes  only  a 
small  computational  overhead  and  little  in  the  way  of  a  coding  burden. 
Potential  difficulties  associated  with  the  singular  nature  of  the  force  field, 
addressed  in  Goldstein  et  al  [1,2],  are  largely  overcome  by  spatial  smoothing 
and  spectral  filtering.  The  forcing  function  f  (x,  t)  is  determined  as  f  (x,  t)  = 
a  f*  AU(x,  t')dt'  +  /?AU(x,  t)  with  AU  =  U  —  Udes  where  the  quantities 
a  and  (3  are  negative  constants  (see  [1]).  On  an  immobile  surface  Udes  =  0. 
The  lower  surface  is  a  virtual  solid  surface  created  with  the  force  field 
(Fig.  1(a)).  The  flow  is  sucked  into  the  holes  in  the  surface  due  to  the 
reduced  pressure  in  the  gap  between  the  virtual  surface  and  the  ordinary 
flow  field  boundary.  This  low  pressure  is  maintained  by  forced  blowing 
(Udes  =  (0,vwou,,0))  ou^  a  spanwise  strip  in  the  virtual  surface  well 
downstream  of  the  suction  holes. 

A  buffer  zone,  located  immediately  downstream  of  the  blowing  slot,  is 
used  to  both  maintain  the  parabolic  velocity  profile  in  the  bulk  of  the  do¬ 
main  and  to  absorb  the  perturbations  introduced  by  the  suction  and  blow- 
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Figure  1.  (a)  Channel  flow  configuration  for  two-hole  suction  simulations.  Channel  is 

periodic  in  the  streamwise  (A)  and  spanwise  directions  (Z)  and  bounded  by  imperme¬ 
able  flat  walls  in  the  vertical  direction  ( Y ).  Flow  quantities  are  represented  by  Fourier 
expansions  in  the  horizontal  (X  -  Z)  plane  and  a  Chebyshev  expansion  in  the  wall  nor¬ 
mal  direction,  (b)  Close-up  of  instantaneous  isosurfaces  of  vorticity  magnitude  showing 
hairpins  shedding  in  the  wake  of  two  holes.  Flow  from  lower  left. 


ing  sites.  The  buffer  zone  uses  the  force  field  to  bring  the  flow  to  the  desired 
parabolic  profile.  In  order  that  this  accomodation  process  be  gradual,  the 
quantities  a  and  (3  are  made  to  vary  in  the  buffer  region  in  a  smooth  man- 
ner  as  o^ffer{x)  =  2Qe^m{AllW)1  and  &«//«.(*)  =  20e-12<Ai'w)  where 
W  is  the  number  of  cells  in  the  the  length  of  the  buffer  zone  (=25)  and  A i 
the  number  of  cells  distant  from  the  center  a>plane  of  the  buffer  region.  The 
width  of  the  abuffer  Gaussian  is  much  narrower  than  that  of  the  /3buffer 
Gaussian.  abuffer  is  a  rather  harsh  term  in  that  it  makes  the  force  adjust 
itself  to  completely  cancel  out  the  velocity  error.  This  is  of  use  in  ensuring 
the  steady  mean  flow.  The  (3buffer  term  surrounding  the  abuffer  core  region 
damps  nearly  all  of  the  temporal  fluctuations  before  they  reach  the  otbuffer 
layer.  The  present  channel  dimensions  are  chosen  to  be  12.9ft:2ft:6.46ft  in 
x:y:z  where  ft  is  the  channel  half-height  and  the  grid  is  128  x  65  x  128. 


3.  Hairpin  Formation 

Figure  1(b)  illustrates  the  nature  of  the  hairpin  vorticies  we  obtain  in  our 
simulations.  The  channel  Reynolds  number  based  on  centerline  velocity, 
Ud,  and  ft(=  .9289),  is  1115.  The  hole  center- to- center  spacing,  d,  is  0.84ft 
and  the  holes  are  7.32ft  upstream  of  the  buffer  layer.  We  give  the  volume 
flow  rate  through  the  holes,  Qhoies  by  comparison  to  the  volume  which 
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would  flow  through  the  channel  cross-sectional  area  bound  by  the  top  and 
bottom  surfaces  and  the  hole  centerlines  in  the  absence  of  suction:  dhUmean • 
That  ratio  is  dhUmean/Q holes  =  5.86.  One  incipient  hairpin  is  forming  just 
downstream  of  the  holes  and  three  others  are  seen  further  downstream  in 
various  stages  of  evolution.  At  this  low  Reynolds  number  the  hairpins  of 
figure  1(b)  appear  short  and  stocky.  At  higher  Reynolds  numbers  the  legs 
become  longer  and  thinner  and  may  develop  a  kink  which  evolves,  through 
leg-to-leg  reconnection,  into  two  separate  hairpins. 

The  holes  continuously  pull  high  speed  fluid  from  well  above  the  surface, 
down  towards  the  surface.  As  a  result,  there  is  a  continuous  downflow  of 
fluid  both  over  the  holes  and  in  their  wake.  Figure  2(a),  shows  a  close-up 
view  of  iso-vorticity  contours  in  a  ZY  plane  2d  downstream  of  the  hole 
centerline.  There  is  clearly  a  region  of  downwash  just  above  each  high  (cjz) 
vorticity  streak  in  the  wake  of  each  hole.  The  head  of  a  hairpin  is  just 
passing  through  the  frame  at  this  time. 


I  i  i  i  i  I  i  i  i  i  L-i  i  i  i  1 

2.5  3  3.5  4 

z/h 

(8) 


Figure  2.  (a)  Vorticity  magnitude  in  a  ZY  plane  showing  slice  of  a  hairpin  head  in  the 

wake  of  two  holes  and  (b)  streamwise  instantaneous  velocity  contours  in  a  ZX  plane  near 
the  suction  holes  (black  ovals).  Velocity  vectors  are  also  shown. 


Figure  2(b)  provides  contours  of  the  streamwise  velocity  U  just  above 
the  virtual  surface  near  the  suction  holes.  It  is  clear  that  the  holes  draw 
in  fluid  nearly  radially  from  the  front  and  sides  of  the  holes.  The  drawing 
down  of  high  speed  fluid  from  well  above  the  surface  creates  a  region  of  fluid 
just  over  the  hole  as  well  as  just  aft  having  a  high  U  velocity.  Moreover,  the 
suction  is  strong  enough  to  create  a  separated  reverse  flow  region  outboard 
of  each  hole. 

We  can  interpret  the  flow  in  terms  of  the  vorticity  dynamics  schemat¬ 
ically  shown  in  figure  3.  The  hairpins  originate  upstream  of  the  holes.  As 
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the  near- wall  spanwise  vortex  lines  in  the  mean  parabolic  flow  move  down¬ 
stream  ahead  of  the  holes,  they  are  pulled  into  a  downstream  orientation 
by  the  suction  thus  rotating  -ujz  vorticity  into  the  x  direction  to  create 
±ux  vorticity.  The  vortex  lines  are  strongly  stretched,  increasing  in  vor¬ 
ticity,  as  they  are  drawn  down  the  holes.  These  stretched  and  rotated 


Figure  3.  Close-up  schematic  of  vortex  line  dynamics  near  suction  holes.  Note  that  this 
is  meant  to  be  a  3D  perspective  view  and  some  of  the  lines  project  above  the  plane  of 
the  paper. 


vortex  lines  produce  a  region  of  upwash  along  the  centerline,  upstream  of 
the  holes,  that  is  surrounded  by  a  pair  of  counter-rotating  vorticies  of  the 
same  orientation  as  the  hairpin  legs  downstream.  Outboard  of  the  holes 
the  downward-dipping  highly  stretched  spanwise  vortex  lines  can  produce 
the  regions  of  reverse  flow  near  the  surface.  The  broken  vortex  lines  drawn 
down  a  hole  (e.#.,  line  A)  lead  to  a  region  of  downwash  behind  the  hole. 
That  high-speed  flow  brought  down  toward  the  surface  subsequently  cre¬ 
ates  a  persistent  high  uz  vorticity  streak  in  the  wake  of  each  hole.  There  is 
also  a  circumferential  nest-like  ring  of  high  vorticity  around  each  hole  (not 
seen  in  these  figures)  caused  by  the  high-speed  flow  drawn  in  over  the  hole 
rim. 

So  the  looped  vortex  lines  originate  in  the  immediate  vicinity  of  the 
holes,  in  a  region  of  large  pressure  gradients  and  strong  vortex  line  stretch¬ 
ing.  The  upwash  caused  by  these  bent  vortex  lines  between  the  holes  brings 
low  speed  fluid  away  from  the  surface  producing  the  central  low  speed 
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streak.  How  these  vortex  lines  manage  to  roll  into  a  thickened  discrete  hair¬ 
pin  appears  to  depend  on  flow  symmetry.  If  the  flow  is  symmetric  across  the 
central  Z-normal  plane  between  the  holes,  the  central  low  speed  streak  and 
surrounding  pair  of  streamwise  vorticies  may  extend  a  long  distance  down¬ 
stream  before  the  streak  becomes  unstable  and  sheds  hairpins.  Sometimes, 
however,  we  find  that  the  low  speed  streak  encounters  a  spanwise  instability 
directly  between  the  holes.  When  this  occurs  (fig.  4),  the  hairpins  roll  up 
and  shed  just  aft  of  the  holes.  The  shedding  can  switch  between  symmet¬ 
ric  and  asymmetric  modes  in  an  apparently  random  manner  for  some  flow 
conditions  but  be  locked  into  one  mode  for  others. 


Figure  4-  Instantaneous  streamwise  velocity  contours  and  velocity  vectors  in  a  ZX  plane 
near  the  suction  holes.  Note  that  the  low  speed  streak  between  the  holes  is  not  symmetric 
but  undergoes  a  flapping  motion  associated  with  hairpin  roll-up  immediately  downstream 
of  holes.  In  this  case  d  =  .98  h,  Re  =  3717,  and  dhUmean  IQ  holes  =  6.80 


We  ran  a  parametric  study  of  the  effect  of  hole  spacing,  d,  on  the  na¬ 
ture  of  hairpin  shedding  by  simply  varying  d  while  all  other  variables  were 
kept  constant  (Reynolds  number  =  3717).  Meitz  [8],  referencing  Goldsmith 
(1957),  utilizes  a  non-dimensional  parameter  for  shear,  T  = 
where  waii  is  the  velocity  gradient  at  the  wall  and  D  is  the  hole  diameter, 

and  a  non-dimensional  suction  flux,  F  =  (^p)0,62  where  is 

the  suction  flow  volume  per  unit  spanwise  length.  Both  Meitz  and  Gold¬ 
smith  examined  circular  uniformly  spaced  holes  while  our  holes  have  an 
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aspect  ratio  of  2.7  and  are  nearly  isolated  pairs.  Nonetheless,  whether  we 
choose  D  to  be  the  hole  width,  hole  length,  or  the  geometric  mean,  our 
values  of  T  are  0{  101  -  103),  within  the  range  suggested  by  Meitz  and 
Goldsmith  to  produce  hairpin  shedding  if  F  >~  37.  Yet  we  find  shedding 
for  lower  values  of  F  regardless  of  what  D  we  choose  or  whether  we  take 
Az  -  d  or  equal  to  the  domain  width.  Only  for  the  smallest  value  of  d 
(d/h  =  0.44)  do  we  find  that  the  flow  becomes  steady.  As  we  increase  d,  we 
first  find  low  frequency  shedding  with  the  hairpins  forming  symmetrically, 
well  downstream  of  the  holes.  For  d  ~  1,  asymetric  near-hole  shedding  also 
occurs. 
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1.  Abstract 

Bypass  transition  of  a  boundary  layer  takes  place  at  high  main  stream  tur¬ 
bulence  levels.  It  is  governed  by  the  intrusion  of  non-linear  disturbances  into 
the  viscous  sublayer.  In  this  paper  a  numerical  study  is  presented  in  which  a 
spatially  developing  laminar  boundary  layer  is  subdued  to  large  scale  (non¬ 
linear)  disturbances.  The  (fully  compressible)  Navier-Stokes  equations  are 
solved  using  direct  numerical  simulation  with  a  higher  order  finite  difference 
method  on  a  collocated  grid.  The  results  show  that  the  initially  smooth  dis¬ 
turbance  rapidly  changes  into  an  arrow-head  structure  with  the  characterics 
of  a  turbulent  spot. 

2.  Introduction 

In  the  design  of  turbomachinery  the  prediction  of  the  boundary  layer  layer 
heat  transfer  is  of  mayor  importance,  to  since  the  hot  gases  from  the  com¬ 
bustion  chamber  force  an  enormous  heat  flux  to  the  turbine  blades.  The 
heat  transfer  in  a  boundary  layer  increases  significantly  when  laminar  to 
turbulent  transition  occurs.  When  transition  starts  it  is  assumed  that  so 
called  turbulent  spots  are  initiated  in  the  laminar  boundary  layer. 

Turbulent  spots  have  been  first  observed  by  (Emmons,  1951)  in  a  water 
channel.  Most  transition  models  which  are  used  nowadays  are  based  on 
these  turbulent  spots.  It  is  supposed  that  a  turbulent  spot  is  a  local  area 
of  turbulence,  that  convects  in  streamwise  direction  with  a  mean  velocity 
which  is  less  than  the  main  flow  velocity.  The  leading  edge  travels  faster 
than  the  trailing  edge  and  so  the  turbulent  spot  grows  lengthwise  while 
moving  in  downstream  direction.  Furthermore,  the  spots  appear  to  remain 
at  the  same  shape  so  they  also  grow  laterally.  At  a  certain  point  the  spots 
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start  to  merge  untill  the  flow  is  completely  turbulent.  This  is  said  to  be  the 
end  of  transition. 

In  general  a  distinction  between  natural  and  bypass  transition  must  be 
made.  At  low  disturbance  levels  in  the  main  flow  Tollmien-Schlichting  waves 
are  initiated  at  a  certain  Reynolds  number.  These  waves  grow  in  amplitude 
and  three  dimensional  waves  start  to  develop.  Further  downstream  the  first 
turbulent  spots  occur  untill  transition  is  completed.  This  scenario  is  called 
natural  transition. 

For  higher  turbulence  levels  bypass  transition  takes  place.  It  is  governed 
by  the  direct  intrusion  of  non-linear  disturbances  into  the  viscous  sublayer, 
where  they  initiate  turbulent  spots.  In  the  spot-formation  process  both  the 
length  scale  and  the  initial  strength  of  the  disturbance  may  be  important. 

Bypass  transition  is  governed  by  the  forcing  of  free-stream  disturbances 
on  the  viscous  sublayer.  To  describe  bypass  transition  the  transient  growth 
theory  has  been  developed  over  the  last  ten  years.  It  can  be  modeled  using 
the  Parabolised  Stability  Equations.  However,  this  modelling  starts  from 
the  amplification  of  waves  or  (coherent)  structures  present  in  the  boundary 
layer.  There  are  two  semi-emperical  models  ((Johnson,  1999)  and  (Mayle 
and  Schultz,  1997))  known  to  describe  the  initiation  for  bypass  transition 
starting  from  the  intrusion  of  free-stream  disturbances.  In  both  models, 
the  free-stream  disturbances  are  assumed  to  intrude  via  the  amplification 
and  subsequent  breakdown  of  laminar  modes.  The  amplification  rate  is  pre¬ 
scribed  from  emperical  relations.  The  actual  formation  of  turbulent  spots 
(i.e.  the  onset  of  transition)  has  to  be  introduced  through  a  presumed  cri¬ 
terion. 

These  models  result  in  the  well-known  intermittency  distributions  in¬ 
troduced  in  (Narashima,  1957)  or  (Johnson,  1994).  In  the  derivation  of 
these  intermittency  distributions  the  influence  of  the  initation  process  only 
remains  in  the  (empirical)  parameter  xt  (the  streamwise  position  of  the 
start  of  transtion).  The  shape  of  the  distribution  is  determined  by  the  spot 
growth-  and  merge-processes.  This  means  that  the  theoretical  models  for 
natural  and  bypass  transition  both  lead  to  these  intermittency  distribu¬ 
tions,  since  they  both  lead  to  rapid  non-linear  breakdown  and,  therefore, 
more  or  less  instantanious  spotproduction.  In  the  past  numerous  experi¬ 
ments  have  been  performed  to  find  Rext  and  Re\  depending  on  the  pressure 
gradient,  turbulence  intensity,  compressibility,  etc. 

Recent  experiments  ((Schook  et  al .,  2001))  show  that  for  low  levels 
of  free-stream  turbulence  the  Narashima-  and  Johnson-intermittency  dis¬ 
tributions  are  indeed  applicable.  However,  as  the  turbulence  intensity  is 
raised  to  levels  representative  for  gasturbine  flows,  the  intermittency  distri¬ 
bution  changes  shape.  A  closer  examination  of  the  experimental  conditions 
(at  different  levels  and  length  scales  of  the  free-stream  turbulence)  shows 
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that  the  Narashima-  and  Johnson- intermittency  distributions  are  not  found 
when  the  turbulence  length  scale  is  large  compared  to  the  boundary  layer 
thickness. 

The  shape  of  the  distributions,  found  at  these  length  scales,  suggests 
that  ’spots’  grow  or  shrink  depending  on  both  the  local  boundary  layer 
thickness  and  the  strength  of  the  impinging  disturbances.  This  means  that 
the  spots  must  be  created  directly  from  free-stream  perturbations.  They 
can  not  be  the  result  of  a  initiation  process  within  the  boundary  layer. 
Therefore,  at  these  scales  the  mechanism  of  direct  intrusion  of  free-stream 
disturbances  dominates  the  initiation  process. 

This  raises  the  question  of  boundary  layer  selectivity;  which  properties 
of  a  main  stream  disturbances  are  descisive  for  the  production  of  a  turbulent 
spot.  In  the  present  study  fully  compressible  direct  numerical  simulation  is 
used  to  study  this  transition  mechanism.  In  this  paper  a  numerical  study 
is  presented  in  which  a  spatially  developing  laminar  boundary  layer  on  a 
flat  plate  is  subdued  to  large  scale  (non-linear)  disturbances. 

3.  Governing  equations 

For  a  compressible  flow  of  an  ideal  gas,  conservation  of  mass,  momentum 
and  entropy  can  be  written  as 

0 

-Vp-V-T  (1) 

-V • q - r : Vv 

with  time  t,  density  p,  the  velocity  vector  v,  entropy  s,  pressure  p,  stress 
tensor  r,  temperature  T  and  heatflux  vector  q.  The  set  of  equations  are 
closed  with  the  constitutive  relations  T  =  f(p,  s)  and  p  =  pRT. 

The  use  of  the  entropy  s  has  the  advantage  that  its  conservation  equation 
does  not  contain  any  acoustic  waves.  Therefore,  only  mass  and  momentum 
conservation  need  to  be  resolved  on  an  acoustic  time-scale. 

4.  Numerical  scheme 

The  equations  are  solved  with  a  higher  order  finite  difference  method  on  a 
collocated  grid.  The  time  integration  uses  a  third  order  low  storage  Runge 
Kutta  scheme,  which  requires  only  one  additional  storage  location.  A  com¬ 
pact  (implicit)  sixth  order  scheme  due  to  (?)  is  used  for  the  spatial  dis¬ 
cretisation  of  all  non-advective  terms.  The  scheme  uses  five  grid  points  and 
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can  be  evaluated  with  order  N  manipulations  for  N  derivatives.  Advection 
is  approximated  with  a  fifth  order  explicit  upwind  scheme.  In  this  way  a 
stable  integration  is  obtained  in  which  no  additional  filtering  is  required. 

Characteristic  boundary  conditions  are  implemented  according  to  the 
NSCBC  approach  of  (?).  In  this  approximation  local  one  dimensional  waves 
are  used  for  acoustic  and  convective  transport  and  supplemented  with  vis¬ 
cous  conditions. 

Sub-stepping  is  used  in  which  acoustic,  convective  and  viscous  trans¬ 
port  are  evaluated  in  splitted  (third  and  second-order)  time  evolution.  The 
properties  of  the  numerical  scheme  are  such  that  it  is  ideal  for  parallel 
processing.  Furthermore,  the  code  is  optimised  for  memory  access,  caching 
and  load  balancing.  The  calculations  presented  in  this  paper  typically  use 
about  400  CPU  hours  when  run  on  16  R10k3-processors  (250  Mhz). 

5.  Problem  definition 

Initially  a  Blasius  profile  (i^(y),  Maoo=0.1)  is  prescribed  for  Re§*  equal  to 
400  (with  5  the  momentum  thickness,  this  means  that  the  Reynolds-number 
based  on  the  displacement  thickness  is  approximately  1000).  At  the  inflow 
boundary  the  wall  normal  velocity  v  is  perturbed  (similar  as  in  (Breuer 
and  Landahl,  1990),  who  used  a  spatially  introduced  streamwise  vorticity) 
according  to: 

Af(y)(  1  -  2</>2)(l  -  2£2) exp (-<?  -?  +  1/2) 

Ll*®  0  =  118* /Uoo  to  =  6  6 

zju  -  1/2  ,  g 

C 

Wi-Cs/X1  -  y/Lv )2 


dv 

dt 

<t>  = 

l  = 
f(y)  = 


The  computation  domain  has  a  height  Ly  of  2(M*,  the  length  and  width 
are  choosen  6 Ly  and  3 Lyj  respectively.  The  lateral  length  scale  agrees  with 
simulations  by  (Breuer  and  Landahl,  1990),  who  found  that  the  result¬ 
ing  perturbation  is  approximately  independent  of  the  spanwise  scale.  The 
typical  time-integration  continues  till  £Uoo/£*=600.  In  the  simulations  a 
uniform  grid  of  193x65x192. 

The  flat  plate  is  prescribed  by  an  adiabatic  no-slip  boundary  condition. 
The  upper  boundary  is  acoustically  non-reflective.  At  the  inflow  the  velocity 
components  and  entropy  are  fixed.  At  the  outflow  the  downstream  pressure 
is  fixed.  In  the  spanwise  direction  the  domain  is  periodic. 
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6.  Results 

The  initial  perturbation  results  in  a  checkerboard  pattern  of  (alternating) 
wall-normal  velocity.  This  leads  to  three  spanwise  rows  of  three  alternating 
negative/positive  A2-pockets.  In  the  main  stream  the  disturbance  is  rapidly 
transferred  to  the  outflow,  as  shown  in  figure  1,  leaving  behind  a  pattern  of 
alternating  positive  and  negative  wall-normal  velocity,  with  a  characteristic 
length  scale  of  6*.  The  formation  of  this  pattern  goes  hand  in  hand  with 
combination  of  the  front  middle  and  middle  outer  regions  of  negative  A2  into 
an  arrow-head  structure,  shown  in  figure  2.  This  structure  is  stretched  into 
a  lambda-shaped  vortex,  situated  in  the  near-wall  boundary  layer  region, 
below  3£*.  The  ratio  of  leading  and  trailing  edge  velocity  of  the  lambda 
vortex  is  about  3.  Subsequently,  a  rapid  local  creation  of  vortices  near  the 
legs  is  triggered,  similar  to  the  observations  of  (Singer  and  Joslin,  1994).  In 
the  later  stages  a  turbulent  spot-like  structure  is  formed. 

It  is  clear  that  the  time-wise  introduction  of  the  perturbation  on  the 
wall-normal  velocity  leads  to  results  very  similar  to  those  in  (Breuer  and 
Landahl,  1990).  A  difference  in  both  results  is  the  alternating  pattern  of 
wall-normal  velocity  at  ther  center-line  which  arises  in  the  Breuer-results. 
It  is  not  clear  it  these  are  caused  by  the  difference  in  boundary  condi¬ 
tions  ((Breuer  and  Landahl,  1990)  uses  streamwise  periodic  boundary  con¬ 
ditions).  The  similarity  in  the  results  indicates  that  the  formulation  of  the 
initial  disturbance  (v(tf)  instead  of  a  spatial  stream- wise  vorticity  perturba¬ 
tion)  is  not  important.  Instead  the  development  of  the  initial  disturbance 
into  the  A- vortex  and  the  subsequent  production  of  vorticity  at  the  stretch¬ 
ing  legs  seems  to  be  determined  by  the  perturbation-length  scale.  Of  course, 
more  simulations  for  different  6  and  (  are  needed  to  support  this  conclusion. 

7.  Conclusions 

The  results  show  that  the  developed  code  is  suitable  for  the  study  of  the 
spot-initiation  proces.  In  the  near  future,  the  boundary  layer  sensitivity 
will  be  investigated  for  different  0  and  (.  Furthermore,  mode-selection  for 
more  random  perturbations  will  be  studied.  These  initial  disturbance  are 
placed  in  the  laminar  boundary  layer.  The  intrusion  mechanism  of  free- 
stream  disturbances  into  the  viscous  sublayer  will  be  the  subject  of  future 
studies  to  answer  the  question  of  boundary  layer  selectivity. 
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Figure  1.  Contours  of  constant  wall  normal  velocity  on  the  center  plane  at 
t  =  Uoc/S*= 98,  245  and  392 
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Figure  2.  Top  view  of  regions  of  negative  A2  and  gray  scales  indicating  the  entropy  on 
the  flat  plate  at  tUoo/6*=24b ,  392  and  539 
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Abstract. 

We  consider  interactions  between  varicose  and  sinuous  oblique  disturbances 
in  the  Bickley  jet,  using  both  nonlinear  stability  theory  (in  its  nonlinear 
critical  layer  form)  and  direct  numerical  simulation  using  a  spectral  method. 
Nonlinear  stability  theory  indicates  that  a  (nonlinear)  interaction  between 
the  modes  should  occur,  and  our  simulations  would  seem  to  support  this. 


1.  Introduction 

This  study  is  concerned  with  three-dimensional  transition  in  plane  wakes 
and  jets.  Nonlinear  stability  theory  [9,  10]  has  predicted  that  modal  inter¬ 
actions  play  an  important  role  in  that  transition,  and  in  this  paper,  we  will 
first  present  an  overview  of  that  theory  and  then  present  simulations  that 
support  the  theory. 

For  the  plane  wakes  and  jets  considered  here,  it  is  well  known  that 
there  may  be  two  different  types  of  neutral  modes  with  critical  layers  cen¬ 
tred  on  the  inflection  points,  viz.  the  sinuous  and  varicose  modes.  The 
plane  (Bickley)  jet,  which  has  a  sech2y  velocity  profile  has  been  used  by 
numerous  authors  to  provide  a  good  approximation  to  such  a  wake  behind 
a  bluff  body,  is  somewhat  special  in  that  the  varicose  and  sinuous  modes 
have  neutral  wavenumbers  of  1  and  2  respectively,  so  that  the  former  is 
the  subharmonic  of  the  latter.  Several  studies  have  explored  the  possibility 
of  an  interaction  between  these  two  modes,  and  this  sort  of  interaction  is 
the  focus  of  the  present  study.  For  two-dimensional  disturbances,  Kelly  [6] 
used  Stuart- Watson  type  nonlinear  stability  theory  to  investigate  interac¬ 
tions  of  this  type;  however,  he  found  that  there  was  no  modal  interaction  of 
the  type  assumed.  Later,  Leib  and  Goldstein[8]  re-examined  the  problem  for 
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purely  two-dimensional  disturbances  using  a  nonlinear- nonequilibrium  crit¬ 
ical  layer,  and  they  found  that  there  was  indeed  an  interaction  between  the 
modes.  Mallier[9,  10]  studied  three-dimensional  disturbances,  since  Gold¬ 
stein^,  2]  had  earlier  shown  that  a  pair  of  oblique  waves  superimposed 
on  a  shear  layer  could  interact  nonlinearly  to  give  rise  to  extremely  rapid 
growth,  and  also[4]  that  when  the  oblique  waves  were  inclined  at  ±60°, 
an  additional  interaction  could  take  place  between  the  oblique  waves  and 
a  plane  wave,  so  that  the  growth  was  faster  still;  this  last  mechanism  is 
known  as  a  “resonant  triad”.  Mallier[9]  explored  the  possibility  of  an  in¬ 
teraction  between  a  pair  of  resonant  triads  in  the  Bickley  jet,  with  one 
triad  consisting  of  a  plane  sinuous  mode  together  with  a  pair  of  oblique 
sinuous  modes  inclined  at  ±60°  and  the  other  triad  consisting  of  a  plane 
varicose  mode  together  with  a  pair  of  oblique  varicose  modes  also  inclined 
at  ±60°;  the  motivation  behind  this  was  to  see  if  the  triads  could  interact 
so  that  the  growth  was  more  rapid  than  if  only  a  single  triad  were  present. 
Mallier  found  that  interactions  could  occur,  and  his  study  essentially  cov¬ 
ered  three  stages:  a  linear  stage  when  the  amplitudes  of  the  disturbances 
were  very  small,  the  “parametric  resonance”  stage[ll],  and  the  so-called 
“fully-coupled”  stage[4,  21,  12].  The  amplitude  equations  presented  were  of 
course  for  the  third  (fully-coupled)  stage,  but  the  two  earlier  stages  could 
be  recovered  from  these  equations  by  rescaling  the  amplitudes,  as  discussed 
in [4],  The  study  of  the  fully-coupled  stage  was  a  little  restrictive  in  that 
it  was  necessary  to  assume  that,  in  that  stage,  the  varicose  oblique  modes 
were  larger  any  of  the  other  waves  present  which  is  at  odds  with  the  lin¬ 
ear  theory  which  says  that  the  linear  growth  rates  of  the  sinuous  modes 
are  larger  than  those  of  the  varicose  modes.  This  was  because  in  the  earlier 
parametric  resonance  stage,  when  it  was  assumed  that  all  of  the  waves  were 
of  the  same  order  of  magnitude,  it  had  been  found  that  the  varicose  oblique 
waves  underwent  very  rapid  growth  while  the  plane  waves  and  the  sinuous 
oblique  waves  continued  to  grow  exponentially  in  a  linear  fashion.  In  ad¬ 
dition,  the  coupling  in  the  equations  in  [9]  was  a  little  unusual  in  that  the 
sinuous  triad  did  not  affect  the  varicose  triad,  and  therefore  equations  for 
the  varicose  triad  were  simply  those  for  a  single  resonant  triad[4,  21,  12]. 
However,  the  sinuous  triad  was  strongly  affected  by  presence  of  the  varicose 
triad,  and  furthermore,  if  the  varicose  triad  was  absent  the  nonlinear  terms 
in  the  equations  for  the  sinuous  triad  vanished,  leaving  only  linear  equations 
for  those  modes.  Mallier[10]  later  studied  the  case  of  two  pairs  of  oblique 
waves  superimposed  on  the  Bickley  jet  at  the  same  angle,  =t 0:  one  pair  was 
varicose,  the  other  sinuous.  Once  again,  an  interaction  was  found  to  occur 
between  the  modes.  In  both  studies,  [9,  10]  the  end  result  was  a  set  of 
highly  nonlinear  coupled  (Hickernell-type[5])  integro-differential  evolution 
equations,  the  solutions  to  which  had  a  finite-time  singularity.  These  equa- 
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tions  involved  a  nonlinear  kernel,  with  the  nonlinearity  being  cubic  in[10] 
and  quartic  in[9].  Both  studies[9,  10]  used  nonlinear  critical  layer  theory 
and  followed  the  approach  taken  earlier  by  Goldstein[3,  4]  for  a  flow  with 
a  single  critical  layer  and  a  single  unstable  mode. 

The  reason  these  interactions  between  the  varicose  and  sinuous  modes 
are  considered  important  is  that  it  is  possible  they  can  cause  extremely 
rapid  nonlinear  growth.  Unfortunately,  at  the  time  the  studies  mentioned 
above  were  performed,  there  was  little  if  any  experimental  or  numerical 
evidence  to  corroborate  our  analysis,  and  the  situation  remains  the  same 
today.  Some  experiments  have  hinted  at  interactions,  but  have  not  explored 
it  further.  Wygnanski  et  al  [23]  conducted  careful  experiments  on  small 
deficit  (turbulent)  wakes  and  found  that  the  development  of  some  aspects 
of  the  flow  was  dependent  on  initial  conditions,  which  they  attributed  to 
interactions  between  the  varicose  and  sinuous  modes,  and  other  experiments 
(e.g.[13,  14])  have  also  suggested  that  these  interactions  may  take  place. 
We  should  also  mention  that  very  rapid  amplification  of  three-dimensional 
disturbances  has  indeed  been  observed  in  plane  wakes  in  both  experiments 
(e.g.  [1,  19,  20])  and  numerical  simulations [17,  18],  but  it  is  unclear  (at 
least  to  the  present  author)  how  much  of  that  growth  is  attributable  to  the 
Goldstein  mechanisms  for  three-dimensional  instability  and  how  much  is 
due  to  an  interaction  between  the  varicose  and  sinuous  modes. 

In  an  attempt  to  remedy  what  we  perceive  as  a  lack  of  numerical  veri¬ 
fication  of  the  theoretical  results,  we  present  here  some  preliminary  results 
from  direct  numerical  simulations  of  the  Bickley  jet  and  compare  those  re¬ 
sults  to  the  predictions  of  our  earlier  asymptotic  analysis.  The  outline  of 
the  rest  of  the  paper  is  as  follows.  In  the  next  section,  we  review  the  theory 
and  resulting  amplitude  equations.  After  that,  we  give  the  details  of  our 
numerical  method  and  present  the  results  of  our  simulations.  Finally,  we 
make  some  concluding  remarks. 

2.  Review  of  Theory 

In  [9,  10],  we  considered  the  stability  of  the  Bickley  jet  u0  =  ^sech2y,  0, 0^ 
to  three-dimensional  disturbances,  either  in  the  form  of  two  pair  of  oblique 
waves, 

2eAiiuneiacose^x~ct^  cos  [asin^]  +  c.c. 

+  2£A22u22e2iacos6i<x-cV  cos  [2a sin Oz]  +  c.c.  (1) 

or  in  the  form  of  a  pair  of  resonant  triads,  consisting  of  a  two  pair  of  oblique 
waves  at  ±60  together  with  two  plane  waves, 

2eAi\UiielOL^x~ct^2  cos  [a\/3;z/2j  +  c.c. 
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+  2eA22M22e2,a(x"c<)/2  cos  [«^]  +  c  c- 

+  e4/3  [A2oM2oe<o(x“Ct)  +  Ai0U40e2ia{x~Ct)  +  H  .  (2) 

Prom  the  linear  theory,  we  know  that  the  Bickley  jet  has  two  inflection 
points  at  y  —  iarccosh  -y/3/2  where  wo  =  2/3,  and  also  two  neutral  modes 
with  c  =  2/3  which  have  critical  layers  centered  on  the  inflection  points:  a 
varicose  mode  with  a  =  1  and  v  =  sech  ytanhy  [15]  and  a  sinuous  mode 
with  a  =  2  and  v  =  sech 2y  [16].  In  the  above  disturbances,  we  have  either 
two  amplitudes  (for  the  pairs  of  oblique  waves)  or  four  amplitudes  (for  the 
resonant  triad)  and  the  objective  of  [9,  10]  was  to  derive  amplitude  equa¬ 
tions  for  those  amplitudes,  and  examine  how  they  affected  each  other.  In  the 
analysis,  it  was  assumed  that  the  modes  were  periodic  in  time  and  spatially 
growing,  with  the  wavenumber  a  taking  the  neutral  value  of  1  and  phase 
velocity  being  perturbed  slightly  from  neutral  c  =  2/3  —  jic\.  This  perturba¬ 
tion  from  neutral  led  to  a  slow  time  scale  T  =  fit  on  which  the  amplitudes 
evolved.  For  extremely  small  disturbances,  it  was  found  that  the  growth  was 
linear,  with  An(T)  =  A$eanX  and  similar  expressions  for  the  remaining 
modes,  but  for  larger  disturbances  the  evolution  was  nonlinear;  the  evo¬ 
lution  first  became  nonlinear  when  e  =  fi3-  For  pairs  of  oblique  waves,  it 
was  found  that  the  amplitude  equations  were  (Hickernell-type)  integrod- 
ifferential  equations  with  a  cubic  nonlinearity.  For  the  resonant  triad,  the 
equations  were  of  a  similar  form  but  with  a  quartic  rather  than  a  cubic  non¬ 
linearity.  In  [10],  we  solved  these  equations  numerically,  using  Goldstein’s 
numerical  scheme  [3],  and  it  was  found  that,  as  with  similar  problems,  the 
evolution  of  the  disturbances  went  through  3  stages:  initially,  the  distur¬ 
bances  grew  linearly,  until  a  second  finite-amplitude  nonlinear  stage  was 
reached,  and  eventually,  the  oblique  waves  experienced  explosive  growth. 
Goldstein  [3]  showed  that  his  equations  had  a  singularity  after  a  finite  time 
Ts  (or  at  a  finite  distance  downstream),  and  was  able  to  fit  a  structure  to 
it  A  ~  ao(Ts  —  t1)-3-^.  This  same  structure  applies  to  both  modes  for 
the  Bickley  jet.  Although  our  study  did  not  include  viscous  effects,  other 
studies  for  related  problems  [7,  22]  have  shown  that  weak  viscosity  can 
delay  the  onset  of  this  finite  time  singularity  but  not  eliminate  it,  so  that 
our  results  are  still  meaningful  at  high  Reynolds  numbers.  The  origins  of 
this  finite-time  singularity  are  still  not  entirely  clear,  but  it  appears  to  be 
connected  to  the  breakdown  of  the  theory  and  the  onset  of  a  new,  still  more 
nonlinear  stage  governed  by  the  full  Euler  equations. 

3.  Numerical  Simulations 

We  now  turn  to  our  numerical  simulations,  in  which  we  have  employed  a 
standard  spectral  (Fourier)  method.  In  our  computations,  we  decomposed 
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Figure  1.  3D  Runl 


Figure  2.  3D  Run2 


the  velocity  into  a  mean  flow  and  a  perturbation,  u  =  (uo(y),0, 0)  4- u,  and 
then  assumed  that  the  mean  flow  is  independent  of  time  and  the  viscosity 
acts  only  on  the  perturbation;  in  reality,  this  would  require  the  presence 
of  a  body  force  to  counteract  the  effect  of  viscosity  on  the  mean  flow.  The 
perturbation  therefore  obeys 

du  1  _2~ 

—  =  —u  •  Vu  —  Vp  +  —  V  u 
at  -  Re 

V«fi  =  0.  (3) 

The  approach  we  took  was  to  assume  that  the  flow  was  periodic  in  both  x 
(streamwise)  and  z  (spanwise),  and  use  complex  Fourier  series  in  those  di¬ 
rections.  We  truncated  the  y-direction,  so  that  our  domain  was  —  Y  <y<Y 
rather  than  — oo  <  y  <  oo  and  used  sines  and  cosines  in  that  direction.  We 
calculated  the  nonlinear  terms  in  physical  space  and  derivatives  in  Fourier 
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space,  and  used  a  fast  fourier  transform  (FFT)  to  switch  between  real  and 
physical  space.  In  our  computations,  it  was  necessary  to  calculate  the  pres¬ 
sure,  which  we  were  able  to  do  by  using  incompressibility  and  then  inverting 
a  Laplacian, 

p  =  —  (v2)  _1  V  •  iVL;  (4) 

this  is  fairly  easy  to  do  with  a  Fourier  method.  For  the  time-stepping,  we 
used  an  explicit  Adams-Bashforth  scheme  for  the  nonlinear  terms, 

Si  =  uo  +  y  (3Fo  -  F-i) ,  (5) 

while  for  the  viscous  terms,  a  semi-implicit  Adams-Moulton  scheme  was 
used, 

u\  =  uq  +  —  (^i  +  Fo)  •  (®) 

In  our  simulations,  we  calculated  the  energy  in  each  mode, 

rY  r2n/ax  p2n/az  9  t  . 

/  /  /  \umn\  dzdxdy,  (7) 

J-Y  JO  Jo 

and  compared  this  to  the  theoretical  amplitude  of  the  disturbance.  We 
should  mention  however  that  strictly  speaking,  therefore,  we  are  not  com¬ 
paring  like-with-like,  since  the  two  definitions  differ  slightly.  Similarly,  our 
simulations  include  weak  viscosity  (a  Reynolds  number  of  1500  was  used) 
which  is  necessary  for  numerical  stability,  while  our  theory  was  inviscid. 
However,  as  we  discussed  earlier,  studies  by  other  authors  have  indicated 
that  our  theory  is  applicable  to  high  Reynolds  number  flows. 

3.1.  SAMPLE  3D  RUNS 

In  Fig.s  1-4,  we  present  several  different  runs  for  the  resonant  triad,  with 
0  =  tt/3.  Each  of  the  runs  shown  eventually  blows  up  as  we  lose  spectral 
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decay  and  the  higher  harmonics  become  too  large.  Paradoxically,  this  is 
similar  to  the  reason  for  the  finite-time  singularity  in  Goldstein’s  amplitude 
equation.  Since  the  location  of  the  blow-up  is  different  for  each  of  the  runs 
presented,  this  by  itself  would  indicate  that  an  interaction  between  the 
inodes  is  occuring.  Our  simulations  indicate  that  we  are  able  to  capture  the 
nonlinear  stage  that  appeared  in  the  solution  to  Goldstein’s  equation,  and 
for  the  three-dimensional  case  it  would  appear  that  the  modes  do  indeed 
exert  a  significant  influence  on  each  other;  an  example  of  this  can  be  seen 
in  the  behavior  of  An  in  Fig.s  1  and  2:  the  initial  conditions  for  An  were 
the  same  in  both  runs,  and  the  difference  in  the  behaviors  of  this  mode  in 
the  two  runs  is  due  entirely  to  nonlinear  interactions  between  the  modes. 
The  initial  conditions  for  the  runs  shown  are  as  follows:  in  Run  1,  A20  and 
A40  were  initially  zero;  in  Run  2,  A20,  A40  and  A22  were  all  originally  zero; 
in  Run  3,  A20,  A40  and  An  were  all  originally  zero;  in  Run  4,  A40  was 
all  originally  zero.  One  point  to  notice  about  Run  3  is  that  since  An  and 
A20  were  both  initially  zero,  they  remain  zero:  those  two  modes  cannot  be 
generated  by  the  interaction  of  the  other  two  modes.  It  is  interesting  to  note 
in  these  figures  that  the  behaviour  of  one  mode  depends  upon  which  other 
modes  is  present,  which  confirms  that  there  is  indeed  a  strong  nonlinear 
interaction  between  the  modes  as  suggested  by  [9,  10]. 

4.  Conclusions 

In  the  preceding  sections,  we  have  outlined  the  theory  presented  in  [9,  10] 
for  nonlinear  interactions  in  the  (plane)  Bickley  jet  between  the  varicose 
and  sinuous  modes,  and  then  presented  some  of  the  three-dimensional  re¬ 
sults  obtained  using  DNS.  For  both  the  three-dimensional  case  and  also 
the  two-dimensional  case  [8],  the  nonlinear  theory  suggests  that  there  is 
an  interaction  between  the  sinuous  modes  and  the  varicose  modes.  The 
three-dimensional  simulations  presented  here  would  appear  to  confirm  that 
because  the  behaviour  of  a  mode  clearly  differs  depending  upon  which  other 
modes  are  present.  This  behaviour  is  quite  strong  in  the  three-dimensional 
case  and  two-dimensional  simulations  not  presented  here  indicate  that  the 
two-dimensional  modes  also  interact  but  that  the  interaction  in  that  case 
is  much  weaker.  We  are  currently  performing  more  simulations,  although 
this  is  a  slow  process  (the  turnaround  time  for  3D  runs  on  the  UWO  Cray 
is  about  2  months),  and  we  hope  to  present  more  complete  results  at  some 
point  in  the  future. 

Acknowledgements 

This  work  was  supported  by  the  Natural  Sciences  and  Engineering  Council 
of  Canada. 


524 


ROLAND  MALLIER  AND  MICHAEL  HASLAM 


References 

1.  Corke  T.C.,  Krull  J.D.,  Ghassemi  M.  (1992)  Three-dimensional  resonance  in  far 
wakes.  J.  Fluid  Mech .,  Vol.  239, pp. 99- 132. 

2.  Goldstein  M.E.  (1994)  Nonlinear  interaction  between  oblique  waves  on  nearly  planar 
shear  flows.  Phys.  Fluids  A,  Vol.6, pp.42-65. 

3.  Goldstein  M.E.,  Choi  S.W.  (1989)  Nonlinear  evolution  of  interacting  oblique  waves 
on  two-dimensional  shear  layers.  J.  Fluid  Mech.,  Vol. 207, pp.97-120.  Corrigendum 
(1990).  J.  Fluid  Mech.,  Vol.2 16, pp. 659-663. 

4.  Goldstein  M.E.,  Lee  S.S.  (1992)  Fully  coupled  resonant-triad  interaction  in  an 
adverse-pressure-gradient  boundary  layer.  J.  Fluid  Mech.,  Vol. 245, pp.523-551. 

5.  Hickernell  F.J.  (1984)  Time-dependent  critical  layers  in  shear  flows  on  the  beta- 

plane.  J.  Fluid  Mech.,  Vol. 142, pp. 431-449.  .  . , 

6.  Kelly  R.E.  (1968)  On  the  resonant  interaction  of  neutral  disturbances  in  two  inviscid 
shear  flows.  J.  Fluid  Mech.,  Vol.31, pp.789-799. 

7.  Lee  S.S.  (1997)  Generalized  critical-layer  analysis  of  fully  coupled  resonant-triad 
interactions  in  a  free  shear  layer.  J.  Fluid  Mech.,  Vol.347, pp.71-103. 

8.  Leib  S.J.,  Goldstein  M.E.  (1989)  Nonlinear  interaction  between  the  sinuous  and 
varicose  instability  modes  in  a  plane  wake.  Phys.  Fluids  A,  Vol.l, pp.513-521. 

9.  Mallier  R.  (1996)  Fully  coupled  resonant  triad  interactions  in  a  Bickley  jet.  Eur.  J. 
Mech.,  B/Fluids,  Vol. 15, pp. 507-526. 

10.  Mallier  R.,  Haslam  M.  (1999)  Interactions  between  pairs  of  oblique  waves  m  a 

Bickley  jet.  Eur .  J.  Mech.,  B/Fluids,  Vol. 18, pp. 227-243.  . 

11.  Mallier  R.,  Maslowe  S.A.  (1994)  Parametric  resonant  triad  interactions  in  a  tree 
shear  layer.  Canadian  Applied  Mathematics  Quarterly,  Vol. 2, pp.91-113. 

12.  Mallier  R.,  Maslowe  S.A.  (1994)  Fully  coupled  resonant  triad  interactions  m  a  free 

shear  layer.  J.  Fluid  Mech.,  Vol. 278, pp. 101-121.  . 

13.  Sato  H.  (1970)  An  experimental  study  of  nonlinear  interaction  of  velocity  fluc¬ 
tuations  in  the  transition  region  of  a  two-dimensional  wake.  J.  Fluid  Mech., 

Vol.44, pp.741-765.  ,  ,  ,  , 

14.  Sato  H.,  Saito  H.  (1978)  Artificial  control  of  laminar-turbulent  transition  of  a  two- 
dimensional  wake  by  external  sound.  J.  Fluid  Mech.,  Vol. 67, pp. 539-559. 

15.  Savic  P.  (1941)  On  acoustically  effective  vortex  motion  in  gaseous  jets.  Phil.  Mag., 
Vol.32,  pp.245-252. 

16.  Savic  P.,  Murphy  J.W.,  The  symmetrical  vortex  sheet  in  sound  sensitive  piane  jets. 

Phil.  Mag.,  Vol.34,  pp.139-144.  .  . 

17  Sondergaard  R.,  Mansour  N.N.,  Cantwell  B.J.  (1994)  The  effect  of  initial  conditions 
on  the  development  of  temporally  evolving  planar  three  dimensional  incompressible 
wakes.  AGARD  Conference  Proceedings,  AG ARD- CP-551. 

18.  Sondergaard  R.,  Cantwell  B.J.,  Mansour  N.N.  (1997)  Direct  numerical  simulation 
of  a  temporally  incompressible  plane  wake:  effect  of  initial  conditions  on  evolution 
and  topology.  Joint  Institute  for  Aeronautics  and  Acoustics  Technical  Report,  JIAA 
TR  118  1997. 

19.  Williamson  C.H.K.,  Prasad  A.  (1993)  A  new  mechanism  for  oblique  wave  resonance 
in  the  ‘natural’  far  wake.  J.  Fluid  Mech.,  Vol. 256, pp. 269-313. 

20.  Williamson  C.H.K.,  Prasad  A.  (1993)  Acoustic  forcing  of  oblique  wave  resonance  in 
the  far  wake.  J.  Fluid  Mech.,  Vol. 256, pp. 313-341. 

21.  Wu  X.  (1992)  The  nonlinear  evolution  of  high-frequency  resonant-triad  waves  in  an 
oscillatory  Stokes  layer  at  high  Reynolds  number.  J.  Fluid  Mech.,  Vol.245,pp.553- 
597. 

22.  Wu  X.  (1995)  Viscous  effects  on  fully  coupled  resonant-triad  interactions:  an  ana¬ 
lytical  approach.  J.  Fluid  Mech.,  Vol. 292, pp. 377-407. 

23.  Wygnanski  I.,  Champagne  F.,  Maxasli  B.  (1986)  On  the  large  scale  structures  m 
two  dimensional,  small  deficit  turbulent  wakes.  J.  Fluid  Mech.,  Vol.  168, pp.31-71. 


DIRECT  NUMERICAL  SIMULATION  OF  TURBULENT  FLOW 
AND  HEAT  TRANSFER  IN  A  SQUARE  DUCT  AT  LOW 
REYNOLDS  NUMBER 


M.  PILLER  AND  E.  NOBILE 


Dipartimento  di  Ingegneria  Navale,  del  Mare  e  per  VAmbiente 

Sezione  di  Fisica  Tecnica 

University  of  Trieste,  34127  Trieste  -  ITALY 


Abstract.  In  this  paper,  we  present  the  results  from  Direct  Numerical 
Simulations  of  turbulent,  incompressible  flow  through  a  square  duct,  with 
an  imposed  temperature  difference  between  two  opposite  walls,  while  the 
other  two  walls  are  assumed  perfectly  insulated.  The  mean  flow  is  sustained 
by  an  imposed,  mean  pressure  gradient.  The  most  interesting  feature,  char¬ 
acterizing  this  geometry,  consists  in  the  presence  of  turbulence-sustained 
mean  secondary  motions  in  the  cross-flow  plane. 

In  this  study,  we  focus  on  weak  turbulence,  in  that  the  Reynolds  number, 
based  on  bulk  velocity  and  hydraulic  diameter,  is  about  4450.  Our  results 
indicate  that  secondary  motions  do  not  affect  dramatically  the  global  pa¬ 
rameters,  like  friction  factor  and  Nusselt  number,  in  comparison  with  the 
plane-channel  flow.  This  issue  is  investigated  by  looking  at  the  distribution 
of  the  various  contributions  to  the  total  heat  flux,  with  particular  attention 
to  the  mean  convective  term,  which  does  not  appear  in  the  plane  channel 
flow. 

1.  INTRODUCTION 

In  this  work,  we  adopt  Direct  Numerical  Simulation  (DNS  hereafter)  as  a 
convenient  tool  for  studying  both  the  velocity  and  temperature  fields  in  the 
presence  of  solid  corners.  A  square  duct  is  a  suitable  geometry,  in  this  re¬ 
spect,  due  to  its  high  degree  of  symmetry.  An  imposed  pressure  drop  drives 
the  flow,  while  the  temperature  field  is  generated  by  the  two  horizontal 
walls,  kept  at  constant,  different  temperatures  ±TW.  The  vertical  walls  are 
assumed  perfectly  insulated.  The  Reynolds  number,  based  on  hydraulic  di¬ 
ameter  and  bulk  velocity,  is  approximately  4450,  while  the  Prandtl  number 
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is  assumed  0.71,  representative  of  air.  The  Reynolds  number  iteT,  based  on 
hydraulic  diameter  and  friction  velocity,  is  300,  as  in  [1]. 

Prom  the  present  simulations,  the  maximum  secondary  mean  velocity 
was  found  to  be  about  2%  of  the  centerline  streamwise  velocity.  The  results 
clearly  indicate  that,  even  though  both  the  heat  transfer  rate  and  friction 
factor  are  not  strongly  affected  by  the  presence  of  mean  secondary  motions, 
their  effect  on  the  distribution  of  various  quantities  within  the  flow  field  can 
not  be  neglected.  For  instance,  we  report  the  distributions  of  both  the  shear 
stress  and  the  heat  flux,  at  the  horizontal  walls.  Interesting  features,  clearly 
connected  with  the  presence  of  mean  secondary  motions,  characterize  these 
quantities. 


2.  PROBLEM  DEFINITION  AND  SCALES 

The  full,  time-dependent  incompressible  Navier  Stokes  and  energy  equa¬ 
tions  are  solved  directly,  without  any  modelling  assumption  regarding  the 
turbulent  velocity  and  temperature  fields.  Simplifying  assumptions  are  ma¬ 
de,  in  that  viscous  energy  dissipation  and  buoyancy  forces  are  neglected, 
and  the  fluid  properties  are  assumed  constant.  The  hydraulic  diameter, 
Dh  =  2 h,  the  friction  velocity,  uT  =  (— APD/j/4/9 Ax)^2,  and  the  wall- 
temperature  Tw  are  used  in  order  to  define  dimensionless  quantities.  Do¬ 
main  dimensions  are  indicated  in  figure  1,  which  shows  a  sketch  of  the  duct. 
Two  simulations  have  been  considered,  and  they  differ  in  the  streamwise 
domain  length,  Ax,  which  was  47 rh  for  Case  A,  and  127r h  for  case  B.  Grids 
with  200  x  127  x  127  and  600  x  127  x  127  computational  cells  were  used 
in  simulations  A  and  B,  respectively,  so  that  the  resolution  was  identical  in 
both  cases.  The  grid  spacing  was  Ax+  =  9.42,  A y+  =  A z+  =  0.45  -f-  4.6. 
This  resolution  was  judged  to  be  adecquate  in  [1]. 

We  adopted  a  second-order,  Finite- Volume  algorithm  in  order  to  solve 
the  flow  and  energy  equations  [2].  Decoupling  of  the  continuity  from  the 
momentum  equations  is  performed  by  a  classical  second-order  projection 
scheme  [4].  The  computational  grid  is  uniform  in  the  homogeneous,  stream- 
wise  direction,  while  an  hyperbolic-tangent  distribution  is  adopted  in  both 
cross-stream  directions. 

All  data  reported  here  originate  from  case  B.  Statistics  were  acquired 
over  2  Large  Eddy  Turnover  Times  (LETOTS).  By  using  the  bulk- velocity 
reported  in  table  1,  this  time  interval  corresponds  to  about  1.6  flow-through 
times. 
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TABLE  1.  Global  statistics  for  Case  B, 
compared  with  results  for  the  channel 
flow,  and  with  a  DNS  for  a  square  duct. 


Case  B 

Channel  [6] 

Ref.  [1] 

Reb 

4453 

4560 

4410 

uh 

14.84 

15.2 

14.7 

f 

0.0363 

0.035 

0.037 

Nu 

4.89 

5.08 

3.  RESULTS  AND  DISCUSSION 

Mean  secondary  motions,  shown  in  figure  2(a),  result  in  four  couples  of 
counter-rotating  corner- vortices,  which  carry  high- momentum  fluid  from 
the  core- region  toward  the  corners,  and  low- momentum  fluid  away  from 
the  walls.  The  effect  of  the  mean  secondary  motions  on  the  streamwise 
velocity  distribution  is  evident,  in  that  isotach  lines  are  bent  toward  the 
corners.  Weaker  vortices,  located  on  both  sides  of  the  wall  bisectors,  were 
reported  in  [1],  but  have  not  been  observed  from  the  mean  data  of  the 
present  simulations.  A  conditional  sampling  of  the  flow  field  showed  the 
presence  of  these  vortices  (figure  2b) ;  the  flow  field  was  acquired  only  when 
the  value  of  the  streamwise  vorticity,  averaged  in  the  marked  box,  was 
smaller  than  —3.0,  in  wall  units.  Since  these  vortices  are  highly  intermittent, 
a  longer  averaging  time  would  be  required  to  capture  them  in  the  mean 
data.  At  higher  Reynolds  numbers  these  vortices  have  not  been  observed  [3], 
and  therefore  they  could  be  a  low-Reynolds  feature. 

Mean  temperature  profiles  at  various  distances  from  the  left  wall  are 
presented  in  figure  3.  The  temperature  distribution  on  a  wall-bisector  com¬ 
pares  well  with  that  of  the  channel  flow,  at  the  same  Rer  [6].  The  tempera¬ 
ture  profile  at  y+  =  35  from  the  left  wall  is  clearly  influenced  by  the  corner 
vortices,  resulting  in  a  more  distorted  profile  than  at  the  wall-bisector.  The 
bending  of  the  temperature  profile  at  y+  =  3.3  indicates  the  presence  of 
significant  turbulent  activity  at  this  location.  This  is  quite  surprising,  since 
we  are  well  within  the  viscous  sublayer.  However,  the  side- walls  are  as¬ 
sumed  perfectly  insulated,  thus  allowing  the  temperature  fluctuations  to 
extend  down  to  the  wall,  as  can  be  verified  in  figure  4(a).  Moreover,  the 
w'  fluctuations  assume  large  values  in  the  close  proximity  of  the  vertical 
walls,  before  vanishing  at  the  wall  (figure  4b).  Thus,  the  turbulent  mixing 
affects  the  mean  temperature  distribution,  even  in  the  viscous  sublayer  on 
the  vertical  walls. 

Values  of  the  bulk- Reynolds  number,  Re*,,  the  mean  Nusselt  number, 
Nu  and  the  friction  factor,  /,  are  reported  in  table  1.  The  friction  factor 
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agrees,  to  better  than  1%,  with  empirical  correlations  available  for  this 
geometry  [5],  when  the  laminar  equivalent  diameter,  D\  =  (l  +  \/2j  h,  is 
used.  The  Nusselt  number  is  defined  as  Nu  =  (qw  2h)  /  [k  (AT^)],  and  can 
be  evaluated  from  the  DNS  data  as 

1  /  r+ 1/2  dT  J 

NU=2\Ll2  R&r  "  ^  V 

where  the  brackets  indicate  avaraging  along  z,  and  all  quantities  are  dimen¬ 
sionless.  The  Nusselt  number  from  present  simulations  is  only  3.8%  smaller 
than  the  Nusselt  number  evaluated  for  the  channel  flow  [6]. 

A  possible  interpretation  of  this  fact  could  be  that  the  decrease  of  tur¬ 
bulent  heat  transfer  ,near  the  vertical  walls,  is  partially  compensated  by 
the  mean  convective  heat  flux  in  the  core  region.  This  picture  is  confirmed 
by  figure  5,  which  shows  the  total,  the  turbulent  and  the  mean  convec¬ 
tive  heat-flux  distributions.  The  gray  sfumature  corresponds  to  values  from 
-11.9  (black)  to  11.9  (white).  The  total  heat  flux  ranges  from  -3.09  to 
11.90.  The  turbulent  heat  flux  assues  values  between  -4.5  x  1CT5  and  6.24. 
For  comparison,  the  turbulent  heat  flux  in  the  channel  flow  [6]  assumes  an 
almost  constant  value  of  6.4  in  the  core  region,  when  scaled  by  the  fric¬ 
tion  velocity  and  the  temperature  difference  between  the  walls.  The  mean 
convective  heat-flux  is  comprised  between  —6.05  and  9.95.  The  mean  con¬ 
vective  heat-flux  is  defined  as  follows: 

tfconv  =  1/2  ReTPr(W/uT)  (T/Tw) 

Figure  5  suggests  that  there  is  a  corridor  through  which  the  heat  flows 
from  the  bottom  toward  the  top  wall.  Several  obstacles  tend  to  reduce 
this  flow.  First,  the  turbulent  heat-flux  is  reduced  near  the  vertical  walls, 
due  to  the  presence  of  the  velocity  boundary  layer.  Second,  the  corner 
vortices  create  mean  convective  heat  fluxes,  PFT,  which  pump  heat  in  the 
positive  2:  direction  near  the  horizontal  walls  bisector,  but  they  also  create 
a  negative,  mean  convective  heat  flux,  near  the  vertical  walls.  This  effect 
can  be  recognized  in  figure  5(c),  where  regions  of  negative  mean  convective 
heat-flux  appear  in  correspondence  of  the  corner  vortices. 

Figures  6  and  7  show  the  distributions  of  the  mean,  total  shear  stress 
and  heat  flux  at  the  bottom  wall,  respectively.  The  shear  stress  vanishes  at 
the  vertical  walls,  due  to  the  presence  of  stagnation  regions  at  the  corners. 
Three  local  maxima  are  evident  in  the  shear-stress  profile  at  the  wall.  The 
near-wall  peaks  are  located  in  the  region  below  the  corner-vortices,  and  are 
clearly  generated  by  the  intense  impingement  of  high-speed  fluid,  carried 
from  the  vortex,  against  the  wall.  The  local  minima  are  located  where  the 
corner  vortices  carry  low-speed  fluid  away  from  the  wall,  toward  the  core 


DNS  IN  A  SQUARE  DUCT 


529 


region.  The  central  peak  in  the  wall  shear  stress  is  known  to  be  a  low- 
Reynolds  number  effect  [1].  Clustering  and  widening  of  streamwise  velocity 
contours,  evident  in  figure  2,  allow  an  immediate  interpretation  of  the  shear- 
stress  behavior.  The  local  heat  flux,  figure  7,  shows  a  behavior  similar  to  the 
shear  stress.  In  this  case,  however,  the  central  maximum  is  smaller  than  the 
side  ones.  The  lateral  peaks  in  the  wall  heat  flux  profile  are  located  below 
regions  of  high  mean  convective  heat  flux,  which  is  advected  by  the  corner 
vortices  and  carried  toward  the  bisector  of  the  horizontal  wall.  This  can  be 
appreciated  in  figure  5(c). 

The  w'6'  turbulent  heat  flux  decreases  near  the  vertical  walls,  due  to 
the  combined  effect  of  a  reduction  in  the  intensity  of  both  w*  and  0f.  as 
shown  in  figure  4.  Moreover,  there  is  also  a  loss  of  correlation  between 
wf  and  in  regions  close  to  the  vertical  walls,  as  reported  in  figure  8, 
which  shows  the  distribution  of  w'O'/w'O In  figure  8  black  corresponds 
to  0  and  white  corresponds  to  1.  The  correlation  coefficient  is  particularly 
low  in  correspondence  of  the  corner  vortices  attached  to  the  vertical  walls 
(y/2h  «  0.4,  z/2h  «  0.35).  Just  below  this  area  there  ig  a  region  of  high 
correlation  coefficient,  attached  to  the  horizontal  wall.  It  corresponds  to  the 
high  heat  flux  region  evidenced  in  figures  5(a),(c).  The  loss  of  correlation 
of  w'  and  close  to  the  vertical  walls  is  an  expected  feature,  considering 
the  different  boundary  conditions  imposed  on  velocity  and  temperature. 

Streamwise  power  spectra  for  both  the  temperature  and  the  streamwise 
velocity  fluctuations  are  shown  in  figure  9.  They  are  normalized  in  such 
a  way  that  the  area  under  each  curve  equals  unity.  At  the  centerline  the 
spectral  distributions  of  temperature  and  velocity  fluctuations  are  very  close 
to  each  other,  in  the  whole  wavenumber  range.  In  the  corner  region  there  is 
still  substantial  agreement  between  and  u '  spectra,  although  the  second 
tend  to  decay  slightly  faster.  As  one  might  expect,  in  the  corner  region 
both  viscosity  and  molecular  conductivity  are  more  effective  in  damping 
velocity  and  temperature  fluctuations,  and  both  spectra  decay  faster  than 
at  the  centerline,  at  least  in  the  intermediate  range  of  wavenumbers.  At  very 
large  wavenumbers  the  spectra  evaluated  at  both  locations  collapse  on  each 
other;  this  is  quite  surprising,  since  the  characteristics  of  both  the  velocity 
and  temperature  fields  are  fairly  different,  in  these  regions.  Aliasing  effects 
show  up  just  in  a  very-high  wavenumber  range, which  accounts  for  negligible 
energy  content.  This  shows  that  the  adopted  streamwise  resolution  was 
adequate,  in  order  to  represent  the  main  features  of  both  the  flow  and 
temperature  fields. 

4.  CONCLUDING  REMARKS 

In  this  work  we  presented  results  obtained  from  DNS  of  turbulent  forced 
convection  in  a  square  duct.  In  particular,  DNS  data  for  the  temperature 
field  were  not  available  before,  to  the  best  of  our  knowledge. 
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Streamwise  power  spectra  for  both  streamwise  velocity  and  temperature 
fluctuations  were  calculated,  at  various  cross-stream  locations.  Some  pecu¬ 
liar  aspects  regarding  the  decay  of  the  highest  wave-number  components 
were  pointed  out. 

The  influence  of  mean  secondary  motions  on  both  the  temperature  and 
velocity  fields  was  discussed.  The  maximum  intensity  of  these  motions  was 
found  to  be  about  2%  of  the  maximum  mean  streamwise  velocity.  The 
comparison  of  the  duct  flow  with  the  plane- channel  flow  led  to  the  observa¬ 
tion  that  global  parameters,  like  the  Fanning  friction-factor  and  the  Nusselt 
number,  are  not  strongly  affected  by  the  presence  of  the  side- walls,  while  the 
distribution  of  the  local  shear-stress  and  heat-flux  at  a  wall  shows  charac¬ 
teristic  patterns,  whose  origin  appears  to  be  related  to  the  mean  secondary 
motions. 

The  present  work  constitute  a  base  for  future  investigations,  regarding 
unstably  stratified  internal  flows.  We  are  currently  running  other  simula¬ 
tions  for  the  square-duct  flow,  in  order  to  investigate  the  combined  influence 
of  mean  secondary  motions  and  buoyancy  forces,  on  both  the  velocity  and 
temperature  fields. 
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Figure  5.  Heat-flux  in  the  z  direction,  (a):  total;  (b)  turbulent;  (c)  convective. 


Figure  6 .  Wall  shear-stress. 


Figure  7.  Wall  heat-flux. 


Figure  8.  v'-d'/v'd'  contours  on  a  Figure  9.  Spectra  of  streamwise  velocity 

cross-flow  plane.  and.  temperature  fluctuations,  at  the  center- 

line  (upper  curves)  and  at  y+  =  z+  =  15 
(lower  curves).  Thick  solid  curves:  spectra  of 
streamwise  velocity  fluctuations.  Tiny  curves 
with  symbols:  spectra  of  temperature  fluctua- 
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Abstract 

A  traditional  local  approach  is  applied  for  simulation  of  a  statistically  steady 
flow  near  a  flat  plate.  A  local  flow  domain  is  placed  far  from  the  leading  edge  of 
the  plate.  A  coupled  system  of  the  Prandtl  and  the  Navier-Stokes  equations  for 
disturbances  is  chosen  as  the  governing  system  of  equations.  Fully  spectral 
approach  is  used  for  space  discretization.  This  helps  to  avoid  prescribing  inflow 
and  outflow  boundary  conditions.  Acceptable  particular  solutions  are  selected  to 
describe  physically  adequate  phenomenon.  A  new  spectral  method  for 
integrating  the  Cauchy  problem  is  adopted  to  study  the  flow  evolution. 

1.  Introduction 

The  phenomenon  of  turbulence  in  lengthy  flows  involves  a  large  range  of  space 
scales.  This  is  the  challenge  for  flow  modeling  based  the  full  Navier-Stokes 
equations.  The  class  of  external  quasi-homogeneous  flows  related  to  the 
boundary  layer  theory  has  a  quasi-regular  nature,  it  shows  that  lengthy 
disturbances  carry  small  amounts  of  energy  in  thin  layers.  The  main  feature  of 
the  boundary  layer  flows  is  the  existence  of  laminar  regimes  of  motion  that  can 
be  described  on  the  basis  of  the  Prandtl  equations.  Thin  laminar  flows  are 
unstable  and  simulation  of  thin  transitional  and  turbulent  flows  is  usually  based 
on  the  full  Navier-Stokes  equations  (see,  for  instance,  [8]).  The  regular 
approach,  however,  introduces  restrictions  on  Reynolds  numbers  because  of 
limitations  on  computer  resources.  To  weaken  the  restriction  one  can  use  local 
modeling  of  quasi-homogeneous  external  flows.  We  employ  SFM,  a  coupled 
system  of  Prandtl  and  Navier-Stokes  equations  for  disturbances  [5,7]  for  local 
modeling  of  the  flow  near  a  flat  plate. 

First  theoretical  investigations  of  stability  of  laminar  boundary  layer  flows 
showed  the  existence  of  coherent  structures  in  transitional  zones  of  the  flows  in 
the  form  of  the  Tollmien-Schlichting  wave.  The  existence  of  local  flow 
structures  was  confirmed  later  by  experiments  for  both  transitional  and  turbulent 
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quasi-regular  flows.  The  local  approach  is  widely  used  in  the  thin  layer  theory. 
Being  the  analogy  with  a  channel  flow,  the  approach  leads  to  definition  of  a 
local  Reynolds  number,  but  it  does  not  answer  the  question  about  the  scale  of 
flow  structure.  It  also  introduces  an  uncertainty  to  inflow  and  outflow  boundary 
conditions  because  of  the  weak  non-homogeneity  of  quasi-regular  flows.  The 
local  approach  is  not  general  enough  to  follow  space  upwind  peculiarities  of  a 
flow,  but  this  can  be  considered  as  the  advantage  when  simulating  lengthy  flows 
for  high  Reynolds  numbers. 

The  scale  of  a  flow  structure  is  the  result  of  competition  of  disturbances  with 
random  lengths  that  depend  weakly  on  the  external  conditions  and  are 
determined  by  the  internal  nature  of  a  flow,  in  particular,  by  the  local  Reynolds 
number.  Space  parameters  of  coherent  structure  can  be  estimated  on  the  basis  of 
numerical  experiments.  If  a  flow  is  unstable  to  infinitesimal  disturbances  then 
there  is  another  possibility  to  choose  the  local  characteristic  size  of  the  flow:  one 
can  suppose  that  scales  of  coherent  flow  structures  coincide  with  space  scales  of 
the  disturbances  corresponding  to  the  maximal  temporal  increments.  We  apply 
this  principle  of  maximal  instability  for  the  near-wall  flow  modeling. 

Turbulence  has  a  self-sustained  nature,  it  arises  in  flows  spontaneously,  and 
its  physical  existence  does  not  require  special  conditions.  This  attribute  of 
turbulence  could  be  considered  as  the  concept  for  numerical  simulation. 
Actually,  a  laminar  flow  can  loose  its  stability  due  to  introduced  disturbances  at 
any  place  of  the  flow  at  some  moment  of  time.  The  disturbances  then  develop  in 
space  and  time,  and  the  development  does  not  require  any  conditions  for  its 
support,  in  particular,  inflow  boundary  conditions.  Application  of  spectral 
methods  is  the  direct  way  of  realizing  this  approach  numerically.  Such  an 
approach  allows  developing  the  idea  of  selection  of  local  particular  solutions  [3], 
which  capture  the  adequate  phenomenon  when  extracting  them  from  the  problem 
considered. 

Another  feature  of  the  numerical  procedure  applied  is  the  application  of  a 
new  integration  method  for  the  Cauchy  problem  [2].  The  algorithm  is  the 
adaptation  of  the  general  spectral  approach  to  the  Cauchy  problem  solving. 
Unknown  variables  are  represented  as  a  sum  of  preliminary  chosen  sequence  of 
functions;  both  the  spectral  space  and  the  space  of  original  variables  are 
involved  in  the  algorithm  construction.  The  approach  leads  to  the  choice  of  non- 
uniformly  disposed  collocation  points  in  a  fixed  temporal  interval  and  provides 
an  additional  flexibility  in  comparison  to  traditional  methods. 

2.  Space  and  Time  Discretization  Procedures 

To  this  end  we  developed  the  results  for  2D  flow  modeling,  so  the  discretization 
procedure  is  briefly  described  in  two  space  dimensions  and  time. 
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Let  ( t ,  X0,y)  be  a  non-dimensional  time  and  non-dimensional  coordinates 
with  the  origin  at  the  leading  edge  of  the  plate,  and  let  the  local  variable  x  be 
connected  to  X0  by  the  formulas 

X0  =  1  +  X  X-  Ax,  X  =  K1 1  Re,  k  =  1.72078766, 

where  Reynolds  number  Re  is  chosen  on  the  basis  of  thickness  of  the  boundary 
layer.  The  neutral  stability  curve  Re  =  Re(a)  borders  energy-bearing  intervals 
of  space  scales  that  support  the  phenomenon  of  turbulence  in  the  flow.  For  a 
fixed  Reynolds  number,  we  can  pick  up  the  point  (am,  Re)  inside  the  neutral 
curve  that  corresponds  to  the  disturbance  with  the  maximal  temporal  increment. 
In  accordance  with  the  principle  of  maximal  instability,  the  parameter  a  =  am 

provides  the  scale  of  coherent  structure  2k  /  a ,  and  we  study  flow  in  the  domain 
D=  {-k  /  a<  x<k  /  a  ,  0  <  y  <<*>}. 


We  consider  the  solution  of  the  problem  for  disturbances  Fdof  the  laminar  flow 
in  the  form 


Fd  =  Fs  +  F/,  FJ  =  0, 

where  Fs  =  {us,vs,ps  }(X0,  y,t),  Ff  =  {uf,vflX,pf  }(x,  y,t)  are  slow 
and  fast  components  of  the  velocity  vector  and  pressure,  bar  means 
x-  averaging.  The  Navier-Stokes  equations  for  disturbances  Fd  were  split  in 
coupled  Prandtl  and  Navier-Stokes  equations  for  the  disturbance  components 
Fsand  F^  in  [5,7];  the  procedure  was  specified  for  smooth  periodic  function 
F^  of  the  x-variable  in  the  domain  D. 

The  problem  statement  does  not  involve  unknown  inflow  and  outflow 
boundary  conditions,  and  we  follow  the  idea  of  extracting  the  adequate 
particular  solutions  from  the  governing  equations. 

The  approximation  in  x-variable  is 

{uf  ,vf  ,pf  }(x,y,t)  =  ^{u[ ,v[,  p[ Ky.Oe'".  (1) 

|k|<K 


If  weak  non-homogeneity  of  the  flow  is  taken  into  account  in  the  equations 
for  fast  disturbances,  then  the  requirement  of  periodicity  of  F^  leads  to  Gibbs 
phenomenon  of  the  order  of  0(1  /  Re)  near  the  inflow  and  the  outflow  boundary 
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for  representation  of  slow  components  of  the  velocity  vector.  Modes  in  (1)  draw 
the  Orr-Sommerfield  eigenfunctions  in  the  development  of  disturbances. 

The  linearized  Prandtl  problem  for  disturbances  also  has  nontrivial  solutions 
in  the  absence  of  upwind  boundary  conditions.  Those  modes  are  proportional  to 
the  sequence  {Xq~Vj},  v{  =  1,  V2  =  1.887,  V3  =  2.867,  ...  in  the  boundary  layer 

coordinates  [9].  It  seemed  the  modes  would  have  to  be  involved  in  the 
phenomenon  modeling  [7].  However,  it  has  been  shown  that  those 
eigenfunctions  describe  solely  the  peculiarities  of  damping  the  slow  component 
of  upwind  stationary  velocity  disturbances  in  the  streamwise  direction,  and 
they  must  be  excluded  from  the  description  of  the  flow  evolution  in  the  case  of 
uncertainty  in  the  inflow  boundary  conditions  [3].  The  uncertainty  makes  the 
problem  under  consideration  ill  posed  in  terms  of  slow  variables,  and  we  apply 
the  Galerkin-Petrov  variant  of  a  spectral  method  representing  the  solution  in  the 
longitudinal  direction  in  the  form 

j~0  j= o 

This  removes  the  possibility  of  self-excitation  of  the  slow  modes.  So, 
interaction  of  fast  disturbances  is  the  only  source  of  excitation  of  slow  ones. 
Variation  of  =  1  +  X  is  small  if  a  ~  0(1) ,  and  we  can  choose  functions 

X J ,  j  =  1 as  the  test  functions  being  content  with  a  small  value  of  J,  in 
particular,  with  J=  1 ,  because  terms  of  the  order  CXX2 )  have  been  removed 
from  the  model  equations. 

The  discretization  procedure  for  the  problem  under  consideration  in  the 
direction  orthogonal  to  the  wall  (that  is  in  y-direction)  for  both  slow  and  fast 
components  of  the  flow  is  based  on  a  weak  formulation  (see,  for  instance,  [4]). 
Orthogonal  exponential  polynomials  Z=l,...,m  [6]  were  used  as  the 

trial  and  the  test  functions. 

The  finite  dimensional  dynamic  system  of  equations  extracted  from  the 
governing  equations  was  integrated  in  time  by  a  spectral  method  developed 
recently  in  [2].  The  method  can  be  summarized  as  follows. 

Let  Y  and  F  be  vector  functions  with  dimension  N.  We  consider  the 
Cauchy  problem 

Y'  =  F(f,Y(f)),  Y(T/)  =  Y/  (2) 

in  the  interval  te  [Tj.T,  +  ft],  h>  0,  for  some  prescribed  initial  value  Y,  . 
Let  Am>0,  an  =  hi  r  =  (t~TI)/an,  yOO  =  Y(T;  +anr) , 
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f(r,y)  =  cc^Tj  +  anT,  Y(T,  +  anr)) .  Then  problem  (2)  can  be  represented  as 
follows 

y'(r)=f(T,y(T)),  *<»  =  ¥,,  rG[0,Am]  (3) 

We  look  for  an  approximate  solution  yn(r)  «  y(r)  to  system  (3)  in  the 
form 


yn(r)  =  Y,  +  f0T  +  £  a nj(SnJUJn,  r)  -  (-lr-'r),  (4) 

M 

Snj(p„,T)  =  ]snJ(l3„t)dt 

0 

that  satisfies  the  initial  condition  in  (3)  and  the  initial  condition  for  the 
derivative  of  the  unknown  variable.  Here  a^.  are  unknown  vector  coefficients 
with  dimension  N,  fin-  1  ,  fj,  =f(0,Y/).  To  find  the  spectral  coefficients  ag 
in  (4)  we  consider  the  discrete  form  of  the  problem  (3)  in  the  collocation  points 
Tns  -  ^ns  /  Pn ’  s  =  5  ^ns  are  zeros  polynomial  Sn0(t) ,  is 

the  maximal  zero.  Transformations  in  the  spectral  space  lead  to  the  discrete 
analog  of  the  Cauchy  problem  (2) 

Tnp  =  Tj  +  vrph,  Yrp  =  Yn(Trp) , 

Xp  =  X  +<V)WT„Y/)  +  ti£ctvF(Tm  ,YJ  ,  (5) 

S=1 

in  the  original  variables.  Here  p  =  ,  and  coefficients  can  be 

tabulated  for  any  reasonable  n.  Resolving  the  equations  (5)  leads  to  a  step  error 
of  the  order  of  G(hml)  for  sufficiently  smooth  function  F,  but  getting  the 
precise  solution  is  a  difficult  task.  An  explicit  single-step  procedure  that 
provides  an  approximate  solution  of  the  problem  (5)  has  been  developed  as  a 
trial  value.  The  procedure  is  based  on  the  property  of  thickening  of  the  zeros  of 

6n0( t)  in  the  vicinity  of  t  =  0.  This  leads  to  a  recurrence  algorithm  that  has 

the  same  order  as  the  Euler  method,  but  gives  better  accuracy  when  increasing 
n.  It  should  be  mentioned  that  the  algorithm  is  convenient  for  the 
implementation  of  the  adaptive  stepsize  control. 

Detailed  description  of  the  method  is  given  in  [2].  The  method  could 
provide  calculations  both  in  the  spectral  space  and  in  the  space  of  the  original 
variables  that  gives  the  opportunity  to  interpolate  unknown  variables  in 
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intermediate  collocation  points.  High  degree  approximations  lead  to  higher 
storage  requirements,  but  calculations  in  highly  non-uniform  disposed  points  can 
give  an  advantage  in  terms  of  prediction  of  the  solution  and  application  to  stiff 
problems. 

The  single-step  explicit  procedure  has  been  applied  for  simulation  of  the 
flow  for  n<  16.  The  initial  data  at  t  =  0  should  represent  an  arbitrary  disturbance 
with  small  amplitude.  Following  the  concept  of  self-sustained  nature  of 
turbulence,  one  can  suppose  that  the  disturbance  contains  the  mode  with  the 
maximal  temporal  increment.  So,  we  can  chose  the  initial  guess,  considering 
only  one  mode  at  t  =  0,  and  the  initial  data  satisfying  linearized  governing 
equations  can  have  a  moderate  amplitude. 

3.  Flow  Simulation  Results 

Simulation  has  been  performed  for  N=  1220  degrees  of  freedom  and  for 
large  Reynolds  numbers.  Full  development  of  disturbances  was  provided  by 
integration  in  a  long  non-dimensional  time  interval.  The  example  of  the 
simulation  described  here  corresponds  to  the  turbulent  zone  of  the  flow  for 
Ret  =  106 ,  in  this  case  the  local  Reynolds  number  is  equal  to  2961.1. 


Figure  1 .  Development  of  phase  speed  Figure  2.  Development  of  mean  friction 

Development  of  the  phase  speed  c  in  time  is  shown  in  Fig.  1.  The  speed 
varies  from  the  value  that  is  determined  by  the  linear  theory  of  hydrodynamic 
stability  until  a  value  in  the  interval  (0.6,  0.7).  It  is  found  that  the  phase  speed  of 
statistically  steady  flow  is  a  rather  conservative  characteristic,  it  depends  weakly 
on  the  local  Reynolds  number.  Figure  2  shows  the  development  of  the  slow 
component  of  the  skin  friction  in  the  point  ^  =  1  on  the  wall.  In  contrast 

with  the  phase  speed, 


Figure  3.  Development  of  skin  friction  Figure  4.  Fully  developed  skin  friction 
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mean  skin  friction  increases  significantly  when  increasing  the  distance  from  the 
leading  edge.  It  appears  that  the  model  employed  for  the  direct  numerical 
simulation  demonstrates  good  results  in  mean  skin  friction  prediction.  This  may 
be  the  consequence  of  involving  the  Prandtl  equations  for  disturbances  to  the 
flow  description.  Fig.  3  shows  development  of  full  skin  friction  on  the  wall, 
details  of  the  statistically  steady  regime  of  the  flow  are  given  in  Fig.  4,  which  is 
the  part  of  Fig.  3.  It  is  seen  that  the  impulsive  injection  of  fluid  into  the 
boundary  layer  takes  approximately  1/5  of  the  full  time  in  every  point  of  the 
domain  near  the  wall.  This  2D  phenomenon  correlates  with  the  existence  of 
hairpin  vortex  structure  in  3D  boundary  layer  [1]. 

Considering  Fig.  5  and  Fig.  6  one  may  come  to  the  conclusion  about  chaotic 
nature  of  the  flow.  The  power  spectral  density  is  shown  in  Fig.  5  in  logarithmic 
scale.  Two  dimensional  projection  of  the  attractor  of  the  dynamic  system  for 
fully  developed  flow  in  delay  coordinates  with  delay  A  t  =  30  for  full  skin 
friction  is  shown  in  Fig.  6.  The  trajectory  with  self-intercepts  clearly  shows  the 
complexity  of  the  phenomenon  and  demonstrates  the  nature  of  the  dynamic 
system  extracted. 


Figure  5.  Power  spectral  density  Figure  6.  Projection  of  the  attractor  in 

the  delay  coordinates 

It  should  be  mentioned  that  the  dependence  of  the  wall  pressure  on  time  is 
similar  to  the  full  skin  friction;  the  spectral  analysis  shows  that  the 
characteristics  of  the  pressure  frequency  correspond  to  the  appropriate 
characteristics  of  the  full  skin  friction,  and  the  pressure  phase  speed  is  the  same 
as  for  the  skin  friction. 

4.  Conclusion 

The  concept  of  local  simulation  of  flows  related  to  boundary  layer  problems  is 
adopted  in  this  work.  Spectral  methods  based  on  selection  of  appropriate 
particular  solutions  are  elaborated  to  overcome  the  uncertainty  in  inflow  and 
outflow  boundary  conditions.  The  restrictive  approach  that  leads  to  elimination 
of  lengthy  disturbances  is  used  to  choose  the  scale  of  a  coherent  structure. 
Special  attention  is  paid  to  application  of  a  recently  developed  spectral  method 
for  the  initial  value  problem  integration. 
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Although  simulation  of  2D  flow  for  big  Reynolds  numbers  can  be  considered 
as  a  methodical  one,  the  results  obtained  are  consistent  with  turbulence 
modeling.  Heavy  nonlinear  phenomenon  in  the  near-wall  region  has  a  chaotic 
background.  Fluid  is  pumping  away  from  the  wall,  and  the  region  of  separation 
moves  along  the  wall  taking  approximately  1/5  of  an  exposed  time  in  every  point 
of  the  segment  chosen  on  the  wall.  At  the  same  time  simulation  shows  good 
results  for  the  mean  profile  of  the  flow.  The  phase  speed  of  the  flow  is  in  the 
interval  (0.6,  0.7).  The  parameters  are  found  for  Re*  =  106 . 
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1.  Introduction 

Rough-wall  turbulent  flows  are  more  common  in  engineering  application 
than  smooth-wall  turbulent  flows.  Modification  of  mean  flow  and  turbu¬ 
lence  property  have  been  established  by  enormous  experiments.  However, 
details  of  mechanism  of  rough-wall  turbulence  has  been  understood  little 
because  spatial  resolution  is  limited  in  experiments.  Meanwhile,  Direct  Nu¬ 
merical  Simulation  (DNS)  of  a  rough-wall  turbulent  flows  which  is  capable 
of  giving  high  resolution  data  requires  prohibitively  heavy  computer  power 
and  accordingly,  no  other  DNS  data  are  available  than  those  published  by 
the  present  authors  (Miyake  et  a/.,  1999).  Our  first  DNS  considered  sand- 
grain  roughness  whose  effect  was  implemented  by  profile  drag  based  on 
Stokes  drag  and  could  successfully  reproduce  experimentally  established 
rough-wall  turbulent  flow  such  as  downward  shift  of  straight  line  of  loga¬ 
rithmic  mean  velocity  distribution  and  vanishing  of  viscous  sublayer.  It  was 
confirmed  that  the  layer  adjacent  to  the  wall  up  to  several  tens  in  wall  unit 
where  smooth-wall  turbulence  exhibits  autonomous  property  independent 
on  the  layer  above  it,  is  taken  over  by  the  layer  having  property  of  log¬ 
arithmic  layer,  in  rough-wall  turbulence.  While  quasi-streamwise  vortices 
play  major  role  to  generate  high  turbulent  shear  stress  in  this  near-wall 
layer  in  smooth-wall  turbulent  flow,  roughness  destroy  this  vortical  sys¬ 
tem  and  consequently,  different  mixing  system  which  replaces  the  role  of 
quasi-streamwise  vortices  should  be  found  in  rough- wall  layer.  Present  work 
intends  to  investigate  the  turbulent  mixing  in  the  layer  close  to  the  wall  of 
rough- wall  turbulence  by  a  DNS  of  more  sound  numerical  conditions,  ie., 
without  using  any  model  for  roughness  element. 
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Table  1.  Computational  conditions 


Streamwise 

Wall  normal 

Spanwise 

Length 

2t rH 

2  H 

7 TH 

(wall  unit) 

(942) 

(300) 

(471) 

Grid  number 

256 

257 

128 

Reynolds  number 

Re7 

.  =  HUr/u  =  150 

2.  Computational  procedure 

2.1.  CHANNELS 

Since  implement  of  a  roughness  element  in  the  calculation  requires  enor¬ 
mously  high  computational  power,  only  one  wall  is  assumed  rough  and  the 
other,  smooth.  The  configuration  of  the  channel  is  illustrated  in  Fig.l.  A 
Cartesian  coordinate  system  is  employed,  in  which  x,  y ,  z  are  streamwise, 
wall-normal,  and  spanwise  directions,  respectively,  and  the  velocity  compo¬ 
nents  in  the  respective  directions  are  denoted  by  u,  u,  w. 

Computational  conditions  such  as  size  of  computational  domain,  grid 
number  and  Reynolds  number  are  given  in  Table  1.  The  global  Reynolds 
number  is  defined  as  Rer  =  urH/v  where  uT  is  global  mean  friction  velocity 
and  is  calculated  from  pressure  gradient  dp/dx  by  uT  =  [(H/p)(dp/dx)]l/2, 
H  is  half  channel  width  and  v  and  p  are  kinematic  viscosity  and  density, 
respectively.  In  the  following,  superscript ( !  !)  denotes  quantities  averaged 
in  a  plane  parallel  to  the  wall  ( x-z  plane),  superscript  ('),  fluctuation  from 
this  mean  and  superscript ("**),  non-dimensionalized  quantities  by  uT  which 
is  mean  friction  velocity  and  v .  The  spatial  discretization  is  a  Fourier  series 
expansion  in  x  and  z  for  the  sake  of  periodicity  and  a  Chebyshev  polynomial 
expansion  in  the  normal  direction.  Time  advancement  is  done  by  a  semi- 
implicit  method  (  Crank-Nicolson  scheme  for  viscous  term  and  third  order 
Adams-Bashforth  scheme  for  the  convective  term). 

2.2.  ROUGHNESS  ELEMENT 

The  roughness  is  composed  of  periodically  arranged  two-dimensional  span- 
wise  ribs  whose  cross  section  is  a  square  of  a  side  hf  =  20  and  separated  in 
streamwise  direction  by  Ax+  =  118.  The  boundary  condition  on  the  solid 
wall  is  treated  rigorously  to  satisfy  non-slip  flow.  Namely,  at  each  grid  point 
xs  on  every  rib  surface,  external  force  fv  is  added  so  as  to  make  the  flow 
vanishing  there.  The  magnitude  of  fv  is  determined  iteratively  to  satisfy 
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(  ) : Grid  Number 


Figure  1.  Configuration  of  a 
channel  with  a  rough  wall  of  2- 
dimensional  ribs. 


y 


Figure  2.  Distribution  of  mean  veloc¬ 
ity  w+  normalized  by  mean  friction 
velocity  uT,r  on  the  rough  wall  and 
v. 


f ^ v  [  ,v{xS)t  )dt  4 -  (3vv{xs^€)  (1) 

Jo 

where  and  j3v  are  negative  constants  to  prevent  the  computation  from 
instability  and  in  this  calculation,  they  are  av  =  — 4x  105  and  /3V  =  —  6x  102. 
These  procedures  are  proposed  by  Goldstein  et  al.  (1995). 

3.  Results 

3.1.  MEAN  FLOW  PROPERTY 

Mean  velocity  distributions  are  given  in  Fig.2.  In  order  to  make  the  straight 
line  of  logarithmic  part  parallel  to  the  one  established  for  the  ordinary 
smooth  wall,  correction  of  the  location  of  wall  surface  is  required.  In  this 
case,  upward-shifting  by  A y+  =  7.0  is  needed.  Magnitude  of  the  downward 
shift  of  the  straight  lines  from  the  case  of  the  ordinary  smooth  wall  is  within 
the  scatter  of  experimental  data  (Raupach  et  al. ,  1991).  Corresponding 
shear  stress  distribution  is  given  in  Fig.3.  The  height  Hr  from  the  rough- 
wall  where  total  shear  stress  vanishes  is  defined  hereafter  as  the  equivalent 
half  width  of  the  rough- wall  channel.  The  width  Hr  is  larger  than  H  because 
total  drag  on  the  rough  wall  is  larger  than  on  the  smooth  wall.  The  defect 
of  total  shear  stress  in  the  layer  close  to  the  rough  wall  found  in  Fig.3  is 
covered  by  pressure  drag  of  ribs.  It  is  noted  that  local  high  viscous  shear 
stress  fwr/ p  —  v{du/dy)  is  observed  in  the  layer  near  the  top  of  the  rib 
surface. 

3.2.  MODIFICATION  OF  LARGE-SCALE  FLOW 

The  modification  of  large-scale  flow  by  rough-wall  is  considered  in  this  sec¬ 
tion,  since  it  is  substantial  for  global  mixing  .  Figure  4  shows  the  ratio  of 
turbulent  shear  stress  -ufv'  to  turbulent  kinetic  energy  k,  r  =  -v/v'/k. 


Figure  3.  Distribution  of  shear 


stress  across  channel,  normalized  Figure  4.  Distribution  of  structure 

by  overall  mean  friction  velocity  parameter  r  =  —u'v'/k. 

uT  and  v. 


(a)  smooth  (ReT  =  395)  (b)  2D  rough  wall 

Figure  5.  Iso-contour  of  spanwise  correlation  factor  of  streamwise  velocity  fluctu- 
ation. 

It  is  known  to  be  around  0.27  in  the  logarithmic  layer  and  the  larger 
the  Reynolds  number,  the  thicker  the  constant  r- layer.  Present  simulation 
shows  that  the  wall  roughness  makes  this  layer  to  reach  closer  to  the  wall, 

as  expected.  n 

As  mentioned  earlier,  the  profile  drag  is  dominant  on  the  rough  wall. 

However,  in  the  region  near  the  top  of  the  roughness  elements,  the  shear 
stress  must  be  sustained  mostly  by  turbulent  shear  flows.  Therefore  ,  strong 
turbulent  mixing  is  required  there.  While  quasi-streamwise  vortices  play 
dominant  role  for  strong  mixing  near  the  smooth  wall,  rough-wall  is  ex¬ 
pected  to  have  different  mechanism  for  the  strong  mixing.  Figures  5  show 
the  contour  of  spanwise  correlation  of  streamwise  velocity  fluctuation.  In 
place  of  streaks  of  mean  spanwise  separation  A z+  ~  100  which  is  a  dis¬ 
tinguished  feature  of  the  buffer  layer,  large  scale  streaks  of  much  larger 
mean  spanwise  separation  than  in  the  buffer  layer  appears.  These  large- 
scale  streaks  are  characteristic  of  wall  turbulence  of  a  large  Reynolds  num¬ 
ber  and  accordingly,  of  the  layer  close  to  the  wall  near  the  rough  surface. 
These  observation  suggests  that  the  turbulence  property  normally  found  in 
the  layer  away  from  the  wall  prevails  closer  towards  the  wall  in  a  rough-wall 
case.  Namely  it  is  suggested  that  a  large-scale  mixing  takes  place  actively 
over  the  roughness. 


DNS  OF  TURBULENT  MIXING  IN  ROUGH- WALL  FLOW 


545 


(b)  Small  scale 


(a)  Original 


Figure  6.  Iso-  surface  of  the  second 
invariance  of  velocity  gradient  tensor 
Q'  ( Q'+  >  1.8  x  10“4). 


Figure  7.  Distribution  of  separately 
averaged  turbulent  shear  stress  due 
to  large  and  small-scale  flow. 


Fig.  8  Extracted  vortex  structure  LSE  with  the  detector  in  the  plane  at  y+  —  25. 
(a)  detector  at  near  the  rib,  (b)  position  of  detector  unconditioned.  (Qr+  >  1.8  x 
KT4). 


3.3.  TURBULENT  MIXING  DUE  TO  COHERENT  VORTICES 

To  investigate  the  contribution  of  coherent  vortices  of  different  scale  to  tur¬ 
bulent  shear  stress,  a  filter  is  used  to  decompose  the  flow.  The  decomposing 
filter  is  of  wavelengths  of  <5+  ^  400,  S +  «  100  in  x,  z  direction,  respectively. 
Figures  6  compares  (a)  whole  scale  flow  and  (b)  large-scale  eddies  discarded 
flow,  by  the  iso-surfaces  of  the  second  invariance  of  velocity  gradient  tensor 
Q,+  =  1.8  x  10-4.  It  is  observed  that  the  coherent  flow  mainly  consists  of 
small-scale  eddies  of  above-defined  length.  Figure  7  which  shows  the  contri¬ 
bution  of  each  component  to  turbulent  shear  stress  demonstrates  that  the 
shear  stress  is  composed  dominantly  of  the  small  scale  vortices  in  near-wall 
region  of  both  smooth-  and  rough-wall  flow,  especially  in  rough-wall  flow 
and  that  the  stress  due  to  small-scale  vortices  is  strongly  enhanced  over  the 
rough- wall.  An  alternative  way  that  we  attempted  to  extract  the  govern¬ 
ing  event  associated  with  the  generation  of  turbulent  shear  stress  is  based 
on  LSE  (Linear  Stochastic  Estimation,  Adrian  et  al ,  1988).  The  extracted 
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(a)  Smooth  wall  at  ReT  =  395  in  (b)  Rough  wall  in  y+  =  10  ~  50 
=  10  ~  50 

Figure  9.  Contour  lines  of  statistical  property  of  vorticity  on  a- P  plane.  Solid 
lines  :  positive,  dotted  lines  :  negative. 

structures  in  positioning  the  detector  in  the  plane  parallel  to  the  wall  at 
y+  —  25  are  shown  in  Fig.8  which  demonstrate  that  streamwise  elongated 
vortices  are  the  key  structures  and  that  the  key  structure  does  not  depend 
on  the  position  of  the  detector,  as  in  (b)  which  is  for  the  detector’s  position 
unconditioned.  It  is  also  found  that  the  extracted  vortices  are  more  tilted 
from  the  wall  in  the  rough-wall  case  than  in  smooth  wall  case,  though  the 
pictures  are  not  shown  here.  It  is  concluded  that  such  a  modulation  of  at¬ 
titude  angle  of  vortices  is  substantial  in  enhancing  the  turbulence  mixing 
of  near-wall  layer,  in  rough-wall  flow.  In  order  to  know  the  tilting  property 
of  the  vortices,  weighted  average  of  a  quantity  on  the  attitude  angle  of 
vortex  line  a,  (3  is  defined  as, 


where  a  =  tan  1  (ufy / +  ^f) ?  P  —  tan  1(lux/ujz),  Ao  —  2.5  !  $A/3 
5° !  % 

Figures  9  which  shows  the  average  for  <£  =  Q  gives  the  peak  of  Q  in 
a-/3  map  at  around  j3  «  90°,  which  corresponds  to  streamwise  small-scale 
vortices.  In  rough  wall  flow,  the  peak  shifts  to  larger  a  than  in  smooth- wall 
flow,  indicating  that  the  vortex  structures  inclines  more  from  the  wall  in 
average. 

3.4.  FORMATION  OF  SMALL-SCALE  COHERENT  VORTICES  OVER  THE 
ROUGHENED  WALL 

Though  small-scale  coherent  vortices  are  found  to  be  key  structures  of  tur¬ 
bulence  mixing  over  roughened  wall,  the  well-known  coherent  vortices  found 
in  smooth  wall  flow  are  different  however,  from  those  of  rough-wall  flow. 
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Figure  10.  Evolution  of  a  hairpin  vortex  initially  introduced  in  a  laminar  flow 
having  velocity  distribution  of  a  turbulent  flow,  T+  =0,  120,  240.  Light  color  : 
Q+  >  0.0001,  Dark  color  :  v!  <  -2 


Visualization  of  the  small-scale  coherent  vortices  demonstrates  diversity  of 
vortices.  In  the  region  over  the  top  of  roughness  element,  it  seems  that 
vortex  generation  is  strongly  associated  with  the  flow  separation  at  the 
upstream  corners  of  roughness  elements,  via  a  shedding  of  strong  vortex 
sheets.  However,  complexity  of  flow  structure  does  not  allow  us  to  trace 
the  evolution  of  vortices.  Therefore,  to  investigate  the  fundamental  process 
of  vortex  formation,  an  evolution  of  a  single  hairpin  vortex  is  traced  by 
conducting  numerical  simulation  in  which  a  laminar  flow  having  mean  flow 
distribution  of  turbulent  flow  is  assumed  and  small  eddy  is  introduced  in  it 
at  an  initial  time.  The  introducing  baby  eddy  can  be  extracted  by  LSE  as 
proposed  by  Zhou  et  al  (1996).  Figures  10  show  the  evolution  for  the  non- 
dimensional  time  T+(=  Tu\jv1')  =  0,120,240  and  depict  iso-surfaces  of 
Q+  and  low-speed  streaks.  The  vortex  introduced  initially  is  a  pair  of  small 
quasi-streamwise  vortices.  At  the  beginning,  the  quasi-streamwise  vortices 
grows  quickly  to  a  hairpin  vortex  and  extends  to  further  away  from  the  wall. 
At  T+  =  120,  the  secondary  hairpin  vortex  is  born  newly  at  the  upstream 
of  primary  hairpin  vortex,  z.e.,  regeneration  is  confirmed.  At  T+  =  240, 
the  group  of  vortices  becomes  matured  and  the  size  of  the  originally  intro¬ 
duced  vortex  becomes  larger  than  half  width  of  the  channel.  Qualitatively, 
the  evolution  of  vortices  in  the  upper  layer  from  the  wall  is  similar  to  that 
of  smooth  wall  case  simulated  in  the  previous  work  (Zhou  et  al.  1996, 1999 
;  Miyake  et  al. ,  2000).  However,  in  the  layer  closest  to  the  wall,  a  distinct 
pattern  of  vortex  generation  appears.  In  the  smooth  wall  case,  though  not 
shown  here,  a  lot  of  quasi-streamwise  vortex  are  generated  over  the  flat 
wall,  most  probably  forming  a  vortex  group.  In  rough  wall  case,  instead  of 
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such  a  group  of  quasi- streamwise  vortices  around  the  legs  of  primaly  hair¬ 
pin  vortex,  vortex  shedding  at  the  upstream  corner  of  roughness  elements 
occurs  induced  by  the  vortical  flow  from  upper  layer.  Although  the  ordi¬ 
nary  regeneration  process  of  smooth  wall  flow  are  destroyed  in  rough  wall 
flow,  strong  vorticity  from  not  random  but  fixed  position  associated  with 
roughness  supplements  the  loss  and  maintain  turbulence.  This  character¬ 
izes  the  rough-wall  turbulence  as  an  alternative  way  of  generating  vortices, 
suggesting  that  regeneration  of  quasi-streamwise  vortices  by  themselves  is 
not  always  unique  process. 

4.  Conclusions 

1.  The  turbulence  property  normally  found  in  the  layer  away  from  the  wall 
prevails  close  to  the  wall  and  large-scale  streaks  comes  closer  to  the  wall. 
It  is  suggested  that  a  large-scale  mixing  takes  place  over  the  roughness. 

2.  The  major  effect  of  roughness  element  is  to  modify  the  mechanism  of 
turbulent  mixing.  Modulation  of  attitude  angle  of  vortex  which  is  tilted 
upward  from  the  wall  is  the  key  factor  in  enhancing  mixing  in  near-wall 
layer  over  the  roughness. 

3.  On  the  observation  of  simplified  simulation  and  the  visualized  instanta¬ 
neous  flow  field  of  full  simulation,  further  away  from  the  wall,  the  mech¬ 
anism  of  generation  of  coherent  vortices  is  similar  to  that  of  smooth  wall 
case.  Closer  to  the  top  of  roughness,  however,  quasi-streamwise  vortices  are 
not  observed.  The  vortex  sheet  shedding  at  the  upstream  corner  of  rough¬ 
ness  causes  the  vortex  generation.  Thus  in  rough-wall  flow,  regeneration 
process  of  the  quasi-streamwise  vortices  by  themselves  is  suppressed. 
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Abstract 

A  DNS  code  based  on  a  spectral-element  method  is  developed.  The  code 
is  applied  to  calculate  Eulerian  space-time  velocity  correlation  functions 
and  to  study  the  possibility  to  describe  the  dispersion  of  particles  by  a 
Langevin  equation  for  particle  velocity.  The  preliminary  results  indicate 
that  it  is  possible  to  derive  the  damping  coefficients  from  the  correlation 
functions. 

1.  Introduction 

Particle  dispersion  can  be  described  by  a  Langevin  equation,  but  there  is 
no  unique  way  to  determine  the  coefficients  in  this  equation  for  inhomoge¬ 
neous  flow.  A  recently  developed  theory  (Brouwers  [1])  predicts  that  these 
coefficients  are  related  to  the  Eulerian  space-time  correlation  function  in 
a  moving  frame.  The  frame  is  moved  in  time  with  the  local  average  fluid 
velocity. 

The  outline  of  this  paper  is  as  follows.  In  section  2  the  numerical  methods 
for  the  continuum  phase  and  particles  are  considered.  Next,  in  section  3 
the  stochastic  theory  is  explained.  Then  some  preliminary  results  will  be 
presented  and  discussed  in  section  4.  Finally,  the  conclusions  are  made. 

2.  Numerical  Method 

2.1.  CONTINUUM  PHASE 

In  this  section  the  numerical  method  used  for  DNS  of  turbulent  flow  in  a 
cylindrical  pipe  will  be  described.  The  equations  to  be  solved  are  the  Navier- 
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Stokes  equations  and  continuity  equation  for  incompressible  flow.  Because 
of  the  cylindrical  geometry  the  choice  for  cylindrical  coordinates  and  cylin¬ 
drical  velocity  components  is  natural.  Used  are  r,  </>  and  £  for  the  radial, 
tangential  and  axial  coordinates  and  wr,  u $  and  uz  for  the  corresponding 
velocity  components.  Then  the  governing  equations  can  be  written  in  the 
form: 

r  or 


r  d<j>  dz 


=  0 


(i) 


dur 

dt 


4-  6 O^Uz  —  LOzU(f>  + 


dP  =  _2_  / 
dr  Re  \ 


A  u. 


ur  2  duff)  \ 


dU4>  ^  1  dP 

to  +  W zUr  ~  UrUz  +  rd<t> 


=  m  (A"» 


+ 


d4> ) 

2  dur 
r 2  d<p 


(2) 


duz  dP  2  f 

{  W  +U>TUt  ~  U^Ur  +  -^  =  —AUZ  +  f 

Here  t  denotes  time,  ur,  w#  and  are  the  cylindrical  components  of  the 
vorticity,  A  is  the  Laplace  operator  and  the  total  pressure  P  is  defined  as 
P  =  p  +  u2/2,  where  p  is  the  static  pressure.  The  forcing  term  /  is  adjusted 
each  time  step  to  ensure  a  constant  mass  flow  through  the  pipe  demanding 


f  =  ~ 


_4_  du z 
Re  dr 


r=R 


The  equations  have  been  non-dimensionalized  by  the  radius  of  the  pipe  R, 
the  kinematic  viscosity  v  and  the  bulk  velocity  u/j.  The  Reynolds  number 
is  defined  as  Re  =  ubD/v  where  D  is  the  diameter  of  the  pipe. 

A  finite  part  of  a  cylindrical  pipe  of  length  L  is  considered,  using  periodic 
boundary  conditions  in  the  axial  direction.  Combined  with  the  natural  pe¬ 
riodicity  in  the  tangential  direction  there  are  two  periodic  directions  and 
the  choice  for  a  spectral  method  is  obvious.  In  the  radial  direction  an  ex¬ 
pansion  based  on  Chebyshev  polynomials  is  used.  However,  the  distribution 
of  the  Gauss-Lobatto  collocation  points  leads  to  very  small  cells  near  the 
pipe  axis  and  thus  necessitates  the  use  of  very  small  time  steps.  Therefore, 
the  radial  direction  is  divided  into  several  elements  and  in  each  element 
an  expansion  into  Chebyshev  polynomials  is  adopted.  At  the  interfaces  be¬ 
tween  the  elements  the  solution  is  required  to  be  Cl.  Each  component  of 
the  solution  is  thus  expanded  as: 


AV  2-1  Mz/2—l 

u{r,<j>,z)=  £  Uk4>,kz(r)exp(ik4,4>  +  2nikzz/L). 

**=-JV2+i  kz=-Mz/  2+1 
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In  this  way  a  hybrid  method  appears:  Fourier-Galerkin  in  the  two  periodic 
directions  and  Chebyshev-collocation  in  the  radial  direction.  Derivatives  in 
the  periodic  directions  can  easily  be  calculated  in  spectral  space,  whereas 
derivatives  with  respect  to  r  follow  from  the  Chebyshev  derivative  matrix, 
see  [5].  The  reduction  on  the  time  step  is  alleviated  further  by  applying 
’mode-reduction’  in  the  central  element,  i.e.  the  element  near  the  pipe-axis. 
Here,  only  half  of  the  available  modes  are  solved,  see  e.g.  [6].  For  these 
modes  the  boundary  conditions  for  the  velocity  and  pressure  at  r  =  0  are 
translated  to  the  element  interface. 

The  Navier-Stokes  equations  are  integrated  in  time  using  a  time-splitting 
method  by  [4].  We  write  the  Navier-Stokes  equations  schematically  as 

Fin 

—  +  N(u)  +  VP  =  L(u)  +  f , 

where  N  denotes  the  nonlinear  terms  on  the  left-hand  side  of  (2),  L  the 
viscous  terms  on  the  right-hand  side  and  /  the  forcing  term.  A  second-order 
accurate  time- splitting  method  with  constant  time  step  At  is  then  given  by 


u 


n- f  1/3 


2 un  -  Aw""1  -  At(2N(un] 

APn+ 1  _  J_y  .  «n+ 1/3 

I  O  / 1 

U 


-  N(un~1))  +  Atf 
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n+2/3  _  yU+l/3  _  A£VPn+1 
Un+1  _  2un+2/3  tL(un+l 


(3) 


In  these  formulas  the  superscript  denotes  the  time  level.  In  the  first  step  the 
nonlinear  terms  are  treated  explicitly.  The  products  of  vorticity  and  velocity 
are  calculated  in  a  pseudo-spectral  way,  where  fast-fourier  transforms  are 
used  to  transform  from  spectral  to  physical  space.  Note  that  the  nonlinear 
terms  have  to  be  calculated  only  once  per  time  step.  The  latest  result  is 
stored  and  used  again  in  the  next  time  step.  Aliasing  is  prevented  by  the 
3/2-rule. 

In  the  second  step  a  Poisson  equation  is  solved  for  the  pressure  to  ensure 
that  the  solution  after  the  third  step  satisfies  the  continuity  equation.  A 
point  that  requires  special  attention  in  this  step  is  the  boundary  condition 
for  the  pressure  at  the  wall  of  the  pipe.  Following  [4]  we  employ  at  r  =  R 


dPn+1  2  /l^1  d2w”+1  \ 

dr  Re  yr  drd<f>  drdz  )  ’ 


where  the  solution  at  the  new  time  level  is  found  by  linear  extrapolation 
from  the  solution  at  the  two  previous  time  levels.  In  order  to  obtain  a  unique 
solution  this  boundary  condition  cannot  be  used  for  the  (&</>,  &z)  =  (0,0) 
mode.  Instead  the  mean  pressure  at  the  wall  of  the  pipe  is  prescribed. 
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In  the  final  step  the  linear,  viscous  terms  in  the  Navier-Stokes  equations 
are  treated  implicitly.  In  cylindrical  coordinates  the  viscous  parts  of  the 
equations  for  uT  and  u $  are  coupled,  but  they  can  be  decoupled  by  intro¬ 
ducing  =  ur  i  iu^.  Moreover,  the  equations  for  the  Fourier  modes  are 
completely  decoupled,  so  that  a  one-dimensional  equation  for  each  Fourier 
mode  and  each  velocity  component  results.  These  one-dimensional  problems 
are  solved  by  a  direct  method.  At  the  wall  of  the  pipe  a  no-slip  boundary 
condition  is  applied.  At  the  pipe  axis  the  boundary  conditions  follow  from 
the  requirement  that  the  Cartesian  velocity  components  are  regular.  This 
results  in  uz  =  0  for  k<p  ^  0,  duz/dr  =  0  for  k $  =  0,  u±  —  0  for  k $  ^  Tl 
and  du±/dr  =  0  for  k#  =  =Fl. 

The  calculation  is  started  from  a  random  field  superposed  on  an  approxi¬ 
mate  mean  field  with  the  axial  velocity  component  given  by  a  logarithmic 
velocity  profile.  The  random  field  is  chosen  in  such  a  way  that  it  satisfies  the 
continuity  equation  and  that  the  lowest  four  Fourier  modes  in  both  periodic 
directions  are  unequal  to  zero.  In  the  first  time  step  scheme  (3)  cannot  be 
applied  since  only  one  field  is  available.  A  first-order  time-splitting  scheme 
is  used  instead.  After  a  large  number  of  time  steps  a  state  of  fully-developed 
turbulence  is  reached.  From  that  time  onwards  averaged  flow  quantities  can 
be  calculated. 

2.2.  FLUID  PARTICLES 

Fluid  particles,  e.g.  particles  without  inertia,  are  tracked  using  this  code. 
The  differential  equation  for  the  position  of  such  a  particle  is  given  by 

^ =u(xi,t ),  (4) 

where  X{  is  the  particle  position  of  particle  i  and  u  are  the  three  components 
of  the  particle  velocity  derived  at  the  particle  position.  There  are  several 
methods  to  obtain  the  particle  velocity  in  the  interior  of  a  grid  cell.  A  very 
accurate  method  is  direct  summation  of  the  Fourier  series  expansion,  but 
this  is  prohibitively  expensive.  Linear  interpolation  gives  reasonable  results 
for  the  velocity,  but  derivatives  of  the  velocity  will  be  very  inaccurate. 
Alternatively,  Hermite  interpolation  in  the  radial  direction  and  a  fourth 
order  accurate  Lagrange  interpolation  scheme  in  the  periodic  directions  are 
used,  see  [7].  This  is  done  in  physical  space,  since  the  solution  is  known  there 
each  time  step  to  calculate  the  nonlinear  term.  An  Euler-forward  or  2-stage 
Runge-Kutta  method  is  used  to  solve  eq.  (4)  numerically  and  obtain  the 
new  particle  position.  If  a  particle  leaves  the  computational  domain  through 
the  axial  boundary  the  periodicity  of  the  velocity  is  used  to  determine  its 
velocity.  If  a  particle  leaves  the  pipe  at  the  outer  wall  it  is  reintroduced, 
using  an  elastic  collision  with  the  wall. 
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3.  Stochastic  Approach 

3.1.  DNS 

With  this  code  Eulerian  space-time  velocity  correlation  functions  are  cal¬ 
culated.  These  are  defined  as 

Rii(r,  t)  =  u'(r,  </>,  z,  *)u<(r,  <p,z  +  u j(r)r,  t  +  r),  (5) 

where  the  overhead  bar  means  time-  or  ensemble- average,  U{  are  the  fluctu¬ 
ating  parts  of  the  three  velocity  components  and  r  is  the  time  separation. 
Since  (f>  and  z  are  coordinates  in  homogeneous  directions  and  the  turbu¬ 
lence  is  stationary,  the  correlation  function  depends  only  on  r  and  r.  As 
can  be  seen  from  eq.  (5)  the  frame  is  moved  in  streamwise  direction  with 
the  local  average  axial  velocity.  The  Fourier  transform  of  eq.  (5)  gives  the 
spectral  density  function  for  the  velocity. 

3.2.  LANGEVIN  MODEL 

The  Langevin  equation  for  particle  velocity  can  be  written  as  (see  e.g. 
Borgas  [2]  and  Wilson  &  Sawford  [3]) 

V1  +  T~1v’  =  (C0e)1/2wi(t),  (6) 

where  Cq  is  the  universal  Kolomorov  constant,  e  the  mean  rate  of  energy 
dissipation  ,w\(t)  a  white-noise  term  and  rs  the  correlation  time.  The  damp¬ 
ing  coefficient  in  the  Langevin  equation  corresponds  to  the  correlation  time 
ts  of  the  Eulerian  correlation  function.  The  determination  of  ts  from  the 
correlation  function  is  not  a  trivial  process,  since  several  time  scales  deter¬ 
mine  the  shape  of  this  function.  The  smallest  scales  cause  the  zero-slope  at 
r  =  0.  For  high  Re-numbers  this  effect  decreases  and  the  correlation  func¬ 
tion  could  be  described  by  a  single  exponential  function  from  which  the 
correlation  time  can  easily  be  determined.  However,  in  our  simulations  of 
moderate  Re-numbers  a  separation  of  time  scales  is  used.  This  enables  us 
to  quantify  the  small  scale  effects. 

To  model  the  second  (small)  time  scale,  smoothing  of  white-noise  is  applied 
(see  e.g.  Stratonovic  [8]),  i.e.  the  rhs  of  eq.  (6)  is  replaced  by  the  random 
process  ((t)  which  obeys  the  equation 

Tni  +  (,  =  (C0e)1/2w2{t),  (7) 

where  Tn  is  the  Kolmogorov  time-scale  and  W2(t)  another  white- noise  term. 
The  resulting  spectral  density  of  the  particle  velocity  is 

0)6 

(1  +  T2u2)(rf2  +  a?2) 


SV(w)  = 


(8) 
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The  white-noise  from  the  original  Langevin  equation  (eq.  6)  is  no  longer 
lumped  into  a  delta-correlated  process.  By  decreasing  the  order  of  the 
white-noise,  viz.  applying  eq.  (7),  the  real  turbulent  process  is  more  ac¬ 
curately  described.  The  process  is  divided  into  2  time  scales.  If  Re  — >  oo, 
rv  0  and  the  original  Langevin  equation  is  obtained  again.  In  real  flows 
the  Reynolds  number  is  never  infinite,  so  smoothing  the  white-noise  is 
a  more  realistic  approach.  The  corresponding  correlation  function  is  the 
Fourier  transform  of  eq.  (8)  and  reads 


u(0)u(£) 


where  the  standard  deviation  ov  is  given  by 


(9) 


(10) 


The  spectral  density  function  for  the  acceleration,  £U(u;),  can  be  obtained 
by  multiplying  eq.  (8)  with  u2. 


4.  Results 

The  investigated  Reynolds  number  equals  5300  based  on  the  bulk  velocity. 
The  number  of  Fourier-modes  in  tangential  and  axial  directions  equal  resp. 
128  and  128.  5  Chebyshev  elements  are  used  which  contain  28,  28,  21,  28 
and  7  collocation  points  resp.,  where  the  element  near  the  pipe  axis  has 
7  collocation  points.  The  code  has  been  extensively  tested  and  compared 
with  DNS  and  experimental  results  of  others  ([6],  [9],  [10]  and  [11]).  The 
investigated  results,  e.g.  rms  of  velocity  fluctuations,  pressure-  and  vorticity 
fluctuations,  2-point  velocity  spectra  and  the  components  of  the  turbulent 
kinetic  energy  equation,  are  in  good  agreement.  These  quantities  are  merely 
used  to  check  our  code  and  hence  the  results  are  not  displayed  here. 

Some  preliminary  results  on  particle  dispersion  will  be  discussed  now.  Spe¬ 
cial  emphasis  is  put  on  the  tangential  velocity  component.  Due  to  the  sym¬ 
metry  of  the  flow,  the  Langevin  for  this  component  is  decoupled  from  the 
axial  and  radial  components  which  are  coupled.  So,  the  tangential  direction 
is  a  truly  homogeneous  direction. 

Figure  1  shows  the  Eulerian  correlation  function  for  the  tangential  com¬ 
ponent,  denoted  by  the  solid  line,  at  r/R  =  0.4.  Least-Square-Fitting  this 
result  to  eq.  (9),  using  rc  and  rn  as  fitting  parameters,  gives  the  dashed  line 
as  shown  in  figure  1.  This  indicates  that  the  assumption  of  two  separate 
time  scales  is  justified  and  that  this  simple  model  is  capable  to  describe 
the  Eulerian  statistics.  The  correlation  function  from  the  DNS,  see  figure 
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1,  is  Fourier  transformed  to  obtain  the  velocity  spectrum,  *SV(w).  For  the 
model  eq.  (8)  can  be  used.  Figure  1  shows  the  results  in  log-log  scale  and  in 
figure  2  a  linear  scale  is  used.  Multiplying  these  spectra  with  to2  gives  the 
acceleration  spectrum  as  indicated  in  figure  2.  The  reciprocal  calculated 
values  for  and  rc  are  also  shown  (arrows).  The  time  scales  are  separated 
by  approximately  a  factor  10.  In  the  limiting  process,  where  rv  -»  0,  the 
spectrum  for  the  acceleration  goes  to  a  constant  value  (dashdot).  This  is 
the  true  white-noise  approximation.  The  actual  DNS  results  are  far  from 
this  limiting  process.  Still,  by  using  a  relatively  simply  model,  a  quantifica¬ 
tion  of  the  2  time-scales  is  possible.  In  the  near  future  we  will  analyze  the 
remaining  radial  and  axial  directions  in  the  same  way,  in  order  to  obtain 
all  (damping)  coefficients  for  the  3D  Langevin  equation.  The  result  will  be 
an  accurate  particle  dispersion  model  for  inhomogeneous  turbulent  flow.  It 
also  enables  us  to  calculate  the  universal  Kolmogorov  constant  Co- 

5.  Conclusions 

A  spectral  DNS  code  is  developed  to  calculate  the  turbulent  flow  in  a 
cylindrical  geometry.  Calculated  averaged  quantities  are  in  good  agreement 
with  DNS  and  experimental  results  by  others.  Eulerian  space-time  velocity 
correlations,  calculated  with  this  code,  can  be  modeled  with  a  Langevin 
equation.  In  this  way  it  is  possible  to  derive  the  damping  coefficients  for 
this  equation.  Due  to  the  relatively  moderate  Re-number  employed,  the 
white-noise  approximation  is  not  obtained. 
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Figure  1.  Left:  The  Eulerian  Space-Time  correlation  function  for  the  tangential  velocity 
component;  solid:  DNS,  dashed:  Model.  Right:  Velocity  spectrum;  solid:  DNS,  dashed: 
Model.  In  both  figures  the  arrows  represent  the  calculated  time-scales. 


Figure  2.  Left:  Velocity  spectrum;  solid:  DNS,  dashed:  Model.  Right:  Acceleration  spec¬ 
trum;  solid:  DNS,  dashed:  Model,  dashdot:  white-noise  approximation.  In  both  figures 
the  arrows  represent  the  calculated  time-scales. 
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Abstract.  A  numerical  study  is  made  on  the  fully- developed  bifurcation 
structure  and  stability  of  the  mixed  convection  in  rotating  curved  ducts 
with  the  emphasis  on  the  effect  of  buoyancy  force.  The  rotation  can  be 
positive  or  negative.  The  fluid  can  be  heated  or  cooled.  The  study  re¬ 
veals  the  rich  solution  and  flow  structures  and  complicated  stability  fea¬ 
tures.  One  symmetric  and  two  symmetric/asymmetric  solution  branches 
are  found  with  seventy-five  limit  points  and  fourteen  bifurcation  points. 
The  flows  on  these  branches  can  be  symmetric,  asymmetric,  2-cell  and  up 
to  14-cell  structures.  Dynamic  responses  of  the  multiple  solutions  to  finite 
random  disturbances  are  examined  by  the  direct  transient  computation.  It 
is  found  that  possible  physically  realizable  fully-developed  flows  evolve,  as 
the  variation  of  buoyancy  force,  from  a  stable  steady  multi-cell  state  at  a 
large  buoyancy  force  of  cooling  to  the  co-existence  of  three  stable  steady 
multi-cell  states,  a  temporal  periodic  oscillation  state,  the  co-existence  of 
periodic  oscillation  and  chaotic  oscillation,  a  chaotic  temporal  oscillation,  a 
subharmonic-bifurcation-driven  asymmetric  oscillating  state,  and  a  stable 
steady  2-cell  state  at  large  buoyancy  force  of  heating. 


1.  Introduction 

We  study  the  fully-developed  bifurcation-driven  multiplicity  and  dynamic 
responses  of  multiple  solutions  to  finite  random  disturbances  numerically  by 
the  finite- volume/Euler-Newton  continuation  and  the  direct  transient  com¬ 
putation  for  the  mixed  convection  in  ducts  of  square  cross-section  with  the 
streamwise  curvature,  the  spanwise  rotation  in  either  positive  or  negative 
direction,  and  the  wall  heating/cooling  [Fig.  1  with  (R,  Z,  tp)  as  the  ra¬ 
dial,  spanwise  and  streamwise  directions,  respectively].  A  positive  rotation 
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gives  rises  to  a  Coriolis  force  in  the  cross  plane  (RZ- plane)  directed  along 
positive  R-direction  and  vice  versa.  Such  flows  and  transport  phenomena 
find  their  application  in  sedimentation  field-flow  fractionation,  aerosol  cen¬ 
trifuges,  rotating  power  machinery,  rotating  heat  exchangers,  centrifugal 
material  processing  and  material  quality  control,  medical  and  chromato¬ 
graphic  devices,  etc. 

Early  works  on  the  rotating  curved  duct  flows  were  constrained  to  two 
simplified  limiting  cases  with  strong  or  weak  rotations.  Ludwieg  (1951)  de¬ 
veloped  a  solution  based  on  a  momentum  integral  method  for  the  isothermal 
flow  in  a  square  duct  with  a  strong  spanwise  rotation.  Miyazaki  (1971,  1973) 
examined  the  mixed  convection  in  a  curved  circular/rectangular  duct  with 
spanwise  rotation  and  wall  heating  by  a  finite  difference  method.  Because 
of  the  convergence  difficulties  with  the  iterative  method  used,  Miyazaki  s 
work  was  constrained  to  the  case  of  weak  curvature,  rotation  and  heating 
rate.  As  well,  all  the  works  employ  a  steady  model  for  the  fully  developed 
laminar  flow  with  a  positive  rotation  of  the  duct.  Since  the  solution  is  only 
for  the  asymptotic  cases,  the  secondary  flow  revealed  by  these  early  works 
consists  of  only  one  pair  of  counter-rotating  vortices  in  the  cross-plane.  The 
interaction  of  the  secondary  flow  with  the  pressure-driven  streamwise  flow 
shifts  the  location  of  the  maximum  streamwise  velocity  away  from  the  cen¬ 
ter  of  the  duct  and  in  the  direction  of  the  secondary  velocity  in  the  middle 
of  the  duct. 

More  comprehensive  studies  have  been  made  in  recent  years  by  Wang  k 
Cheng  (1996a)  and  Daskopoulos  k  Lenhoff(1990)  for  a  circular  tube,  Mats- 
son  k  Alfredsson  (1990,  1994)  and  Guo  k  Finlay  (1991)  for  a  high-aspect- 
ratio  rectangular  duct,  and  Wang  k  Cheng  (1995,  1996b,  1997,  2001),  Wang 
(1997a,  b,  1999),  Selmi  et  al.(  1994)  and  Selmi  k  Nandakumar  (1999)  for 
the  square  and  rectangular  ducts  with  a  low-aspect-ratio.  All  the  works  are 
for  the  steady  fully  developed  flows.  Wang  k  Cheng  (1996a)  developed  an 
analytical  solution  for  rotating  curved  flow  with  effect  of  heating  or  cool¬ 
ing  which  allows  to  analyze  the  solution  structure.  Detailed  flow  structures 
and  heat  transfer  characteristics  were  examined  numerically  by  Wang  k 
Cheng  (1996b)  and  Wang  (1997a,  b,  1999).  The  rotating  curved  flows  were 
visualized  using  smoke  injection  method  by  Wang  k  Cheng  (1995,  1997, 
2001).  Daskopoulos  k  Lenhoff  (1990)  made  the  first  bifurcation  study  nu¬ 
merically  under  the  small  curvature  and  the  symmetry  condition  imposed 
along  the  tube  horizontal  central  plane.  Matsson  k  Alfredsson  (1990)  pre¬ 
sented  the  first  and  comprehensive  linear  stability  analysis.  Matsson  k  Al¬ 
fredsson  (1994)  reported  an  experimental  study,  by  hot-wire  measurements 
and  smoke  visualization,  of  the  effect  of  rotation  on  both  primary  and  sec¬ 
ondary  instabilities.  Using  a  linear  stability  theory  and  spectral  method, 
Guo  k  Finlay  (1991)  examined  the  stability  of  streamwise  oriented  vortices 
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to  2D,  spanwise-periodic  disturbances  (Eckhaus  stability).  Detailed  bifurca¬ 
tion  structure  and  linear  stability  of  solutions  was  determined  numerically 
by  Selmi  et  ai  (1994)  and  Selmi  &  Nandakumar  (1999)  without  imposing 
the  symmetric  boundary  conditions. 

It  is  the  relative  motion  between  bodies  that  determines  the  perfor¬ 
mances  such  as  friction  and  heat  transfer  characteristics.  The  duct  rotation 
introduces  both  centrifugal  and  Coriolis  forces  in  the  momentum  equa¬ 
tion  describing  the  relative  motion  of  fluids  with  respect  to  the  duct.  For 
isothermal  flows  of  a  constant  property  fluid,  the  Coriolis  force  tends  to  pro¬ 
duce  vorticity  while  the  centrifugal  force  is  purely  hydrostatic,  analogous  to 
the  Earth’s  gravitational  field  (Wang  2001).  When  a  temperature-induced 
variation  of  fluid  density  occurs  for  non-isothermal  flows,  both  Coriolis  and 
centrifugal-type  buoyancy  forces  could  contribute  to  the  generation  of  the 
vorticity  (Wang  2001).  These  two  effects  of  rotation  either  enhance  or  coun¬ 
teract  each  other  in  a  nonlinear  manner  depending  on  the  direction  of  duct 
rotation,  the  direction  of  wall  heat  flux  and  the  flow  domain.  As  well,  the 
buoyancy  force  is  proportional  to  the  square  of  the  rotation  speed  while  the 
Coriolis  force  increases  proportionally  with  the  rotation  speed  itself  (Wang 
1997b).  Therefore,  the  effect  of  system  rotation  is  more  subtle  and  compli¬ 
cated  and  yields  new,  richer  features  of  flow  and  heat  transfer  in  general, 
the  bifurcation  and  stability  in  particular,  for  non-isothermal  flows.  While 
some  of  such  new  features  are  revealed  by  our  recent  analytical  and  nu¬ 
merical  works  (Wang  1997a,  b,  1999,  Wang  &  Cheng  1996a,  b),  there  is 
no  known  study  on  the  bifurcation  and  stability  of  mixed  convection  in 
rotating  curved  ducts. 

The  present  work  is  a  relatively  comprehensive  study  on  the  bifurca¬ 
tion  structure  and  stability  of  multiple  solutions  for  the  laminar  mixed 
convection  in  a  rotating  curved  duct  of  square  cross-section  (Fig.  1).  The 
governing  differential  equations  in  primitive  variables  are  solved  for  de¬ 
tailed  bifurcation  structure  by  a  finite- volume/Euler-Newton  continuation 
method  with  the  help  of  the  bifurcation  test  function,  the  branch  switching 
technique  and  the  parameterization  of  arc-length  or  local  variable.  Tran¬ 
sient  calculation  is  made  to  examine  in  detail  the  response  of  every  solution 
family  to  finite  random  disturbances.  The  power  spectra  are  constructed 
by  the  Fourier  transformation  of  temporal  oscillation  solutions  to  confirm 
the  chaotic  flow.  We  restrict  ourself  to  the  hydrodynamically  and  thermally 
fully-developed  region  and  two-dimensional  disturbances.  So  far,  a  detailed 
3D  numerical  computation  of  flow  bifurcation  and  stability  is  still  too  costly 
to  conduct.  A  2D  model  is  still  useful  for  a  fundamental  understanding  of 
rotating  curved  duct  flows.  However,  our  assumption  of  fully  developed  flow 
limits  our  analysis  to  the  one  preserving  the  streamwise  symmetry.  There 
may  be  further  bifurcation  to  flows  that  breaks  this  symmetry  and  that 
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cannot  be  found  in  the  present  work. 

2.  Governing  Parameters  and  Numerical  Algorithm 

Consideration  is  given  to  a  hydro  dynamically  and  thermally  fully  developed 
laminar  flow  of  viscous  fluid  in  a  square  duct  with  the  streamwise  curva¬ 
ture,  the  spanwise  rotation,  and  the  wall  heating  or  cooling  at  a  constant 
heat  flux  (Fig.l).  The  geometry  is  toroidal  and  hence  finite  pitch  effect  is 
not  considered.  The  rotation  can  be  positive  or  negative  at  a  constant  an¬ 
gular  velocity.  The  duct  is  streamwisely  and  peripherally  uniformly  heated 
or  cooled  with  a  uniform  peripheral  temperature.  The  properties  of  the 
fluid,  with  the  exception  of  density,  are  taken  to  be  constant.  The  usual 
Boussinesq  approximation  is  used  to  deal  with  the  density  variation.  The 
gravitational  force  is  negligible  compared  with  the  centrifugal  and  Coriolis 
forces. 

Consider  a  non-inertial  toroidal  coordinate  system  (R,  Z,<j>)  fixed  to 
the  duct  rotating  with  a  constant  angular  velocity  about  the  O' Z'  axis, 
as  shown  in  Fig.  1.  We  may  obtain  the  governing  differential  equations,  in 
the  form  of  primitive  variables,  governing  fully-developed  mixed  convection 
based  on  conservation  laws  of  mass,  momentum  and  energy.  The  bound¬ 
ary  conditions  are  non-slip  and  impermeable,  streamwise  uniform  wall  heat 
flux  and  peripherally  uniform  wall  temperature  at  any  streamwise  position. 
The  proper  scaling  quantities  for  non-dimensionalization  are  chosen  based 
on  our  previous  experience  (Wang  k,  Cheng  1996b).  The  formulation  of 
the  problem  is  on  full  flow  domain  without  imposing  symmetric  boundary 
conditions  to  perform  a  thorough  numerical  simulation.  The  readers  are 
referred  to  Wang  &  Cheng  (1996b)  for  the  details  of  mathematical  formu¬ 
lation  of  the  problem. 

The  dimensionless  governing  equations  contain  five  dimensionless  gov¬ 
erning  parameters:  one  geometrical  parameter  a  (the  curvature  ratio  de¬ 
fined  by  a/Rc  ,  the  ratio  of  duct  width/height  a  over  the  radius  of  the 
curvature  Rc ,  representing  the  degree  of  curvature),  one  thermophysical 
parameter  Pr  (the  Prandtl  number,  representing  the  ratio  of  momentum 
diffusion  rate  to  that  of  the  thermal  diffusion),  and  three  dynamical  pa¬ 
rameters  Dk,  LI  and  L2  defined  in  Wang  k  Cheng  (1996b).  The  pseudo 
Dean  number  Dk  is  the  ratio  of  the  square  root  of  the  product  of  inertial 
and  centrifugal  forces  to  the  viscous  force  and  characterizes  the  effect  of 
inertial  and  centrifugal  forces.  LI  represents  the  ratio  of  the  Coriolis  force 
over  the  centrifugal  force,  characterizing  the  relative  strength  of  Coriolis 
force  over  the  centrifugal  force.  L2  is  the  ratio  of  the  buoyancy  force  over 
the  centrifugal  force  and  represents  the  relative  strength  of  the  buoyancy 
force.  A  positive  (negative)  value  of  LI  is  for  the  positive  (negative)  rota- 
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tion.  A  positive  (negative)  value  of  L2  indicates  the  wall  heating  (cooling). 
In  the  present  work,  we  set  a  =  0.2  (typically  used  in  cooling  systems  of 
rotor  drums  and  conductors  of  electrical  generators)  and  Pr  =  0.7  (a  typi¬ 
cal  value  for  air)  to  study  the  effects  of  three  dynamical  parameters  on  the 
multiplicity  and  stability.  While  results  regarding  the  effects  of  Dk  and  LI 
are  also  available,  we  focus  on  the  effects  of  L2  at  Dk  =  300  and  LI  =  28 
in  the  present  paper  due  to  limited  space. 

The  governing  differential  equations  are  discretized  by  the  finite  vol¬ 
ume  method  to  obtain  discretization  equations.  The  discretization  equa¬ 
tions  are  solved  for  parameter-dependence  of  velocity,  pressure  and  tem¬ 
perature  fields  by  the  Euler-Newton  continuation  method  with  the  solution 
branches  parameterized  by  L2,  the  arc-length  or  the  local  variable.  The 
starting  points  of  our  continuation  algorithms  are  the  three  solutions  at 
Dk  =  300,  LI  =  28  and  L2  =  0  from  our  study  of  the  effects  of  D and 
LI.  The  bifurcation  points  are  detected  by  the  test  function  developed  by 
Seydel  (1994).  The  branch  switching  is  made  by  a  scheme  approximating 
the  difference  between  branches  proposed  by  Seydel  (1994).  The  dynamic 
responses  of  multiple  solutions  to  the  2D  finite  random  disturbances  are 
examined  by  the  direct  transient  computation.  The  readers  are  referred 
to  Wang  &  Yang  (2001)  and  Yang  &  Wang  (2000)  for  the  numerical  de¬ 
tails  and  the  check  of  grid- dependence  and  accuracy.  The  computations  are 
carried  out  on  the  Super  Computer  SP2  of  The  University  of  Hong  Kong. 

3.  Results  and  Discussion 

3.1.  SOLUTION  STRUCTURE 

The  bifurcation  structure  is  shown  in  Fig.2  for  L2  values  from  -20  up 
to  70  at  a  =  0.02,  Pr  =  0.7,  Dk  =  300  and  LI  =  28.  In  Fig.2,  the 
radial  velocity  component  u  at  r  =  0.9  and  z  —  0.14  (where  the  flow 
is  sensitively  dependent  on  L2;  r  =  R/a  and  z  =  Z/a)  is  used  as  the 
state  variable,  enabling  the  most  clear  visualization  of  all  solution  branches. 
Three  solution  branches,  labeled  by  ASl,  AS 2  and  53  respectively,  are 
found.  Here,  5  stands  for  symmetric  solutions  with  respect  to  the  horizontal 
central  plane  z  —  0,  and  AS  indicates  that  the  branch  has  both  symmetric 
and  asymmetric  solutions. 

Branch  AS  1  has  sixty-nine  limit  points  labeled  by  AS l1  to  A5169, 
eleven  bifurcation  points  connecting  its  sub-branches  denoted  by  AS \AS1~l 
to  AS lASl~n,  two  bifurcation  points  connecting  itself  to  AS2  labeled  by 
AS1AS2~ 1  and  AS  lAS2~l,  and  one  bifurcation  point  connecting  itself  to  53 
denoted  by  AS l53.  Branch  AS2  has  four  limit  points  labeled  by  A521  to 
A524.  Branch  53  is  a  symmetric  solution  branch  and  has  two  limit  points 
53 1  and  532.  The  location  of  fourteen  bifurcation  points  and  seventy-five 
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limit  points  is  available  in  Yang  (2001).  To  visualize  the  details  of  branch 
connectivity  and  some  limit/bifurcation  points,  the  locally  enlarged  state 
diagrams  are  also  shown  in  Fig.  2.  As  Fig.  2  is  only  ID  projection  of  12400 
dimensional  solution  branches,  all  intersecting  points  except  fourteen  bifur¬ 
cation  points  should  not  be  interpreted  as  connection  points  of  branches. 

For  a  large  |  L2  |  value  (L2  <  -14.5  or  L2  >  63.1),  the  buoyancy 
force  dominant  the  mixed  convection.  There  is  unique  flow  and  tempera¬ 
ture  field  for  a  specified  value  of  L2  in  these  two  ranges.  Figure  3  illustrates 
the  secondary  flow  patterns,  the  streamwise  velocity  profiles  and  temper¬ 
ature  profiles  at  L2  =  —17  and  L2  =  65,  respectively.  In  the  figure,  the 
stream  function,  streamwise  velocity  and  temperature  are  normalized  by 
their  corresponding  maximum  absolute  values  |  ip  | max-,  Wmax  and  Imax*  A 
vortex  with  a  positive  (negative)  value  of  the  secondary  flow  stream  func¬ 
tion  indicates  a  counter-clockwise  (clockwise)  circulation.  The  readers  are 
referred  to  Wang  &  Cheng  (1996b)  for  a  detailed  discussion  of  the  flow 
structures  shown  in  Fig.3  in  general,  their  relations  with  physical  mecha¬ 
nisms  and  driving  forces  and  their  effects  on  the  flow  resistance  and  heat 
transfer  in  particular. 

For  a  L2  value  in  -14.5  <  L2  <  63.1,  however,  we  can  have  multiple 
solutions.  Figure  4  shows  typical  secondary  flow  patterns  of  six  solutions 
(thirty-nine  solutions  in  total)  at  L2  =  -11.7.  It  is  observed  that  the  nonlin¬ 
ear  competition  of  driven  forces  leads  to  not  only  a  rich  solution  structure 
but  also  complicated  flow  structures.  Therefore,  the  mixed  convection  in 
rotating  curved  ducts  is  much  more  complicated  than  that  available  in  the 
literature. 

3.2.  STABILITY  OF  MULTIPLE  SOLUTIONS 

Recognizing  that  there  is  no  study  on  dynamic  responses  of  multiple  solu¬ 
tions  to  finite  random  disturbances  in  the  literature,  a  relatively  compre¬ 
hensive  transient  computation  is  made  to  examine  the  dynamic  behavior 
and  stability  of  typical  steady  solutions  with  respect  to  four  sets  of  finite 
random  disturbances  with  d  =  4%,  10%,  15%  and  40%  respectively.  Here,  d 
is  the  maximum  percentage  of  disturbing  value  over  the  steady  value  (Wang 
&  Yang  2001). 

Seven  sub-ranges  are  identified  with  each  having  distinct  dynamic  re¬ 
sponses  to  the  finite  random  disturbances.  The  first  ranges  from  L2  =  —20 
to  L2  =  -14.5,  where  the  finite  random  disturbances  lead  all  steady  solu¬ 
tions  at  any  fixed  L2  to  a  steady  symmetric  multi-cell  state  on  AS la  with 
the  same  L2.  The  second  covers  the  range  -14.5  <  Dk  <  -13.6  where 
there  is  co-existence  of  three  stable  steady  symmetric  multi-cell  states.  In 
the  third  sub-range  —13.6  <  L2  <  12.1,  all  steady  solutions  evolve  to 
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a  temporal  periodic  solution.  The  fourth  sub-range  is  from  L2  —  —12.1 
to  L2  —  —11.5  where  the  solutions  response  to  the  finite  random  dis¬ 
turbances  in  the  form  of  either  periodic  oscillation  or  chaotic  oscillation. 
There  is  the  co-existence  of  periodic  and  chaotic  oscillations.  In  the  fifth 
sub-range  —11.5  <  L2  <  —10.5,  all  steady  solutions  evolve  to  a  tempo¬ 
ral  chaotic  solution.  The  next  sub-range  —10.5  <  L2  <  -10.2  serves  as 
a  transition  between  the  chaotic  oscillation  and  the  stable  steady  2-cell 
flow.  The  solutions  response  to  the  finite  random  disturbances  in  the  form 
of  subharmonic-bifurcation-driven  asymmetric  oscillation.  In  the  last  sub¬ 
range  L2  >  —10.2,  the  finite  random  disturbances  lead  all  steady  solutions 
at  any  fixed  L2  to  a  stable  steady  symmetric  2-cell  state  on  ASls  with  the 
same  L2.  A  detailed  discussion  of  stability  features  can  be  found  in  Yang 
(2001). 


4.  Concluding  Remarks 

The  governing  differential  equations  from  the  conservation  laws  are  dis¬ 
cretized  by  the  finite  volume  method  to  obtain  discretization  equations, 
a  set  of  nonlinear  algebraic  equations.  The  discretization  equations  are 
solved  for  parameter-dependence  of  flow  and  temperature  fields  by  the 
Euler-Newton  continuation  with  the  solution  branches  parameterized  by 
L2,  the  arclength  or  the  local  variable.  The  bifurcation  points  are  detected 
by  the  test  function.  The  branch  switching  is  made  by  a  scheme  approxi¬ 
mating  the  difference  between  branches  proposed.  One  symmetric  and  two 
symmetric/asymmetric  solution  branches  are  found  with  fourteen  bifurca¬ 
tion  and  seventy-five  limit  points.  Both  solution  and  flow  structures  are 
much  more  richer  than  those  available  in  the  literature. 

The  dynamic  responses  of  multiple  solutions  to  the  2D  finite  random 
disturbances  are  examined  by  the  direct  transient  computation.  The  finite 
random  disturbances  are  found  to  lead  the  steady  solutions  to  a  stable 
steady  multi-cell  state  in  —20  <  Dk  <  —14.5,  the  co-existence  of  three 
stable  steady  multi-cell  states  in  —14.5  <  L2  <  —13.6,  a  temporal  periodic 
oscillation  in  —13.6  <  Dk  <  —12.1,  the  co-existence  of  periodic  and  chaotic 
oscillating  states  in  —12.1  <  L2  <  —11.5,  a  chaotic  oscillation  in  —11.5  < 
L2  <  —10.5,  a  subharmonic-bifurcation-driven  asymmetric  oscillation  in 
—  10.5  <  L2  <  —10.2,  and  a  stable  steady  2-cell  state  in  —10.2  <  L2  <  70. 

Acknowledgments:  The  financial  support  from  the  Research  Grants 
Council  of  Hong  Kong  (HKU7086/00E),  the  Outstanding  Young  Researcher 
Award  and  the  CRCG  of  the  University  of  Hong  Kong  to  LW  is  gratefully 
acknowledged. 


564 


LIQIU  WANG  AND  TIANLIANG  YANG 


References 

1.  Daskopoulos  P.  k  Lenhoff  A.  M.  1990  Flow  in  curved  ducts:  Part  2  rotating  ducts. 

J.  Fluid  Mech.  217,  575-593.  ,  ,  .  f  . . 

2.  Guo  Y.  k  Finlay  W.  H.  1991  Splitting,  merging  and  wavelength  selection  ot  vortices 
in  curved  and/or  rotation  duct  flow  due  to  Eckhaus  instability.  J.  Fluid  Mech.  228, 

661-691.  .  ,  , 

3.  Ludwieg  H.  1951  Die  ausgebildete  kanalstrmung  in  einem  rotierenden  system,  ing.- 

Arch.  Bd.  19,  296-308.  ,  .  .  J 

4.  Matsson  0.  J.  E.  k  Alfredsson  P.  H.  1990  Curvature-  and  rotation-induced  instabil¬ 
ities  in  channel  flow.  J.  Fluid  Mech.  210,  537-563. 

5.  Matsson  O.  J.  E.  k  Alfredsson  P.  H.  1994  The  effect  of  spanwise  system  rotation  on 

Dean  vortices.  J.  Fluid  Mech.  274,  243-265. 

6.  Miyazaki  H.  1971  Combined  free  and  forced  convective  heat  transfer  and  fluid  flow 
in  a  rotating  curved  circular  tube.  Int.  J.  Heat  Mass  Transfer  14,  1295-1309. 

7.  Miyazaki  H.  1973  Combined  free  and  forced  convective  heat  transfer  and  fluid  flow 
in  a  rotating  curved  rectangular  tube.  J.  Heat  Transfer  95,  64-71. 

8.  Selmi  M.,  Nandakumar  K.  k  Finlay  W.  H.  1994  A  bifurcation  study  of  viscous  flow 
through  a  rotating  curved  duct.  J.  Fluid  Mech.  262,  353-375. 

9.  Selmi  M.  k  Nandakumar  K.  1999  Bifurcation  study  of  flow  through  rotating  curved 

ducts.  Physics  of  Fluids  11,  2030-2043.  . 

10.  Seydel,  E.  1994  Practical  Bifurcation  and  Stability  Analysis:  From  Equilibrium  to 

Chaos.  Springer- Verlag,  New  York. 

11.  Wang  L.  1997a  Buoyancy-force-driven  transitions  in  flow  structures  and  their  ettects 
on  heat  transfer  in  a  rotating  curved  channel.  International  Journal  of  Heat  and  Mass 

Transfer  40,223-235.  .  .  . 

12.  Wang  L.  1997b  Effect  of  spanwise  rotation  on  centrifugal  instability  in  rotating 

curved  non-isothermal  flows.  Computational  Mechanics  19,  420-433.  ^ 

13.  Wang  L.  1999  Competition  of  Coriolis  instability  with  centrifugal  instability  and  its 
effects  on  heat  transfer.  International  Journal  of  Non-linear  Mechanics  34,  35-50. 

14.  Wang  L.  2001  Physical  Constraints  of  Turbulence  Modeling.  Invited  book  chapter 
in:  New  Developments  and  Perspectives  in  Turbulence  (ed.  J.  J.  Wang  et  al.),  Science, 

Beijing,  189-207.  . 

15.  Wang  L.  k  Cheng  K.  C.  1995  Flow  in  curved  channels  with  a  low  negative  rotating 

speed.  Physical  Review  E  51,  1155-1161. 

16.  Wang  L.  k  Cheng  K.  C.  1996a  Flow  transitions  and  combined  free  and  forced 
convective  heat  transfer  in  a  rotating  curved  circular  tube.  International  Journal  of 

Heat  and  Mass  Transfer  39,  3381-3400.  , 

17.  Wang  L.  k  Cheng  K.  C.  1996b  Flow  transitions  and  combined  free  and  forced 
convective  heat  transfer  in  rotating  curved  channels:  the  case  of  positive  rotation. 
Physics  of  Fluids  8,  1553-1573. 

18.  Wang  L.  k  Cheng  K.  C.  1997  Visualization  of  flows  in  curved  channels  with  a 
moderate  or  high  rotation  speed.  International  Journal  of  Rotating  Machinery  3,  215- 
231. 

19  Wang  L.  k  Cheng  K.  C.  2001  Visualization  of  Flows  in  Channels  with  Curvature 
and  Rotation.  Invited  book  chapter  in:  Centrifugal  Processing  (ed.  L.  L.  Regel  k  W. 
R.  Wilcox),  Kluwer  Academic/Plenum  Publishers,  New  York  (in  press). 

20.  Wang  L.  k  Yang  T.  2001  Bifurcation  and  stability  of  forced  convection  in  curved 

ducts.  Communicated  to  J.  Fluid  Mech.  . 

21.  Yang  T.  2001  Multiplicity  and  Stability  of  Flow  and  Heat  Transfer  in  Rotating 
Curved  Ducts,  PhD  thesis,  Department  of  Mechanical  Engineering,  The  University  of 

Hong  Kong.  ...... 

22.  Yang  T.  k  Wang  L.  2000  Microscale  flow  bifurcation  and  its  macroscale  implications 

in  periodic  porous  media.  Computational  Mechanics  26,  520-527. 


MULTIPLICITY  AND  STABILITY  OF  MIXED  CONVECTION  565 


Figure  1.  Physical  problem  and  coordinate  system 
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(c)  -12.1  <L2<  -11.4 


n 

(d)  -11.5  <L2  <  -11.4 


Figure  2.  Solution  branches  and  limit/bifurcation  points  (a  =  0.02,  Pr=0.7,  Dk  =  300 
and  LI  =  28) 
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Figure  3.  Flow  and  temperature  fields  (a  =  0.02,  Pr=0.7,  £>&  =  300  and  LI  —  28;  left: 
secondary  flow,  middle:  streamwise  velocity,  right:  temperature) 


Figure  4.  Typical  secondary  flow  patterns  of  six  solutions  among  thirty-nine  solutions 
at  12  =  -11.7  (a  =  0.02,  Pr=0.7,  Dk  =  300  and  LI  =  28) 
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Abstract.  Direct  numerical  simulation(DNS)  of  a  fully-developed  open- 
channel  flow  has  been  carried  out  for  subcritical  Fronde  numbers  at  a  fixed 
friction-velocity  Reynolds  number  of  180.  The  free  surface  is  approximated 
by  small- amplitude  wave  theory.  The  results  are  presented  emphasizing  the 
effects  of  the  Froude  number  on  turbulence  quantities  related  to  the  free 
surface  fluctuations.  The  amplitude  of  the  free-surface  fluctuation  increases 
as  the  square  of  the  Froude  number.  While  statistical  quantities  involving 
the  vertical  velocity  component  are  most  influenced  by  the  Froude  number 
but  only  in  the  region  close  to  the  free  surface,  quantities  related  to  the 
pressure  fluctuations  are  influenced  over  much  wider  region. 


1.  Introduction 

Turbulent  flows  in  open-channels  are  important  in  engineering  and  envi¬ 
ronmental  applications,  but  their  understanding  and  prediction  are  not 
as  satisfactory  as  those  for  flows  in  closed  ducts.  Turbulence  mechanisms 
near  a  free  surface  have  been  investigated  both  experimentally  and  numer¬ 
ically  (e.g.  Kumar  et  al ,  1998  and  Nagaosa,  1999),  but  no  specific  methods 
of  modeling  in  practical  engineering  calculations  are  established.  It  may  be 
noted  that  the  recent  advancements  of  the  wall  turbulence  modeling  have 
been  made  possible  by  detailed  databases  obtained  by  DNS.  DNS  for  open- 
channel  flows  have  been  reported,  but  most  of  these  simulations  assume 
that  the  free  surface  is  a  rigid  slip  surface  and  its  vertical  movement  is  ne- 
glected(e.g.  Nagaosa,  1999).  In  the  DNS  conducted  by  Komori  et  al (1993), 
the  Froude  number  is  so  small  that  there  are  no  recognizable  differences 
from  the  slip-surface  flow.  Borue  et  al.(  1995)  applied  the  linearized  free- 
surface  boundary  conditions  and  obtained  the  dynamics  associated  with 
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the  turbulence/ interface  interactions.  They  did  not  provide  the  type  of 
database  that  would  be  required  to  refine  and  validate  turbulence  models 
for  open-channel  flows.  In  the  present  paper,  we  report  the  results  of  DNS 
of  a  fully  developed  turbulent  flow  in  a  two-dimensional  open  channel  with 
deforming  free  surface  approximated  by  the  small- amplitude  wave  assump¬ 
tion  using  a  finite  difference  method.  We  obtain  a  detailed  database  of  the 
mean  flow  and  the  turbulence  quantities  for  subcritical  Froude  numbers. 


2.  Basic  Equations  and  Boundary  Conditions 

We  consider  a  fully  developed  incompressible  open-channel  flow  over  a  flat 
smooth  floor  as  shown  in  Fig.l.  The  governing  equations  are  the  Navier- 
Stokes  equations  and  continuity  equation  for  incompressible  fluid  with  grav¬ 
itational  acceleration  g.  The  boundary  conditions  are  the  no-slip  condition 
on  the  bottom  floor(iC2  =  0),  and  the  free-surface  conditions  as  described 
in  the  following.  The  flow  field  is  supposed  to  extend  infinitely  in  the 
streamwise(xi)  and  the  cross- flow(#3)  directions  and  the  periodic  bound¬ 
ary  conditions  are  applied  at  the  boundaries  of  the  finite  computational 
domain.  We  denote  the  time  mean  of  instantaneous  quantity  /  by  /  or  F, 
the  deviation  from  the  mean  by  /,  the  root  mean  square  by  /rms  and  the 
value  at  X2  =  a  by  / |a.  The  free  surface  movement  is  assumed  mild  and  it 
can  be  described  by  a  smooth  continuous  surface  which  deforms  continu¬ 
ously  so  that  its  position  can  be  represented  by  a  single- valued  continuous 
function  by  x2  =  h(x i,  x3,  t).  Function  h  satisfies  the  kinematic  condition 


dh 

dt 


(1) 


where  ui  is  the  instantaneous  velocity  component  in  Xi  direction.  If  we 
assume  that  the  fluid  above  the  free  surface  has  negligible  density  and  the 
pressure  is  constant  zero,  and  that  the  surface  tension  can  also  be  neglected, 
the  dynamic  conditions  are  that  both  normal  and  tangential  stresses  on  the 
instantaneous  free  surface  are  zero.  If  the  displacement  of  the  instantaneous 
free  surface  from  the  mean  position  and  the  slopes  of  the  free  surface  is 
small,  the  quantities  on  it  may  be  replaced  by  the  values  on  the  mean 
position  and  the  normal  and  tangential  directions  may  be  replaced  by  the 
vertical  and  horizontal  directions,  respectively,  then  the  first  approximation 


gives 


v 


S  +  +  dx^Hh)  ~  ^ H ’ 


( du\  d€,2  \  n  f  ^*3  dtt'2  \ 
\dx^  + dxi )  H~  ’  U\dx2  dx3) 


(2) 

(3) 
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P\h  —  ~92h  +  2^ 


du2 

0X2 


H 


(4) 


where  P  =  p  -  g^h,  p  is  the  instantaneous  pressure  divided  by  the  density, 
g2  is  the  component  of  gravitational  acceleration  in  x 2  direction  and  v  is 
the  kinematic  viscosity.  Since  these  boundary  conditions  are  all  in  terms  of 
the  quantities  at  the  mean  position  of  the  free  surface,  the  flow  calculations 
can  be  made  with  the  fixed  grid  in  the  region  X2  <  H. 


3.  Numerical  Methods 

The  governing  equations  are  solved  by  a  finite  difference  technique  based 
on  the  SMAC  method  on  a  Cartesian  staggered  grid.  The  spatial  deriva¬ 
tives  are  descretized  using  the  second-order  conservative  difference  scheme 
and  time  advancing  is  done  by  the  second-order  Adams-Bashforth  method. 
The  position  of  the  free  surface  h  is  solved  by  descretizing  the  spatial 
derivative  terms  in  Eq.(2)  using  the  fifth-order  upwind-shifted  interpola- 
tion(USI)  scheme(Kajishima,  1994)  and  time  advancing  by  the  third-order 
Adams-Bashforth  method.  The  Poisson  equation  for  pressure  is  solved  by 
Fourier-transforming  the  equations  in  the  horizontal  directions  and  the  re¬ 
sulting  equation  is  solved  by  the  tri-diagonal  algorithm.  The  calculations 
were  conducted  for  the  Reynolds  number  ReT  based  on  the  friction  ve¬ 
locity  uT  and  the  mean  flow  depth  H  of  180,  which  is  the  same  as  the 
closed-channel  flow  simulation  of  Moser  et  aZ.  (1999)  (MKM)  and  Yokojima 
&  Nakayama(2000)(YN)  for  a  similar  flow  with  free-slip  boundary  condition 
(hereafter  referred  to  as  the  ’slip  channel’).  The  Froude  numbers  based  on 
the  average  velocity  and  the  flow  depth  are  0.3,  0.6  and  0.9.  The  number  of 
grid  points  is  1283;  the  spatial  resolutions  are  —  9,  AzJ  =  0.27-2.71, 
AxJ  =4.5.  Here  the  superscript  +  refers  to  the  nondimensionalized  quan¬ 
tities  by  ur  and  u.  With  a  time  increment  of  A =  0.0114,  about  200,000 
time  steps  are  used  to  obtain  the  well- converged  turbulence  quantities  av¬ 
eraged  over  space  and  time. 

4.  Results  and  Discussion 

Fig.2  shows  properties  of  the  calculated  instantaneous  flow  field  for  the  slip- 
channel  flow  at  Fr  =  0  and  the  present  fluctuating  free  surface  computation 
for  Fr  =  0.6.  The  figures  on  the  top  are  the  samples  of  instantaneous  flow 
represented  by  the  iso-surfaces  of  the  streamwise  velocity  u\.  The  instan¬ 
taneous  position  of  the  free  surface  h  and  the  velocity  vectors  projected  in 
the  mean  free-surface  position  are  shown  in  the  middle  and  at  the  bottom, 
respectively.  The  well-known  streak  structure  of  the  wall  turbulence  is  seen 
in  both  cases  near  the  bottom  floor  and  the  overall  simulation  method  ap- 


572 


A,  NAKAYAMA  AND  S.  YOKOJIMA 


pears  satisfactory.  In  Fr  =  0  case,  h  is  not  available  and  the  instantaneous 
pressure  at  the  free  surface  p\n  is  shown  instead.  The  surface  pressure  and 
h  appear  to  show  very  a  similar  trend.  The  free  surface  fluctuation  and  the 
velocity  vectors  do  not  seem  to  have  any  prefered  directionality  and  their 
scales  appear  to  be  much  larger  than  the  viscous  scales  of  the  near-wall  flow. 
These  tendencies  agree  with  the  results  of  Thomas  Sz  Williams(1995)(TW) 
who  reported  preliminary  results  of  a  direct  simulation  using  Volume  of 
fluid’  method  to  track  the  movement  of  the  free  surface.  The  velocity  vec¬ 
tors  on  the  free  surface  indicate  that  the  flow  is  generally  divergent  in  the 
horizontal  plane  where  the  upwelling  bulges  with  positive  h  are  seen  and 
convergent  in  the  area  the  free  surface  is  lower  than  the  average  position. 

The  profiles  of  computed  RMS  surface  fluctuation  are  compared  with 
experimental  results  of  Nakayama  et  aZ.  (2000)  (EXPNOO)  and  Nakayama 
(1997)(EXPN97)  in  Fig. 3.  The  Reynolds  numbers  of  the  experiments  are 
indicated  in  terms  of  the  bulk  Reynolds  number  defined  by  the  average 
velocity  and  the  mean  depth  H.  It  shows  that  the  present  DNS  results 
are  a  little  lower  than  the  measurements  but  show  the  same  increasing 
trends  with  respect  to  Fr  and  are  very  close  to  the  results  of  TW.  Though 
not  shown,  the  computed  skewness  and  flatness  factors  of  h  also  agree 
well  with  those  of  measurements,  which  indicates  that  the  small- amplitude 
approximation  used  here  is  appropriate  for  the  DNS  of  subcritical  flows. 

Fig. 4  shows  the  computed  mean  velocity  profiles  compared  with  the 
closed-channel  and  slip-channel  flow  simulations.  It  shows  that  the  velocity 
profile  of  the  open-channel  flow  follows  the  logarithmic  distribution  up  to 
a  point  very  close  to  the  free  surface  and  it  is  not  influenced  very  much 
by  the  free-surface  movements.  The  distributions  of  the  RMS  fluctuations 
of  velocity  components  and  the  Reynolds  shear  stress  are  shown  in  Fig. 5. 
It  is  seen  that  the  distributions  of  all  stress  components  are  very  close  to 
the  closed-channel  results  of  Moser  et  al(  1999)  over  most  of  the  channel. 
The  open-channel  flow  results  deviate  from  the  closed  channel  results  in 
the  region  120  <  <  180.  Fig.6  is  an  enlarged  plot  of  u 2ms  which  is 

the  quantity  most  sensitively  affected  by  the  free  surface  and  Fr. 
increases  with  roughly  square  of  Fr,  which  is  the  same  as  hrms.  Fig. 7  is  a 
plot  of  the  RMS  pressure  fluctuation.  Unlike  the  velocity  fluctuations,  prms 
is  seen  to  be  influenced  by  the  free  surface  and  the  value  of  Fr  throughout 
the  entire  channel  depth.  Since  the  Reynolds  stress  component  u \  is  most 
influenced  by  the  Froude  number,  the  terms  in  the  transport  equation  for 
this  stress  are  shown  in  Fig.8.  Fig. 8(a)  is  the  distribution  across  the  entire 
channel  and  Figs.8(b)-(d)  show  enlarged  plots  near  the  free  surface  for 
Fr  =  0.3,  0.6  and  0.9,  respectively,  each  compared  with  Fr  =  0  case.  It  is 
seen  that  near  the  free  surface  the  pressure-strain  term,  which  works  like  a 
generation  for  drops  and  the  pressure  diffusion  increases.  It  is  further 
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seen  in  the  enlarged  plots  of  Figs. 8(b)- (d)  that  the  pressure  diffusion  term 
changes  sharply  from  loss  to  gain  within  about  20  viscous  units  from  the 
free  surface.  Its  distribution  and  that  of  the  turbulent  diffusion  appear  to 
be  influenced  by  Fr  over  at  least  upper  half  of  the  channel. 

5.  Conclusions 

Direct  numerical  simulation  of  a  fully  developed  turbulent  flow  in  a  two- 
dimensional  open  channel  has  been  successfully  performed.  The  present 
results  with  the  assumption  of  small  displacement  of  the  free  surface  from 
its  mean  position  appear  to  represent  the  open-channel  flow  with  subcritical 
Froude  numbers  properly,  and  show  the  effects  due  to  the  moving  free 
surface.  Most  of  the  quantities  including  the  mean  velocity  profiles  and 
the  Reynolds  stresses  in  the  horizontal  directions  are  not  influenced  by  the 
free-surface  movements.  The  vertical  velocity  fluctuation  and  the  pressure 
fluctuation  are  the  quantities  influenced  by  the  free  surface.  The  vertical 
fluctuation  near  the  free  surface  increases  with  Fr  in  the  region  very  close 
to  the  free  surface,  while  the  pressure  fluctuation  is  influenced  over  almost 
entire  depth  of  the  channel.  This  influence  appears  to  be  effected  by  the 
readjustment  by  the  pressure  diffusion. 
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Figure  1.  Flow  configuration  of  open-channel  flow. 


(a)  Low-speed  streaks,  Fr  —  0 


(b)  Low-speed  streaks,  Fr  =  0.6 


(e)  Projected  velocity  vectors,  Fr  =  0  (f)  Projected  velocity  vectors,  Fr  =  0.6 

Figure  2.  Instantaneous  flow  features. 


SURFACE  FLUCTUATION  EFFECTS  OF  OPEN-CHANNEL  FLOW  575 


Figure  3.  RMS  fluctuations  of  h.  ^Wre  4 •  Mean  velocity  profiles. 


Figure  5.  Profiles  of  turbulence  intensities  and  Reynolds  shear  stress. 


2D-DNS  OF  QUASI-2D  TURBULENCE  IN  SHALLOW  WATER 


ROB  UITTENBOGAARD,  BAS  VAN  VOSSEN 
J.M.  Burgers  Centre ,  Delft  University  of  Technology, 

The  Netherlands 

WL\ Delft  Hydraulics,  The  Netherlands 

Abstract 

Through  a  series  of  cases,  we  investigate  the  possibilities  of  the  shallow-water 
solver  Delft3D-Flow  of  simulating  the  evolution  of  (quasi-)2D  turbulence  in 
shallow  water  subjected  to  internal  and  external  friction  and  forcing. 

This  paper  presents  the  simplest  case,  namely  the  2D-DNS  of  laboratory 
experiments  of  freely-evolving  2D  turbulence,  initiated  by  a  rake  in  a  shallow 
fresh- water  layer  on  top  of  a  salt-water  layer  in  a  square  1*1  m2  basin  (Maassen 
2000).  Tabeling  et  al.  (1991)  report  similar  experiments  in  a  fluid  with  a  free 
surface  but  initiated  by  vortices  counter-rotating  in  a  chessboard  arrangement. 
Likewise,  our  depth-averaged  free-surface  simulations  are  initiated  by  random  as 
well  as  by  chessboard  vortices.  We  compare  the  temporal  evolution  of  the 
simulated  vorticity  field  in  a  viscous  fluid  with  observations  as  well  as  with 
simulations  of  Clercx  et  al.  (1999)  dedicated  to  incompressible  2D  turbulence 
simulation  with  a  rigid  lid.  Theirs  and  our  simulations  agree  with  the 
experimentally  observed  evolution  of  vorticity  into  just  two  vortices  with 
opposite  rotation.  All  simulations  neglect  the  friction  at  the  density  interface  and 
exhibit  lesser  decay  of  kinetic  energy  than  observed  in  the  experiments  of 
Maassen  (2000). 

1.  Introduction 

Based  on  the  hydrostatic-pressure  assumption,  the  shallow-water  solver  Delft3D- 
Flow  has  been  extensively  used  for  modeling  the  depth-averaged  or  3D  flows  in 
civil-engineering  applications. 

For  better  assessment  of  ship  traffic,  structural  stability,  sediment  transport, 
dredging  operations  and  algae  blooms,  there  appears  to  be  a  growing  interest  in 
simulating  more  details  of  the  flow  such  as  the  temporal  and  spatial  pdpfs  of 
horizontal  velocity,  bed-shear  stress,  mixtures  of  dissolved  or  suspended 
constituents  etc. 

Rather  than  developing  2D  turbulence  closures,  we  prefer  resolving  and 
simulating  most  of  the  horizontal  flow  patterns.  Although,  practical  feasibility 
demands  that  we  maintain  modeling  the  3D  turbulence  in  the  orthodox  manner 
using  partial-slip,  bed  friction  and  3D  turbulence  closures  for  boundary-layer 
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type  of  flows.  We  define  the  latter  approach  as  Horizontal  Large  Eddy 
Simulation  (HLES)  acknowledging  the  particular  properties  of  shallow-water 
flows.  Recently,  this  HLES  approach  has  been  validated  against  observations  of  a 
shallow-water  mixing  layer  (Kemkamp  &  Uittenbogaard,  2001). 

The  essential  question  is  whether  the  available  general-purpose  shallow-water 
solver  is  suitable  for  HLES,  particularly,  its  numerical  dissipation  and  the 
accuracy  constraints  for  simulating  2D-turbulence  in  free-surface  flows.  This 
paper  deals  with  these  fundamental  questions  by  simulating  laboratory 
experiments  of  2D  turbulence  freely-evolving  in  a  square  basin. 

2.  The  shallow-water  solver  Delft3D-Flow 

In  depth-averaged  mode,  Delft3D-Flow  solves  the  following  depth-averaged 
shallow-water  equations  (SWE)  for  mass  conservation  and  for  the  depth- 
averaged  horizontal  velocity: 

^-  +  V-(/iM)-0and^=  +  «-VM  +  gV^  =  vV2M  +  r-/i  'c r |m|m.  (1) 


In  (1),  u=(u,v)  is  the  depth-averaged  horizontal  velocity  vector,  h~d+(  the  total 
depth,  d  the  still-water  depth  and  C,  the  free-surface  position,  both  referring  to 
some  horizontal  reference  plane,  cf  the  bed-friction  coefficient,  V  the  kinematic 
viscosity  and  g  the  magnitude  of  gravitational  acceleration.  The  bed  friction  term 
is  the  depth  average  of  the  force  by  the  Reynolds-shear  stress  of  3D  turbulence 
without  wind.  The  force  vector  T  is  due  to  subgrid-scale  stresses.  Bed  friction 
and  T  are  omitted  in  this  paper  but  applied  by  Kernkamp  &  Uittenbogaard 
(2001)  for  simulating  a  shallow-water  mixing  layer.  The  term  gV  g  represents 
the  horizontal  gradient  of  pressure  based  on  the  hydrostatic-pressure  assumption. 
On  a  staggered  (Arakawa-C)  grid,  the  horizontal  terms  in  (1)  are  formulated  in 
curvilinear  orthogonal  co-ordinates  but  in  this  paper  we  consider  just  Cartesian 
(x,y)-(u,v)  grids. 

The  SWE  (1)  are  time  integrated  by  ADI  of  which  the  first  half  time  step,  trom 
t=nAt  to  (n+l/2)At,  begins  by  solving  the  discretised  v-momentum  equation: 


v"4  TJL  +  unD2* }+  gDTCn,r‘te"}= 

1  J  * 

2  vZ)fw  {of  OTr'  {vn }}+  2  vD*amt  {pf  "'rf  {vn }} 


(2) 


where  £>ais  a  first-order  difference  operator  with  respect  to  a  horizontal 
Cartesian  co-ordinate  a=x,y.  For  the  advection  terms  in  (2),  Da  is  2nd  order 
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upwind  but  2nd  order  central  for  pressure  as  well  as  stresses.  Eq.  (2)  is  implicit 
for  v"+,/\  solved  by  red-black  Jacobi  while  pressure  and  twice  the  Laplacian 
vV2v  are  integrated  explicitly.  Instead,  the  discretised  u-momentum  (3)  reads: 


2  A? 


+  u 


n+i,  p+\  j-^2nd 


cntrl 


M 


+  v 


:j^2nd  cntrl 


W 


n+±,p 


h  2nd 

_|_  Q  - - -  Z) 

6  n+\,p+ 1  ■* 


2nd  cntrl 


^,t  +  2'  P+l  j_ 


0. 


(3) 


Using  (3),  the  new  iterate  ti'+'2'p+lu+'2,p+l ,  with  iteration  level  p ,  is  expressed 
into  old-time  level  variables  as  well  as  into  f"+I,p+1  and  subsequently  substituted 
into  the  following  discretised  conservation  equation: 

y  n+±,p+l  __  y  n 

z — - - ^  +  jD 

\At 

with  h  centrally-averaged  to  (u,v)  points  yielding  a  tri-diagonal  system  in  x- 
di  recti  on  that  is  solved  by  the  Thomas  algorithm  and  subsequently  iterated  on 

(p)  to  convergence.  Note  that  the  ratio  hn+2'p  /  hn+2'p+x  in  the  last  term  of  (3) 
ensures  mass-conservation  at  every  p-iteration.  In  the  subsequent  half-time  step, 
the  u-momentum  equation  is  formulated  and  solved  as  (2)  and  then  the  inviscid 
momentum  (3)  for  v  is  coupled  to  (4)  while  (3)  is  formulated  implicitly  in  v- 
component  and  in  y-direction. 

For  the  full  time  step,  the  coupled  advection-conservation  schemes  are  second- 
order  in  time  with  fourth-order  dissipation  in  space  and  unconditionally  stable 
(Stelling,  1984).  The  viscous  force  is  integrated  explicitly,  invoking  a  mild  time 
step  limitation. 

For  DNS  or  LES  applications,  a  disputable  disadvantage  is  that  the  cyclic 
combination  of  2nd-order  upwind  and  2nd-order  central  advection  in  (2-4)  are 
neither  strictly  momentum  nor  strictly  energy  conserving.  On  the  other  hand, 
however,  the  tendency  of  creating  velocity  wiggles  in  inviscid  simulations  using 
the  energy-conserving  scheme  of  Arakawa  &  Lamb  (1981)  appear  to  invoke 
more  dissipation  in  simulations  when  viscous  stresses  are  included  (Holm, 
1995).  Further,  the  semi-implicit  coupling  of  the  pressure  g£  to  the  momentum 
equations  (2-3)  as  well  as  to  the  conservation  equation  (4)  tends  to  conserve  the 
energy  stored  in  the  free-surface  or  compressible  velocity  modes  induced  by  the 
velocity-advection  operator.  Depending  on  the  flow  and  on  the  advection 
scheme,  the  latter  may  convert  incompressible  energy  modes  into  compressible 
energy  modes  that  are  subsequently  removed/dissipated  by  pressure 


'  cntrl  Ln+bp+l  un+\’P+l 


}+Df'™"'{/!"v"}=0, 


(4) 


580 


ROB  UITTENBOGAARD,  BAS  VAN  VOSSEN 


correction/projection  schemes  that  are  customary  in  fixed-volume 
incompressible  DNS/LES  solvers. 

This  section  is  concluded  by  introducing  the  time-step  limitations  based  on 
accuracy,  rather  than  stability,  of  advection  and  of  the  long-wave  or  barotropic 
(BT)  velocity  modes  on  a  square  mesh  with  grid  size  Ax: 


teA 


-a 


Ax  A 
7  \AtBT 
maxpj 


_  <7gr  Ax  ^  A tA  __  2^2  <Ja 
2V2  Jgh  A tBT  <JBT  max(|w|) 


(5) 


The  first  criterion  originates  from  the  semi-implicit  x-advection  term  in  (3)  and 
it  demands  ga< 4  (Stelling,  1984,  p.  165).  Benque  et  al.,  (1982)  proposed  the 

second  criterion  with  oBt<4V2  for  avoiding  aliasing  in  wave  propagation  using 
ADI  and  staggered  grids  e.g.  over  bed  topography.  For  the  temporal 
representation  of  advected  and  deforming  vortices  we  believe  cA<O(0.3)  would 
be  a  proper  space-time  consistency  criterion.  For  Froude  numbers 

Ulg4h>0{ 0.15),  using  the  limitation  (JBT  <  A-Jl  ,  the  latter  criterion 

coincides,  i.e.  AtA~AtBT.  However,  smaller  Froude  numbers  are  typical  for  our 
applications  and  then  the  accuracy  of  simulating  BT  modes  limits  the  time  step. 

3.  Some  considerations  of  2D  turbulence  with  a  free  surface 

For  an  overview  of  properties  of  2D  turbulence,  such  as  the  inverse  energy 
cascade  related  to  vortex  merging,  we  refer  to  e.g.  (Lesieur,  1997).  For  an  closed 
basin  with  water  volume  V,  this  section  considers  briefly  the  possible  coupling 
of  2D  turbulence  (vortical)  motions  to  free-surface  (BT)  motions.  The 
frictionless  SWE  (1)  then  yields  the  following  conservation  property  (Arakawa 
&  Lamb,  1981): 


^\\hs^uu  +  ^gh-gd]dxdy=0. 


(6) 


where  the  first  term  represents  the  kinetic  energy  (KE)  and  the  sum  of  second 
and  third  term  the  potential  energy  (PE).  For  a  closed  basin  with  horizontal  bed 
(constant  d),  the  third  term  cancels  due  to  mass  conservation.  In  addition,  from 
the  frictionless  SWE  (1)  also  follows 


d2C 

Dt2 


-ghV2C  =  h\pijDiJ-co2}+h^- 


fi  1  DC 


(7) 
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with  horizontal-strain  rate  tensor  Dy  based  on  u  and  vertical  vorticity  component 
coz.  From  the  frictionless  SWE  also  follows  the  conservation  of  potential 
vorticity  (PV)  o^/  h: 


dJ&z 
Dty  h 


(8) 


A  priori  (6-8)  suggest  that  2D  turbulence  in  free-surface  flows  differs  from  2D 
turbulence  in  rigid  fluid  volumes.  For  example,  the  LHS  of  (7)  represents  the 
long-wave  propagation  of  a  surface  perturbation  £  associated  with  PE  in  (6) 
whereas  (6)  shows  that  PE  is  reversibly  exchanged  with  KE.  Further,  the  RHS  of 

(7)  acts  as  source  of  surface  perturbations  £  of  which  the  vertical  vorticity  obeys 

(8) .  Note  that  (7)  is  similar  to  Lighthill’s  equation  for  sound  generation  by 
turbulence.  The  RHS  of  (7)  equals  the  Weiss-function,  see  e.g.  (Basdevant  & 
Philipovitch,  1994),  where  the  last  term  is  due  to  the  vertical  strain  rate  in  long 
waves. 

We  conclude  that  a  priori  deviations  may  exist  between  the  evolution  of  2D 
turbulence  simulated  with  a  rigid  lid,  such  as  by  Clercx  et  al.  (1999),  or  with  the 
SWE  (1).  Nevertheless,  detailed  analysis  (Vossen,  2000)  of  our  SWE 
simulations  as  well  as  animations  of  vorticity  combined  with  surface  elevation 
show  that  (7)  can  be  approximated  well  by  the  rigid-lid  counterpart  with 
pressure  g£: 


^2(sC)~ojl  -  D:J  Dtj 


(9) 


4  Numerical  initialisation  of  2D  turbulence  in  a  free-surface  fluid 

Clercx  et  al.  (1999)  solve  the  viscous  2D  stream  function  and  vorticity  equations 
using  2882  Chebyshev  polynomial  expansion  and  they  initiate  2D  turbulence  by 
random  642  Chebyshev  modes  that  in  general  do  not  obey  incompressibility.  The 
laboratory  experiments  of  Tabeling  et  al.  (1991)  start  with  2D  chessboard 
vortices.  In  both  cases,  our  simulations  initiated  with  a  spatially  constant  £  show 
that  much  PE  is  generated  as  freely-propagating  waves,  see  LHS  of  (7).  For  a 
proper  comparison  with  experiments  we  must  initiate  the  velocity-surface  field 
more  carefully  as  follows.  Define,  at  t=0,  the  master  velocity  field  as  u0  either 
based  on  642  Chebyshev  modes  or  chessboard  vortices.  Next,  the  associated 
incompressible  field  u(x,0)  is  derived  from: 

w(x,0)  =uQ  +  VAwithV2A  =-  V  -w0, 


(10) 
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with  VJl  the  corrected  velocity  field  such  that  V  •  u  (a',0)  —  0  holds  on  the 
computational  grid.  For  closed  boundaries  (10)  yields  less  KE  in  u(x,0)  than  in 
u0.  Likewise,  Clercx  et  al.  (1999)  report  a  decrease  in  KE  at  their  first  time  step 
that  yields  V  ■  u(x,A/)  =  0 .  With  u(x,0)  by  (10),  the  initial  surface  elevation 
£(x,0)  is  obtained  from  (9)  as  the  quasi-steady  approximation  to  (7).  Following 
this  initialisation,  our  SWE  simulations  then  evolve  gradually  in  time  and  space 
without  notable  wave-like  motions. 

5.  Investigation  and  estimation  of  numerical  dissipation 

In  view  of  (5),  the  appropriate  time  step  was  investigated  by  inviscid  simulations 
of  (1)  initialised  by  Clercx’ s  random  642  Chebyshev  modes  and  the  procedure 
given  in  section  4.  Figure  1  presents  the  temporal  evolution  of  volume-integrated 
KE  in  a  basin  of  width  W=lm  with  1  cm  still-water  depth  and  lu'l=4  mm/s  using 
1002  square  grid.  In  all  cases,  OA<0.24  holds  but  Figure  1  shows  that  only  if 
crBT  <  4\/2  is  satisfied  then  near  conservation  of  KE  is  obtained.  Therefore, 

<  4V2  is  applied  in  all  subsequent  simulations. 

For  practical  reasons  we  estimate  a  numerical  viscosity  v„ura,  equivalent  to  the 
kinematic  viscosity,  by 

v  _ — ! - -withE  =  Lp\\h\u2  +v2  \xdymd&  =  1pjjhci)2ldxdy,  (11) 

num  20  dt  k  2  \  )  2 

although  the  advection  operators  yield  4th  order  dissipation.  Series  of  inviscid 
runs  with  variations  of  grids  NP*NP  (Np=  50,  100,  200,  500),  of  basin  size  (1- 
100m)  and  initial  fields  with  random  Chebyshev  polynomials  or  chessboard 
vortices  (1, 4,  16  and  100)  yield  the  following  approximation: 

„  .  .  „  ,E.  02) 

-  8^  '  '  4.«  ' 

with  Np  proportional  to  the  resolved  band  width.  Despite  the  strong  temporal 
merging  of  vortices  (see  figure  5),  Figure  2  presents  an  example  of  the  marginal 
temporal  dependence  of  v„um  estimated  through  (11)  and  thus  suggests  its 
validity  as  estimator  for  numerical  dissipation. 

6.  Simulations  of  2D  turbulence  in  free-surface  experiments 
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The  upper  part  of  figure  5  presents  particle  tracks  observed  in  a  1  *  1  m  reservoir 
(Maassen,  2000).  Although  the  top  layer  floats  on  a  denser  salt-water  layer, 
Maassen  (2000)  notes  a  significant  interfacial  friction  reducing  the  effective 
Reynolds  number  by  a  factor  5.  The  lower  part  of  figure  5  presents  the  vorticity 
contours  simulated  by  the  shallow-water  solver  but  without  interfacial  friction. 
The  evolution  of  vorticity  patterns  is  similated  qualitatively  well  by  our  shallow- 
water  solver.  Due  to  the  uncertainty  in  modelling  the  interfacial  friction,  i.e.  cf  in 
(1),  we  prefer  the  comparison  with  simulations  by  Clercx  et  al.  (1999)  who 
applied  a  solver  dedicated  to  this  type  of  experiments. 

For  Reynolds  number  Re=2000,  Clercx  et  al.  (1999)  simulated  decaying  viscous 
2D  turbulence  with  no-slip  wall  conditions  but  without  bed  or  interfacial  friction. 
They  define  Re  and  the  temporal  scale  T  by 


Re  = 


Re 


11 N. 


(13) 


with  W  the  width  of  the  square  basin.  For  resolving  viscous  boundary  layers 
with  a  square  grid  the  last  expression  in  (13)  should  equal  unity  and  this 
expression  determines  that  Np=200  is  adequate  for  a  2D  DNS  with  our  shallow- 
water  solver.  Figure  3  includes  the  simulations  of  Clercx  et  al.  (1999)  solved  by 
2882  Chebyshev  modes  and  we  applied  their  initial  velocity  field  based  on  642 
Chebyshev  polynomials  but  corrected  to  an  incompressible  flow  through  (10). 
Figure  3  presents  the  relative  decay  of  volume-integrated  KE  as  well  as  volume- 
integrated  enstrophy,  as  defined  by  (11),  against  time  scaled  by  T  defined  in 
(13).  Under  these  conditions,  the  overall  numerical  viscosity  (12)  of  the  shallow- 
water  solver  is  estimated  to  be  about  0.2v.  Nevertheless  the  decay  simulated 
with  the  shallow-water  solver  is  comparable  or  even  less  than  simulated  by 
Clercx  et  al.  (1999). 

7.  Conclusions  and  discussion 

We  conclude  that  the  general-purpose  shallow-water  solver  Delft3D-Flow  is 
capable  of  simulating  vortex  merging  and  the  decay  of  2D  turbulence  in  a 
viscous  fluid  without  notable  numerical  diffusion  (figure  3).  From  a  simulation 
point-of-view,  the  most  notable  aspect  of  the  free  surface  in  2D  turbulence  reads 
as  follows.  Animations  of  vorticity  and  surface  elevations  show  that  most  of  the 
free-surface  elevations  are  induced  by  the  Weiss  function,  RHS  in  (9).  Despite 
that  the  free-surface  elevations  carry  marginal  available  potential  energy, 
compared  to  kinetic  energy,  their  evolution  must  be  carefully  simulated  else 
kinetic  energy  is  generated  artificially  (Figure  1).  The  latter  demands  for  the 
barotropic  Courant  number  aBT!  4>/2<l  (figure  1)  and  it  is  very  restrictive 
compared  to  other  accuracy  and  stability  conditions  for  the  shallow-water  solver 
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Delft3D-Flow.  The  reason  for  the  constraint  on  this  typical  wave-propagation 
condition  is  not  clear.  We  speculate  that  the  Poisson  equation  (9)  is  essential  and 
needs  to  be  solved  accurately.  In  SWE,  however,  the  solution  of  (9)  is  obtained 
through  (7)  and,  if  aBT  is  too  large,  errors  in  the  rapid  propagation  of  surface 
perturbations  spoil  the  approximation  to  (9). 
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10*  Kinetic  energy 


Figure  1.  Decay  of  kinetic  energy  1003  grid,  1*1*0.01  m3,  lu'l=4  mm/s,  initial  random  field,  for 
aBT  /4V2  =  9.4  (6) ;  4.8  (5) ;  3.9  (4) ;  1 .9  (3) ;  0.94  (2) ;  0.47  (1). 
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Figure  3.  Relative  decay  of  volume-integrated  kinetic  energy  and  enstrophy,  see  (11)  of  2D 
turbulence  initiated  by  a  random  field  at  Rc=2000  and  T-125  s  time  scale.  Comparison  between 
the  shallow- water  solver  (Delft3D)  using  2002  square  grid  at  Ga=0.012  and  anT  /  4V2  =0.47,  sec 
(5),  with  simulations  in  (Clercx  et  al.,  1999). 


Figure  4.  From  left  to  right  t=  0  ;  15  ;  20  ;  30  minutes.  Evolution  of  4*4  chessboard  vortices  on  a  5002 
grid  of  100*100*lm3 ;  lu'l=0.4  m/s  ;  inviscid  shallow-water  simulation. 
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Figure  5.  Particle  tracks  in  the  free-surface  water  layer  on  top  of  a  dense  salt  layer  10 
seconds  (up-left),  1  minute  (up-right),  5  minutes  (down-left)  and  50  minutes  after 
passage  of  a  raKE  (Maassen,  2000).  Below,  iso-contours  of  vertical  vorticity,  simulated 
by  Delft3D  for  conditions  of  figure  3  and  similar  to  observations  above. 
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Abstract.  In  this  paper  we  will  investigate  the  sound  field  of  a  round 
turbulent  jet  with  a  Mach  number  of  0.6  based  on  the  jet  centerline  velocity 
and  the  ambient  speed  of  sound.  The  sound  field  is  obtained  by  solving  a 
wave  equation  for  the  acoustic  field.  Two  different  acoustic  source  terms  are 
used  as  right  hand  side  of  the  wave  equation.  One  in  which  the  source  term 
is  given  by  traditional  Lighthill  stress  tensor  and  a  second  one  in  which  the 
source  term  is  based  on  the  vorticity  in  the  fluid. 


1.  Introduction 

A  generic  flow  geometry  of  aeroacoustical  sound  production  is  a  turbulent 
jet.  Most  people  will  be  familiar  with  the  sound  of  a  jet  engine  of  a  com¬ 
mercial  airliner.  Stricter  environmental  measures  around  airports  have  put 
strong  limitations  on  the  sound  that  may  produced  by  jets.  Although  sig¬ 
nificant  sound  reduction  of  these  jet  engines  has  been  obtained  over  the 
last  few  decades,  it  is  nevertheless  required  to  reduce  the  sound  of  jet  en¬ 
gines  even  more  in  view  of  the  strong  growth  in  air  traffic  foreseen  in  the 
future.  The  above  mentioned  jet  engine  is  only  one  of  the  examples  and 
other  examples  are  aeroacoustical  sound  produced  by  high  speed  trains, 
wind  noise  around  buildings,  the  sound  comfort  in  cars  but  also  ventilator 
noise  in  various  household  appliances.  In  this  study  we  will  focus  on  sound 
produced  by  turbulent  jets  because  this  flow  is  one  of  the  benchmark  flows 
for  which  a  reasonable  amount  of  experimental  data  is  available. 
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Here  we  only  want  to  mention  the  experimental  studies  which  are  rel¬ 
evant  for  this  study,  for  a  more  detailed  overview  we  refer  to  Goldstein 
(1976).  Lush  (1971)  reports  acoustic  pressure  spectra  of  a  Mach  0.3,  0.6 
and  0.9  turbulent  jet.  Mollo- Christensen  (1967)  also  reports  spectra  for 
Mach  0.6  and  Mach  0.9  turbulent  jets  and  gives  detailed  information  about 
the  directivity  of  the  sound.  Unfortunately  no  information  is  given  on  the 
structure  of  the  flow  field.  Information  on  the  flowfield  of  a  jet  has  been 
presented  in  various  studies  see  for  instance,  Panchapekesan  &  Lumley 
(1993),  and  Boersma  et  al  (1998).  There  is  as  far  as  we  know,  no  detailed 
experimental  study  in  which  both  the  flow  field  and  the  acoustic  field  are 
presented. 

Recently,  with  increasing  computer  power,  it  has  become  possible  to 
calculate  the  acoustic  field  of  simple  flows  using  Direct  Numerical  Simula¬ 
tion  (DNS),  Colonius  et  al  (1997),  Mitchell  et  al  (1999).  Direct  numerical 
simulations  of  high  Mach  number  turbulent  jets  have  been  performed  by 
Freund  (1998).  In  these  simulations  the  sound  is  calculated  with  help  of 
Kirchhoff  surfaces.  In  low  Mach  number  flows  the  acoustic  amplitudes  are 
very  small  and  it  is  likely  that  acoustic  equations  like  the  one  proposed  by 
Lighthill  (1952)  or  Howe  (1975)  will  give  more  reliable  results  which  are 
less  contaminated  by  numerical  errors. 

In  this  paper  we  will  focus  on  a  jet  with  a  Mach  number  of  0.6.  We 
will  compare  acoustic  fields  obtained  with  both  the  Lighthill  and  Howe 
equations. 

2.  Governing  equations 

The  flow  is  described  by  the  well  known  compressible  Navier-Stokes  equa¬ 
tions  which  can  be  found  in  various  text  books  (Bachelor  1967).  The  equa¬ 
tion  for  conservation  of  mass  reads. 

dp  +  dpni=  o  (1) 

dt  dxi 

where  p  is  the  fluids  density  and  Ui  the  fluids  velocity  component  in  the 
ith  coordinate  direction.  The  equation  which  describes  the  conservation  of 
momentum  reads 

dpui  dpUjUi  _  dp_  _d_ 

dt  +  dxj  dxi  dxi  Tli 

In  which  p  is  the  pressure  and  Tij  is  the  viscous  stress  given  by: 


(2) 
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The  dynamics  viscosity  p,  is  a  weak  function  of  the  temperature  in  the  gas. 
For  the  moment  we  will  neglect  this  and  assume  that  p  is  constant. 

For  the  energy  equation  in  a  compressible  flow  various  formulations  are 
possible.  Here  we  choose  for  a  formulation  using  the  total  energy,  i.e.  the 
sum  of  temperature  and  kinetic  energy 

E  =  pCvT  +  1 puiUi  (4) 


In  which  Cv  is  the  specific  heat  at  constant  volume  and  T  the  temperature. 
The  transport  equation  for  the  total  energy  E  reads 


_d_ 

dxi 


Ui  [E  4-  p] 


(5) 


In  which  k  is  the  thermal  diffusion  coefficient,  which  is  again  a  weak  function 
of  the  fluids  temperature.  The  formulation  of  the  energy  equation  given 
above  has  the  advantage  that  no  source  terms  appear  in  the  right  hand  side 
which  would  be  the  case  for  formulations  using  the  temperature  instead  of 
the  energy.  The  temperature  T,  the  pressure  p  and  the  density  p  are  related 
to  each  other  by  the  equation  of  state 


p  —  pRT 


(6) 


2.1.  THE  ACOUSTIC  FIELD 


The  acoustic  field  of  the  jet  can  be  calculated  with  help  of  acoustic  analo¬ 
gous  like  the  Lighthill  equation  (Goldstein  1976): 


ay  ,  .2  ay  a2 

dt 2  dx2  dxidxj  y'* 


(7) 


In  which  p '  is  the  acoustic  density  of  the  gas,  c  the  speed  of  sound  and  T^ 
is  the  Lighthill  stress  tensor  which  is  given  by  the  following  relation 


A? 


pUiUj 


dui  duj 
dxj  dxj 


(8) 


For  turbulent  flows  the  viscous  term  in  the  Lighthill  stress  tensor  will  be 
small  and  can  be  approximated  by  Tij  ~  pUiUj.  Furthermore,  if  the 
Mach  number  is  sufficiently  small  the  density  p  can  be  replaced  by  the  am¬ 
bient  value  poo,  resulting  in  the  following  equation  for  the  acoustic  density 
fluctuations 

d2p  t  2  ®2P 


dt 2 


+  & 


dxf 


Poo 


dxjdx. 


■UiUj. 


(9) 
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Another  formulation  of  the  wave  equation  has  been  proposed  by  (Howe 
1975).  In  this  formulation  the  Lighthill  tensor  is  expressed  in  terms  of  the 
vorticity  and  kinetic  energy. 

— —  UiUj  =  V-V-(uM)  =  V-(wXM)+V2iu2  (10) 

dxidxj  L 

For  low  Mach  number  flows  the  last  term  in  the  equation  above  (the  kinetic 
energy)  is  neglected  (Howe  1975)  and  we  find  the  following  wave  equation 


for  the  sound 


(ii) 


3.  Numerical  method 


In  the  previous  section  we  have  presented  the  governing  equation  for  com¬ 
pressible  flow.  In  this  section  we  will  describe  how  those  equations  are 
discretized. 

A  natural  choice  for  the  computation  of  a  round  jet  would  be  to  use  a 
cylindrical  coordinate  system.  In  previous  computational  studies  such  sys¬ 
tems  have  been  used,  Freund  (1998),  Boersma  et  al.  (1998).  The  problem 
when  dealing  with  such  a  coordinate  system  is  the  treatment  of  the  singu¬ 
larity  at  the  centerline  (r  =  0)  of  the  coordinate  system.  In  the  literature 
various  methods  are  discussed,  for  a  detailed  overview  we  refer  to  Mohensi 
&  Colonius  (2000).  None  of  these  methods  are  able  to  retain  a  high  order 
of  numerical  accuracy  at  the  axis  (r  =  0)  of  the  system.  In  physical  space 
this  axis  will  represent  the  jet  centerline.  An  accurate  simulation  at  the  jet 
centerline  is  necessary  because  this  is  the  area  where  most  of  the  sound  will 
be  produced.  In  view  of  the  problems  mentioned  above  we  have  decided  to 
use  a  Cartesian  coordinate  system  for  the  complete  flow  domain. 

The  computational  grid  in  the  physical  domain  is  non-uniform.  Mapping 
functions  X{  =  f}i{xi)<,  with  X{  —  iAX  are  used  to  map  differential  equation 
on  a  uniform  grid  in  the  computational  domain,  i.e. 

df  =  df_dX  (12) 

dx  dX  dx 

The  mapping  function  =  m^i)  is  chosen  in  such  a  way  that  dX/dx 
can  be  integrated  analytically  to  obtain  the  physical  distribution  of  the 
gridpoints  x{.  The  derivative  df/dX  has  been  calculated  with  a  8th  order 
compact  finite  difference  scheme  (Lele  1992): 


jV  =  fi 
dX  i  Jl 

3  /  -/  .  ft  \  ,  ft  __  25  /j-f  1  ~~  fi-l  ,  3  /z+2  fi-2 

oVi-i  +  fi+v+Ji  32  AX  60  AX 


(13) 

1  /i+3  ~  fi- 3 

480  AX 
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At  the  boundaries  of  the  computational  domain  the  accuracy  of  the  com¬ 
pact  scheme  was  reduced  to  third  order,  (Lele  1992).  If  we  would  have  used 
a  cylindrical  system  we  would  also  have  to  reduce  the  order  at  the  jet  cen¬ 
terline  to  third  order.  Which  on  its  turn  would  give  an  unreliable  prediction 
of  Tij. 

All  the  spatial  derivatives  in  the  continuity,  momentum  and  energy 
equation  are  discretized  with  the  8th  order  approximation  given  above. 
The  time  integration  has  been  performed  with  a  standard  4th  order  Runga- 
Kutta  method.  The  time  step  was  fixed  and  the  corresponding  CFL  number 
(ui At / Ax {) was  approximately  1.0 

Two  different  computational  domains  are  used,  one  with  a  small  spatial 
size  for  the  Navier- Stokes  equations  and  one  with  a  larger  spatial  size  for 
the  wave  equations.  The  Navier-Stokes  domain  consisted  of  160  x  144  x  144 
the  x,  y  and  ^-direction  respectively  ( x  is  streamwize  direction).  The  wave 
domain  consisted  of  320  x  272  x  272  points. 

4.  Results 

In  this  section  we  will  present  results  obtained  from  the  Direct  Numerical 
Simulation  of  the  jet  and  the  sound  field.  For  the  jet-inflow  profile  a  simple 
hyperbolic  tangent  profile  of  the  following  form  is  taken 

C/(r)  =  iWaQ-itanh[20(r-i?0)])  (14) 

In  which  Rq  is  the  radius  of  the  jet  and  Ma  the  Mach  number.  The  calcu¬ 
lations  have  been  continued  until  they  reached  a  statistically  steady  state. 
After  the  calculations  have  reached  this  state  they  are  continued  for  another 
200  acoustic  timescales  Ro/c  to  obtain  the  statistics. 

In  Figure  1  (left)  we  show  an  instantaneous  plot  of  the  density  field  p 
in  the  jet  and  in  Figure  1  (right)  a  contour  plot  of  the  total  energy  E  in 
the  jet.  The  figures  show  that  the  flow  is  laminar  close  to  the  jet  nozzle 
and  starts  to  become  turbulent  in  the  region  10  <  x/Rq  <  15  and  becomes 
gradually  fully  turbulent  farther  downstream  of  the  jet  nozzle.  In  Figure 
2  we  show  the  mean  velocity  profiles  along  the  jet  centerline.  In  the  region 
close  to  the  jet  orifice  the  centerline  velocity  is  constant  and  then  suddenly 
drops.  The  point  were  the  centerline  velocity  suddenly  drops  is  the  point 
were  most  of  the  sound  will  be  produced. 

In  Figure  3  (left)  an  instantaneous  plot  of  the  right  hand  side  of  equation 
(9)  is  shown.  In  Figure  3  (right)  the  right  hand  side  of  equation  (11)  has 
been  plotted.  Clearly  there  is  a  large  difference  between  both  source  terms 
close  to  the  jet  nozzle.  The  source  terms  are  large  in  the  region  10  <  x/Rq  < 
30,  i.e  the  region  in  which  the  flow  goes  from  a  laminar  to  a  turbulent  state. 
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Figure  1.  Left:  an  instantaneous  plot  of  the  density  in  the  jet,  right:  an  instantaneous 
plot  of  the  axial  velocity. 


Figure  2.  The  mean  axial  velocity  and  axial  flux  at  the  jet  centerline  as  a  function  of 
the  downstream  coordinate. 


The  difference  between  the  two  source  terms  is  due  to  the  removal  of  the 
kinetic  energy  from  the  right  hand  side  of  equation  (10)  and  therefore  the 
difference  between  the  source  terms  are  most  pronounced  in  regions  with  a 
relatively  large  velocity,  i.e.  the  region  close  to  the  centerline  of  the  jet. 

In  Figure  4  the  acoustic  fields  obtained  with  equations  (9)  and  (11) 
are  shown  (the  acoustic  field  is  visualized  with  help  of  the  dillatation  q  = 
dpf/dt).  The  sound  field  obtained  with  help  of  the  Lighthill  equations  is 
very  similar  to  the  sound  field  observed  in  experiments.  For  instance,  most 
of  the  sound  is  emitted  under  an  angle  of  approximately  30°  which  is  also 
found  in  the  experiments  by  Lush  (1971)  and  Mollo-Christensen  (1967). 
The  second  result  presented  in  Figure  4  clearly  has  a  wrong  directivaty 
pattern  and  too  much  sound  is  emitted  under  and  angle  of  90°. 
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Figure  3.  The  acoustic  source  terms.  Left:  the  right  hand  side  of  equation  (9),  Right: 
the  right  hand  side  of  equation  (11). 


5.  Conclusion 

In  this  paper  we  have  presented  the  sound  field  produced  by  a  turbulent 
jet  using  two  different  acoustic  equations.  One  of  these  equation  is  the 
traditional  Lighthill  equation  which  relates  the  sound  to  Reynolds  stresses 
in  the  fluid.  The  second  formulation  we  have  used  has  been  derived  by  Howe 
and  relates  the  sound  in  the  fluid  to  the  vorticity.  The  last  formulation  is 
often  preferred  because  it  can  be  used  in  combination  with  simple  vortex 
models  for  the  flow,  see  e.g.  Howe  (1975). 

It  has  been  shown  that  there  is  a  considerable  difference  between  the 
source  terms  in  the  two  formulations.  The  directivity  pattern  of  the  acoustic 
field  obtained  with  equation  (9)  is  much  better  than  the  pattern  obtained 
with  equation  (11). 
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Figure  4.  The  acoustic  field  obtained  with  equation  9  (top)  and  with  help  of  equation 
11  (bottom). 
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Abstract 

Direct  numerical  simulations  are  used  to  investigate  the  effect  of  Mach  number 
on  the  unsteady  flow  of  an  open  cavity.  The  implicit  solution  is  obtained  for  the 
compressible  Navier-Stokes  Equations  using  compact  sixth-order  spatial 
differencing  coupled  with  tenth-order  implicit  filters.  Results  for  transonic  and 
subsonic  flow  over  a  two  dimensional  cavity  are  presented  for  the  sound  pressure 
level  and  pressure  fluctuation  frequencies. 

1.  Introduction 

Future  Strike  Aircrafts  have  a  requirement  for  supersonic  release  of  weapons 
from  internal  weapons  bays.  The  associated  highly  unsteady  flow  features  result 
in  the  production  of  noise  levels  which  are  unacceptable  for  operational  and 
safety  considerations.  Current  generation  bay  spoilers  fail  to  provide  adequate 
acoustic  suppression  above  Mach  one.  Some  degree  of  acoustic  suppression 
control  has  been  achieved  experimentally  by  stimulating  the  shear  layer  spanning 
the  bay  with  various  actuators  (Stanek  et  al.  2000,2001),  however  optimizing  the 
performance  of  these  devices  requires  detailed  knowledge  of  the  bay  flow  field. 

Grace  (2001)  conducted  a  recent  review  of  computational  and 
experimental  studies  for  flow  over  cavities.  Most  of  the  numerical  studies  were 
based  on  the  solution  of  the  time  dependent  Reynolds-Averaged  Navier-Stokes 
equations  (RANS).  Colonius  et  al.  (1999)  used  Direct  Numerical  Simulations 
(DNS)  to  study  unsteady  subsonic  flow  over  two-dimensional  cavities,  and 
predicted  transition  from  the  shear  layer  mode  to  the  wake  mode  as  the  Mach 
number  and  the  cavity  length  to  depth  ratio  increased.  Shieh  and  Morris  (2001) 
used  Detached  Eddy  Simulations  (DES)  to  study  subsonic  cavity  flow.  They 
predicted  the  wake  mode  in  the  two-dimensional  but  not  in  the  three-dimensional 
results,  and  reported  better  agreement  between  the  predicted  pressure 
fluctuations’  frequency  and  Rossiter’s  correlation  (1964)  for  the  three- 
dimensional  results.  Henderson  et  al.  (2000)  pointed  out  that  the  challenge  is  to 
predict  the  level  of  oscillation  rather  than  the  frequency  of  the  discrete  tones,  and 
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presented  experimental  results  for  Sound  Pressure  Level  (SPL)  at  the  cavity 
floor. 

Direct  numerical  simulations  are  used  in  the  current  investigation  to 
study  transonic  flow  over  two-dimensional  cavities.  The  results  obtained  using 
high  order  compact  differencing  in  conjunction  with  high  order  non-dispersive 
filters,  are  presented  for  the  pressure  fluctuations,  and  sound  pressure  level 
spectra  at  the  cavity  opening  for  three  Mach  numbers.  The  computed  vorticity 
and  Mach  number  contours  illustrate  the  roll  up  vortex  structure  in  the  shear 
layer  and  the  shock  waves  above  the  shear  layer  as  the  free  stream  Mach  number 
increases. 

2.  Methodology 

Direct  numerical  solutions  were  obtained  for  the  full  compressible  Navier-Stokes 
equations  using  FDL2DI,  the  solver  developed  by  Gaitonde  and  Visbal  (1998). 
The  spatial  derivatives  are  represented  by  high  order  (up  to  six)  compact 
approximation  that  is  used  in  conjunction  implicit  compact  high  order  filter  (up 
to  ten).  The  scheme  achieves  second  order  temporal  accuracy  using  a  time- 
implicit  approximately-factored  scheme,  and  Newton-like  subiterations.  The 
solver  was  thoroughly  validated  by  Visbal  and  Gaitonde  (1998,1999)  for 
subsonic  flows,  wall  jets,  and  acoustic  fields.  Rizzetta  and  Visbal  (2001)  used  the 
code  with  a  third  order  Roe  upwind  biased  evaluation  of  the  fluxes  in  the  regions 
of  strong  shock  waves,  to  perform  Large-eddy  simulations  of  supersonic 
compression-ramp  flows. 

In  the  present  investigation  a  sixth-order  compact  formula  was  used  in 
the  interior  points  with  fifth  and  fourth  orders  near  the  boundary  (C45654), 
according  to  Visbal  and  Gaitonde  (1999).  Similarly  the  implicit  filtering  scheme 
denoted  F100,3-  0.2.4.6.8.10,  was  tenth  order  in  the  interior  with  a  free  parameter 
af  =  0.3.  The  equations  were  normalized  using  the  cavity  depth,  free  stream 
velocity,  and  free  stream  density.  The  unsteady  solution  was  advanced^  using 
implicit  time  marching  with  a  non-dimensional  time  step  of  2.0  x  10  .  The 
computational  domain  for  the  L/D  =2  cavity  allowed  the  laminar  boundary  layer 
to  develop  from  uniform  free  stream  conditions  at  the  upstream  boundary  on  the 
flat  plate,  which  extended  4.95D  upstream  of  the  cavity’s  forward  bulkhead.  At 
the  upper  boundary,  which  was  placed  9.35D  above  the  cavity  opening, 
characteristic  conditions  were  applied  for  subsonic  free  stream,  and  first  order 
extrapolation  was  applied  for  supersonic  free  stream.  At  the  downstream 
boundary,  which  was  placed  at  10.4 ID  behind  the  rear  bulkhead,  first  order 
extrapolation  was  applied.  The  computational  grid  included  143x129  points 
inside  the  cavity,  and  330x95  points  on  and  above  the  plane  of  cavity  opening. 
The  grid  was  clustered  with  a  minimum  spacing  of  1 .0  x  10-4  D  in  the  streamwise 
and  normal  directions. 
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4.  Results  and  Discussions 

Results  are  presented  for  a  ReL  =  3,000  based  on  the  cavity  length,  and 
L/0  =  52.8,  where  0  is  the  momentum  thickness  of  the  incoming  laminar 
boundary  layer.  Sample  computational  results  from  the  direct  numerical 
simulations  are  presented  for  free  stream  Mach  numbers  of  1.1,  0.9  and  0.6.  The 
vorticity  contours  of  figure  1  show  the  roll  up  vortical  structures  in  the  shear 
layer  and  the  counter  rotating  vorticity  (opposing  sign  to  the  boundary  layer)  near 
the  cavity  walls  and  floor.  Figure  1  shows  that  the  vortex  size  increases  with  the 
free  stream  Mach  number,  but  such  large  scale  shedding  as  reported  by  Colonius 
(1999)  for  subsonic  flow  in  the  wake  mode  was  not  observed  in  the  present 
study.  Flow  separation  upstream  of  the  cavity  was  not  observed  in  Mach  0.6  and 
0.9  cases,  and  was  restricted  to  a  very  small  region  in  the  case  of  Mach  1.1.  The 
Mach  number  contours  are  presented  in  figure  2  to  show  the  shock  wave 
structure  above  the  shear  layer  at  different  times  for  Mach  1.1. 

The  pressure  fluctuations  at  the  cavity  opening,  0.2  L  upstream  of  the 
rear  bulkhead,  are  presented  in  figure  3.  The  free  stream  Mach  number  is  seen  to 
have  a  significant  effect  on  the  pressure  fluctuations  amplitude,  which  at  Mach 
1.1  is  four  times  that  at  Mach  0.6.  Figure  4  presents  the,  SPL  spectra,  calculated 
from  the  pressure  fluctuations  of  figure  3  using  65536  sampled  points.  The 
variation  in  computed  SPL  at  the  cavity  opening  with  Mach  number  is  presented 
in  Figure  5.  Henderson  et  al.  (2000)  presented  experimental  results  for  SPL  at  the 
cavity  floor  at  Mach  0.85,  0.98,  and  1.19.  Even  though  the  level  was  higher  in 
the  case  of  L/D=5  cavity,  the  variation  exhibited  similar  trends  with  Mach 
number.  The  discrete  frequencies  determined  from  the  spectra  are  presented  in 
Figure  6,  and  compared  to  Rossiter’s  modified  empirical  correlation  (Hellar  et  al. 
1970).  The  correlation,  which  quantifies  the  coupling  of  the  acoustic  and 
vorticity  fields  gives  the  following  equation  for  feedback  frequencies: 


Where  Stm  is  the  Strouhal  number,  LL,  and  M«,are  free  stream  velocity  and  Mach 
number,  fm  is  the  resonant  frequency  corresponding  to  the  m  mode.  The  constants 
a,  and  k  were  determined  experimentally  to  be  0.25,  and  0.57  by  Heller  et  al. 
(1970)  for  cavities  with  L/D  greater  than  four.  According  to  Figure  6,  the 
computed  frequencies  agree  within  6%  with  Rossiter’s  equation  for  the  first 
mode,  m=l. 
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5.  Conclusions 

The  presented  results  for  the  unsteady  two-dimensional  flow  over  a  rectangular 
cavity  demonstrated  that  the  direct  numerical  simulations  captured  the  flow  main 
features  including  the  vortex  shedding,  shock  waves  and  coupling  of  the  acoustic 
and  vorticity  fields.  Further  investigations  are  planned  for  longer  cavity  at  higher 
Mach  numbers  with  turbulent  upstream  boundary  layer  using  Large-eddy 
simulations. 
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M=0.9  M=1.1 

Fig.  1  Vorticity  contours 


Non-dimensional  pressure 
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Power  Spectrum  levels,  dB(re.20uPa  per  Hz) 
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Fig.  5  Variation  of  sound  pressure  level  with  Mach  number 


Fig.  6  Comparison  of  computed  discrete  frequencies  with  Rossiter’s 
correlation 
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Abstract.  Results  are  presented  from  a  parallel  DNS  combustion  code 
called  SENG  A.  The  code  solves  a  fully  compressible  reacting  flow  in  three 
dimensions.  High  accuracy  numerical  schemes  have  been  employed  which 
are  explicit  10th  order  central  finite  differences  in  space,  a  third  order  ex¬ 
plicit  Runge-Kutta  method  in  time  and  parallel  implementation  is  achieved 
through  the  Message  Passing  Interface  (MPI).  Turbulence  is  generated  nu¬ 
merically  for  a  1283  simulation  with  Re  =  30  and  a  3843  simulation  with 
Re  =  130.  Finally,  results  are  presented  and  discussed  for  simulations  with 
different  initial  non-dimensional  turbulence  intensities  ranging  from  5  to 
23. 


1.  Introduction 

A  difficulty  that  arises  in  practical  turbulent  combustion  processes,  such  as 
the  combustor  sections  of  jet  engines  and  internal  combustion  engines,  is 
the  strong  coupling  between  turbulence,  chemical  kinetics  and  heat  release. 
These  interactions  are  generally  three  dimensional  and  time  dependent,  and 
are  not  easily  accessible  to  experimental  investigation.  Therefore,  to  extract 
valuable  information  from  these  and  other  turbulent  flows,  highly  accurate 
numerical  solutions  are  required,  such  as  those  obtained  using  Direct  Nu¬ 
merical  Simulation  (DNS). 

DNS  is  now  a  useful  and  well  established  research  tool  in  the  field  of  tur- 
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bulent  combustion.  The  solution  of  the  full  governing  equations  without 
the  need  for  any  form  of  turbulence  modelling  enables  the  collection  of 
a  great  deal  of  information  on  turbulent  flame  structure  and  propagation 
that  is  obtainable  by  no  other  means.  However,  to  obtain  representative 
simulations,  the  DNS  must  be  able  to  resolve  the  smallest  length  and  time 
scales  applicable  to  the  problem  of  interest.  High  resolution  and  the  need  to 
solve  in  three  spatial  directions  and  time  comes  at  a  cost,  therefore  parallel 
supercomputers  are  a  pre-requisite  to  carry  out  these  simulations.  Due  to 
the  high  computational  costs,  it  is  important  to  use  high  accuracy  spatial 
discretisation  schemes.  The  most  accurate  scheme  is  the  Fourier  spectral 
method,  however,  these  schemes  are  restricted  to  problems  with  periodic 
boundary  conditions  which  in  combustion  DNS  is  a  restriction  since  reac¬ 
tants  must  be  able  to  enter  and  products  and  heat  must  be  able  to  leave 
the  computational  domain.  Therefore  alternative  schemes  with  spectral  like 
accuracy  and  non  restrictive  boundary  conditions  are  required,  the  most 
popular  scheme  for  combustion  being  the  compact  scheme  (Lele,  1992).  In 
the  present  work,  10th  order  explicit  finite  differences  are  employed.  These 
offer  near  spectral  accuracy  along  with  inflowing  and  outflowing  boundary 
conditions  and  are  more  efficient  for  parallel  implementation.  (Prosser  and 
Cant,  1998)  compared  various  spatial  schemes  applicable  to  combustion 
DNS,  and  showed  the  explicit  scheme  to  perform  well  in  terms  of  accuracy 
when  the  resolution  is  known  to  be  sufficient,  and  in  terms  of  CPU  time 
and  storage  the  explicit  schemes  proved  least  expensive  on  both  counts. 
Practical  combustion  problems  have  chemical  and  turbulent  scales  and  in 
most  cases  it  is  the  smallest  chemical  scales  within  the  reaction  zone  of  the 
flame  that  are  of  interest,  not  the  smallest  turbulent  scales.  This  is  true 
for  example  in  the  spark  ignition  engine  where  combustion  takes  place  in 
a  reasonably  homogeneous  mixture  of  fuel  vapour  and  air,  and  where  the 
turbulence  is  of  moderate  intensity.  These  kind  of  systems  operate  within 
the  laminar  flamelet  regime  of  turbulent  premixed  combustion  (Libby  and 
Williams,  1994).  Here  the  thickness  of  the  flame  sheet  remains  smaller  than 
the  Kolomogorov  scale  of  turbulence  and  the  Kilmov- Williams  criteria  is 
satisfied  (Williams,  1985).  The  flame  sheet  retains  the  structure  of  a  lam¬ 
inar  flame,  even  though  it  is  wrinkled  by  the  surrounding  turbulence.  The 
flame-turbulence  interactions  in  the  present  work  are  in  the  above  regime 
and  therefore  the  flame  structure  and  not  the  turbulence  defines  the  resolu¬ 
tion  requirement.  Research  in  combustion  DNS  as  come  a  long  way  in  these 
regimes  (Poinsot  et  a/.,  1996),  especially  for  planar  flames.  The  present 
work  uses  flame  kernels  in  a  turbulent  environment  which  have  a  practical 
relation  to  ignition  problems.  The  growth  of  the  flame  is  laminar  once  es¬ 
tablished  in  the  early  stages,  and  then  propagates  spherically  outwards.  Its 
motion  is  accelerated  by  flow  divergence  due  to  thermal  expansion  and  it 
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begins  to  interact  with  the  surrounding  turbulence  becoming  wrinkled  and 
increasing  in  surface  area.  Flame  kernels  in  conjuction  with  non-reflecting 
outflow  boundaries  on  all  faces  using  the  NSCBC  formalism  (Poinsot  and 
Lele,  1992),  allow  the  flame  structure  to  be  observed  away  from  the  influ¬ 
ence  of  any  boundary  impositions. 

The  aim  of  the  present  research  is  to  use  a  parallel  DNS  code  called  SENG  A, 
developed  in  Cambridge,  to  study  flame  kernels  in  a  turbulent  environment. 
The  DNS  code  solves  the  fully  compressible  reacting  flow  equations  in  three 
dimensions  and  time  with  heat  release.  The  paper  is  organised  as  follows. 
The  equations  governing  the  flow  are  outlined  in  non-dimensional  format, 
the  numerical  procedure  is  explained  and  finally  the  simulation  method  and 
results  are  presented  for  various  flame  turbulent  interactions. 

2.  Governing  Equations 

The  governing  equations  that  describe  the  motion  of  a  reacting  gas  are  the 
three  dimensional  equations  for  mass,  momentum,  energy  and  a  species  con¬ 
servation  equation  (Williams,  1985).  In  non-dimensional  form  these  equa¬ 
tions  become. 
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where  x  and  t  are  the  space  and  time  coordinates,  p  is  the  density,  u  is 
the  velocity  ,  P  is  the  pressure,  E  is  a  stagnation  internal  energy,  c  is  a 
reaction  progress  variable,  formulated  as  a  normalised  mass  fraction  and 
rising  monotonically  from  zero  in  the  unburned  state  to  unity  in  the  fully 
burned  products  and  rk{  is  the  viscous  stress  tensor 

The  non-dimensional  parameters  in  the  above  equations  are  the  Mach  num- 
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ber  M,  the  Reynolds  Number  Re,  the  Prandtl  number  Pr  and  the  Schmidt 
number  Sc.  For  a  full  description  of  the  non-dimensionisation  and  the  extra 
terms  needed  to  close  the  problem,  see  (Jenkins  and  Cant,  1999). 


3.  Numerical  Procedure 

Turbulent  combustion  DNS  requires  spatial  schemes  with  high  accuracy. 
Therefore,  all  first  and  second  spatial  derivatives  are  discretised  using  a 
central  10th  order  explicit  scheme  obtained  from  the  central  finite  differ- 
ence  approximation 


m/2 

fi  =  £  -  fi-j) 

where  m  is  the  order  of  the  approximation  (always  even).  Values  of  con¬ 
stants  dj  are  obtained  by  expanding  in  Taylor  series  and  equating  coeffi¬ 
cients  of  successive  orders  in  h. 

These  finite  difference  approximations  have  a  stencil  width  of  eleven  points 
which  implies  5  points  are  required  at  the  boundary.  These  boundary  points 
are  again  treated  with  explicit  finite  differences  of  decreasing  accuracy  to 
the  boundary.  This  is  covered  in  detail  by  (Jenkins  and  Cant,  1999).  Time 
stepping  is  carried  out  by  an  explicit  third  order  Runge-Kutta  method 
(Wray,  1990).  This  method  requires  three  sub  steps  for  each  main  time  ad¬ 
vancement  step  and  requires  only  two  storage  locations,  one  for  the  time 
derivative  and  one  for  the  dependent  variable. 

An  initial  field  of  isotropic  turbulence  is  generated  numerically  to  satisfy 
the  continuity  constraint  for  incompressible  flow.  The  general  requirement 
for  this  turbulent  field  is  the  specification  of  an  energy  spectrum  E(k), 
where  k  is  a  wavenumber  in  the  Fourier-space  representation  of  the  turbu¬ 
lent  velocity  field.  Various  energy  specta  exist  for  this  work  such  as  (Lee  and 
Reynolds,  1985)  which  as  previously  been  used  by  the  authors.  However, 
the  present  work  uses  the  spectrum  of  (Schumann  and  Patterson,  1978)  af¬ 
ter  studies  showed  a  slower  decay  in  turbulent  kinetic  energy  compared  to 
Lee  and  Reynolds.  This  is  of  interest,  especially  for  higher  turbulence  inten¬ 
sity  cases,  were  the  flame  interacts  longer  at  the  higher  intensities.  Finally, 
boundary  conditions  are  implemented  using  the  Navier  Stokes  Character¬ 
istic  Boundary  Conditions  (NSCBC)  (Poinsot  and  Lele,  1992)  and  parallel 
implementation  is  achieved  through  the  Message  Passing  Interface  (MPI). 
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4.  Simulation  Results 

Flame  kernel  interactions  for  various  turbulent  intensities  will  be  presented. 
Two  simulations  were  undertaken,  one  with  a  grid  size  3843  and  the  other 
with  a  grid  size  1283.  Both  simulations  were  undertaken  using  64  proces¬ 
sors  on  the  Hitachi  SR2201  at  Cambridge  University  and  table  2  shows  the 
problem  parameters  for  each  case. 


TABLE  1.  Simulation  Parameters 


Case 

Re 

Pr 

Sc 

M 

p 

a 

r 

B 

1283 

30 

0.7 

0.7 

0.00142 

6.0 

5.0 

0.83 

1225.0 

3843 

130 

0.7 

0.7 

0.00142 

6.0 

5.0 

0.83 

1225.0 

In  both  cases,  the  simulations  were  initialised  by  a  Gaussian  distribution 
of  the  progress  variable  c  decomposed  on  the  64  processors  with  an  initial 
turbulent  field.  All  boundary  conditions  were  non-reflecting  outflow  types 
with  a  time  step  At  =  1.0  x  10-6  which  is  restricted  by  the  acoustic  Courant 
stability  criteria.  Initial  studies  on  small  grids  (643)  have  been  undertaken 
with  M  —  0.0142,  enabling  larger  time  steps  At  =  1.0  x  10-4.  Compu¬ 
tational  performance  is  reasonable,  with  the  initial  turbulent  fields  taking 
approximately  8  and  20  minutes  to  generate  for  1283  and  3843  simulations 
respectively,  and  time  stepping  takes  approximately  15  and  50  seconds  for 
each  case.  A  full  parallel  performance  test  can  be  found  in  (Jenkins  and 
Cant,  1999). 

Figures  la  -  lc  show  results  from  initial  values  of  5,  10  and  23  re¬ 
spectively.  In  each  figure,  three  sets  of  results  are  plotted  at  2,  4,  6  and  8 
thousand  time  steps.  The  left  and  centre  columns  show  a  2D  slice  from  a 
laminar  and  turbulent  flame  and  the  right  column  shows  the  isosurface  of 
progress  variable  c,  all  at  the  same  time  levels  respectively.  The  laminar  and 
turbulent  flame  cases  are  plotted  with  progress  variable  contours  ranging 
from  1  (fully  burned)  at  the  centre  to  0  (unburned)  on  the  outer  contour. 
In  each  case  the  flames  can  clearly  be  seen  to  propagate  outwards.  As  the 
flames  develop  the  effect  of  turbulence  on  them  becomes  less  significant, 
since  the  turbulence  is  decaying.  From  these  figures,  an  important  feature 
of  the  flame  is  clear.  Small  scale  wrinkles  in  the  flame,  more  noticeable 
at  =23,  do  not  remain.  They  appear  to  be  smoothed  out  as  the  flame 
propagates.  Also  evident  at  high  turbulence  intensity  is  the  flame  breaking 
up  and  re-joining  as  the  turbulence  decays. 

Figures  2a  and  2b  show  a  (1283)  flame  evolution  at  the  centre  x-y  plane 
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(k=64)  and  the  quarter  x-y  plane  (k=96)  over  time  starting  at  the  top 
left  and  going  to  the  bottom  right  of  each  figure.  Two  interesting  features 
occur  in  these  figures,  the  first  being  an  increase  in  burned  area  with  time 
about  the  initial  ignition  point  and  the  second  is  the  evidence  of  holes  in 
the  flame  due  to  strain.  The  holes  are  more  noticeable  in  figure  2b.  Here  the 
image  plane  is  initially  at  the  edge  of  the  flame  and  as  the  flame  progresses 
holes  and  break  up  are  evident.  Figure  3  looks  at  an  enlarged  portion  of 
the  centre  plane.  Here  the  flame  front  is  moving  to  the  right  and  upwards. 
Velocity  vectors  are  superimposed  on  to  the  flame  contours  to  show  the  ef¬ 
fect  of  flame  curvature  due  to  the  eddies  in  the  turbulent  field.  Also  at  the 
points  of  maximum  curvature  the  flame  thickness  seems  to  be  increasing 
due  to  a  higher  burning  rate,  since  the  surface  area  is  increasing. 

Finally,  figure  4  shows  an  isosurface  of  the  progress  variable  at  c  =  0.8.  The 
image  shown  is  for  the  inner  8  processors  of  a  64  processor  simulation.  This 
is  evident  by  the  rings  on  each  surface  due  to  the  flame  leaving  one  processor 
and  joining  the  next.  This  is  a  good  indication  of  the  veladity  of  the  parallel 
implementation  as  well  as  visualising  in  three  dimensions  the  flame  surface. 


5.  Figures 


Figure  L  laminar,  turbulent  and  isosurfaces  for  3  turbulent  cases  t  =  2k  -  8k 
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Figure  2.  2D  slice  at  centre  x-y  plane  and  quarter  x-y  plane 


Figure  3.  Enlarged  2D  slice  of  progress  variable  contours  and  velocity  vectors 


Figure  4 •  Isosurface  of  progress  variable,  c  =  0.8 
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Abstract. 

The  structure  of  reacting  compressible  homogeneous  turbulent  shear  flow  is 
examined  via  data  generated  by  direct  numerical  simulations  (DNS).  The  reaction 
is  modeled  as  one-step,  exothermic,  irreversible,  and  Arrhenius  type.  The  effects 
of  reaction  are  studied  by  decomposing  the  velocity  field  into  its  solenoidal  and  di- 
latational  parts.  The  heat  of  reaction  significantly  enhances  the  dilatational  kinetic 
energy,  while  it  reduces  its  solenoidal  counterpart.  The  solenoidal  and  dilatational 
large  scales  (kinetic  energy)  and  small  scales  (viscous  dissipation)  anisotropies  are 
investigated  for  cases  with  different  initial  turbulent  Mach  numbers  and  Reynolds 
numbers. 


1.  Introduction 

Homogeneous  turbulent  shear  flow  represents  one  of  the  simplest  anisotropic  flows 
and  its  study  can  reveal  important  aspects  of  the  structure  and  production  of  the 
turbulent  fluctuations.  Moreover,  the  recent  high  Reynolds  number  experiment  of 
incompressible  turbulent  shear  flow  of  Shen  and  Warhaft  (2000)  indicates  that  the 
higher  order  moments  of  the  velocity  field  are  not  consistent  with  the  postulate 
of  local  isotropy.  Although  DNS  at  high  Reynolds  numbers  are  not  feasible  yet, 
persistent  anisotropy  of  the  higher  order  moments  for  incompressible  shear  flow 
at  moderate  Reynolds  numbers  has  been  observed  earlier  in  the  numerical  results 
of  Pumir  (1996).  Compared  to  incompressible  turbulent  shear  flow,  the  compress¬ 
ible  turbulent  shear  flow  is  much  less  investigated  computationally,  although  the 
recent  studies  of  Blaisdell,  Mansour  &  Reynolds  (1993),  Sarkar  (1995)  and  Hamba 
(1999)  have  improved  our  understanding  of  the  influence  of  compressibility  on  the 
structure  and  development  of  the  flow.  The  heat  release  influence  on  the  turbu¬ 
lent  shear  flow  development  has  been  studied  by  Livescu,  Jaberi  &  Madnia  (2001) 
(hereinafter,  referred  to  as  LJM01).  However,  the  reacting  flows  usually  involve  a 
large  amount  of  heat  release  and  thus  are  intimately  related  to  the  compressibility 
of  the  flow.  Furthermore,  the  combined  effects  of  heat  release  and  compressibility 
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on  the  structure  of  the  turbulent  shear  flow  have  not  been  studied.  The  main  objec 
tive  of  this  study  is  to  examine  the  influence  of  heat  release  and  compressibility  on 
the  large  scale  and  small  scale  anisotropies  in  reacting  compressible  homogeneous 
turbulent  shear  flow. 

2.  Numerical  Methodology  and  DNS  Parameters 

In  order  to  assess  the  coupled  influence  of  compressibility  and  heat  release  on  the 
structure  of  the  reacting  compressible  shear  flow,  DNS  of  homogeneous  sheared 
turbulence  are  performed  under  reacting  (heat-releasing)  and  nonreacting  con¬ 
ditions.  The  continuity,  momentum,  energy  and  species  mass  fractions  transport 
equations  are  solved  using  the  spectral  collocation  method.  The  coordinate  system 
is  moving  with  the  mean  velocity  which  makes  necessary  a  periodic  remeshing  of 
the  grid  in  order  to  avoid  errors  associated  with  highly  skewed  grids.  The  remesh¬ 
ing  procedure  is  carried  out  in  wavenumber  space  with  explicit  removal  of  the 
modes  affected  by  aliasing.  The  aliasing  errors  associated  with  the  evaluation  of 
the  nonlinear  terms  are  controlled  by  using  the  skew-symmetric  form  of  the  con¬ 
vective  terms.  In  the  reacting  cases,  the  chemical  reaction  is  modeled  by  a  single 
step,  exothermic,  irreversible,  Arrhenius-type  reaction.  The  viscosity  varies  with 
the  temperature  according  with  a  power  law  and  Le  =  1  in  all  cases. 

The  velocity  fluctuations  are  initialized  as  a  random  solenoidal,  3-D  field  with 
Gaussian  spectral  density  function  (with  the  peak  at  kov  =  10)  and  unity  rms. 
The  initial  pressure  fluctuations  are  evaluated  from  a  Poisson  equation  (except  for 
case  3  for  which  they  are  set  to  zero)  and  the  initial  density  field  has  the  mean 
value  equal  to  1  and  no  fluctuations.  For  the  reacting  cases  the  scalar  fields  are 
initialized  as  “random  blobs”,  with  double-delta  PDFs  (Overholt  &  Pope,  1996). 
Details  can  be  found  in  LJM01.  The  variables  are  time  advanced  in  physical  space 
using  a  second  order  accurate  Adams-Bashforth  scheme.  The  code  developed  for 
this  work  is  based  on  a  fully  parallel  algorithm  and  uses  the  standard  Message 
Passing  Interface  (MPI). 

The  cases  considered  in  this  study,  summarized  in  table  1,  have  different  values 
for  the  initial  turbulent  Mach  number,  Mto,  and  initial  Reynolds  number,  Re\0.  All 
cases  have  the  same  value  of  the  mean  shear  rate  S  =  dui/dx2  =  5.1  ( Ui  is  the  mass 
average  of  the  velocity),  which  is  in  the  range  dominated  by  nonlinear  effects.  For 
each  case  two  simulations,  nonreacting  and  reacting,  are  performed.  All  reacting 
cases  have  the  values  of  the  heat  release  parameter  Ce  =  1.44,  computational 
Damkohler  number  Da  =  1100,  and  Zeldovich  number  Ze  =  8.  For  an  initial 
mean  temperature  in  the  range  of  temperatures  prior  to  ignition  in  an  IC  engine, 
the  values  for  the  pre-exponential  constant  of  reaction  Kf ,  the  activation  energy 
Ea,  and  the  heat  of  reaction  - H° ,  are  calculated  and  they  are  in  the  range  of 
values  for  the  elementary  reactions  for  hydrocarbon  combustion. 

The  range  of  Mach  numbers  considered  extends  from  the  nearly  incompressible 
case  1  to  the  high  Mach  number  case  3  which  is  at  the  upper  limit  for  the  nu¬ 
merical  method  considered.  The  range  of  ReXo  extends  to  values  higher  than  any 
considered  in  previous  studies  of  compressible  homogeneous  turbulent  shear  flow. 
The  simulations  were  monitored  to  ensure  that  the  integral  scales  remain  much 
smaller  than  the  box  size,  all  scales  of  motion  are  fully  resolved  and  no  significant 
shocklet  regions  develop.  Thus,  all  simulations  were  stopped  between  St  =  18  and 
20,  except  the  nonreacting  and  reacting  case  5  which  were  stopped  at  St  =  10.5 
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Case  # 

Mt0 

Re\0 

Grid  size 

1 

0.1 

21 

1283 

2 

0.3 

21 

1283 

3 

0.6 

21 

1283 

4 

0.3 

14 

643 

5 

0.3 

50 

2563 

2+ 

0.3 

21 

1283 

5+ 

0.3 

50 

2563 

TABLE  1.  Parameters  for  the  DNS  cases.  +  In 
these  cases  S  is  set  to  zero  at  St  =  4. 


and  St  =  12.5,  respectively,  before  strong  shocklets  can  be  formed  in  the  flow. 
Cases  with  different  values  of  the  reaction  parameters  and  mean  shear  rate  have 
also  been  examined.  Although  the  results  for  these  cases  are  not  shown  here,  they 
agree  qualitatively  with  the  results  presented  in  this  paper. 


3.  Results 

Due  to  the  presence  of  the  mean  velocity  gradient,  the  velocity  field,  initially 
isotropic,  develops  to  become  anisotropic  with  K\  >  Ks  >  K2,  where  K\  is  the 
kinetic  energy  in  the  direction  of  the  mean  velocity  (the  only  component  of  the 
kinetic  energy  with  a  production  term  in  its  transport  equation)  and  K2  is  the 
kinetic  energy  in  the  direction  of  the  shear.  In  order  to  examine  quantitatively  the 
degree  of  anisotropy  among  the  kinetic  energy  components,  the  Reynolds  stress 
anisotropy  tensor  is  considered: 


bjj  — 


<  pu”u"  > 

<  f«  > 


(1) 


In  agreement  with  the  previous  nonreacting  simulations  (Sarkar  1995;  Hamba 
1999)  our  results  show  that  the  anisotropy  among  the  normal  stresses  increases 
with  increasing  M*0.  However,  as  figure  1  shows,  for  the  reacting  cases  the  normal 
stresses  anisotropy  decreases  during  the  time  when  the  reaction  is  important  (3  < 
St  <  8).  Similar  results  are  also  obtained  for  reacting  mixing  layers  (Luo  1999). 
For  the  case  of  reacting  homogeneous  shear  flow,  it  is  shown  in  LJM01  that  this 
decrease  can  be  associated  with  two  effects,  a  decrease  in  the  solenoidal  kinetic 
energy  in  the  direction  of  the  mean  velocity  due  an  enhanced  viscous  dissipation 
and  an  increase  in  the  dilatational  part  of  the  kinetic  energy  in  the  direction  of 
the  mean  shear.  However,  after  the  reaction  is  completed  (St  >  10)  the  normal 
stresses  anisotropy  becomes  larger  than  in  the  nonreacting  case.  This  behavior  is 
related  to  reduced  levels  of  the  pressure  strain  terms,  responsible  for  the  energy 
redistribution  among  the  kinetic  energy  components.  As  the  value  of  the  shear 
rate  S  is  set  to  zero,  the  flow  starts  to  return  to  isotropy  (figure  1),  although  some 
small  persistent  anisotropy  can  be  observed  for  the  time  range  examined. 
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As  explained  by  LJM01,  the  solenoidal  and  dilatational  parts  of  the  kinetic 
energy  are  influenced  differently  by  the  reaction.  Therefore,  in  order  to  understand 
the  heat  release  effects,  it  is  more  useful  to  study  separately  the  anisotropy  among 
the  dilatational  and  solenoidal  components  of  the  normal  Reynolds  stresses.  We 
define  a  measure  of  the  anisotropy  of  the  normal  stresses  as: 

aaK=W1)i  +  W2)*  +  (bZ3)2}1/2  (2) 

where  bf-  =<  pu"au'!a  >  /  <  >  -1/34,,  and  a  =  s  or  d  represents  the 

solenoidal  or  dilatational  part,  respectively.  Helmholtz  decomposition  is  used  to 
split  the  normal  Reynolds  stresses  into  their  solenoidal  and  dilatational  compo¬ 
nents.  In  the  extreme  case  where  =  2/3  and  622  =  633  =  “1/3,  Ur  —  v  2/3 
and  thus  0  <  a%  < 

Figure  2  shows  that  a*K  increases  as  Mto  increases,  and  this  can  be  mainly 
associated  with  a  decrease  in  the  solenoidal  pressure  strain  terms.  For  the  reacting 
cases,  as  shown  by  LJM01,  the  heat  release  influences  the  solenoidal  parts  of  the 
normal  Reynolds  stresses  mainly  through  the  viscous  terms.  Furthermore,  the  in¬ 
crease  in  the  solenoidal  viscous  dissipation  components  is  such  that  the  anisotropy 
among  the  solenoidal  parts  of  the  normal  stresses  is  little  affected.  As  a  result,  as 
figure  2  shows,  the  values  of  asK  for  the  reacting  and  nonreacting  cases  are  close 
during  the  time  when  the  reaction  is  important.  At  later  times  asK  becomes  larger 
for  the  reacting  cases  compared  to  the  nonreacting  cases,  although  the  difference 
between  the  values  obtained  for  the  reacting  and  nonreacting  cases  decreases  with 
increasing  Mach  number. 

The  influence  of  the  initial  value  of  the  Reynolds  number  on  the  evolution  of  aK 
is  presented  in  figure  3(a).  As  expected,  a ^  decreases  with  increasing  ReXo  for  both 
nonreacting  and  reacting  cases.  After  S  is  set  to  zero,  asK  decreases  initially,  then 
reaches  a  quasi-steady  state.  This  persistent  (although  small)  anisotropy  decreases 
with  increasing  Re\0  and  it  is  discussed  in  more  detail  below. 

It  is  found  in  LJM01  that  the  explicit  dilatational  effects  occur  predominantly 
in  the  direction  of  the  mean  velocity  gradient  in  both  nonreacting  and  reacting 
cases.  The  role  of  the  reaction  is  to  significantly  amplify  these  effects,  during 
the  time  when  the  reaction  is  important.  Consequently,  as  figure  3(b)  shows,  the 
anisotropy  among  the  dilatational  components  of  the  normal  Reynolds  stresses 
increases  by  the  reaction.  By  comparing  the  results  presented  in  figures  3(a)  and 
(b)  it  can  be  seen  that  the  anisotropy  levels  remain  higher  for  adK  than  for  a% 
after  S  is  set  to  zero.  For  clarity,  the  results  obtained  for  the  reacting  cases  2 
and  5+  are  not  shown  in  figure  3(b)  but  they  are  consistent  with  the  discussion 
above.  The  Mto  influence  on  the  evolution  of  adK  has  also  been  examined  but  no 
clear  trend  has  been  observed,  although  it  seems  that  the  behavior  at  small  and 
large  values  of  Mt0  is  different. 

The  quantity  a%  is  defined  based  on  the  kinetic  energy  components  and  thus 
it  can  be  associated  with  the  anisotropy  at  large  scales.  The  small  scale  anisotropy 
has  been  studied  in  detail  for  incompressible  flows  for  a  large  range  of  Re\  and  it 
is  generally  agreed  that  the  second  order  moments  are  consistent  with  the  require¬ 
ments  of  local  isotropy  postulate  (Saddoughi  &  Veeravalli  1994;  Shen  &;  Warhaft 
2000;  Ferchichi  &  Tavoularis  2000).  Much  less  is  known,  however,  about  the  small 
scale  anisotropy  in  compressible  flows  or  the  differences  between  the  small  scale 
behavior  of  the  solenoidal  and  dilatational  velocity  fields.  Although  the  values  of 
the  Reynolds  numbers  in  the  present  study  are  not  high  enough  to  address  the 
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issues  of  the  local  isotropy  postulate,  our  results  can  be  useful  for  modeling  pur¬ 
poses  and  to  shed  some  light  on  the  physics  of  the  solenoidal  and  dilatational  fields 
in  turbulent  reacting  flows. 

Consistent  with  the  definitions  for  the  viscous  dissipation  terms  in  the  trans¬ 
port  equations  for  the  solenoidal  and  dilatational  parts  of  the  normal  Reynolds 
stresses  provided  in  LJM01,  the  measures  of  the  anisotropies  of  the  solenoidal  and 
dilatational  dissipations  are  defined  as: 

«?  =  [«l)2  +  (rf?2)2  +  (rf33)2]1/2  (3) 

where  dfj  =  efj / e%k  -  l/3<5^-,  and  efj  and  are  the  components  of  the  solenoidal 
arid  dilatational  viscous  dissipation  tensors,  respectively.  Figure  4  shows  that  the 
solenoidal  dissipation  anisotropy  has  a  similar  dependence  on  Mt0  as  asK ,  for  non¬ 
reacting  as  well  as  for  reacting  cases.  The  difference  between  the  late  time  values 
of  asK  and  a*  for  the  reacting  and  nonreacting  cases  decreases  at  higher  values  of 
Mto .  In  order  to  examine  which  scales  of  motion  are  responsible  for  this  behavior, 
the  three-dimensional  power  spectra  of  the  solenoidal  velocity  are  examined  in 
figure  5  at  St  =  18.  It  can  be  seen  that  the  energy  levels  are  lower  at  all  scales 
at  higher  Mt0  for  both  nonreacting  and  reacting  cases.  However,  for  the  reacting 
cases  the  small  and  intermediate  scales  are  mostly  affected.  Since  the  small  scales 
are  more  isotropic,  the  energy  decrease  at  small  scales  for  the  reacting  cases  can 
be  associated  with  an  increase  in  the  anisotropy  of  the  flow.  Moreover,  for  the 
reacting  cases  the  small  scales  energy  levels  decrease  more  at  lower  Mto.  As  the 
Reynolds  number  increases,  ase  decreases  (figure  6a).  However,  it  remains  larger  for 
the  reacting  cases  than  for  the  nonreacting  cases.  For  the  highest  Re\0  examined, 
af  becomes  very  small  after  S  is  set  to  zero. 

The  dilatational  dissipation  anisotropy  becomes  larger  than  its  solenoidal  coun¬ 
terpart  after  the  initial  development  time  for  both  reacting  and  nonreacting  cases 
(figure  6b).  Unlike  a*,  af  is  much  larger  for  the  reacting  cases  than  for  the  corre¬ 
sponding  nonreacting  cases  during  the  time  when  the  reaction  is  important,  which 
is  consistent  with  the  discussion  above  about  the  amplification  of  the  dilatational 
effects  by  the  reaction  in  the  direction  of  the  mean  velocity  gradient.  After  the 
mean  shear  rate  is  set  to  zero,  even  for  the  case  with  the  highest  Re\ 0  examined, 
there  are  still  some  persistent  anisotropy  levels.  For  clarity,  the  results  obtained  for 
the  reacting  cases  2+  and  5+  are  not  shown  in  figure  6(b)  but  they  are  consistent 
with  the  discussion  above. 

For  reacting  decaying  isotropic  turbulence,  Jaberi,  Livescu  &;  Madnia  (2000) 
show  that  the  heat  release  increases  the  dilatational  kinetic  energy,  unlike  the 
solenoidal  energy,  at  all  scales.  Figure  7  shows  that  at  St  =  6,  which  is  close  to 
the  time  when  the  mean  reaction  rate  peaks  for  case  5,  the  dilatational  energy  is 
enhanced  at  all  scales  by  the  reaction.  As  the  reaction  is  completing  (St  >  10),  the 
contributions  from  the  production  and  pressure  dilatation  terms  to  the  increase 
in  the  dilatational  kinetic  energy  decrease  (LJM01).  Moreover,  due  to  the  higher 
temperature,  the  viscous  dissipative  effects  are  still  significant  and  the  energy  in 
the  small  dilatational  scales  becomes  less  than  in  the  nonreacting  case. 

In  order  to  understand  the  persistent  anisotropy  levels  observed  in  the  normal 
Reynolds  stresses  after  setting  5  to  zero,  the  three-dimensional  power  spectra  of 
the  solenoidal  and  dilatational  velocities  for  the  nonreacting  case  5+  at  different 
times  are  examined  in  figure  8.  It  can  be  seen  that  the  solenoidal  kinetic  energy 
is  affected  mostly  at  intermediate  scales  after  the  shear  rate  is  set  to  zero.  Thus 
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the  largest  eddies,  which  are  more  anisotropic,  are  little  affected  during  the  initial 
transient  time  when  the  flow  adapts  to  the  new  conditions.  However,  the  inter¬ 
mediate  dilatational  scales  do  not  decrease  their  energy  during  initial  transient 
time  after  setting  5  =  0,  and  the  largest  scales  even  increase  their  energy  levels. 
Therefore,  it  is  expected  that  some  persistent  dilatational  anisotropy  levels  should 
remain  in  the  flow  after  setting  5  =  0.  Although  these  levels  are  likely  to  vanish 
as  the  Reynolds  number  increases,  it  is  important  to  note  that  they  are  larger 
than  for  the  solenoidal  motions,  suggesting  that  the  return  to  isotropy  could  be 
different  for  the  solenoidal  and  dilatational  fields. 


4.  Concluding  remarks 

DNS  are  conducted  of  compressible  homogeneous  turbulent  shear  flow  under  react¬ 
ing  (heat  releasing)  and  nonreacting  conditions  to  examine  the  coupled  influence 
of  compressibility  and  heat  release  on  the  structure  of  the  flow.  For  the  reacting 
cases  the  chemical  reaction  is  modeled  as  one  step,  irreversible,  and  Arrhenius 
type.  The  parameters  considered  for  this  study  are  the  initial  values  of  the  turbu¬ 
lent  Mach  number  and  the  Reynolds  number.  In  order  to  examine  the  return  to 
isotropy,  after  significant  anisotropy  levels  are  developed  in  the  flow,  the  value  of 
the  mean  shear  rate  is  set  to  zero  for  cases  with  different  values  of  Re\0. 

In  order  to  study  the  changes  in  the  structure  of  the  flow  due  to  the  heat  of 
reaction  and  compressibility,  the  velocity  field  is  decomposed  into  solenoidal  and 
dilatational  parts  using  the  Helmholtz  decomposition.  Anisotropy  tensors  are  de¬ 
fined  for  each  part  of  the  normal  Reynolds  stresses  and  also  for  the  solenoidal  and 
dilatational  parts  of  the  viscous  dissipation.  The  results  show  that  both  the  large 
and  small  scale  anisotropies  are  affected  by  compressibility  and  heat  release.  How¬ 
ever,  the  small  solenoidal  scales  tend  to  be  more  isotropic  than  their  dilatational 
counterparts  for  the  range  of  Reynolds  numbers  examined.  This  tendency  is  also 
maintained  after  setting  the  shear  rate  to  zero. 
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Abstract.  Direct  numerical  simulation  of  coagulating  aerosols  in  two- 
dimensional,  mixing  layers  are  performed.  The  evolution  of  the  particle 
field  is  obtained  by  utilizing  a  sectional  model  to  approximate  the  aerosol 
general  dynamic  equation.  The  sectional  model  is  advantageous  in  that 
there  are  no  a  priori  assumptions  regarding  the  particle  size  distribution. 
This  representation  facilitates  the  capture  of  the  underlying  physics  in  an 
accurate  manner. 


1.  Introduction 

Ultrafine  particles  play  a  very  important  role  in  a  wide  variety  of  phys¬ 
ical/chemical  phenomena  and  processes.  An  important  application  is  the 
synthesis  of  nanostructured  materials.  There  are  several  technologies  which 
can  be  employed  in  the  manufacture  of  nanoscale  materials  (films,  parti¬ 
cles,  etc.)  Vapor-phase  methodologies  are  by  far  the  most  favored  because 
of  chemical  purity  and  cost  considerations.  A  key  issue  in  the  formation 
of  nanoscale  particles  is  the  prevention  of  hard  agglomerates  and  chemical 
control.  A  number  of  strategies  have  been  attempted  to  minimize  agglom¬ 
eration  (Matsoukas  and  Friedlander,  1991). 
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The  dynamics  of  particles  in  turbulent  flows  have  received  some  atten¬ 
tion.  The  earlier  works  were  focused  on  understanding  the  phenomenon  of 
particle  dispersion  by  turbulence  (Riley  and  Patterson,  1974;  Elghobashi, 
1991).  The  influence  of  particle  parameters  on  collision  frequencies  in  a 
turbulent  particle  laden  suspension  leading  to  coagulation  was  considered 
by  Sundaram  and  Collins  (1996),  who  showed  that  the  magnitude  of  the 
minimum  particle  collision  frequency  was  strongly  correlated  with  the  tur¬ 
bulent  motions  at  the  integral  scale.  Reade  and  Collins  (2000)  simulated 
the  coagulation  and  growth  of  an  initially  mono-disperse  aerosol  subject  to 
isotropic  turbulence.  This  work  resulted  in  an  improved  understanding  of 
the  trends  in  the  relative  width  of  the  particle  size  distribution  and  its  de¬ 
pendence  on  the  Stokes  number  and  radial  distribution  function.  However, 
much  of  the  work  performed  thus  far  consider  large,  micron-scale  particles 
in  a  Lagrangian  manner  which  use  primarily  particle  tracking  methods.  The 
large  number  of  particles  needed  to  represent  the  underlying  physics  of  par¬ 
ticle  growth  using  Lagrangian  methods  render  the  computations  infeasible 
for  all  but  inhomogeneous  systems. 

In  this  work  we  consider  the  growth  of  nanoscale  particles  in  a  com¬ 
pressible,  temporally  developing  mixing  layer.  The  particulate  phase  will 
be  accounted  for  using  a  sectional  method  which  treats  the  particles  in 
an  Eulerian  manner (Pyykonen  and  Jokiniemi,  1999;  Garrick  et  a/.,  2001). 
This  approach  is  advantageous  in  that  there  are  no  a  priori  assumptions  re¬ 
garding  the  nature  of  the  particle  size  distribution.  We  intend  to  use  direct 
numerical  simulations  to  capture  the  underlying  physics  of  particle  growth 
in  a  model- free  manner  (Givi,  1989). 

2.  Formulation 

The  flows  under  consideration  are  two-dimensional  mixing  layers  and  are 
governed  by  the  compressible  Navier-Stokes  equations.  The  transport  of  the 
nanoscale  particles  dispersed  is  governed  by  the  aerosol  general  dynamic 
equation  (GDE).  The  equation  is  expressed  in  a  discrete  form  as  a  popu¬ 
lation  balance  on  each  cluster  or  particle  size.  From  a  practical  standpoint 
however  such  systems  of  equations  cannot  be  solved  explicitly  except  for 
very  small  particle  sizes.  Therefore  a  sectional  method  is  used  to  represent 
the  particle  field  as  a  function  of  space  and  time. 

This  approach  effectively  divides  the  particle  size  distribution  into  “bins,” 
as  illustrated  in  Fig.  1.  The  discrete  part  of  the  representation  models  nucle- 
ation  and  molecule-molecule  interactions  which  lead  to  particle  formation. 
A  molecular  cluster  qi  is  comprised  of  i  molecules.  Typically  molecular 
clusters  grow  by  the  addition  of  one  molecular  unit  at  a  time.  As  parti¬ 
cles  become  larger  they  are  transitioned  to  the  sectional  representation, 


MODELING  AND  SIMULATION  OF  PARTICLE  COAGULATION...  623 


•'mers  Sections 


Size 

—  —  Nucleation/Polymerization 


Surface  growth/Heterogeneous  condensation 
Coagulation/Coalescence 


Figure  1.  Discrete  -  sectional  representation  of  particle  field. 


Qk ,  after  reaching  a  cut-off  size  consisting  of  M  clusters.  We  consider  only 
large  clusters,  and  particles  which  typically  contain  tens  of  thousands  of 
molecules  for  which  a  discrete  representation  is  unnecessary.  The  GDE  is 
therefore  solved  as  a  set  of  Ns  transport  equations,  one  for  each  section  Qk , 
k  =  1,2,...,  Ns  (Xiong  and  Pratsinis,  1993).  In  adopting  this  framework  we 
can  write  the  general  transport  equation  for  the  concentration  of  particles 
in  the  kt h  section,  Qk’. 


dpQk  dpQkUj 

dt  dxj 


where  Vq  is  the  diffusivity 


(1) 


Vq  —  kfrT 


Cc 

37t  pdp 


(2) 


where  kb  is  the  Boltzmann  constant,  Cc  is  the  Cunningham  correction  fac¬ 
tor,  dp  is  the  particle  diameter,  and  T  and  p  are  the  fluid  temperature  and 
viscosity,  respectively.  The  source  term,  is  given  by 


1  Ns  Ns  Ns 

2  ^  ^  v  PijXijkQiQj  ~  y  ]  PikQiQk  • 

i~  1  j- 1  i= 1 


(3) 


The  source  term,  represents  the  effects  of  particle-particle  interactions: 
production  of  Qk  due  to  collisions  of  smaller  particles;  the  loss  or  gain  of  Qk 
by  collision  with  a  smaller  particle  which  either  moves  the  resulting  particle 
out  of  or  into  section  k;  the  loss  of  particles  in  section  k  as  they  collide  with 
each  other  and  form  larger  particles;  and  the  loss  of  particles  in  section  k  due 
to  collisions  with  larger  particles.  It  should  be  noted  that  repeated  indices 
in  Eq.  3  do  not  imply  summation  but  instead  infer  interactions  between 
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particles  in  section  i  and  particles  in  section  j.  The  collision  frequency 
function  fiij  is  given  by 


where  Vi  is 
is  given  by 


the  volume  of  the  ith  particle,  pp  is  the  particle  density  and  Xijk 


Xijk 


( ofcti-fo+al  ^  v  <  Vi  +  Vj  <  Vk+1 

Vk+l-Vk  ~~ 

=  l  if  vk_x  <  Vi  +  Vj  <  vk 


(5) 


Vjfc-Vfc-l 


0 


otherwise. 


The  sectional  method  is  discretized  in  size  space  such  that  the  volume  of 
particles  in  two  successive  sections  is  doubled,  i.e.  vk  =  2  x  vk-i-  This 
scheme  allows  us  to  span  a  volume  range  of  V  =  m  to  V  =  2  •  x  tq. 


3.  Numerical  Procedure 

The  governing  transport  equations  are  solved  using  a  hybrid  MacCormack 
based  compact  difference  scheme(Carpenter,  1990;  Kennedy  and  Carpen- 
ter  1994)  The  numerical  scheme  used  is  based  on  the  one-parameter  family 
of  dissipative  two-four  schemes  (DCPS) (Carpenter,  1990).  The  accuracy  of 
the  scheme  is  second  order  in  time,  and  fourth  order  in  space.  All  calcu  a- 
tions  are  performed  on  a  rectangular  uniformly  spaced  grid.  The  computa¬ 
tional  algorithm  uses  the  message  passing  interface  to  execute  on  parallel 
computing  platforms.  The  treatment  of  the  particulate  phase  in  a  Eulerian 
manner,  as  opposed  to  a  Lagrangian  one,  helps  to  keep  processor-processor 
communication  to  a  minimum. 


4.  Results 

The  flows  under  consideration  are  two-dimensional,  compressible,  shear  lay¬ 
ers.  A  schematic  is  shown  in  Fig.  2.  Periodic  boundary  conditions  are 
used  in  the  streamwise  direction,  while  the  free  shear  condition  is  im¬ 
posed  in  the  cross-stream  direction.  The  gas  is  air,  and  the  velocity  is 
initialized  with  a  hyperbolic  tangent  in  the  cross-stream  direction.  The 
Reynolds  number  is  based  on  the  vorticity  thickness,  Su,  and  the  veloc¬ 
ity  difference,  AU  =  U\  -  U2,  ReSw  =  Two  cases  are  considered 

Case  (I),  considers  particle  coagulation  in  a  uniform  temperature  flow  a 
=  T2  —  300 K.  Case  (II),  considers  the  flow  where  the  temperature 
of  the  particle-free  stream  is  T\  =  300K,  and  the  temperature  of  the 
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Figure  2.  Flow  configuration 


particle-laden  stream  is  T 2  =  900 K.  Thermophoresis  effects  are  not  in¬ 
cluded  in  these  calculations,  but  inclusion  of  such  effects  pose  no  addi¬ 
tional  mathematical  or  computational  difficulties (Pratsinis  and  Kim,  1989; 
Pyykonen  and  Jokiniemi,  1999).  Both  cases  consider  an  initial  volume  frac¬ 
tion  of  Vf  —  9.4  x  10~8.  The  volume  fraction  is  defined  as  the  ratio  of  the 
volume  occupied  by  the  particulate  phase  to  that  occupied  by  the  fluid.  A 
total  of  ten  sections  are  solved,  i.e.  Ns  =  10.  This  allows  for  the  solution 
of  particles  covering  a  range  of  3  orders  of  magnitude  in  volume. 

Computations  are  performed  on  a  domain  of  2ir  x  2tt  in  the  streamwise, 
x ,  and  cross-stream,  y,  directions  on  15002  grid  points.  With  this  resolu¬ 
tion,  flows  with  a  Reynolds  number  of  Re^  =  200  are  well  resolved.  All 
calculations  were  performed  on  a  SGI-Origin3800  supercomputer,  and  each 
calculation  simulated  up  to  a  nondimensional  time  of  t*  =  14.25. 

Particle  concentration  profiles  obtained  from  Case  (I)  are  shown  in  Fig. 
3.  Cross-stream  profiles  of  Q 1,  Q2 ,  Q7,  and  Q10,  are  obtained  by  averaging 
in  the  streamwise  x-direction,  at  four  times.  All  values  of  Q  are  normalized 
by  the  initial  number  of  particles  in  the  particle-laden  stream,  Q\0.  At  time 
t*  =  0,  Qi/Qi0  =  1  in  the  particle-laden  stream,  and  Qi/Q\0  =  0  in  the 
particle  free  stream.  Figure  3a  indicates  the  decrease  from  the  initial  Q\ 
concentration  in  the  particle-laden  stream,  and  increase  in  concentration  in 
the  initially  particle-free  stream.  As  the  particles  collide,  they  coagulate  to 
form  larger  particles,  thereby  moving  out  of  section  1.  The  increase  in  par¬ 
ticles  in  the  y  >  0  region  is  due  to  dispersion.  As  the  mixing  layer  evolves 
the  particle-laden  stream  is  mixed,  via  convection,  with  the  particle-free 
fluid.  The  figure  also  reveals  a  peak  in  Q\  near  the  interface  of  the  two 
streams,  the  magnitude  of  which  decreases  with  time.  The  peak  is  due  to 
the  gradient  in  Q\  in  the  shear  region  which  results  in  a  lower  growth  rate, 
in  comparison  to  that  observed  in  the  freestream  of  the  initially  particle¬ 
laden  stream.  A  similar  trend  is  observed  in  section  2,  shown  in  Fig.  3b. 
Particles  collide  and  coagulate  to  form  larger  particles  which  can  no  longer 
be  accommodated  in  Qz-  The  decrease  of  Q2  in  time  is  accompanied  by 
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Figure  3.  Cross  stream  variation  of  particle  concentrations,  Case  (I):  (a)  Q 1;  (b)  Q 2; 
(c)  Qr;  (d)  Q10. 


increases  in  the  higher  numbered  sections,  Qk,k  =  3,4,  ...,10.  The  con¬ 
centration  of  particles  in  section  7  is  shown  in  Fig.  3c.  The  trend  is  different 
from  that  observed  in  the  first  two  sections  in  that  the  maximum  concen¬ 
tration  is  observed  in  the  initially  particle- laden  stream.  The  concentration 
increases  to  Q7/Qiq  =  0.0044,  at  time  t*  =  6.01,  then  begins  to  decrease. 
However,  the  concentration  in  the  initally  particle-free  stream  increases  over 
the  same  period  of  time.  Near  the  interface  of  the  two  streams  there  is  some 
overlap  of  the  profiles  at  later  times,  t*  =  6.01, 9.13,  and  12.3.  This  “equilib¬ 
rium”  may  be  attributed  to  the  mixing  of  the  particle-free  stream  with  the 
particle- laden  stream  as  the  vortex  develops.  The  concentration  of  particles 
in  section  10  is  shown  in  Fig.  3d.  The  figure  reveals  that  the  concentration 
Qio  increases  at  each  y  location  across  the  mixing  layer.  There  are  fewer 
Qiq  particles  in  the  core  of  the  vortex  in  comparison  to  the  initially  particle¬ 
laden  stream.  This  further  reflects  the  reduced  growth  rate  observed  in  the 
first  two  sections.  Additionally,  the  concentrations  of  all  sections  are  seen 
to  spread  out  into  the  particle-free  stream  with  time  as  the  flow  develops. 
A  qualititative  view  of  the  particle  field  for  the  isothermal  flow,  Case  (I), 
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Figure  4 ■  Instantaneous  particle  concentrations  contours,  Case  (I):  (a)  £?i;(b)  Q2;  (b) 
(b)  Qiq. 


is  presented  in  Fig.  4.  This  figure  shows  instantaneous  contours  of  the  con¬ 
centrations  in  sections  1,  2,  7,  and  10,  taken  at  time  t*  =  12.3.  In  addition 
to  spatial  concentration  variation,  the  diffusion  effects  are  also  evident.  The 
striation  thickness  decreases  as  the  particle  size  increases.  This  is  because 
larger  particles  have  smaller  coefficients  of  diffusion. 


Figure  5.  Cross  stream  variation  of  mean  particle  diameter:  (a)  Case  (I);  (b)  Case  (II). 
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Temperature  effects  may  be  observed  by  considering  the  average  particle 
size.  The  average  diameter  is  given  by  dp  =  (6/nv)1/3,  where  the  mean 
volume  is  given  by  v  =  Qivi/Hi*=  1  Qi-  The  temporal  evolution  of  the 

mean  diameter  for  Case  (I),  and  Case  (II)  is  shown  in  Fig.  5.  Though 
the  profiles  show  an  overall  increase  with  time,  the  particle  growth  rate 
in  Case  (II)  is  less  than  that  in  Case  (I).  Though  the  temperature  of  the 
particle-laden  stream  is  greater,  which  also  means  that  the  rate  of  collisions 
is  greater,  the  particles  effectively  grow  at  a  slower  rate.  The  spread  of  the 
profiles  indicates  mixing  of  the  two  streams  as  the  vortices  develop. 
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Abstract 

This  paper  carries  out  numerical  study  of  the  flow  separations  around  NACA 
0012  airfoil  at  large  angles  of  attack.  Flow  separation  introduces  two  major 
effects:  sudden  loss  of  lift  and  generation  of  aerodynamic  noise.  These  two 
factors  are  highly  concerned  on  the  aircraft  designation.  This  study  gives  a  detail 
picture  of  flow  separation. 

As  the  problems  caused  by  flow  separation  are  complicated,  the  spatial  and 
temporal  complexity  makes  it  difficult  to  access  by  conventional  experiment 
methods.  In  the  presented  work,  the  numerical  investigation  results  from  solving 
the  time-dependent  Navier-Stockes  equations  in  the  generalized  curvilinear 
coordinates.  Using  a  fourth  order  centered  compact  scheme  for  spatial 
discretization  facilitates  high  resolution  of  the  flow  field,  which  will  be  neglected 
if  using  low-order  numerical  schemes.  To  avoid  possible  non-physical  wave 
reflection,  the  non-reflecting  boundary  conditions  are  used  at  far-field  and  outlet 
boundary. 

Complex  flow  separation,  vortex  shedding,  vortex  merging,  and  vortex  paring 
are  observed  in  the  computational  results.  The  main  purpose  of  this  paper  is  to 
provide  more  detailed  information  of  the  flow  separation. 

1.  Introduction 

Flow  separation  around  airfoil  receives  highly  concerned  from  the  researchers. 
Shih  et  al.(1992)  had  pointed  out  that  the  understanding  of  this  problem  needs  to 
make  a  step  forward  from  qualitative  conjecture  to  quantitative  measurement  of 
the  instantaneous  flow  field.  Shih  et  al  (1995)  investigated  the  unsteady  flow  past 
a  NACA  0012  airfoil  in  pitching-up  motion  experimentally.  They  carried  out  the 
experiment  at  a  Reynolds  number  of  5000  using  PIDV  method.  Instantaneous 
velocity  field  data  at  different  times  have  been  obtained  over  the  whole  flow  field. 
They  drew  the  conclusion  that  boundary-layer  separation  near  the  airfoil  leading 
edge  leads  to  the  formation  of  a  vortical  structure.  The  evolution  of  the  vortex 
along  the  upper  surface  dominates  the  aerodynamic  performance  of  the  airfoil. 
Complete  stall  emerges  when  the  boundary  layer  near  the  leading  edge  detaches 
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from  the  airfoil,  under  the  influence  of  the  vortex.  Furthermore  in  1995  they 
studied  the  stall  process  using  a  water  towing  tank  facility,  and  found  that  near 
the  leading  edge  large  vortical  structures  emerge  as  a  consequence  of  Van 
Dommelen  and  Shen  type  separation  and  a  local  vorticity  accumulation.  They 
pointed  out  that  the  trailing  edge  only  play  a  secondary  role  on  the  dynamic  stall 
process. 

Tenaud  &  Phuoc  (1997)  used  large  eddy  simulation  (LES)  to  study  this  problem. 
They  described  that  three  flow  fields  can  be  distinguished  according  to  different 
flow  structures.  Near  the  leading  edge,  vortex  shedding  due  to  separation  of  the 
boundary  layer  is  dominant.  In  the  second  area,  which  is  the  middle  part  of  the 
upper  surface  of  the  airfoil,  the  eddy  structures  grow  and  move  downstream.  The 
last  field  is  close  to  the  trailing  edge,  where  the  alternate  vortices  are  created. 

This  work  focuses  on  numerical  simulation  of  flow  separation  around  a  NACA 
0012  airfoil  at  a  16  angle  of  attack.  From  the  previous  understanding  of 
experimental  and  numerical  investigation  of  this  problem,  it  is  known  that  large 
vortices  are  generated  and  shed  from  the  leading  edge,  thus  leads  to  fluctuation 
of  pressure  and  the  lift  lost.  But  the  detail  of  this  process  is  still  unclear,  the  main 
purpose  of  this  work  is  to  give  detailed  picture  of  flow  separation  structures 
using  a  high-order  and  high-resolution  approach. 

2.  Basic  Equation  And  Numerical  Methods 

The  governing  equations  are  the  two-dimensional  compressible  Navier-Stocks 
equations  in  the  generalized  curvilinear  ^-T]  coordinates,  and  in  a  conservative 
form: 

1  dQ  8(g-Ev)  d(F-Fr)  =Q  (1) 

J  dt  dr] 

where  flux  vectors  F,  E,  Ev,  Fv  are: 
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Where  J  is  the  Jacobian  of  the  coordinate  transformation,  and  ^x9^y,rjxtriY  are 
coordinate  transformation  metrics,  p  is  density,  p  is  pressure,  u  and  v  are 
components  of  velocity.  U  =  u%x  ,  V  =  ut]x  +  vrjy.  e  is  the  total  energy. 
The  components  of  viscous  stress  and  heat  flux  are  denoted  by  ,T  and 

qx ,  q  ,  respectively. 


The  second  order  Euler  Backward  scheme  is  applied  to  solve  Eq.  (1),  that  is, 

3 Q”+'  -  4 Q"  +  Q ,  3(£n+1  -  £;+‘ )  ,  d(F"+'  -  Fvn+l )  _  n 

- 1 - - - 1 - =  U  ( 

2JAt  drj 

Q"+] is  estimated  iteratively  as:  Q "+1  —  Qp  +8  Qp  ,  8 Qp  =  Qp+i  —Qp 
Flux  vectors  are  linearized  by  the  local  Taylor  expansion  about  Q  as  following: 

E"*1  ~  Ep  +  AP8QP  ,  Fn+]  «FP  +BP 8 Q” 


Now  equation  (2)  turns  into: 

[-/  +  AtJ(D4A  +  DnB)]8Qp  = 


(3) 


Where  R  =  -(^QP  -2Q"  +^Q"~1)-  A tJ[Dt  (E  -Ev)  +  Dq ( F  -  FJ]P 


The  superscript  p  stands  for  iteration  step.  D ^  and  Dn  are  partial  differential 
operators  in  the  £  and  r|  directions,  respectively.  The  right  hand  side  of  Eq.  (3)  is 
discretized  using  the  fourth-order  compact  scheme.  A  sixth-order  compact  filter 
is  used  to  depress  the  numerical  oscillation.  The  left  hand  side  of  Eq.  (3)  is 
discretized  following  the  LU-SGS  method  (Yoon  &  Kwak,  1992).  Then  the  finite 
difference  expression  of  Eq.  (3)  can  be  written  as: 
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For  subsonic  flow,  u,  v,  T  are  prescribed  at  the  upstream  boundary,  p  is  obtained 
by  solving  the  modified  N-S  equation  based  on  characteristic  analysis.  On  the 
far-field  and  out-flow  boundary,  the  non-reflecting  boundary  conditions  are 
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applied.  Adiabatic,  non-slipping  condition  is  used  for  the  wall  boundary.  All 
equations  of  boundary  conditions  are  solved  implicitly  with  internal  points. 
Specific  details  of  boundary  treatment  can  be  found  in  Jiang  et  al.  (1999) 

3.  Grid  Generation 

A  grid  generation  method  first  proposed  by  Spekreijse  (1995)  is  used  to  generate 
the  C-type  grids.  The  grid  generation  method  is  a  composite  method,  which 
consist  of  an  algebraic  transformation  and  an  elliptic  transformation.  The 
algebraic  transformation  maps  the  computational  space  onto  a  parameter  space, 
and  the  elliptic  transformation  maps  the  parameter  space  onto  the  physical 
domain  by  solving  a  set  of  Poisson  equations.  The  orthogonality  of  grids  on  the 
surface  and  near  the  boundary  is  achieved  by  re-configuration  of  the  algebraic 
transformation.  The  grid  numbers  are  841  in  the  %  direction,  and  141  in  the  Tj 
direction.  The  overview  of  the  C-grid  and  grid  near  the  airfoil  surface  are 
displayed  in  Figure  1(a)  and  (b). 

4.  Computational  Result 

The  flow  field  around  an  NACA-0012  airfoil  is  analyzed  by  solving  the  Navier- 
Stocks  equations  using  the  finite  difference  scheme.  Flow  separation  at  a  large 
angle  of  attack  (a  =16°)  has  been  studied  using  a  high-resolution  numerical 
simulation.  In  this  case,  the  fluid  flow  around  the  airfoil  becomes  very  unstable 
and  different  eddy  structures  are  formed  in  the  vicinity  of  the  airfoil.  The 
Reynolds  number  based  on  the  chord  length  and  the  free-stream  velocity  is  5x10  , 
the  free  stream  Mach  number  is  0.4.  The  angle  of  attack  is  16  °.  During  the 
computation,  the  flow  field  is  recorded  every  1000  time  steps,  and  the  time  step 
is  approximately  1. 7 68X10-4 LIU  ^  .  Figure  2  shows  the  contours  of  the 
instantaneous  span  wise  voriticity.  The  time  interval  between  each  of  those  15 
pictures  is  about  0.1012LlUoo  •  From  those  figures  we  can  see  that  flow 
separation  process  start  at  the  leading  edge  and  the  leading  edge  vortices 
continue  to  shed  and  convect  downstream.  In  Figure  2(c),  a  separation  bubble 
can  be  observed  on  the  upper  surface  of  the  airfoil  near  the  leading  edge.  A  chain 
of  vortical  structures  appear  on  the  upper  surface  of  the  airfoil,  which  is  more 
clear  in  Figure  2(h).  The  vortices  shedding  from  the  leading-edge  rotate  in  the 
clockwise  direction.  Near  the  surface  of  the  airfoil,  a  layer  of  reversed  vorticity  is 
induced  by  the  vortices  shedding  from  the  leading-edge.  The  interactions 
between  the  positive  and  negative  vorticity  leads  to  the  vortex  pairing.  The 
merging  of  vortices  rotating  in  the  same  direction  is  also  observed,  e.g.  in  Figure 
2(j).  A  vortex,  which  first  appears  at  the  trailing  edge  of  airfoil  in  Figure  2(a), 
grows  as  it  is  carried  downstream  by  the  mean  flow,  as  shown  in  Figure  2(b),  (c), 
and  (d).  In  Figure  2(d),  along  the  shear  layer  starting  from  the  trailing  edge,  a 
series  of  small  vortical  structures  are  generated  as  a  result  of  the  Kelvin- 
Helmholtz  instability.  These  small  structures  are  also  visible  in  Figure  2(e),  (f), 
(g),  and  (h). 
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5.  Conclusions 

Detailed  numerical  simulation  has  been  carried  out  by  solving  Navier-Stocks 
equations  in  the  generalized  curvilinear  coordinates  to  study  the  separated  flow 
around  an  NACA  0012  airfoil  at  large  angle  of  attack.  By  using  a  fourth-order 
centered  compact  scheme  for  spatial  discretization,  the  small-scale  vortical 
structures  are  resolved,  which  will  dissipate  if  low-order  numerical  schemes  are 
used.  Non-reflecting  boundary  conditions  are  imposed  at  the  far  field  and  outlet 
boundaries  to  avoid  possible  non-physical  wave  reflection. 

The  numerical  simulation  results  clearly  describe  the  flow  separation  process  at 
the  upper  surface  of  the  airfoil.  The  phenomena  of  the  leading-edge  separation, 
vortex  shedding,  vortex  merging,  vortex  pairing,  and  formation  and  shedding  of 
large-scale  trailing  edge  vortex  are  displayed  and  discussed  in  detail.  The  small- 
scale  vortices  associated  with  the  Kelvin-Helmholtz  instability  are  also  observed 
along  the  shear  layer  near  the  trailing-edge.  These  phenomena  are  in  food 
agreement  with  the  experimental  results  obtained  by  Shih,  et  al  (1992,1995)  and 
Yoshifumi  et  al  (1986). 
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Figure  1.  C-grid  around  an  NACA  0012  airfoil 
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Figure  2.  Contours  of  instantaneous  spanwise  vorticity  at  different  time 
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Abstract 

Injection  molding  of  semi-crystalline  polymers  has  been  one  of  the  most  important 
yet  complicated  fabrication  processes  that  combines  polymer  rheology,  heat  transfer, 
and  crystallization  kinetics.  3D  mathematical  modeling  of  polymer  flow,  and 
computer  simulation  of  distributions  of  crystallinity  in  a  semi-crystalline  polymer  in 
injection  molding  applications  were  studied  in  this  project.  Our  modeling  includes 
the  shear  stress  and  thermal  conduction  in  the  width  direction  and  will  also 
eventually  provide  details  of  the  polymer  flow  in  intricate  small  cavities  of  changing 
cross  sections.  The  simulation  developed  in  this  study  predicted  3D  crystallization 
properties  of  syndiotactic  polystyrene  as  a  function  of  position  in  an  injection 
molded  part.  The  predicted  crystallinity  distributions  were  effectively  described 
across  a  profile  at  various  locations  along  the  flex  bar  as  a  function  of  different 
molding  temperatures  and  different  hold  times. 

1.  Introduction 

Computer  simulations  of  injection  molding  of  semicrystalline  polymer  components 
have  been  an  active  area  of  research  (,'6).  The  primary  goal  of  this  project  was  to 
develop  3D  computer  simulated  virtual  integrated  prototyping  (VIP),  rather  than 
traditional  2D  Hele-Shaw  approximations  or  smaller  scale  physical  trials,  to  enhance 
downstream  plastics  manufacturing-particularly  injection  molding.  Primary  semi¬ 
crystalline  polymers  evaluated  include  polyphyenelene  sulfide  and  syndiotactic 
polystyrene.  Preliminary  results  from  this  study  have  been  presented  and  published 
elsewhere  (7'9).  Several  other  authors  have  also  published  simulation  results(10  l2). 
The  simulation  results  in  this  study  have  focused  almost  exclusively  on  syndiotactic 
polystyrene  (244,000  Mol.  Wt.).  The  confirmation  of  our  model  also  involved  the 
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evaluation  of  injection-molded  parts  made  from  syndiotactic  polystyrene.  The 
predicted  crystallinity  distributions  were  compared  with  measured  values  from 
molded  parts. 

2.  Governing  Equations 

Let  L,  W ;  H  be  the  length,  width  and  thickness  of  a  slit  mold  region,  respectively. 
We  consider  the  following  mass,  momentum  and  energy  balance  equations: 


where  the  heat  capacity,  Cp  ,  is 

Cp-C,-w£  (4) 

and  U,  P,  T,  k,  p,  Cp »  A. ,  X ,  JJ,  7  are  velocity,  pressure,  temperature,  thermal 

conductivity,  density,  specific  heat,  heat  of  crystallization,  fraction  of  crystallinity, 
viscosity  and  shear  rate,  respectively. 

Many  applications  in  injection  molding  require  processing  polymers  at 
temperatures  below  the  glass  transition  temperature,  7„,  and  at  temperatures  over  the 
melting  point,  Tm.  We  propose  a  new  model03,14’  that  allows  appropriate 
crystallization  results  to  be  obtained  over  the  entire  temperature  range  of  processing: 
Log10(-Log10/c(7) )  =  Log10(-Log,0  kP)  +  aY+  bY'+cY3  +dY4  +  eV*+  fY6  (5) 
where  Y=  (T-7P)2,  k  (7)  is  the  crystallization  rate  at  processing  temperature  7,  kP  is 
the  peak  crystallization  rate  constant,  a,  b,  C,  d,  e  and  f  are  numeric  constants  and 
Tp  is  the  peak  crystallization  temperature. 

The  sensitivity  of  kp  and  Tp,  to  shear  stress,  T,  is  shown  by  the  following( 

Tp  =  7pq  +  ESTk(t),  Logio  kf  =  Logio  kn+  ESk(x)  (6) 

Since  the  shear  stress  constants  Esk  and  Esxk  f°r  syndiotactic  polystyrene  were  not 
available  for  this  study,  they  were  assumed  to  be  comparable  to  those  by  Hsiung( 
for  polyphenylene  sulfide  based  on  the  data  of  Haas,et  al(  6^.  On  the  other  hand,  the 
true  induction  time  evaluated  must  be  generated  from  an  equation  introduced  by 
Sifleet  et  al(i7). 

In  our  study,  the  induction  time  was  determined  using  the  following  model: 
ti  =  tib  e°^T  “Tb^ 


(7) 


MEASUREMENT  AND  3D  COMPUTER  SIMULATION... 


639 


The  effect  of  shear  stress,  X  ,  on  the  induction  time  was  again  addressed  from  the 
expressions  proposed  by  Hsuing(l5)  for  polyphenylene  sulfide  as: 

Tb  =  7bq  +  EsTd(T),  Log,0tib  =  logio  tibq  -  ESti(x)  (8) 

Values  of  the  constants  for  ESTti  and  ESti  were  evaluated  from  the  data  of  Hsuing(l5) 
and  related  studies06,18  20)  for  polyphenylene  sulfide. 

The  melt  viscosity,  t|,  of  the  syndiotactic  polystyrene  was  evaluated  using 
the  Cross  law(21)  as  a  function  of  shear  rate  (see  Verhoyen  et  al (22}). 


2.1.  Fractional  Crystallinity  System  of  Integro-Differential  Equations 


It  was  known(8,9)  that  the  following  system  was  satisfied  by  the  fractional 
crystallinity. 


^  =  exp{- Inc)ncI^c~'^  [K(x,  y,t)~  K(x,y,tcs)] 


(9) 


dX 

dx 


=  exp{- 1 n°)nc I ^ 


\[*K 

dT  dK 

+ 

d  T 

\ 

dt 

i 

(10) 

l  l  d  T 

O  T 

3  x 

/ 

j 

where 


I  =  $  K  (T  (x,y,t),T(x,  y,t))dt 

Initial  polymer  melt  temperature  T0  was  taken  as  the  polymer  processing  temperature 
at  the  shutoff  nozzle.  It  was  observed  that  the  degradation  of  syndiotactic  polystyrene 
is  considerably  lower  if  the  temperatures  were  kept  below  305  C.  The  melt 
temperature  was  taken  to  be  305°C.  T0  =  305  C  while  wall  temperature,  Tw,  is  a 
constant. 


T(x,  H,  z,  t)  =  T(x,  0,  z,  t)  =  T (x,  y,  W,  t)  =  T(x,  y,  0,  t)  =  Tw  (11) 

The  following  homogeneous  velocity  on  the  boundaries  of  the  mold  was  considered. 

u(x,H,  z, t)  =  u(x,0,z,t)  =  u(x,y,  W,t)  =  u(x,y,0,t)  =  0.0  (12) 

The  melt  front  of  the  polymer  was  considered  to  be  flat  and  the  temperature  was 
assumed  to  be  uniform  all  over  the  melt  front.  The  uniform  temperature  is  equal  to 
the  centerline  temperature  at  the  stream-wise  location  immediately  upstream  of  the 
melt  front.  The  curvature  and  the  transverse  flows  associated  with  the  melt  front  due 
to  the  fountain  flow  effect  were  neglected.  Thus  we  have  the  following  equality: 


T(xmf  ,y,z,t) 


Ax 


1  1 
2H  ’  2  W 


(13) 


2.2.  Numerical  Method 


640 


R.  D.  SUDDUTH,  P.  K.YARALA,  Q.  SHENG,  K.  NICHOLS 


Introduction  of  the  discrete  parameters,  Ax,  A y,  A z  and  At  along  x,  y9  z  (i,  j,  k) 
direction  s  and  time,  t(n),  into  the  energy  balance  equation  yields  the  following 
implicit  schemes  via  the  parallel  splitting  algorithm(8,9,23). 

U(lj,k)  1  Tn+1  ,  (  1  .  U(i').k)  — —  T"m  +  ^-+  C 
pCp  Ax  v  ^  At  pCP  AxJ  At  pup 

k  1  n+l  I  2k  -,-n+l  k  1  -pn+1  _  2  Tn 

'"pcTAyF  jT2fti'kr^  Ay2  Tm+W'  At  2;(iJ'k) 


k  1  Tn+1  .  1  ,  2K 

^^Twl>t  +  pCPAy2 

_k _ 1_Tn+1  |  f  |  2k 

pCp  AZ2  T3:<l,l,k"1)  [At  pCpAz2 


•yll+l 

T3;(U,k) 


^“iT»'ktr  i\nm) 


c=  [K(xy,t)~  K(xy,tC8)]  + 

u?yw(exp(-/n')/i<:/k"1)  j^(}  (If  If  +  If  If  y  j  )) 

Thus,  by  applying  the  parallel  splitting  algorithm(23),  the  solution  of  the  energy 
balance  equation  can  be  obtained  with  a  neglectful  error  as 

T  n+1  =  1  /  2(exp{  AtM  1 }  exp{  AtM  2 }  exp{  AtM  3 }  + 

exp{  AtM3}exp{  AtM2}exp{  AtM^T  n  (14) 

where  Mb  M2  and  M3  are  tri-diagonal  matrices  generated. 


4.  Computer  Program  Simulation  Results 

4.1.  Simulation  of  Crystallinity  Distributions  at  Different  Holding  Times  and 
Different  Locations 

Computer  simulated  crystallinity  distributions  at  a  mold  temperature  of  200°C  and 
an  injection  speed  of  23.2  cc/sec  at  Location  #1  in  Figure  1  are  summarized  in 
Figures  2  as  a  function  of  holding  time.  In  all  the  figures  plotted  from  the  simulation 
results  the  direction  shown  as  Z  direction  corresponds  to  width  (1/2  in)  of  the  sample 
and  the  direction  shown  as  Y  direction  corresponds  to  thickness  (1/8  in)  of  the 
sample.  The  location  indicated  as  ‘entrance’  is  located  near  the  gate  and  the  location 
indicated,  as  Location  #3  is  located  further  down  the  sample  along  the  direction  of 
flow.  The  third  axis  in  the  figures  shows  the  magnitude  of  the  fraction  of 
crystallinity,  X,  developed.  The  value  of  X  =  1  along  this  axis  direction  indicates 
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the  maximum  crystallinity  that  can  develop  at  any  point.  The  maximum 
corresponded  to  a  heat  of  fusion  which  was  approximately  61.7  percent  of  the 
maximum  crystallinity  possible  or  fc  =  .617  giving:  |fc  h*  I  =  .617  (53.2 
Joules/gram)  =  32.82  Joules/gram. 

As  shown  elsewhere(I3,14),  the  maximum  crystallization  rate  for  the 
syndiotactic  polystyrene  utilized  in  this  study  can  be  achieved  at  a  temperature  of 
approximately  200°C.  A  rapid  surface  crystallinity  development  at  200°C  is 
indicated  in  Figure  2  as  a  function  of  holding  time  at  location  #1.  The  computer 
simulated  crystallinity  at  a  mold  temperature  of  200°C  and  an  injection  speed  of  23.2 
cc/sec  is  also  indicated  at  several  different  locations  in  Figure  3  at  a  holding  time  of 
60  sec. 

4.2.  Crystallinity  Distribution  at  Two  Locations  as  a  Function  of  Mold 
Temperature  at  a  Given  Holding  Time  and  a  Specific  Injection  Speed 

The  injection  molding  we  considered  was  at  mold  temperatures  of  50°C,  90°C, 
150°C  and  190°C  and  an  injection  speed  of  23.2  cc/sec.  The  simulations  for  these 
runs  are  indicated  in  Figure  4  for  location  position  indicated  in  Figure  1  as  the 
entrance.  Assuming  that  the  mass  forming  the  injection  molded  polymer  bar 
remained  the  same  independent  of  the  temperature  of  the  mold,  then  the  old  mold 
temperature  and  new  estimated  mold  temperatures  were  as  follows: 


Tmold  >  °C 

Tnew,°C 

50°C 

132.3  (135) 

90°C 

159.4(160) 

150°C 

200  (200) 

190°C 

227.1  (230) 

The  new  computer  injection  molding  simulations  for  mold  temperatures  of  135°C, 
160°C,  200°C  and  230°C  are  indicated  in  Figures  5  at  the  entrance  location. 

5.  Experimental 

The  syndiotactic  polystyrene  used  in  this  study  was  supplied  by  the  Dow  Chemical 
Company  and  had  a  molecular  weight  currently  characteristic  of  the  production 
grade  of  syndiotactic  polystyrene  (Mol.wt  =  244,000).  Most  of  the  experimental 
details  for  the  crystallinity  and  injection  molding  measurements  have  been  reported 
else  where0  3,1 4).  The  crystallinity  measurements  determined  at  four  different  mold 
temperatures  (50°C,  90°C,  150°C  and  190°C)  are  summarized  in  Figures  6  and  7. 

Since  the  maximum  crystallization  rate  was  found  to  occur  at  approximately 
200°C,  it  was  expected  that  the  mold  temperature  of  190°C  would  have  given  the 
maximum  amount  of  surface  crystallinity.  However,  the  maximum  surface 
crystallinity  was  achieved  with  a  mold  temperature  of  150°C  instead  of  190°C.  This 
result  strongly  suggested  that  the  effective  mold  temperature  at  150°C  was  probably 
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nearer  to  the  200°C  as  proposed  in  an  earlier  section.  Comparison  of  these 
experimental  results  with  the  simulated  results  in  Figures  4  &  5  would  also  be 
consistent  with  this  observation. 

6.  Conclusion 

In  this  study,  four  mold  temperatures  (50°C,  90°C,  150°C  and  190°C)  were 
experimentally  evaluated  and  compared  with  computer-simulated  results.  For  the 
injection  molded  bar  simulated  in  this  study  it  was  found  that  the  maximum 
crystallinity  characteristic  of  a  theoretical  mold  temperature  of  approximately  200°C 
was  experimentally  achieved  at  a  mold  temperature  of  approximately  150°C  at  an 
injection  speed  of  23.3  cc/min.  Using  a  correction  factor  approach  and  local  heating 
it  was  found  that  the  thermal  transfer  of  energy  apparently  allows  a  temperature  of 
approximately  200°C  to  be  achieved  in  the  mold  at  a  mold  temperature  of  150°C. 

By  addressing  effective  computer  simulation  and  appropriate  experimental 
outputs  for  syndiotactic  polystyrene,  it  has  been  shown  that  an  optimized  control  of 
the  injection  molding  process  can  be  developed  for  better  commercial  applications. 
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Figure  1  Schematic  of  Simulated  Flex  Bar  with  Locations  for  Analysis  of  Cross  Sections 
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Figure  2  Crystallinity  Distributions  at  a  Mold  Temperature  of  200eC  and  Different  Mold  Times 

at  Location#*! 
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Figure  3  Crystallinity  Distribution  at  Different  Locations  at  a  200°C  Mold 
Temperature  after  a  Hold  Time  of  60  Seconds 
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Figure  4  Crystallinity  Distributions  at  the  Entrance  Location  at  Four 
Different  Mold  Temperatures  (50°C,  90°C,  150°C,  190°C)(Injection  Speed  of  23.2 
cc/sec  and  a  Hold  Time  of  60  sec) 
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Figure  5  Crystallinity  Distributions  at  the  Entrance  Location  at  Four 
Effective  Mold  Temperatures  (135°C,  160°C,  200°C,  230°C)  (Injection  Speed  of  23.2 
cc/sec  and  a  Hold  Time  of  60  sec) 


Fraction  of  Dialarca  from  Surface  Relative  to  Thickiess 


Figure  6  Percent  Crystallinity  vs  Distance  from  the  Surface  at  Entrance  Location  for  Three  Mold 
Temperatures  (902C,  150QC,  1902C) 


Figure  7  Percent  Crystallinity  vs  Distance  from  the  Surface  at  Entrance  Location  and  Two  Mold 
Temperatures  (50°C,  90°C) 
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Abstract 

This  paper  presents  two  numerical  cases  of  disturbed  Navier-Stokes 
equations.  In  case  1,  four  order  accuracy  finite  difference  is  used  to 
investigate  the  evolution  of  negative  frequency  disturbance  in  Blasius 
boundary  layer,  results  show  us  that  negative  frequency  can  reduce  the 
stream  wise  wavelength  of  T-S  wave,  and  accelerate  the  transition 
process.  The  effect  of  negative  frequency  lets  to  the  breakdown  of  fluid 
structure  becomes  more  significant.  And,  in  the  case  two,  two  order 
accuracy  finite  volume  method  is  used,  Reynolds  number  is  900,  and 
dimensionless  frequency  F  is  86  in  this  case.  Results  present  that  the 
evolution  process  is  more  gradual  in  the  positive  frequency  compare  with 
the  negative  frequency  in  case  1.  And  the  pressure  contours  clearly 
present  a  nonlinear  interaction  and  break  down  process  of  two  X 
vortexes. 


1.  Introduction. 

The  laminar-turbulent  transition  is  long  interested  by  researchers  of  fluid 
dynamics.  Stability  theory  has  been  developed  as  a  theoretical  understand  of 
transition  phenomena,  its  early  period  is  the  stage  of  linear  theory,  L.  Prandtl1, 
W.  Tollmien  and  Grohne,  D 2,  W.  Heisenberg3  and  C.  C.  Lin4  greatly  contributed 
to  it.  The  character  of  this  period  is  the  development  of  theoretical  work  is  faster 
than  that  of  experiment  and  computation.  Up  to  1947,  by  the  using  of  ribbon 
technique,  G.  B.  Schubauer  and  H.  K.  Skramstad5  successfully  got  powerful 
experiment  supports  of  the  linear  stability  theory. 

Since  the  breakthrough  in  experiment  and  computation,  experiment  and 
computation  quickly  developed,  and  quickly  beyond  the  development  of 
theoretical  work,  because  the  difficulty  in  non-linear  analysis  obstructs  its 
advance.  The  most  important  achievements  in  the  stability  theory  during  this 
period  is  the  discovery  of  C-type6,  H-type7,8,  K-type9  and  N-type10, 1 1  breakdown. 
C-type  breakdown  can  be  explained  by  triad  resonance  theory,  and  H-type 
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breakdown  can  be  explained  by  the  secondary  instability  theory.  The 
experiments  of  Saric  and  Tomas12  show  that  for  the  different  amplitude  of  T-S 
wave,  fluid  will  transition  on  the  different  breakdown  route.  When  the  amplitude 
of  T-S  wave  range  from  0.2%  to  0.4%,  the  flows  will  present  C-type  instability, 
and  the  amplitude  of  T-S  wave  range  from  0.4%  to  0.6%,  H-type  instability  will 
appear  in  flow.  When  the  amplitude  of  T-S  wave  is  over  0.6%,  the  k-type 
instability  will  appear.  Since  the  secondary  instability  bases  on  the  assumption 
that  T-S  wave  is  independent  with  the  secondary  disturbance,  when  the 
amplitude  of  T-S  wave  is  high  enough,  this  condition  can  be  easily  satisfied.  This 
is  the  reason  H-type  breakdown  happen  on  the  higher  amplitude  T-S  wave 
conditions  compare  with  C-type  breakdown.  Since  the  clear,  directly  and 
universal  theoretical  analysis  about  Navier-Stokes  equation  has  been  unavailable 
up  to  now  because  of  the  nonlinear  difficulty,  numerical  simulation  become  the 
necessary  tool  to  the  stability  theory.  H.  Fasel13,  l4,  B.  J.  Bayly  &  S.  A.  Orsag  5 
and  C.  Liu  &  Z.  Liu16  got  some  excellent  numerical  simulated  results  of 
transition  in  the  different  cases. 

The  purpose  of  this  paper  is  to  present  the  nonlinear  interaction  of  fluid 
structure,  and  effect  of  frequency  to  transition. 


2.  Governing  equation  and  numerical  method. 

Fluid  field  is  decomposed  into  two  parts:  mean  flow  and  disturbance.  The 
mean  flow  in  our  cases  is  Blasius  boundary  layer.  The  governing  equations 
become: 


■L  +  /[( 


dU'q/'+uft+u'u,  +  (du,a/9+[/°)+K-L/2) + +{/”)+ ^3 


,,  d  d  d  ,  Am, 

<43?+,lar£5?p'Ttr0 

3m,  du2  du,  _  Q 
d£  dr]  dg 


(1.1) 

(1.2) 


where  m,  are  disturbed  velocity  components,  p  is  disturbed  pressure,  J  is 
transformation  Jacobian,  M,°are  mean  flow  velocity  components.  U,  and  Uf  are 
contravariant  disturbance  velocity  components  and  contravariant  mean  flow 
velocity  components,  and  hold: 

Ux  =\{u£x+u£,+u£z),  U2  =\(ulT]x  +  u2ny  +«jT 7,) 

J  J 

U3  =~J  (Ulix  +  U2 Sy  M3 ) 
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t/|°  =  7  («“l,  +  «2^y  +  U°A  )•  ^2=7  (“fa,  +  +  “fa,  ) 

t/3°  =  y(“fa,  +  M®fv  +  “fa ) 


Inflow  displacement  thickness  is  used  as  dimensionless  constant.  The  following 
orthogonal  grids  are  used  for  the  numerical  simulation: 


y  = 


^7max^  Tmax  0?max  ^?) 


z  =  g  (2) 


in  both  case,  ymax  =  40 ,  and  <7  =  6 .  And  the  grids  are  homogeneous  in  the 
streamwise  and  spanwise.  For  preventing  the  pressure- velocity  couple,  staggered 
grid  is  used. 

We  simulate  two  different  cases  for  the  description  the  evolutions  and 
interaction  of  T-S  wave  in  flat-plate  boundary  layer  transition.  The  first  case 
focus  on  the  effect  of  negative  frequency  disturbance  to  the  transition,  we  wish 
numerical  results  could  present  the  phenomena  that  the  negative  frequency 
disturbance  will  greatly  accelerate  the  breakdown  process.  And  for  this  purpose, 
finite  difference  method  with  second-order  backward  Euler  differences  in  time 
direction  and  fourth-order  central  differences  in  space  direction  is  used.  The 
inflow  is  the  superposition  of  solutions  of  O-S  equation,  and  holds: 

u,  =  <p(ri)fd  e'(~mn  +<t>(rife‘<~a'+Ik>  +<t>(r 4-  C.C.  (3.1) 

p=$'(rD2dei(-m)  +f(rifdeH-‘a'^)+C.C.  (3.2) 

The  side  condition  is  periodic,  which  hold: 

0i,;,l  =  $iJ,NK+ 1  »  $i,j,NK+2  =  0/,;,  2  W 

So  every  periodic  in  spanwise  direction  will  be  investigated  by  K  + 1  point.  And 
the  length  of  spanwise  is  set  as: 

2mK+ 1) 

pK 

For  avoiding  the  numerical  divergence  in  the  outflow  region,  the  previous  work16 
use  buffer  zone  technique  in  the  outflow  region.  But  in  case  one,  we  replace  the 
buffer  zone  technique  with  the  first  order  upwind  scheme,  by  the  numerical 
dispassion  of  upwind  scheme,  the  numerical  divergence  is  successfully  avoided. 
The  using  of  upwind  scheme  bases  on  the  following  consider,  when  the  transition 
happen,  the  large  scale  vortex  structure  will  grow  up,  if  the  outflow  boundary 
locate  at  the  center  of  this  large  scale  vortex,  the  outer  flow  boundary  will  hold 
the  symmetric  boundary  condition,  such  as 

0/- 1/2  =  0/+1/2  »  0/- 1/2  =  “ 1 0/+1/2 

where  I  is  the  grid  of  outer  boundary.  In  this  condition,  we  have  the  following 
relation: 
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df  _  /I„2  ~/m/2  V]*t  -/-■)- M.l/2  At7M/2  +14 1-1/2  At/M/2  _  2K-</2  AC/-»^ 

A|  AS 

So 

at/  df  .  aP  a2/„  t/"+1-t/n  2|A|M/2At/i_,/2  aP  a2/„_  6) 

ar  as  as  Reasas  at  as  Reasas 

This  is  obvious  that  (6)  has  upwind  character;  this  kind  of  boundary  condition 
can  help  to  prevent  the  numerical  divergence. 

In  the  second  case,  the  disturbance; 

n,  =  £12V(~'"')  +  £13<y(~<i"+/Js>  +£lwei(_“'*’+C.C.  (7.1) 

u2=u3  =  p  =  0  ,  (7-2) 

is  introduced  on  the  wall,  and  the  position  is  ( i\  1,  A: ).  We  use  this  kind  of 
disturbance  to  simulate  the  behavior  of  disturbance,  which  is  excited  by  a  ribbon 
on  the  wall.  The  two  order  spatial  accuracy  and  two  order  temporal  accuracy 
SIMPLE  method  is  used. 


2.  Results  and  Conclusions. 

In  the  case  1,  the  Reynolds  number  900  and  800  are  simulated,  and  /J  is  0.1. 
In  this  case,  we  set  <j>?d  =  2<j)fd  ,  the  wavelength  of  (3.1)  and  (3.2)  on  the 


spanwise  direction  will  reduce  to  its  half,  ~~ .  Therefore,  a  subharmonic,  which 

holds  a  half  frequency  of  T-S  wave,  generates.  The  numerical  grid  of  case  1  is 
160x36x32.  Since  the  early  part  of  transition  is  a  spatial  instability  dominant, 
wave  number  is  real,  so  we  assume  that  the  dimensionless  frequency  is  —86, 
according  to  analysis  of  A.  H.  Nayfeh  and  A.  Padhyen  ,  the  group  speed  hold. 


da  8  dt 


( T-S  wave) 


(8) 


where  %  is  the  phase  angel  of  group  speed.  Therefore,  for  the  T-S  wave,  we  can 


get  the  following  formula: 

t  t  d£ 

0(^7)e'<’“'+“^,  =<p(ri)exp[i(.aZ  -co\ dt)]  =  <t>(ri)exp[i(a%  -a]— \-)]  (9) 

t0  ro  £ 
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Our  numerical  results  in  case  1  (fig.l~fig.3)  proves  that  in  the  first  4  or  5  T-S 
wave,  the  group  speed  of  T-S  wave  is  homogenous.  Therefore,  from  (9),  it 
obtains  that: 

<j>(tl)eH~e>,+ai)  =0(7?)exp[i(a-e»^^T_^]  (10) 

where  (•)  stands  for  the  average  in  a  streamwise  wavelength.  From  (10),  we  get 
a  formula  of  streamwise  wavelength  lwave : 


l 


n’rti’e 


=  lKl{are-(0 


(ID 


where  are  is  the  real  part  of  a  .  Although  the  wave  number  of  case  1  is  negative, 
the  propagation  direction  of  T-S  wave  and  the  direction  of  group  speed  are  still 
positive,  which  are  along  the  streamwise.  Therefore,  the  wavelength  lwave  of  case 

1  is  shorter  than  the  condition  of  corresponding  positive  frequency,  such  as  case 

2. 

Figure  1,  2  and  3  are  consequences  of  case  1,  Figure  2  clearly  present  that,  in 
the  second  periodic  of  T-S  wave,  it  breaks  into  two  parts  in  the  spanwise,  this  is  a 
typical  harmonica  behavior.  As  the  evolution  of  T-S  wave,  structures 
continuously  break  down;  fluid  contour  becomes  more  and  more  irregular  and 
complex.  Turbulence  happens.  The  strength  of  the  amplitude  of  disturbance  in 

figure  3  is  higher  than  that  of  figure  1  and  figure  2,  and  max(0.2rf )  =  0.04  in 

figure  3,  and  max(02rf )  =  0.02  in  figure  1  and  figure  2,  where  <j)fd  is  the  profile 
of  coming  flow. 

Figure  4  to  1 1  are  numerical  result  of  case  2.  In  this  case,  Reynolds  number  is 
900,  /3  is  0.1,  and  the  dimensionless  frequency  F  is  86.  But,  in  case  2, 

(j)?d  =3 <j)fd .  The  numerical  grid  is  140x32x32.  Numerical  ribbon  sets  on  the 


grids  ( 30, 1,  k ).  The  maximum  receptive  velocity  on  the  ( 30,  2,  k  )  is  0.005. 
Results  clearly  show  us  an  entire  interaction  process  of  two  X  vortexes.  At  first, 
each  X  vortex  will  be  stretched  by  the  other,  their  head  will  move  closely  in 
their  propagation  direction.  In  the  region  Re  =  1200,  two  X  vortexes  merge 
together.  And,  quickly,  breakdown  happens. 
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Figure  2,  Spanwise  velocity  contour,  Re  =  900,  F  =  86.  y  =  1 .4 


S  tream  w  ise 


Figure  3,  Spanwise  velocity  contour,  Re  =  800,  F  =  86.  y  =  2.0 
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Figure  4,  Pressure  contour,  Re  =  900,  F  =  86.  y  =  2.0,  t  =  7T, 
Ribbon  position  x  =  303.94 


Figure  5,  Pressure  contour,  Re  =  900,  F  =  86.  y  =  2.0,  t  =  7.125T, 
Ribbon  position  x  =  303.94 
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Figure  6,  Pressure  contour,  Re  =  900,  F  =  86.  y  =  2.0,  t  =  7.  25T, 
Ribbon  position  x  =  303.94 
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Figure  10,  Pressure  contour,  Re  =  900,  F  -  86.  y  -  2.0,  t  -  7.  75T, 
Ribbon  position  x  =  303.94 


Figure  1 1 ,  Pressure  contour,  Re  =  900,  F  =  86.  y  -  2.0,  t  -  7.  875T, 
Ribbon  position  x  =  303.94 
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Abstract. 

Direct  numerical  simulations  (DNS)  of  a  strained  turbulent  axial  vortex 
are  performed  using  a  b-spline/Fourier  spectral  DNS  code.  Extending  pre¬ 
vious  DNS  further  in  time  reveals  that  a  global  measure  of  the  turbulent 
kinetic  energy  (GTKE)  decays  after  growing  to  a  certain  extent,  contrary 
to  the  earlier  picture  of  unbounded  growth.  This  observation  leads  to  a 
re-investigation  of  the  strained  vortex  simulations  performed  by  Qin  (Qin 
1998).  It  is  observed  that  the  GTKE  shows  unbounded  growth  after  a  long 
period  of  decay.  The  Widnall  instability  seems  to  have  been  captured.  Large 
eddy  simulations  (LES)  shall  be  performed  in  the  near  future  to  study  the 
vortex  at  higher  Reynolds  numbers. 


1.  Introduction 

The  work  presented  includes  direct  numerical  simulations  (DNS)  of  a 
strained  turbulent  axial  vortex.  This  effort  is  part  of  an  on-going  project  on 
the  DNS  and  LES  of  turbulent  axial  vortices  with  and  without  the  effect  of 
an  external  strain  field.  The  overall  project  is  motivated  by  the  wake  hazard 
problem  for  commercial  aircraft  where  the  wing-tip  vortices  behind  large 
aircraft  present  a  serious  safety  concern  for  the  following  aircraft.  In  order 
for  progress  to  be  made  in  the  prediction  and  control  of  these  vortices,  it  will 
be  helpful  to  have  a  better  understanding  of  how  turbulence  within  these 
vortices  behaves  and  how  the  turbulence  affects  the  distribution  of  vorticity. 
Also,  current  turbulence  models  do  not  perform  well  for  strongly  rotating 
flows  and  the  current  study  provides  needed  data  for  the  improvement  of 
turbulence  models  for  such  flows. 
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There  have  been  several  experimental  studies  of  turbulent  vortices, 
which  are  discussed  in  the  papers  by  Devenport  et  al  (1996)  and  Leweke 
and  Williamson  (1998).  Numerical  simulations  of  an  isolated  turbulent  ax¬ 
ial  vortex  have  been  presented  in  a  series  of  papers  by  Ragab  et  al  (1995). 
More  recently,  DNS  have  been  done  by  Coppens  (1998),  Qin  (1998) 
and  Blaisdell  and  Qin  (1999),  who  considered  the  effects  of  an  external 
strain  field.  The  effect  of  strain  was  included  because  each  vortex  of  a  trail¬ 
ing  vortex  pair  induces  a  strain  field  on  the  opposite  vortex.  The  external 
strain  field  causes  the  streamlines  to  become  elliptical  (see  figure  1)  and 
introduces  an  instability  (the  short  wavelength  instability  is  known  as  the 
Widnall  instability)  which  affects  the  development  of  turbulence  within  the 
vortex.  A  DNS  has  been  done  by  Orlandi  et  al  (1998)  of  a  trailing  vortex 
pair  corresponding  to  the  experiment  of  Leweke  and  Williamson. 

The  objectives  of  the  current  study  are  to  re-investigate  the  simulations 
of  Qin  by  continuing  them  for  larger  times.  It  is  found  that  the  turbulence 
growth  seen  by  Qin  is  a  transient  phenomenon,  which  is  followed  by  decay. 
However,  ultimately  the  instability  due  to  strain  does  take  over  and  the 
turbulence  grows.  The  appropriate  Reynolds  number  is  Re r  =  Y/v,  where 
T  is  the  circulation  of  the  vortex  and  v  is  the  kinematic  viscosity. 

2.  Numerical  Method 


The  vortex  under  consideration  is  time  developing  and,  therefore,  ho¬ 
mogeneous  in  the  axial  ( z )  direction.  This  corresponds  to  a  vortex  far 
downstream,  under  the  approximation  that  the  flow  changes  slowly  in  the 
streamwise  direction.  Also,  the  azimuthal  direction  is  naturally  periodic. 
This  enables  the  use  of  a  Fourier  spectral  method  in  the  streamwise  and 
azimuthal  directions.  Basis  spline  polynomials  (b-splines)  are  used  in  the 
radial  direction.  These  provide  spectral-like  accuracy  and  are  Ck~2  con¬ 
tinuous,  where  k  is  the  order  of  the  splines  being  used.  The  current  study 
uses  4th  order  b-splines.  Also,  since  b-splines  have  local  support  on  a  given 
interval  (see  figure  2),  they  lead  to  sparse  matrices  that  can  be  efficiently 
stored  and  solved. 

Loulou  (1996)  developed  a  computer  program  to  study  turbulent  pipe 
flow  that  solves  the  incompressible  Navier-Stokes  equations  in  cylindrical 
coordinates  using  a  Galerkin  formulation  with  a  Fourier  spectral  method 
in  z  and  0  and  a  b-spline  method  in  r.  The  program  was  modified  by  Qin 
(Qin  1998)  to  solve  the  vortex  problem  and  to  run  on  an  IBM  SP2  parallel 
computer.  This  code  has  been  further  modified  to  perform  large  eddy  sim¬ 
ulations  of  a  turbulent  axial  vortex  using  the  dynamic  SGS  model  which  is 
implemented  using  the  approach  described  in  Eshpuniyani  and  Blaisdell 
(1999).  LES  will  be  performed  in  the  near  future,  while  the  current  study 
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focuses  on  DNS  results.  The  grid  used  for  the  DNS  presented  here  contains 
96  0- modes,  160  z- modes  and  128  basis  splines  in  the  radial  direction. 

3.  Results  and  discussion 

Qin  (1998)  presented  four  direct  numerical  simulations  of  a  strained 
turbulent  axial  vortex  (see  table  1).  STRN1  and  STRN2  included  a  wake 
like  axial  velocity  profile,  while  STRN3  and  STRN4  considered  a  vortex 
without  any  axial  flow.  Qin  observed  an  unbounded  monotonic  growth  of 
the  global  turbulent  kinetic  energy  (GTKE)  in  STRN2.  Here  GTKE  is  the 
non  dimensionalized  volume  averaged  turbulent  kinetic  energy  defined  as 

i  rR  r2TT  rLz 

K  =  p2r  t7~2  /  /  /  krdzd9dr  »  (!) 

itR2LzVoz  J  o  J  o  Jo 

where  Vb  =  ^(r)|r=00-Vi(r)|  is  the  initial  mean  axial  velocity  deficit, 
R  is  the  radius  of  the  computational  domain,  Lz  is  the  length  of  the  com¬ 
putational  domain  in  the  streamwise  direction,  and  k  is  the  local  turbulent 
kinetic  energy  per  unit  mass. 

Upon  continuing  the  simulation  STRN2,  it  was  discovered  that  the 
GTKE  eventually  decays  in  a  manner  similar  to  the  DNS  at  a  lower  Reynolds 
number  (STRN1).  Thus  it  was  realized  that  the  Widnall  instability  had  not 
been  captured  (see  figure  3),  contrary  to  the  conclusion  drawn  earlier  based 
on  a  DNS  that  was  not  extended  far  enough  in  time.  This  led  to  a  fresh  look 
at  the  DNS  results  by  Qin  and  an  inquiry  into  the  possible  reasons  behind 
the  lack  of  success  in  capturing  the  Widnall  instability.  As  this  instability 
is  introduced  by  the  external  strain  field,  the  simulations  of  the  strained 
vortex  without  an  axial  wake  (STRN3  and  STRN4)  were  revisited  in  order 
to  study  the  effect  of  the  strain  field  without  any  possible  interference  from 
the  axial  flowfield  during  the  simulation. 

The  fact  that  these  DNS  were  carried  out  at  low  Reynolds  numbers 
was  considered  as  a  possible  reason  for  not  capturing  the  Widnall  insta¬ 
bility.  Hence,  DNS  of  a  strained  vortex  at  higher  Reynolds  numbers  were 
performed.  However,  eventual  decay  of  GTKE  was  observed  in  all  these  sim¬ 
ulations  (see  figure  4).  Here  Re  ~  VqR/u  is  the  computational  Reynolds 
number. 

Shariff  et  al  (1994)  present  the  evolution  of  modal  energies  for  a  three- 
dimensional  vortex  ring  simulation.  The  evolution  of  all  but  a  few  unstable 
modes  show  a  striking  resemblance  to  the  GTKE  behavior  in  Figure  3. 
However,  after  a  long  period  of  time  the  initially  stable  modes  also  show 
unbounded  growth.  Since  a  strained  vortex  has  the  same  short  wavelength 
instability  as  a  vortex  ring  (Widnall  et  al  1974),  the  possibility  of  a  similar 
phenomenon  occurring  in  the  current  DNS  was  explored  by  extending  the 
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DNS  at  the  largest  Reynolds  number  considered  to  a  longer  period  of  time. 
It  is  observed  that  the  GTKE  begins  to  grow  exponentially  after  a  long 
period  of  decay  (see  figure  5). 

Upon  this  observation,  STRN4  was  extended  in  time  to  see  if  the  Wid- 
nall  instability  can  indeed  be  captured  at  the  Reynolds  numbers  considered 
by  Qin.  It  is  observed  that  the  GTKE  behaves  in  a  manner  similar  to  the 
high  Reynolds  number  simulation  (see  figure  6).  The  GTKE  grows  expo¬ 
nentially  after  a  long  period  of  decay.  The  Widnall  instability  seems  to  have 
been  captured. 

STRN2  is  currently  being  extended  in  time  to  see  if  the  decay  of  the  wake 
like  axial  velocity  profile  eventually  stabilizes  the  flow,  as  in  the  case  of  an 
isolated  vortex  (  Qin  1998),  or  whether  the  Widnall  instability  dominates. 

4.  Conclusions 

Eventual  unbounded  growth  of  global  turbulent  kinetic  energy  seems 
to  indicate  that  the  Widnall  instability  is  captured  for  a  strained  vortex 
without  axial  flow.  An  interesting  feature  revealed  in  these  simulations  is 
that  the  GTKE  has  a  transient  growth  phase  followed  by  a  long  period  of 
decay  before  it  grows  unbounded.  Thus  if  the  simulations  are  not  continued 
for  a  long  enough  time,  one  may  reach  a  wrong  conclusion  of  eventual  decay 
of  turbulence,  and  misunderstand  the  flow  physics.  A  previous  DNS  of  a 
strained  vortex  with  a  wake-like  initial  axial  velocity  profile  is  currently 
being  extended  in  time. 

In  future  work  spectra  shall  be  computed  to  ensure  that  the  simulations 
are  well  resolved.  Flow  visualization  shall  be  carried  out  to  understand  the 
transition  process  better.  Isolated  vortex  simulations  (  Qin  1998)  show 
the  presence  of  helical  waves  during  the  transition  to  turbulence,  which 
break  down  during  the  re-laminarization  process.  A  similar  study  shall  be 
performed  for  the  strained  vortex  simulations. 

LES  shall  be  performed  to  study  the  vortex  at  higher  Reynolds  numbers. 
The  DNS  of  Qin  have  a  Reynolds  number  Rer  =  V/u  of  about  50, 000  which 
is  about  three  orders  of  magnitude  smaller  than  that  found  in  the  wakes  of 
large  commercial  aircraft.  While  LES  still  cannot  reach  full  scale  Reynolds 
numbers,  it  will  allow  the  effects  of  varying  Reynolds  number  to  be  studied. 
Also,  Reynolds  number  is  particularly  important  for  the  case  with  strain, 
because  viscosity  creates  a  high  wave  number  cut-off  for  unstable  modes. 
The  current  DNS  are  barely  able  to  capture  the  instability  due  to  strain 
because  the  smallest  unstable  mode  has  a  length  scale  comparable  to  the 
vortex  core  size.  It  is  desirable  to  have  a  wider  range  of  unstable  length 
scales,  and  this  should  be  achievable  with  LES. 
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TABLE  1.  Primary  case  param¬ 
eters  for  the  strained  vortex  (  see 
Qin  1998  for  a  complete  descrip¬ 
tion). 


Case 

Rer 

Axial  flow 

STRN1 

19268 

wake 

STRN2 

29428 

wake 

STRN3 

29428 

none 

STRN4 

58836 

none 
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Figure  1.  A  strained  vortex  leads  to  a  mean  flow  with  elliptical  streamlines. 


Figure  2.  Fourth  order  B-splines  on  an  11-knot  uniform  grid. 
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Figure  3.  Global  turbulent  kinetic  energy  history  for  STRN  2  by  Qin(1998)  extended 
in  time. 


Figure  4 ■  Global  turbulent  kinetic  energy  history  for  a  strained  vortex  without  axial 
flow  at  higher  Reynolds  numbers. 
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Figure  5. 
flow  at  Re 


Global  turbulent  kinetic  energy  history  for  a  strained  vortex  without  axial 
=  800,000  extended  in  time. 


Figure  6.  Global  turbulent  kinetic  energy  history  for  STRN4  extended  m  time. 
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Abstract. 

Large-eddy  simulation  of  the  Mach  3.0  flow  past  a  24  deg  compression 
ramp  is  performed  by  a  high-order  numerical  method.  Spatial  derivatives 
are  represented  by  a  sixth-order  compact  stencil  that  is  used  in  conjunction 
with  a  tenth-order  non-dispersive  filter.  The  scheme  employs  a  time-implicit 
approximately-factored  finite-difference  algorithm,  and  applies  Newton-like 
subiterations  to  achieve  second-order  temporal  and  sixth-order  spatial  ac¬ 
curacy.  In  the  region  of  the  shock  wave,  compact  differencing  of  convective 
fluxes  is  replaced  locally  by  a  third-order  Roe  upwind-biased  evaluation. 
The  Smagorinsky  dynamic  subgrid-scale  model  is  incorporated  in  the  sim¬ 
ulation  to  account  for  the  spatially  under- resolved  stresses  and  heat  flux. 
Comparisons  are  made  with  experimental  data  in  terms  time-mean  sur¬ 
face  pressure  and  skin  friction  distributions,  and  with  instantaneous  surface 
pressure  measurements. 


1.  Introduction 

Large-eddy  simulation (LES)  of  supersonic  flows  is  useful  for  studying  com¬ 
pressibility  effects,  which  can  appreciably  alter  fluid  physics.  Such  studies 
increase  the  understanding  of  turbulence  mechanisms  and  can  lead  to  the 
development,  improvement,  and  testing  of  lower-order  closure  models.  De¬ 
spite  remaining  computationally  intensive,  LES  also  may  be  beneficial  in 
the  design  and  analysis  of  high-speed  flight  vehicles  and  associated  propul¬ 
sion  systems  where  less  sophisticated  approaches  fail. 

Due  to  their  geometric  simplicity,  supersonic  compression-ramp  flow- 
fields  have  been  studied  extensively,  both  experimentally  and  computa¬ 
tionally.  Characteristics  of  the  unsteady  shock- wave  motion  of  such  flows 
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have  been  observed,  measured,  and  analyzed  by  Andreopoulos  and  Muck[l], 
Smits  and  Muck[2],  Dolling  and  Murphy [3],  and  Erengil  and  Dolling[4, 
5],  among  others.  Numerical  investigations  have  typically  considered  the 
Reynolds- averaged  Navier- Stokes  equations  used  in  conjunction  with  mean 
turbulence  models.  These  efforts  have  met  with  limited  success  in  the  pre¬ 
diction  of  quantities  such  as  heat  transfer  and  skin  friction,  particularly  in 
situations  with  large  reversed-flow  regions[6].  It  is  believed  that  this  dif¬ 
ficulty  may  be  due  in  part  to  the  disparity  between  the  time-mean  and 
instantaneous  shock-system  structure.  In  addition,  the  models  and  resul¬ 
tant  computations  often  fail  to  account  for  compressibility  effects  or  the 
three-dimensionality  of  the  flowfield.  In  an  effort  to  overcome  these  defi¬ 
ciencies,  direct  numerical  and  large-eddy  simulations  have  been  carried  out 
by  Hunt  and  Nixon[7],  Urbin  et  al.[8,  9],  Adams[10,  11],  and  Rizzetta  et 
al.[12,  13]  The  present  effort  provides  a  large-eddy  simulation  for  the  flow 
past  at  24  deg  compression  ramp  at  a  freestream  Mach  number  of  3.0  and 
Re$  =  1696. 


2.  Governing  Equations 

The  governing  equations  are  the  unsteady  three-dimensional  compressible 
Favre  filtered  Navier-Stokes  equations,  written  in  nondimensional  variables 
utilizing  a  generalized  coordinate  system,  and  expressed  notationally  in  the 
following  conservative  form 


dQ  +  4<F  -  i*)  +  Uo  -  4-C.)  +  £(«  -  i*,)  =  0.  (1) 


dt 


All  dependent  variables  may  be  decomposed  into  a  filtered  or  large-scale 
portion,  and  a  subgrid-scale  component  e.g.,  u  =  u  -f  usg .  It  is  then  con¬ 
venient  for  compressible  flows  to  recast  the  large-scale  component  in  terms 
of  a  Favre- averaged  variable  so  that 


(2) 


The  subgrid-scale  stress  and  heat  flux  are  provided  by 

T{j  =  —  Rep(uiUj  —  Ui&j),  Qi  =  Rep(uiT  —  UiT).  (3) 

Following  Germano  et  al.[14],  the  compressible  version  of  the  model  is 
given  in  trace-free  form  as 

fit  =  ReCA2pSM  where  Sm  =  (2  <%<% 


(4) 
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is  the  magnitude  of  the  rate-of-strain  tensor,  and 
~  _  1  (d£k  duj  djk  duj  \ 

lj  2  \dxj  d£k  dxi  dik )  '  ° 

The  eddy- viscosity  length  scale  is  taken  as 

A=(7)  (6) 

which  corresponds  to  the  width  of  the  grid  filter  in  physical  space,  C  is  the 
eddy- viscosity  model  coefficient,  and 


T~ij  ^kk^ij 


(7) 


For  compressible  applications,  the  isotropic  part  of  the  stress  tensor  is  ob¬ 
tained  according  to  Yoshizawa[15]  from 


Tkk  —  2CiA2pSl/[.  (8) 

To  complete  closure  of  the  model,  the  subgrid-scale  heat  flux  vector  is 
specified  in  terms  of  the  turbulent  Prandtl  number  as 


(jH_\  d^dT 
\Prt)  dxi  d£j' 


(9) 


The  model  coefficients  C,  Cj,  and  the  turbulent  Prandtl  number  Prt  are 
computed  as  a  function  of  time  and  space  from  the  energy  content  of  the 
resolved  large-scale  structures. 


3.  Numerical  Method 

Time-accurate  solutions  to  Eq.  1  were  obtained  numerically  by  the  implicit 
approximately- factored  finite-difference  algorithm  of  Beam  and  Warming[16] 
employing  Newton-like  subiterations,  which  may  be  represented  notation- 
ally  as  follows 


/  + 
/  + 
/  + 


/2A^ 

1  hi  1 

(dFP 

1  dF?\  1 

\  3  J 

KdQ 

Re  dQ  ) 

/2A  t\ 

)  hi  1 

fdGp 

1  dGp\  i 

l  3  ) 

U  Q 

Re  dQ  ) 

/2A  t\ 

1  hi  1 

fdHP 

1  dHP\  1 

V  3  ) 

V  dQ 

Re  dQ  ). 

x 


X 

A  Q 


(10) 
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In  this  expression,  which  was  employed  to  advance  the  solution  in  time, 
Qp+1  is  the  p-\-  1  approximation  to  Q  at  the  n+1  time  level  Qn+1,  and  A Q  — 
qp+ i  _  Qv .  The  implicit  segment  of  the  algorithm  incorporated  second- 
order-accurate  centered  differencing  for  all  spatial  derivatives(^2?^2)^c2)’ 
and  utilized  the  diagonalized  form  of  the  factorized  equations  to  enhanced 
efficiency.  Temporal  and  spatial  accuracy  were  maintained  by  utilizing  subit¬ 
erations  within  a  time  step. 

A  sixth-order  tridiagonal  subset  of  Lele’s[17]  compact  difference  scheme 
was  used  to  evaluate  the  right-hand  side  of  Eq.  10(^6 5  <^6)>  and  is 

illustrated  here  in  one  spatial  dimension  as 


a f\ 
dU 


i+ 1 


(11) 


with  a  =  1/3,  a  =  14/9,  6  =  1/9.  (12) 

The  scheme  is  used  in  conjunction  with  a  lOth-order  non-dispersive  compact 
spatial  filter  in  order  to  maintain  both  stability  and  accuracy,  particularly 
on  stretched  curvilinear  meshes.  The  filter  is  applied  to  the  solution  vector 
sequentially  in  each  of  the  three  computational  directions  following  each 
subiteration,  and  is  implemented  as 


cxfQi-i 


+  Qi  “b  (XfQi+ 1  =  ^2  ~7r(Qi+n  +  Qi-n) 

n= 0  Z 


(13) 


where  Q  is  the  filtered  value  of  Q.  Equation  13  represents  a  one-parameter 
family  of  filters,  where  numerical  values  for  af  and  the  an’s  may  be  found 
in  Ref.  [18].  Repeated  application  of  the  spatial  filter  can  result  in  shock 
waves  that  are  excessively  diffuse.  This  deficiency  is  overcome  by  replacing 
the  compact-differencing  of  convective  derivatives  and  use  of  filtering,  by 
Roe’s  third-order  upwind-biased  scheme,  locally  in  inviscid  regions  of  shock 


waves. 
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4.  Results 

A  computational  domain  size  was  taken  as 

Lx  =  31.2^o,  Ly  =  4.7<50,  Lz  =  2.9 60,  (14) 

where  LXyLy,Lz ,  are  streamwise,  vertical,  and  spanwise  extents  respec¬ 
tively,  and  S0  is  the  height  of  the  incoming  boundary  layer.  The  vertical 
extent  Ly  corresponds  to  the  domain  height  at  the  inflow  location.  This 
region  was  discretized  with  a  nonuniform  computational  mesh  consisting  of 
(421  x  151  x  81)  points  in  (z,  j,  k).  At  the  inflow  location,  the  grid  had  the 
following  minimum  spacings  in  wall  units: 

Ax+  -  16.8,  A y+  =  1.4,  A*+  =  8.3.  (15) 

Based  upon  the  mean  incoming  profile,  79  of  the  151  vertical  grid  points 
were  within  the  boundary  layer. 

The  solution  presented  here  for  the  Mach  3.0  flow  past  a  24  deg  com¬ 
pression  ramp  with  Reo  =  1696  represents  part  of  a  comprehensive  investi¬ 
gation  which  was  performed  for  supersonic  compression- ramp  flows.  These 
are  described,  along  with  more  complete  details  of  the  present  simulation, 
in  Ref.  [13].  Typical  instantaneous  results  at  the  midspan  location  are  pre¬ 
sented  in  Fig.  1.  Mach  number  contours  appear  in  the  left-hand  portion  of 
the  figure,  while  the  grid  structure  is  indicated  to  the  right.  Segments  of 
the  grid  which  are  blanked  out  correspond  to  mesh  points  where  convective 
derivatives  were  obtained  via  the  Roe  upwind-biased  scheme.  In  the  figure, 
only  every  other  z-grid  and  every  third  j- grid  line  are  displayed.  It  is  evi¬ 
dent  that  the  upwind-biased  evaluation  is  confined  locally  to  a  small  region 
surrounding  the  shock  wave,  so  that  accuracy  of  the  high-order  method  is 
not  compromised  in  other  regions  of  the  flowfield. 

Although  no  experimental  data  exists  for  the  exact  flow  conditions  of  the 
simulation,  it  is  useful  to  compare  to  measurements  obtained  at  Reynolds 
numbers  which  were  several  orders  of  magnitude  larger  than  that  of  the 
computation.  Spanwise  averaged  time-mean  surface  pressure  and  skin  fric¬ 
tion  coefficient  distributions  are  shown  in  Fig.  2.  The  pressure  coefficient 
has  been  normalized  by  the  inviscid  rise  to  account  for  variations  in  the 
freestream  Mach  number  between  the  calculation  and  experiments.  Be¬ 
cause  of  the  higher  Reynolds  numbers  of  the  measurements,  Cf  has  been 
normalized  by  its  value  just  upstream  of  the  interaction  region. 

Comparisons  of  the  computed  surface  pressure  standard  deviation^ ) 
and  skewness(Sfc)  distributions  with  the  data  of  Dolling  and  Murphy[3] 
appear  in  Fig.  3.  The  value  of  s  upstream  of  the  interaction^ i)  has  been 
removed  from  the  standard  deviation  in  order  to  account  for  differences  in 
the  incoming  states  between  the  simulation  and  the  experiment.  Apart  from 
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disparities  near  separation(X/<$o  ~  —2.0),  these  comparisons  are  favorable. 
The  disparities  are  caused  by  differences  in  the  shock  wave  motion  between 
the  respective  results,  which  will  be  illustrated  subsequently. 

The  wall  pressure  intermittency(r)  and  instantaneous  pressure  time 
history  are  displayed  in  Fig.  4.  It  is  observed  that  the  experimental  dis¬ 
tributions  of  T  have  a  steeper  rise  which  occurs  further  downstream  than 
the  numerical  result.  This  is  due  to  the  more  extensive  interaction  region 
present  in  the  low  Reynolds  number  large-eddy  simulation.  Although  the 
time  mean  level  of  the  computed  surface  pressure  near  the  separation  point 
is  approximately  the  same  as  that  of  the  experiment,  a  very  different  fluc¬ 
tuating  component  is  indicated.  The  high  frequency  oscillations  exhibited 
in  the  numerical  simulation  are  similar  to  those  of  the  incoming  boundary 
layer,  while  the  low  frequency  modes  of  the  experiment  correspond  to  more 
extensive  motion  of  the  shock  wave. 

5.  Summary 

Computed  surface  pressure  and  skin  friction  distributions  compared  rea¬ 
sonably  well  with  experimental  data  collected  at  higher  Reynolds  numbers. 
Comparisons  were  also  made  with  statistical  quantities  extracted  from  in¬ 
stantaneous  unsteady  surface  pressure  measurements. 
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Figure  1.  Typical  instantaneous  Mach  number  contours  and  shock-capturing  stencils 
at  the  midspan  location 
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Figure  2.  Spanwise  averaged  time-mean  surface  pressure  and  skin  friction  coefficient 
distributions 


butions 


Figure  4.  Spanwise  averaged  surface  pressure  intermittency  distributions  and  midspan 
surface  pressure  time  history  at  X/Sq  =  —2.1 
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Abstract 

Issues  pertaining  to  the  application  of  hybrid  RANS-LES  modeling  and 
Proper  Orthogonal  Decomposition  (POD)  techniques  to  the  development  of  control 
strategies  for  cavity  flows  are  discussed.  The  criteria  for  correct  and  consistent 
hybrid  RANS-LES  modeling  are  outlined  -  unsteady  RANS-LES  interfacing  and 
mesh  sensitive  eddy-viscosity  modeling  are  identified  as  the  main  issues. 
Preliminary  calculations  of  a  compression  ramp  are  presented  to  illustrate  our 
approach  for  RANS-LES  interfacing.  Next,  a  generalized  mesh  dependent  eddy- 
viscosity  modeling  procedure  is  detailed  and  its  applicability  is  demonstrated 
through  calculations  of  weapons  bay  cavity  flows.  Comparisons  with 
measurements  are  seen  to  agree  better  than  earlier  “LES”  calculations  which  did 
not  adequately  treat  the  approach  boundary  layer.  The  technique  is  then  used  to 
create  datasets  for  developing  a  POD  based  model  of  the  cavity  flow  field.  The 
differences  between  coupled  and  uncoupled  POD  applications  to  the  density  and 
velocity  fields  are  discussed  -  it  is  seen  that  the  coupled  approach  yields  a  flow 
field  representation  that  is  closer  to  the  parent  LES  flow  field  than  the  uncoupled 
approach.  Finally,  a  dynamical  systems  model  of  the  flow  field  is  presented. 
Applications  to  control  problems  are  now  in  progress  and  will  be  presented  in  the 
future. 

1.  Introduction 

The  use  of  passive  controllers  to  control  the  aeroacoustics  in  weapons  bay 
flow  fields  has  been  studied  in  the  past  with  limited  success  and  range  of 
operability,  forcing  aircraft  to  reduce  speed  to  deploy  stores  [1,2].  Active  control 
technology  presents  a  better  alternative  because  of  its  ability  to  adapt  to  the 
different  flow  conditions  and  its  potentially  larger  range  of  operability. 
Techniques  such  as  pulsed  jets,  piezzo  activated  actuation,  and  more  recently,  high 
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frequency  actuation  as  a  control  means  have  been  studied  [3].  While  the  search  for 
an  optimal  controller  continues,  analysis  techniques  are  sought  that  can  be  used  to 
examine  the  flow  field  and  test  out  the  controller  concepts.  Towards  this  end,  a 
joint  research  effort  has  been  initiated  at  CRAFT  Tech  and  NCPA  to  develop  a 
high  fidelity  lower  dimensional  model  of  the  weapons  bay  flowfield  combining 
hybrid  RANS-LES  modeling  and  the  Proper  Orthogonal  Decomposition  (POD) 
technique.  While  modeling  based  on  Large  Eddy  Simulation  (LES)  embodies 
sufficient  fidelity  to  represent  the  dynamic  aeroacoustic  environment  in  a  cavity 
[4],  it  requires  substantive  computer  resources  and  consequently,  a  hybrid  RANS- 
LES  method  has  been  developed  to  minimize  cost  and  maximize  computational 
fidelity.  Lumley’s  Proper  Orthogonal  Decomposition  (POD)  methodology  [5]  is 
being  assessed  with  the  objective  of  developing  a  simplified  model  of  cavity  flow 
dynamics.  This  entails  utilization  of  the  numerical  simulation  data  to  obtain  a 
simplified  eigenfunction  representation  of  the  flow  that  is  ideally  suited  for 
utilization  in  a  Low  Dimensional  Model  of  the  cavity  to  study  control  alternatives. 

In  this  paper,  two  aspects  of  this  development  effort  are  presented.  In  the 
first  part  of  the  paper,  we  discuss  issues  pertaining  to  hybrid  RANS-LES  modeling 
for  complex  flows  in  general  and  demonstrate  its  application  to  a  weapons  bay 
flow  field.  The  issues  of  interfacing  between  RANS  and  LES  -  an  issue  not 
addressed  so  far  in  the  literature  -  and  mesh  sensitive  unified  turbulence  modeling 
are  discussed.  In  the  second  part  of  the  paper,  we  address  the  development  of  a 
reduced  order  POD  based  model  of  the  cavity  flowfield  based  on  hybrid  RANS- 
LES  simulations.  Issues  pertaining  to  the  coupling  of  flow  field  variables  are 
addressed  and  a  general  method  to  develop  a  lower  dimensional  dynamical  model 
for  the  cavity  flow  field  is  presented. 

2.  Hybrid  RANS-LES  Modeling 

In  the  first  of  the  present  series  of  conferences,  Spalart  et  al.  [6]  estimated 
(optimistically)  that  an  LES  of  a  whole  aircraft  flow  field  would  require  about  10u 
grid  points  and  about  5  million  time  steps  to  obtain  reasonable  solutions. 
Simulations  using  just  a  fraction  of  that  number  of  grid  points  are  still  not  possible 
today.  Hybrid  RANS-LES  methods  address  this  need  by  combining  the  cost 
effectiveness  of  RANS  methods  with  the  accuracy  of  LES  methods.  RANS 
methods  compute  only  the  mean  flow  field  while  modeling  the  effects  of 
turbulence  entirely.  LES  methods,  on  the  other  hand,  resolve  most  of  the  energy 
containing  flow  scales  and  model  only  the  small  turbulent  scales.  RANS  methods 
are  thus  suitable  only  for  steady  or  at  most  mildly  unsteady  flows,  while,  LES 
methods  perform  much  better  for  flowfields  with  strong  unsteadiness.  Hybrid 
RANS-LES  methods  attempt  to  take  advantage  of  this  fact  by  resorting  to  RANS 
type  modeling  in  steady  flow  regions  and  switching  to  LES  type  modeling  only  in 
regions  where  it  is  required  (such  as  regions  with  strong  unsteadiness,  separation 
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or  aeroacoustic  interactions,  etc).  However,  interfacing  RANS  and  LES  regions  of 
the  flow  fields  is  not  straightforward  and  requires  careful  examination. 

In  order  to  interface  RANS  and  LES  solutions  consistently,  two  different 
aspects  need  to  be  considered.  The  first  one  pertains  to  the  fact  that  the  RANS 
solutions  are  steady  solutions  while  the  LES  solutions  are  unsteady.  Hence,  when 
RANS  solutions  are  used  as  interfacial  boundary  conditions  (either  implicitly 
through  unified  methods  or  explicitly  by  zonal  methods)  the  steady  state  flow  field 
needs  to  be  augmented  with  unsteady  fluctuations.  This  has  to  be  done  in  a  manner 
consistent  with  the  LES  resolution  at  the  interface  boundary.  Secondly,  the  eddy 
viscosity  that  is  used  to  model  the  effects  of  the  unresolved  scales  (all  turbulent 
scales  in  RANS  and  sub-grid  scales  in  LES)  has  to  be  suitably  modified  to  reflect 
the  increased  resolution  in  LES  regions.  Unless  both  these  conditions  are  satisfied, 
truly  hybrid  RANS-LES  interfacing  cannot  be  achieved.  In  the  literature  to  date, 
several  hybrid  approaches  [6,7,8,9,30]  have  been  proposed  to  address  the  second 
issue,  while  the  first  issue  has  not  received  much  attention.  In  all  these  methods, 
the  eddy  viscosity  computation  is  suitably  tuned  such  that  a  certain  extent  of  mesh 
dependence  is  achieved  -  regions  of  higher  resolution  (or  LES  type  regions)  see 
lower  values  of  the  turbulent  viscosity  while  regions  of  lower  resolution  (or  RANS 
type  regions)  see  higher  turbulent  viscosities.  Thus  steady  solutions  are  obtained  in 
regions  of  lower  resolution  while  a  higher  level  of  unsteadiness  is  sustained  in 
regions  of  higher  resolution. 

While  this  approach  is  consistent  with  the  general  dissipative  natures  of 
RANS  and  LES,  it  does  not  reconcile  the  large  differences  in  the  range  of 
structures  resolved  in  the  RANS  and  LES  regions.  This  omission  can  be 
unimportant  to  a  large  class  of  problems  where  the  unsteadiness  is  generated  and 
contained  entirely  within  the  LES  domain  (such  as  cavity  flows,  as  we  will  show 
later),  but  can  be  very  important  for  a  wide  class  of  problems  where  the  small 
scales  unsteadiness  that  are  not  resolved  in  the  RANS  regions  interact  very 
strongly  with  the  flow  structures  in  the  LES  regions.  In  the  RANS  region,  only  the 
mean  flow  field  is  resolved  and  all  turbulence  is  modeled  -  the  structure  of  the 
turbulent  flow  field  is  represented  by  increased  turbulent  diffusivities  and  kinetic 
energy,  thus  capturing  the  turbulence  effect  in  a  statistical  sense.  However,  such  a 
representation  does  not  allow  for  the  unsteady  interactions  of  any  flow  structures 
in  the  RANS  regions  with  any  other  flow  field  characteristics  in  the  LES  region. 
Hence,  the  resulting  solution  in  the  LES  region  cannot  capture  any  of  the 
unsteadiness  present  in  the  actual  flow  field.  For  such  flows,  the  mean  flow  field 
from  the  RANS  solution  must  be  transformed  at  the  interface  boundary  to  re¬ 
introduce  the  unsteadiness  in  the  flow  field,  so  that  the  LES  region  will  see  the 
proper  boundary  conditions. 

In  the  next  section,  we  present  two  example  calculations  -  one  of  each  of 
the  types  discussed  above.  The  first  calculation  is  that  of  a  supersonic  flow  over  a 
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compression  corner  —  this  is  shown  to  demonstrate  the  importance  of  the 
unsteadiness  re-creation  concept  discussed  earlier.  The  second  flow  field, 
discussed  in  more  detail,  is  the  hybrid  simulation  of  the  cavity  flow  field.  In  this 
flow,  the  effect  of  the  small  scale  unsteadiness  in  the  upstream  boundary  layer  is 
small  -  the  flow  is  dominated  by  resonant  shear  layer-acoustic  interactions  in  the 
cavity.  For  this  flow  field,  the  mesh  dependent  eddy  viscosity  modeling 
methodology  is  demonstrated. 


2.1  Unsteady  Interfacing  for  Hybrid  RANS-LES 

In  this  section  we  present  an  example  of  a  flowfield  where  the  interaction 
of  the  unsteadiness  in  the  “RANS”  region  of  a  hybrid  simulation  strongly  affects 
the  “LES”  region  simulation.  This  calculation  is  presented  here  only  as  a 
demonstration  of  the  issue  of 
interfacing  -  the  details  are 
omitted  for  brevity  and  will  be 
presented  elsewhere.  The  flow 
field  chosen  for  this  purpose  is  a 
Mach  2.88  flow  over  a 
compression  comer  (Fig.  1)  -  a  flat  Fig- 1-  Schematic  of  the  compression  ramp 

plate  boundary  layer  (with  a  long  calcu  atlon 

run)  leads  up  to  a  ramp  with  a  turning  angle  of  8  degrees.  Here,  results  from  two 
calculations  are  shown  -  in  both  these  calculations,  the  upstream  approach 
boundary  layer  is  simulated  using  RANS  (using  a  k-e  turbulence  model)  and  a 
short  distance  upstream  of  the  compression  comer  the  model  is  switched  to  LES  (a 
one  equation  LES  model  [10]  is  used).  In  the  first  simulation,  nothing  is  done  at 
the  interface  between  the  RANS  and  LES  regions,  the  RANS  profile  is  used  as  the 
starting  input  profile  for  the  LES  calculation.  In  the  second  simulation,  the  RANS 
boundary  layer  is  transformed  into  an  LES  boundary  layer  using  the  recycling 
method  of  Urbin  and  Knight  [11].  The  mean  boundary  layer  thickness  at  the 
interface  location  for  the  two  calculations  is  the  same;  the  only  difference  is  the 


unsteadiness  in  the  flow  field  in  the  second  simulation. 

Figures  2  and  3  show  an  instantaneous  snapshot  of  the  shock  structure  in 
the  comer  -  the  effect  of  the  unsteadiness  is  clearly  seen  in  Fig.  3  -  the  streamwise 


Fig.  2.  Instantaneous  snap  shot  from  the  Fig.  3.  Instantaneous  snap  shot  of  density 
hybrid  calculation  without  unsteady  contours  from  the  hybrid  calculation  with 
interfacing.  unsteady  interfacing  following  ref.  [1 1]. 


ON  THE  APPLICATION  OF  HYBRID  RANS-LES  AND  PROPER. . . 


677 


constantly  move  about  its  mean  location.  Figure  2  on  the  other  hand  does  not  show 
any  unsteadiness  at  all  -  the  shock  is  stationary,  and  no  fluctuations  are  visible  in 
the  flow  field.  Further,  the  recirculation  length  is  incorrect  and  in  fact,  moves  all 
the  way  upstream  to  the  inflow  boundary  before  the  simulation  has  to  be  stopped. 
The  comparison  of  the  surface  pressures  shows  that  the  second  simulation  yields 
much  better  comparisons  with  the  experimental  data  and  the  LES  of  Yan  et  al. 
[12].  This  shows  that  the  small  structures  in  the  upstream  boundary  layer  can  be 
very  important  in  predicting  this  flow  field.  These  small  scale  structures  provide 
the  turbulent  mixing  (diffusion)  that  keeps  the  shock  stably  oscillating  around  its 
mean  position.  In  the  case  of  the  pure  LES,  this  turbulent  diffusion  is  missing  and 
the  shock  moves  all  the  way  upstream.  Therefore,  the  unsteadiness  not  only  is 
responsible  for  providing  the  shock  (and  hence  the  pressure  oscillations),  it  is  also 
responsible  for  the  stability  of  the  flowfield  itself. 

2.2  Mesh  Dependent  Turbulence  Modeling  for  Hybrid  RANS-LES 

In  this  section  we  describe  a  method  for  introducing  a  mesh  dependence  in 
the  computation  of  the  eddy  viscosity  used  in  turbulence  models.  The  model  is 
based  on  the  k-£  RANS  model  and  the  one-equation  subgrid  model  [10].  As  we 
shall  show,  the  model  reduces  to  the  baseline  RANS  model  in  regions  where  the 
mesh  does  not  permit  the  resolution  of  flow  structures.  As  the  mesh  size  decreases 
in  regions  of  strong  flow  features,  the  model  reduces  to  the  LES  model  thereby 
allowing  the  user  to  perform  hybrid  calculations  within  a  unified  framework. 
Clearly,  this  is  more  suited  to  problems  that  are  not  strongly  dependent  upon  the 
interfacing  boundary  conditions.  To  demonstrate  the  applicability  of  this  model, 
we  apply  it  to  the  simulation  of  a  weapons  bay  flow  field  -  these  results  are 
presented  in  the  next  section. 

As  mentioned  earlier,  several  approaches  have  been  proposed  to  deal  with 
mesh  dependent  eddy  viscosities  [6-10].  However,  as  identified  in  Reference  [8], 
one  drawback  of  the  approaches  is  that  no  attempt  is  made  to  determine  the  extent 
of  the  local  resolution  with  respect  to  the  overall  turbulence  levels.  A  certain  grid 
size  will  resolve  different  amounts  of  energy/turbulence  in  low  and  high  Reynolds 
number  flows.  That  this  relative  difference  in  the  resolution  with  respect  to  the 
local  turbulence  levels  is  incorporated  into  the  various  hybrid  models  is  not  clear. 
In  order  to  address  this  issue,  we  present  a  different  approach  here.  In  this  method, 
the  eddy  viscosity  is  still  linked  to  the  local  mesh  size;  however,  additional  effort 
is  spent  to  characterize  the  local  turbulence  levels,  so  that  the  amount  of  net 
turbulent  dissipation  used  in  the  momentum  and  energy  balance  is  consistent  with 
the  local  mesh  size  and  the  local  turbulent  Reynolds  number. 

The  overall  approach  involves  solving  the  mass,  momentum  and  energy 
conservation  equations  using  a  finite  volume  framework.  In  addition  to  these 
conservation  equations,  two  additional  equations  describing  the  evolution  of  the 
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turbulence  variables  are  solved  for  -  one  each  for  the  subgrid  kinetic  energy  and 
the  overall  turbulent  dissipation  rate,  respectively.  These  equations  are  given  as 
follows: 


Here,  or*,  cre,  are  the  modeling  constants  appearing  in  the  RANS  form  of  the  k-e 
model.  Details  of  the  expressions  for  the  source  terms  on  the  right  hand  side  of 
equation  (1)  are  presented  in  Ref.  [8]  and  are  omitted  here  for  brevity.  Note  that 
since  the  two  quantities  represent  different  scale  variables,  namely,  £  represents 
the  large  scale  variable  and  ksgs  represents  the  sub-grid  scales  (SGS),  different  eddy 
viscosities  are  used  in  the  two  equations.  The  momentum  and  energy  equations, 
however,  use  the  SGS  value  of  the  eddy  viscosity  because  that  represents  the 
amount  of  energy  that  is  dissipated  from  the  flow  field  based  on  how  much  of  the 
flow  field  is  resolved.  This  value  blends  to  the  RANS  value  as  the  grid  is 
coarsened,  as  will  be  shown  later. 

Once  these  two  variables  are  available  at  any  flow  field  location,  it  is 
assumed  that  the  local  turbulent  energy  spectrum  can  be  represented  using  a  hybrid 
form  of  the  energy-inertial-dissipation  range  spectrum.  The  form  of  the  spectrum  is 
given  as  follows, 

/  x4  (  /  x  2  V1 7/6 

E(k)  =  Cek;5n[£j  +  )  J  exp(-i<*4/3)  (2) 

A  A 

where,  a=l  .5,  k=  kr\ ,  and  E=  E  l(v5e)114 .  Here,  k  is  the  wave  number,  ke  is  an 
energy  containing  wave  number,  and  Ce  is  a  constant  to  be  determined.  The 
calibration  for  Ce  requires  that  the  integral  of  the  dissipation  range  spectrum  yield 
the  local  turbulence  dissipation  rate.  In  order  for  this  form  to  be  useful,  the 
independent  variables,  namely,  T)  the  Kolmogorov  scale  and  ke ,  in  equation  (2) 
must  be  related  to  the  flow  variables.  The  Kolmogorov  scale  is  computed  from  the 
turbulent  dissipation  rate  and  laminar  viscosity 

Information  about  the  subgrid  kinetic  energy  and  the  A,  the  local  mesh  resolution 
are  used  to  compute  the  energy  containing  wave  number  ke . 
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Equation  (2)  can  be  solved  iteratively  to  determine  ke.  This  completely  determines 
the  spectrum  in  Equation  (2)  and  can  then  be  used  to  compute  the  eddy  viscosities. 
The  eddy  viscosities  are  computed  from  expressions  similar  to  the  baseline  RANS 
model  expressions.  The  model,  it’s  testing  and  validations  in  the  RANS  and  LES 
limits  are  described  in  greater  detail  in  reference  [8]  and  are  omitted  here  for 
brevity.  We  now  present  an  application  of  this  modeling  to  the  simulation  of  cavity 
flows.  As  we  shall  demonstrate  the  flow  field  is  very  amenable  to  this  kind  of 
modeling  because  the  source  of  the  unsteadiness  is  completely  contained  in  the 
LES  region.  The  flow  field  doest  not  strongly  depend  on  the  detailed  structure  of 
the  approach  boundary  layer,  but  only  on  the  momentum  thickness. 

2.3  Hybrid  Simulation  of  Cavity  Flowfield 

The  case  selected  for  demonstration  of  the  hybrid  LES-RANS  turbulence 
model  corresponds  to  an  experiment 
performed  by  Shaw  at  the  Lockheed 
Compressible  Flow  Wind  Tunnel 
(CFWT)  [13].  The  tests  featured  a 
generic  20%  rectangular  cavity  -  36 
inches  in  length  with  a  L/D  ratio  of  6. 

Dynamic  load  spectra  were  obtained  at 
various  locations  during  these  tests.  A 
schematic  of  the  geometry  and  the  dynamic  pressure  measurement  locations  is 
shown  in  Fig.  4.  The  case  simulated  has  a  freestream  Mach  number  of  1.5  and  a 
Reynolds  number  of  7  million  per  foot. 

The  weapons  bay  flow  field  can  be  visualized  as  the  combination  of  the 
two  flow  fields  discussed  above  -  the 
upstream  region  of  the  cavity  is  a  boundary 
layer  flow  field,  while  the  flow  over  the 
cavity  itself  is  a  shear  layer  flow  field.  The 
goal  is  to  achieve  a  RANS  type  behavior  in 
the  upstream  boundary  layer  region  and  a 
LES  type  behavior  in  the  shear  layer  region. 

Hence,  the  mesh  used  in  the  calculations  are 
created  with  high  aspect  ratio  cells  in  the 
boundary  layer  -  the  wall  normal  mesh 
spacing  is  fine  while  the  axial  spacing  is 
fairly  coarse.  This  permits  the  shear  in  the 
wall  normal  direction  to  be  adequately 
resolved,  but  the  high  aspect  ratio  cells  do 
not  permit  the  resolution  of  the  fine  scale  structures  in  the  buffer  region.  In  the 
shear  layer  over  the  cavity,  the  mesh  is  uniformly  fine  in  both  the  directions.  In  this 


Fig.  5.  Mesh  used  in  the  hybrid  cavity 
calculation. 


M-1.5 
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Fig.  4.  Schematic  of  the  cavity  flow  field. 
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region,  the  evolution  of  the  shear  layer  disturbances  that  result  in  the  formation  of 
the  shear  layer  need  to  be  resolved  along  with  the  strong  gradients  in  the  mean 
flow.  The  mesh  used  in  these  simulations  is  shown  in  Fig.  5.  The  insets  show  the 
cells  in  the  boundary  layer  and  shear  layer  regions.  The  wall  normal  resolution  of 
Ay+=0.25  was  used  in  the  boundary  layer  grid  and  the  stretching  rate  in  the 
boundary  layer  in  the  wall  normal  direction  was  limited  to  4%.  In  the  shear  layer 
region  over  the  cavity,  the  stretching  rates  in  both  directions  were  kept  below  4%. 

According  to  the  test  measurements,  the  upstream  boundary  layer 
thickness  is  an  inch,  which  is  consistent  with  one-fifth  scaling  for  a  fighter  aircraft 
like  the  F-l  1 1.  The  dependence  of  the  shear  layer  over  the  cavity  on  the  boundary 
layer  thickness  has  been  well  documented  [14]  -  the  momentum  deficit  at  the 
leading  edge  of  the  cavity  is  critical  for  the  shear  layer  development.  The  feedback 
mechanism,  which  determines  the  pressure  and  dynamic  load  fluctuations  on  the 
weapons  bay  floor  interacts  strongly  with  the  separating  boundary  layer  at  the 
leading  edge.  Thus  it  is  important  that  the  boundary  layer  be  captured  accurately. 

Fig.  6  shows  a  snapshot  of  the  instantaneous  contours  of  vorticity.  The 
basic  features  of  the  flow  are  highlighted  in  this.  The  boundary  layer  upstream  of 
the  cavity  is  steady  like  a  RANS  boundary  layer,  the  shear  layer  over  the  cavity,  on 


the  other  hand  is  seen  to  be 
inherently  unsteady  and 
dominated  by  periodic 
vortex  shedding  from  the 
separated  boundary  layer. 
Examination  of  the  temporal 


fluctuations  in  the  boundary  -2.2E+02 


layer  showed  that  the 
fluctuations  were  barely 


m  -3.6E  +  02 
■  -f>  nF.+n? 


noticeable  -  apart  from  the  Fig.  6.  Vorticity  contours  over  the  cavity  showing  steady 
initial  transients  during  start  RANS  like  md  unsteady  LES  like  regions, 

up  of  the  calculation,  there 

are  no  fluctuations  in  the  boundary  layer  region  upstream  of  the  cavity  leading 
edge.  The  approach  boundary  layer  is  seen  to  thicken  with  length  as  it  approaches 
the  cavity  -  the  thickness  of  the  boundary  layer  measured  at  the  leading  edge  of  the 
cavity  (the  last  grid  point  before  the  cavity  leading  edge)  shows  a  value  of  1 .067 
inches.  This  is  very  close  to  the  thickness  measured  in  the  experiments. 

The  shear  layer  over  the  cavity  as  seen  from  above  is  clearly  unsteady.  The 
separated  boundary  layer  becomes  unstable  and  rolls  up  into  vortices.  These 
vortices  are  convected  downstream  in  the  shear  layer  and  impinge  upon  the  aft  end 
of  the  cavity.  This  causes  a  recirculating  flow  region  to  be  set  up  inside  the  cavity 
forming  the  feedback  loop.  The  reflected  waves  interact  with  the  vortex  shedding 
upstream,  resulting  in  the  creation  of  a  limit  cycle  type  process.  An  examination  of 
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the  flow  variables  in  the  shear  layer  clearly  reveals  this.  Of  particular  interest  to  us 
is  the  pressure  oscillation  in  the  cavity.  The  predicted  pressure  oscillations  on  the 
cavity  floor  are  compared  with  experimental  data. 

Prior  to  presenting  the  dynamic  load  predictions  from  the  present 
simulation,  Fig.  7(a)  shows  predictions  from  a  preliminary  LES  simulation  where 
the  entire  flow  field  is  modeled  through  the  use  of  the  one  equation  LES  model 
[10].  The  mesh  used  for  this  calculation  is  the  same  as  that  used  for  the  hybrid 
calculation.  In  the  pure  LES  calculation,  the  approach  boundary  layer  is  not 
captured  correctly.  There  is  no  unsteadiness  in  the  boundary  layer  because  the 
mesh  cannot  sustain  it,  however,  the  thickness  at  the  cavity  leading  edge  and  the 
growth  rate  are  predicted  incorrectly  by  this  model.  The  boundary  layer  thickness 
at  the  cavity  leading  edge  is  only  0.48  inches  -  almost  half  the  experimental  value. 
This  adversely  effects  the  shear  layer  and  the  whole  cavity  flow  field  downstream 
of  the  leading  edge.  The  predicted  pressure  spectra  at  25%  and  75%  cavity  length 
are  compared  with  the  wind  tunnel  data.  While  the  overall  comparison  with  data  is 
reasonable,  significant  discrepancies  can  be  identified. 

In  Fig.  7  (b)  and  (c),  the  predictions  from  the  hybrid  model  are  shown.  The 
main  difference  between  these  two  simulations  is  the  boundary  layer  upstream  of 
the  cavity.  The  difference  in  the  pressure  spectra  predictions  is  clear  -  the  hybrid 
model  captures  both  the  modes  and  the  amplitudes  of  the  pressure  oscillations  very 
well.  The  pure  LES  calculation,  on  the  other  hand,  while  exhibiting  the  correct 
trends,  shows  significant  discrepancies  with  the  experimental  measurements.  This 
highlights  the  role  of  the  boundary  layer  in  altering  the  cavity  feedback  mechanism 
and  is  very  significant  for  control-oriented  applications  of  the  simulation 
methodology. 


FBqPit) 


Fig.  7(a).  Pressure  Fig.  7(b).  Pressure 

spectrum  from  the  pure  spectrum  from  the  hybrid 

LES  at  lA  cavity  length  RANS-LES  at  lA  cavity 
location  compared  with  length  location  compared 
experiment.  with  experiment. 
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Fig.  7(c).  Pressure 
spectrum  from  the  hybrid 
RANS-LES  at  3A  cavity 
length  location  compared 
with  experiment. 


In  order  to  illustrate  the  role  of  the  hybrid  model,  Fig.  8(a)  shows  contours 
of  mean  eddy  viscosity  and  velocity  in  the  boundary  layer  upstream  of  the  cavity. 
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It  is  clearly  seen  that  as  the  mesh  resolution  increases  approaching  the  leading 
edge  of  the  cavity  the  eddy  viscosity  drops,  but  there  is  no  noticeable  difference  in 

the  boundary 
layer  thickness 
and  profile  itself 
are  not  affected. 
Instead,  an 
increased  level 
of  unsteadiness 
is  seen  in  the 
boundary  layer 
as  the  cavity  is 
approached.  The 
oscillations  of 
the  shear  layer 
feedback 
the  boundary 

layer  there  by.causing  oscillations  in  the  flow  variables.  However,  farther 
upstream,  these  are  wiped  out  by  the  eddy  viscosity  yielding  a  steady  boundary 
layer  there.  The  time  histories  of  the  streamwise  velocity  at  three  different 
locations  upstream  of  the  cavity  are  shown  in  Fig.  8(b)  -  at  the  location  farthest 
from  the  cavity,  the  oscillation  amplitudes  are  mild  and  only  low  frequencies  are 
seen  to  exist.  However,  as  the  cavity  is  approached,  the  amplitude  and  frequency 
content  of  the  velocity  fluctuations  are  seen  to  increase,  this  corresponds  to  the 
reduction  in  eddy  viscosity,  showing  that  the  lower  turbulent  dissipation  levels 
allows  greater  amounts  of  unsteadiness  to  be  sustained  in  the  boundary  layer.  This 
clearly  highlights  the  role  of  the  hybrid  model  and  shows  that  the  sought  behavior 
has  been  achieved  in  the  flow  field. 

So  far  we  have  discussed  methods  of  simulating  the  weapons  bay  flow 
field  using  hybrid  techniques.  The  goal  of  these  simulations  is  to  develop  a  greater 
understanding  of  the  flow  field  dynamics  thereby  permitting  us  to  control  its 
behavior.  However,  real  time  control  in  the  hybrid  RANS-LES  simulations  is  still 
not  feasible  and  hence  reduced  order  models  are  required  to  help  us  examine 
control  strategy  alternatives.  We  now  present  results  from  our  approach  to  develop 
one  such  model  using  POD  and  the  simulations  described  above. 

3.0  Proper  Orthogonal  Decomposition  Analysis 

The  low-dimensional  model  developed  here  is  derived  using  modes  from 
the  application  of  the  Proper  Orthogonal  Decomposition  to  the  cavity  data  set. 
The  basis  set  of  the  POD  modes  are  projected  onto  the  governing  partial 
differential  equations  (PDE)  using  a  Galerkin  method.  The  methodology  to  derive 


the  mean  velocity  contours 


3  * 


Fig.  8(a).  Contours  of  eddy  viscosity  Fig.  8(b).  Unsteady  histories  o 
and  U-velocity  over  the  upstream  velocity  in  the  upstream 
Poi.nHom;  \y'~r  boundary  layer, 

through  the  subsonic  portion  of 
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the  dynamical  systems  model  discussed  here  is  similar  to  that  of  Aubry  et  al  [15] 
and  Ukeiley  et  al  [16].  In  what  follows  we  will  briefly  discuss  the  results  of 
applying  the  POD  to  the  numerical  data-set  of  the  cavity  then  discuss  the 
formulation  of  the  low-dimensional  model.  Since  the  cavity  flow  field  under  study 
is  compressible  the  POD  has  been  applied  to  both  the  density  and  velocity  fields. 


3.1  Application  of  the  POD 

Applications  of  the  POD  to  the  unsteady  simulations  have  been  reported  in 
Ukeiley  et  al  [16],  Sinha  et  al  [17]  and  Ukeiley  et  al  [18].  All  these  applications 
follow  the  original  work  of  Lumley  [5],  which  is  derived  from  projecting  a 
candidate  structure  on  the  instantaneous  field  and  maximizing  in  a  least  square 
sense.  This  results  in  a  Fredholm  integral  equation,  the  solution  of  which  yields 
the  orthogonal  basis  vectors  and  the  relative  weights  of  these  vectors  that  optimally 
describe  the  chosen  field.  This  was  later  generalized  to  the  ‘Vnethod  of  snapshots’1 
by  Sirovich  [19]  where  he  showed  that  the  eigenfunctions  of  the  POD  can  be 
written  as  linear  combination  of  instantaneous  flow  fields, 


<j>tn(x)=  I  Vn(tk)Ui(x,tk) 

k=  1 

and  they  can  be  evaluated  by  solving  an  intermediate  eigenvalue  problem.  This 
requires  identifying  the  eigenfunctions  of  a  matrix  which  is  calculated  by 
correlating  independent  snapshots  and  integrating  over  the  spatial  domain  of 
interest.  Significantly,  this  results  in  an  eigenvalue  problem  which  is  of  the  order 
of  the  number  of  ensembles,  and  not  the  number  of  spatial  locations,  as  with  the 
original  formulation.  Equation  (4)  can  be  solved  either  independently  for  each 
flow  variable  or  through  the  use  of  a  suitable  kernel  that  combines  flow  variables. 
Following  Lumley  and  Poje  [21]  we  have  used 

w=  {^±}i=  i  3,{— }J=4  \u2  =(itiUj);r2  =  (p2)  such  that  a  and  b  satisfy 
u  r  J  '  1 

a2(uiUj)  +  b2(^p2^  =  2  thereby  modifying  equation  (4)  as 

M 

#*(*)  =  E  V *n(tk)Wi(x,*k)  (5) 

*=i 

The  effects  of  using  the  modified  kernel  as  opposed  to  the  independent 


decomposition  will  be  discussed 
briefly  here.  Figure  9  shows  the 
convergence  of  the  POD  applied  to 
both  the  density  and  velocity 
fields.  Approximately  20%  of  the 
mean  square  energy  is  contained  in 
the  in  the  dominant  mode  and  70% 


Fig.  9.  Convergence  of  POD  for  density  and 
u  velocity. 
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in  the  first  eight  modes.  The  spatial  structure  of  the  modes  is  shown  in  Fig.  10(a) 
which  shows  the  first  4  POD  modes  of  streamwise  velocity.  The  dominant  modes 
are  seen  to  contain  information  about  the  large  scale  features  of  the  flow  while  the 
higher  modes  contain  much  of  the  smaller  scale  detail  in  the  flow  field.  The 
vortical  structure  seen  in  the  results  of  the  hybrid  calculation  are  seen  here  through 
an  opposition  in  sign  of  eigenfunction  across  the  shear  layer.  Figure  10(b)  shows 
the  modes  associated  with  the  density  field.  As  with  the  velocity  field,  streamwise 
aligned  waves  and  waves  propagating  out  of  the  cavity  can  be  distinctly  identified 
in  these  modes.  Shown  in  Fig.  1 1  is  the  effect  of  using  the  coupled  formulation  as 
opposed  to  the  uncoupled  formulation  originally  proposed.  Here  it  is  seen  that  that 
first  modes  are  very  different  for  the  two  reconstructions,  however,  as  more  modes 
are  added,  the  solutions  seem  to  converge.  From  a  qualitative  examination  of  the 
flowfields  using  only  one  POD  mode,  it  is  seen  that  the  coupled  application  yields 
a  reconstruction  that  is  closer  to  the  original  flowfield,  in  spite  of  the  fact  that  the 
first  modes  from  the  independent  reconstructions  actually  contained  a  greater 
fraction  of  the  mean  square  energy.  Thus  this  implies  that  in  order  to  predict  the 
dynamics  of  the  flow  field,  the  coupled  application  yields  better  results. 


StmvTwlMVMDdty  Modal 


Fig.  10(a).  POD  modes 
of  the  velocity  field 
from  the  coupled 
formulation. 
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Fig.  10(b).  POD 
models  of  the  density 
field  from  the 
coupled  formulation 


Fig.  11.  Comparison  of  the  reconstructed 
flow  field  from  the  coupled  and  uncoupled 
POD  applications 


3.2  Dynamical  Systems  Model 

The  system  of  PDE’s  for  the  model  developed  here  consists  of  the 
conservation  of  mass  and  momentum  equations  for  a  compressible  fluid  and  are 


given  by, 


dp  dw, 


*£_ 

a* 


=o 


(6) 
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du.  du.  dp  d2u{  1  d"u  ■ 
P  dt  +PUj  dxj  +M dXjdxj  +  3 ^ dxjdxj 


(7) 


In  using  this  system  as  the  governing  equations  we  are  assuming  a  constant  total 
enthalpy  flow  for  the  model.  The  first  step  in  deriving  the  model  equations  is  to 
expand  out  the  density  and  velocity  in  terms  of  the  POD  modes.  These 
representations  can  be  written  as  follows, 


ut=  I 

n= 1 

p=  L 

i=  i 


(8) 


Since  only  the  density  and  velocity  will  be  expanded  in  terms  of  POD 
modes  we  will  use  an  Ideal  Gas  assumption  to  relate  the  pressure  field  in  terms  of 
one  of  the  model  variables.  After  substituting  in  the  above  relationship  the 
Galerkin  projection  is  performed.  The  projection  takes  advantage  of  the  POD 
basis  being  orthogonal  to  simplify  the  constant  matrices.  The  resulting  equations 


have  the  form. 


=  -1aC\-'Lb!m-'LL  (b 
of  n  1  In 

for  the  continuity  relationship  and, 


b‘)(an 


an)B2-LblB}-I.L  ( b'-b‘*an 

l  1  n 


a")B2 


(9) 


- an  =  -'Ll.bpC3-'LanL\-Z'LbpanL2~'LZa"apQ 1 

dt  p  n  n  p  n  p  n  (10) 

-LLLbpanalQ2  +  I.  iTZsi  +  L  LbVS2+ EEEfcVa  JS3 

p  n  l  n  l  p  n  p  n  l 

for  the  Navier-Stokes  equations.  In  the  above  equations  C1-C3,  B1-B3,  LI,  L2,  Ql, 
Q2  and  SI -S3  are  constant  matrices  calculated  from  the  POD  eigenfunctions. 
These  coefficients  relate  to  the  various  properties  of  the  governing  PDE’s.  For 
example,  the  linear  term,  LI,  contains  two  parts;  the  first  is  viscous  dissipation,  the 
second  has  mean  gradients  which  relates  it  to  production  of  turbulence.  It  should  be 
noted  that  separating  the  time  and  spatial  dependence  allows  for  the  coefficients 
involving  the  POD  eigenfunctions  to  be  calculated  only  once  since  all  of  the  time 
dependence  is  in  the  expansion  coefficients. 

3.3  Solution  Methodology 

Based  on  the  results  from  the  application  of  the  POD  the  low-dimensional 
model  developed  will  use  8  density  and  8  velocity  POD  modes.  This  yields  a  set 
of  16  ordinary  differential  equations  which  need  to  be  solved:  8  from  continuity 
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and  8  from  Navier-Stokes.  These  16  equations  have  been  programmed  into  a 
fourth  order  Runge-Kutta  routine  with  adaptive  time  stepping.  The  routine  will  be 
used  to  integrate  the  ODE'  s  to  obtain  the  expansion  coefficients  a(t)  and  b(t). 
Once  the  time  evolution  of  these  coefficients  has  been  obtained  they  can  be 
projected  onto  the  eigenfunctions  to  get  the  time  dependent  velocity  and  density 
fields.  This  allows  us  to  study  both  the  time  evolution  of  the  dominant  features 
and  supplies  a  simple  set  of  ODE'  s  that  can  be  coupled  with  an  active  flow  control 
methodology  to  determine  an  optimal  flow  control  situation. 

From  examining  the  equations  it  is  apparent  that  there  are  several  terms 
that  can  not  be  written  in  terms  of  the  POD  modes,  such  as  the  temperature,  the 
mean  velocities  and  mean  density.  The  temperature  field  will  be  assumed  to  be  a 
function  of  space  only,  i.e.,  T  ~T(x).  This  means  that  the  temperature  field  will 
not  be  a  function  of  time  and  in  the  model  the  mean  value  from  all  of  the  snapshots 
will  be  used.  This  is  consistent  with  a  constant  total  enthalpy  assumption,  which 
also  allows  us  to  only  use  the  continuity  and  Navier-Stokes  equations  with  out  the 
energy  equation.  For  the  initial  approach  both  the  density  and  velocity  fields  will 
be  treated  as  not  being  a  function  of  time  either.  The  numerical  values  used  for 
these  parameters  will  be  those  from  the  ensemble  average  of  the  snapshots.  These 
values  might  be  high,  however,  since  there  is  over  80%  of  the  turbulent  kinetic 
energy  and  mean-square  density  retained  in  the  model  it  is  a  reasonable  first  step. 
In  the  future  a  model  for  the  mean  velocity  that  more  accurately  represents  an 
appropriate  one  for  the  truncated  system  and  allows  feedback  from  the  turbulence 
can  be  introduced  such  as  the  one  discussed  in  Ukeiley  and  Glauser,  1995. 

Another  important  aspect  of  low-dimensional  modeling  is  how  to  account 
for  the  neglected  POD  modes.  To  date  we  have  tried  to  treat  this  simulation  much 
like  the  VLES  simulations  that  were  used  to  generate  the  data  used  to  extract  the 
POD  modes.  That  is  to  say,  the  numerical  dissipation  will  be  assumed  great 
enough  to  account  for  energy  lost  to  the  POD  modes  that  have  not  been  included  in 
the  model.  This  is  an  initial  approach  and  it  is  envisioned  that  an  extra  term  to 
account  for  the  truncated  modes,  much  like  what  has  been  classically  done,  will  be 
added  later. 

4.0  Conclusions  and  Future  Work 

In  this  paper  we  have  addressed  some  key  issues  pertaining  to  the 
development  and  assessment  of  control  strategies  for  cavity  flows.  Requirements 
for  hybrid  RANS-LES  modeling  in  general  have  been  outlined  and  demonstrative 
calculations  have  shown  the  need  for  each  one  of  the  components  of  hybrid 
modeling.  The  interfacial  boundary  condition  generation  issue  was  addressed 
briefly  -  further  enhancements  and  improvements  are  being  studied  and  will  be 
presented  in  the  future.  The  issue  of  mesh  dependent  modeling  was  demonstrated 
through  its  application  to  the  cavity  problem.  In  this  regard,  a  more  complete  three 
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equation  version  of  this  model  is  being  currently  studied  and  will  be  presented  in 
the  future.  The  technique  of  POD  was  shown  to  be  a  good  candidate  for  the 
application  to  the  development  of  a  lower  dimensional  model  for  the  cavity  - 
convergence  of  the  POD  modes  was  demonstrated  along  with  comparisons  to  with 
the  Hybrid  RANS-LES  calculations  to  show  that  the  model  mimics  the 
simulations.  The  dynamical  systems  model  of  the  flow  field  was  derived  and  will 
be  tested  and  studied  in  more  detail  in  the  future. 
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Abstract.  The  paper  presents  a  large-eddy  simulation  of  the  flow  over  a 
sharp  trailing  edge.  To  minimize  the  computational  effort  inflow  conditions 
for  fully  turbulent  compressible  boundary  layers  are  developed.  The  LES 
findings  show  good  agreement  with  other  numerical  and  experimental  data. 
For  the  prediction  of  the  trailing-edge  noise,  acoustic  perturbation  equa¬ 
tions  are  derived,  which  are  excited  by  sources  determined  from  results  of 
a  compressible  flow  simulation.  Results  of  acoustic  fields  are  presented  for 
a  model  problem. 


1.  Introduction 

The  interaction  of  the  turbulent  boundary  layer  and  the  wake  in  the  vicinity 
of  a  trailing  edge  produces  noise  [6].  For  the  prediction  of  the  trailing-edge 
aeroacoustics  a  two-step  approach  is  proposed.  The  first  step  consists  of 
a  large-eddy  simulation  of  the  compressible  flow  problem  only  in  the  area 
where  the  noise  is  generated,  i.e.,  just  in  the  immediate  vicinity  of  the 
trailing  edge.  Since  the  acoustical  and  fluid  dynamical  length  scales  differ 
considerably,  the  acoustic  field  is  computed  with  a  different  grid  resolution 
in  a  second  step,  using  a  system  of  acoustic  perturbation  equations  that 
describe  only  the  propagation  of  the  acoustic  modes.  Its  computational  do¬ 
main  contains  not  only  the  trailing-edge  region  but  the  entire  plate.  Source 
terms,  determined  from  the  LES  solution,  are  used  to  generate  the  sound 
in  the  trailing-edge  region.  Since  only  the  aft  region  of  the  plate  geometry 
is  simulated  in  the  LES,  appropriate  inflow  conditions  for  a  turbulent  com¬ 
pressible  boundary  layer  are  derived.  In  the  second  part  of  the  paper  the 
acoustic  perturbation  equations  are  briefly  introduced  and  their  prediction 
qualities  are  discussed  based  on  the  flow  over  a  circular  cylinder  [3].  In  an 
upcoming  step  the  trailing-edge  noise  will  be  simulated. 
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2.  LES  of  the  Trailing-Edge  Flow 

2.1.  NUMERICAL  METHOD  AND  CONFIGURATION 

A  large-eddy  simulation  is  performed  to  simulate  the  turbulent  compress¬ 
ible  flow  over  a  sharp  trailing-edge  of  an  adiabatic  flat  plate.  The  discretiza¬ 
tion  of  the  convective  fluxes  in  the  governing  equations  is  a  second-order 
accurate  AUSM  formulation  with  a  central  pressure  derivative.  The  vis¬ 
cous  stresses  are  discretized  using  central  differences  of  second-order  accu¬ 
racy.  Furthermore,  an  explicit  5-step  Runge-Kutta  time  stepping  scheme 
of  second-order  accuracy  is  used  for  the  temporal  integration.  The  scheme 
is  described  in  more  detail  in  [9]  where  also  results  of  various  validation 
tests  are  discussed.  The  flow  being  simulated  corresponds  to  experiments 
conducted  by  the  Universities  of  Dresden  and  Stuttgart  at  a  Reynolds 
number  based  on  the  freestream  velocity  and  the  length  °f  the  plate s  of 
Reoo=5.33T05  and  a  Mach  number  of  Af =0.15  [10].  The  thickness  d  of  the 
plate  is  linearly  reduced  from  d=lmm  to  zero  under  an  angle  of  15  to  avoid 
vortex  shedding  in  the  wake.  Hot  wire  measurements  are  used  to  determine 
the  mean  velocity  and  turbulence  intensities  in  the  boundary  layer  and 
the  wake.  To  reduce  the  computational  effort  while  capturing  the  essential 
physics  the  numerical  simulations  are  conducted  in  a  domain  that  contains 
25%  of  the  total  length  of  the  plate.  Since  the  boundary  layer  is  tnppe 
immediately  after  the  leading  edge,  a  fully  turbulent  boundary  layer  enters 
the  domain  of  integration  with  a  thickness  of  <$o/d— 2-1. 

2.2.  BOUNDARY  CONDITIONS 

The  domain  of  integration  comprises  only  the  rear  part  of  the  flat  plate  and 
the  wake  region.  Therefore,  a  slicing  technique  is  used  in  which  the  instan¬ 
taneous  velocity  distribution  at  each  time  level  for  the  inflow  boundary  is 
generated  from  the  simultaneous  simulation  of  a  turbulent  boundary  laye  , 
see  Fig.  6.  The  boundary  layer  simulation  also  requires  an  inlet  boundary 
condition,  which  is  obtained  by  extending  the  method  of  Lund  et  al.  [8] 
for  compressible  flows.  This  technique  will  be  discussed  in  the  next  section. 
At  the  surface  of  the  plate  the  no-slip  condition  and  an  adiabatic  wall  is 
prescribed,  at  all  outflow  boundaries  non-reflecting  boundary  conditions 
with  pressure  relaxation  are  applied  [11].  Since  the  pressure  relaxation  in¬ 
troduces  some  numerical  reflections,  a  sponge  layer  zone  is  added,  in  which 
the  source  terms  S  are  computed  as  a  function  of  the  deviation  of  the  in¬ 
stantaneous  from  the  analytical  solution  qa  based  on  the  logarithmic  wall 
law  5  =  a(q(t,x)  -  $„(*)),  where  q  represents  the  vector  of  conservative 
variables.  The  parameter  a  is  computed  as  a  function  of  the  distance  from 
the  boundaries  and  increases  from  zero  to  omax  within  the  sponge  layer 
zone.  The  value  for  omax  is  chosen  to  be  0.5,  which  has  been  determined  in 
test  simulations  under  the  condition  to  minimize  numerical  reflections. 
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2.3.  RESCALING  METHOD 


The  slicing  technique  involves  the  simulation  of  an  adiabatic  flat  plate 
boundary  layer.  For  that  purpose  the  rescaling  method  of  Lund  et  al.  [8] 
is  extended  for  compressible  flows.  In  a  first  attempt  a  constant  total  en¬ 
thalpy  in  the  inflow  section  of  the  boundary  layer  was  assumed,  so  that  the 
mean  and  the  fluctuation  temperature  could  be  determined  by  the  corre¬ 
sponding  velocity  quantities.  This  procedure  was  called  simple  temperature 
rescaling  [2].  The  results,  however,  showed  quite  a  discrepancy  in  the  mean 
streamwise  velocity  (Fig.  1)  and  the  skin- friction  distribution  (Fig.  2), 
which  is  why  a  more  consistent  compressible  extension  of  the  rescaling 
method  was  derived.  The  idea  of  the  rescaling  method  is  to  decompose 
all  flow  field  components  into  a  mean  and  a  fluctuating  part,  and  then, 
to  apply  an  appropriate  scaling  law  to  each  quantity  separately  for  inner 
and  outer  layers.  For  the  velocity  components  the  procedure  proposed  by 
Lund  et  al.  [8]  is  adopted. 

To  take  into  account  compressibility  effects  the  temperature  profile  is 
rescaled  as  follows.  For  the  mean  static  temperature  T,  we  locally  use  Walz’s 
equation  T/Too=l  +  A(  1  -  U^/U^)  with  A=0.5(7  -  1  )rM2,  where  r  rep¬ 
resents  the  recovery  factor  and  M  the  freestream  Mach  number  [14].  Fur¬ 
thermore,  the  temperature  fluctuation  T'  can  be  calculated  assuming  a 
negligible  total  temperature  fluctuation  T%  compared  with  the  static  tem¬ 
perature  fluctuation.  This  assumption  is  valid,  since  we  study  subsonic  flows 
at  M=0A  and  M=0.15  in  the  present  work.  Following  Bradshaw  [1],  we 
introduce  the  static  temperature  fluctuation 


T{y,z,t) 


w  L)  Ml  Ul(y,z,t) 


where  Mi  is  the  local  Mach  number.  Using  the  equation  of  Walz  [14]  and 
formulating  the  rescaling  process  similar  to  the  velocity  we  obtain  the  fol¬ 
lowing  equations  for  the  rescaled  temperature  and  its  fluctuations 


Tirer=  P2sTre(yi  )+C1T00  and  T?^T= 


T'Te  =  0fT're{ytn,z,t)  and  Tm 


,outer=  Z,  t)  -  C2  K  >-•(*" 
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00 


with  Cl  =  (1  +  A){  1  -  #),  C2  =  2A/3S(1  -  ft),  and  C3  =  (1  -  ft)(l  + 
ft  +  2 Aft).  If  the  rescaling  factor  ft=itr,m  Ab->re  is  assumed  to  be  1  for 
the  temperature  distribution,  we  arrive  at  the  formulation  that  was  used 
by  Urbin  et  al.  [13]  to  compute  supersonic  boundary  layers. 

The  composite  distribution  that  is  approximately  valid  over  the  entire 
boundary  layer  is  obtained  by  forming  a  weighted  average  of  the  inner 
and  outer  profile  for  the  velocity  and  the  temperature  as  was  proposed  by 
Lund  et  al.  [8]. 
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The  rescaling  operation  requires  the  skin  friction  velocity  uT  and  the 
boundary  layer  thickness  6 ,  both  at  the  rescaling  station  and  at  the  inlet. 
They  can  be  directly  determined  from  the  mean  velocity  profile  at  the 
rescaling  station,  but  must  be  specified  at  the  inlet.  It  is  sufficient  to  fix  £ 
at  the  inlet,  whereas  uT  for  compressible  flow  at  the  inlet  is  evaluated  via 


__  ft (  \  /  ^1  re  \  [2(»-l)j 

UT, in~  UT,re^J  yP(wall)inJ  \SUn  ) 

where  Si  is  the  displacement  thickness,  P(wail)  is  the  local  density  at  the 
wall,  the  ratio  of  which  contains  the  temperature  distribution  along  the 
surface,  and  the  exponent  n  is  set  to  n=5.  The  above  relation  can  be  derived 

from  the  standard  power-law  approximations,  c/  ~  ReJn ,  8\/x  ~  Rel  71 , 
where  Cf  is  the  skin-friction  coefficient.  Unlike  in  Lund  et  al.  [8]  where  the 
momentum  thickness  is  used  we  incorporate  the  displacement  thickness  in 
the  rescaling  formulation.  Since  the  momentum  thickness  is  a  non-linear 
function  of  the  velocity  profile,  different  results  are  obtained  when  either 
the  spanwise  averaged  velocity  profile  is  used  to  compute  the  momentum 
thickness  or  the  momentum  thickness  is  computed  locally  and  then  averaged 
in  the  spanwise  direction. 

2.4.  RESULTS 

To  validate  the  compressible  rescaling  method  we  first  simulate  a  boundary 
layer  flow  of  an  adiabatic  flat  plate  for  M=0A  and  726,^=14400  (Re$0= 1400), 
where  SQ  is  the  boundary  layer  and  90  the  momentum  thickness  at  the  inlet, 
respectively.  The  dimensions  of  the  computational  domain  are  30$o  *  3.5$o  x 
0.64£0  in  the  streamwise,  wall  normal,  and  spanwise  direction.  Furthermore, 
we  evidence  the  influence  of  the  sponge  layer  and  study  the  impact  of  grid 
resolution  by  using  two  different  grids,  one  with  approx.  700,000  cells  and 
a  finer  mesh  with  approx.  1,350,000  cells. 

The  mean  streamwise  velocity  profiles  are  plotted  in  inner-law  scaling 
in  Fig.  1  for  both  grid  resolutions  and  different  rescaling  laws.  The  fine  grid 
profiles  based  on  the  new  temperature  rescaling  closely  follow  the  analytic 
form  that  consists  of  the  viscous  sublayer  y+  <  5,  u/uT=y+ ,  the  buffer  layer 
5.0  <  y+  <  30.0,  it/ur=5.0  In  3.05,  and  the  logarithmic  layer  >  30.0, 
u/ur=2.51ny+  +  5.5.  In  Fig.  2  the  skin  friction  coefficient  is  compared  with 
the  formula  of  Faikner  Cf =0.012/ Regs  [4].  Here,  also  results  of  a  coarse 
grid  solution  using  no  sponge  layer  are  shown  to  demonstrate  the  influence 
of  the  formulation  of  the  exit  boundary  condition.  The  added  source  term 
in  the  sponge  layer  damps  reflected  pressure  waves,  but  also  all  turbulent 
fluctuations,  so  that  c/  is  progressively  reduced  in  the  sponge  layer  region. 
cj  is  slightly  underpredicted  on  the  coarse  grid,  since  the  coherent  structures 


LES  BASED  TRAILING-EDGE  NOISE  PREDICTION 


693 


that  redistribute  the  turbulence  intensities  from  the  streamwise  direction  to 
the  wall  normal  and  spanwise  directions  are  not  captured  accurately  with 
the  larger  spatial  steps.  Consequently,  this  leads  to  a  smaller  exchange  of 
momentum,  and  thus,  to  a  lower  wall  shear  stress  on  the  coarse  grid.  The 
turbulence  intensities  are  compared  in  Fig.  5  with  the  data  of  Lund  et  al.  [8] 
at  Re$  =  1850  for  the  fine  grid.  The  good  agreement  of  the  present  results 
of  a  compressible  boundary  layer  and  the  LES  of  Lund  et  al.  [8]  is  clearly 
visible. 

Fig.  3  shows  the  mean  temperature  distribution  in  inner- law  scaling  y+. 
The  profiles  do  not  coincide  perfectly  near  the  inflow  section,  whereas  fur¬ 
ther  downstream  the  distributions  do  lie  on  top  of  each  other  up  to  the  be¬ 
ginning  of  the  outer  layer  at  approx.  y+=180.  The  discrepancy  immediately 
downstream  of  the  inlet  probably  occurs  due  to  the  linear  interpolation  for 
corresponding  locations  at  the  inlet  and  rescaling  locations  and  the  differ¬ 
ent  grid  resolution,  which,  measured  in  wall  units,  is  coarser  at  the  inlet 
than  further  downstream.  Fig.  4  illustrates  the  mean  temperature-velocity 
relationship.  The  simulation  data  fits  well  with  the  Walz’s  quadratic  profile 
for  an  adiabatic  wall  [14]. 

Using  the  compressible  boundary  layer  solution,  a  realistic  inlet  bound¬ 
ary  condition  is  obtained  for  the  turbulent  trailing-edge  flow.  The  grid  lines 
at  the  inflow  boundary  coincide  with  those  of  the  boundary  layer  simula¬ 
tion,  such  that  no  interpolation  of  the  instantaneous  solution  is  required. 
The  entire  computational  mesh  to  simulate  trailing-edge  flow  is  plotted  in 
Fig.  7.  It  contains  2,250,000  grid  points  distributed  in  19  blocks,  3  blocks  of 
which  are  used  for  the  fiat  plate  simulation.  To  evidence  the  vortical  struc¬ 
tures  in  the  vicinity  of  the  trailing  edge,  the  wake  of  the  M= 0.15  flow  is 
visualized  using  the  A2~criterion  [7]  in  Fig.  8.  The  initially  elongated  vortex 
structures  above  the  plate  become  shorter  close  to  the  trailing  edge  due  to 
the  deceleration  of  the  flow. 

In  Figs.  9  and  10  mean  velocity  and  turbulence  intensity  profiles  in 
the  trailing-edge  and  near-wake  regions  are  compared  with  the  experimen¬ 
tal  data  from  [10].  The  agreement  of  the  turbulence  intensity  between  the 
present  LES  and  the  experimental  data  is  fairly  good  except  in  the  near-wall 
region  where  the  experimental  intensity  profiles  lack  the  near-wall  peaks 
that  do  exist  in  turbulent  boundary  layers.  This  suggests  a  spatial  un¬ 
derresolution  or  an  insufficient  high-frequency  response  of  the  measuring 
instrument  near  the  wall. 

The  time  history  of  the  flow  induced  force  on  the  plate  in  the  vertical 
direction  is  plotted  in  Fig.  11.  These  fluctuations  occur  with  a  regular 
frequency  related  to  a  Strouhal  number  of  about  0.2  based  on  the  plate 
thickness.  Thus,  they  are  obviously  associated  with  a  Kelvin-Helmholtz 
type  unsteady  motion  in  the  wake  of  the  trailing  edge,  which  can  clearly 
be  seen  in  the  spanwise  averaged  temperature  distribution  in  Fig.  12.  Since 


694 


W.  SCHRODER  ET  AL. 


the  unsteady  vorticity  in  the  wake  has  a  vortex  axis  parallel  to  the  trailing 
edge,  it  produces  more  efficient  sound  than  the  turbulent  eddies  from  the 
boundary  layer,  which  are  more  aligned  with  the  streamwise  direction. 

3.  Simulation  of  Aerodynamic  Noise 

We  now  turn  to  the  numerical  prediction  of  the  acoustic  field.  The  follow¬ 
ing  discussion  is  a  brief  summary  of  the  detailed  analysis  by  Ewert  et  al. 
presented  in  [3].  The  acoustic  perturbation  equations  (APE)  for  the  simula¬ 
tion  of  wave  propagation  are  derived  by  a  flow  decomposition  into  acoustic 
and  non-acoustic  quantities,  based  on  a  filtering  of  the  non-linear  and  vis¬ 
cous  terms  of  the  Navier-Stokes  equations  in  Fourier /Laplace  transformed 
space.  The  pressure  is  decomposed  into  a  pseudo-sound  pressure  Poo<t>v  and 
an  acoustic  perturbation  p'.  The  perturbation  density  p'  in  general  also  con¬ 
tains  non-acoustic  fluctuations.  Furthermore,  the  APE  describe  the  prop¬ 
agation  of  ir rotational  velocities  u '  in  an  unsteady  solenoidal  background 
flow  field  U. 

To  compute  the  acoustic  field  of  a  circular  cylinder  at  laminar  freestream 
conditions  the  following  simplifications  are  introduced.  Neglecting  the  scat¬ 
tering  of  acoustic  waves  due  to  the  unsteady  mean-flow  field,  it  seems  to  be 
acceptable  to  use  a  time  averaged  base  flow  field  U{  instead  of  Ui.  Further¬ 
more,  for  small  acoustic  quantities  the  non-linear  terms  can  be  dropped. 
The  equations  used  for  the  computations  read,  see  [3]  for  details 

dJr  +  £-(p'Ui+PooUi)=0  ,  ^  +  £-i(Ujnj)  +  ^ti=°  • 

=  -Poo^  =  -Poo  +  Uife)  . 

The  term  D(f)v/Dt  is  computed  by  solving  a  Poisson  equation  with  a 
right  hand  side  determined  from  an  appropriate  LES  or  DNS  solution  of 
the  compressible  flow  problem  in  the  region  where  the  noise  is  generated. 
The  generation  of  vorticity  is  prevented  completely.  Ui  is  determined  in 
the  complete  acoustic  domain  e.g.  by  an  Euler  or  RANS  computation.  The 
acoustic  field  is  computed  by  solving  the  perturbation  equations  for  the 
unknowns  p',  u $,  pf. 

3.1.  NUMERICAL  METHOD 

For  the  spatial  discretization  of  the  acoustic  perturbation  equations  the 
fourth-order  dispersion  relation  preserving  (DRP)  scheme  following  Tam  [12] 
is  applied  in  generalized  curvilinear  coordinates.  The  DRP  scheme  is  also 
applied  to  compute  the  metric  terms  so  that  a  consistent  discrete  system  is 
achieved.  The  temporal  integration  is  performed  using  the  fourth-order  al¬ 
ternating  two-step  low  dissipation  and  low  dispersion  Runge-Kutta  scheme 
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(LDDRK  5-6).  To  suppress  spurious  high  frequency  waves  artificial  selective 
damping  has  been  used.  At  far  field  boundaries  a  sponge  layer  formulation 
is  used  and  at  the  solid  walls  a  ghost  point  concept  is  imposed  [3]. 

3.2.  RESULTS 

The  flow  around  a  circular  cylinder  at  a  freestream  Mach  number  M=0.3 
and  a  freestream  Reynolds  number  based  on  the  diameter  Reoo=200  is  con¬ 
sidered.  The  aeroacoustic  sources  are  determined  from  a  highly  resolved 
compressible  flow  simulation.  The  solution  of  the  acoustic  perturbation 
equations  with  the  source  term  determined  by  the  unsteady  flow,  is  per¬ 
formed  on  an  O-grid  with  257  x  161  grid  points.  The  source  terms  are 
determined  for  43  time  levels  within  one  vortex  shedding  cycle.  During  the 
acoustic  simulation  the  time  dependent  source  term  for  the  intermediate 
time  steps  is  computed  using  linear  interpolation. 

The  acoustic  pressure  field  p  —  poo<t>v  is  shown  in  Fig.  13.  According 
to  the  formulation  of  the  acoustic  perturbation  equations  no  vorticity  is 
generated  by  the  acoustic  simulation,  so  that  no  vortex  street  occurs.  The 
directivity  shown  in  Fig.  14  agrees  well  with  that  determined  by  Guo  [5]. 
Since  4>v  decays  very  fast  to  zero  in  a  certain  distance  from  the  noise  gen¬ 
erating  region  the  computation  of  the  source  term,  e.g.  from  the  large-eddy 
simulation,  can  be  restricted  to  the  small  part  of  the  total  computational 
domain  in  which  the  noise  generation  occurs. 

4.  Conclusions 

A  consistent  extension  of  the  rescaling  method  for  incompressible  turbulent 
boundary  layers  to  compressible  fluids  has  been  developed.  Although  only 
subsonic  flows  were  considered  at  present,  the  results  indicate  that  the 
proposed  rescaling  of  the  temperature  profile  seems  to  be  superior  to  simpler 
formulations.  An  LES  of  the  flow  past  a  sharp  trailing  edge  showed  good 
agreement  with  experimental  data.  Furthermore,  the  acoustic  field  of  the 
flow  over  a  cylinder  was  computed  using  acoustic  perturbation  equations 
driven  by  a  source  term  from  the  unsteady  flow.  The  study  proved  the  two- 
step  approach  to  be  capable  to  predict  aeroacoustic  sound  based  on  a  LES 
of  a  compressible  flow  field  and  will  be  used  to  predict  trailing-edge  noise 
in  the  next  step. 
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5.  Figures 


Figure  1.  LES  of  a  turbulent  boundary  Figure  2.  LES  of  a  turbulent  bound- 
layer  for  i?e0o=14OO  and  M=0.4  with  a  ary  layer  for  Re6o= 1400  and  M=0.4. 
sponge  layer.  Velocity  profiles  in  compari-  Skin-friction  coefficient  in  comparison  with 
son  with  the  log  law.  Falkner’s  formula. 
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Figure  3.  LES  of  a  turbulent  boundary 
layer  for  Re0o=14OO  and  M=0.4.  Temper¬ 
ature  profiles  at  different  streamwise  loca¬ 
tions. 


ary  layer  for  Reg0  = 1400  and  M=0.4 
at  Re# =1850.  Temperature- velocity  re¬ 
lationship  compared  with  the  profile  of 
Walz  [14]. 


Figure  5.  LES  of  a  turbulent  bound¬ 
ary  layer  for  Re$0  — 1400  and  M=0.4  at 
Reg  =  1850.  Reynolds  stress  tensor  com¬ 
ponents  for  the  fine  grid  in  comparison 
with  the  data  of  Lund  et  al. [8]  (Symbols). 


Figure  6.  Sketch  of  the  domain  of  inte¬ 
gration  for  the  boundary  layer  and  trailing 
edge  simulation. 


Figure  7.  Grid  for  the  LES  of  a  turbulent 
flow  over  a  sharp  trailing  edge.  2.25  Million 
grid  points  in  19  blocks.  Every  second  grid 
point  is  shown. 


Figure  8.  Visualization  of  the  vortex 
structures  in  the  boundary  layer  and  in 
the  near  wake  of  the  turbulent  M  =  0.15 
flow  around  a  sharp  trailing  edge. 
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Abstract.  Turbulent  channel  flow  with  a  rib- roughened  wall  has  been  com¬ 
puted  with  constant  heating  rate  using  large  eddy  simulation.  An  implicit, 
second  order  accurate  finite  volume  scheme  was  used  to  solve  the  time 
dependent  filtered  set  of  equations  to  determine  large  eddies,  while  a  dy¬ 
namic  subgrid-scale  model  was  used  to  account  for  the  subgrid  scale  effects. 
A  dynamic  Prandtl  number  was  introduced  to  calculate  subgrid  scale  heat 
transfer.  The  effects  of  strong  heating  on  the  rib-roughened  wall  were  in¬ 
vestigated  and  Nusselt  numbers  were  computed  and  compared  with  exper¬ 
imental  data.  The  instantaneous  plots  revealed  the  influence  of  turbulent 
heat  transfer  on  velocity,  temperature  and  vorticity  in  this  particular  ge¬ 
ometry. 


1.  Introduction 

Engineers  are  using  three  different  approaches  to  cope  with  turbulence.  In 
industry,  Reynold  average  Navier-Stokes  (RANS)  methods  employing  two 
equation  models  are  widely  used  in  a  variety  of  forms.  Direct  numerical 
simulation  is  mainly  used  in  academic  research.  Large  Eddy  Simulation 
(LES)  which  originated  in  academia  tends  to  be  a  more  and  more  useful 
analysis  tool  for  industry  in  recent  years.  Several  commercial  codes  (such  as 
FLUENT  and  StarCD)  have  implemented  some  types  of  LES  models.  LES 
resolves  all  the  energy-carrying  large  eddies,  but  models  small  eddies  with 
length  scales  smaller  than  the  grid  size.  This  equips  LES  with  the  ability 
to  analyze  complex  three  dimensional  time  dependent  flows  at  a  moderate 
computational  cost  where  RANS  simulations  usually  fail. 
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The  rib-roughened  channel  flow  is  a  good  test  case  for  LES  simulation 
due  to  its  complex  flow  features,  such  as  flow  separations,  recirculation 
zones,  and  re- attachment.  Cooling  in  gas  turbine  blades  is  a  potential  ap¬ 
plication  for  this  kind  of  flow.  Early  work  was  done  by  Ciofalo  and  Collins 
[1]  for  a  rib-roughened  channel  using  the  Smagorisky  model  and  a  commer¬ 
cial  CFD  code  employing  an  incompressible  flow  formulation.  Yang  and 
Ferziger  [2]  used  a  dynamic  subgrid-scale  model  to  simulate  a  turbulent 
flow  over  an  obstacle  the  geometry  of  which  is  different  from  Ciofalo’s  case. 
Dailey  [3]  developed  a  compressible  formulation  for  large  eddy  simulation 
and  applied  it  to  the  simulation  of  a  compressible  channel  flow  with  heat 
transfer.  Further,  Meng  and  Pletcher  [4]  calculated  an  isothermal  flow  case 
similar  to  that  of  Ciofalo  and  Collins  but  using  dynamic  SGS  model  and 
a  finer  grid.  This  paper  is  a  continuation  of  that  research  and  considers 
effects  of  heat  transfer  and  property  variations. 


2.  Problem  Description 

The  problem  of  interest  is  the  turbulent  flow  and  heat  transfer  in  a  two- 
dimensional  plane  channel  with  a  periodic  array  of  transverse  square  ribs 
on  one  wall.  The  simulation  was  set  up  such  that  comparisons  could  be 
made  to  the  experimental  data  of  Drain  et  al.  [5]  and  Bates  et  al.  [6] ,  who 
made  detailed  mean  and  fluctuating  velocity  measurements.  The  blockage 
ratio,  which  is  the  ratio  of  the  rib  height,  h,  to  channel  height,  H,  was 
h/H  =  0.2.  The  pitch-to-height  ratio  of  the  ribs  was  7.2,  where  the  pitch, 

P,  is  the  streamwise  spacing  of  the  ribs.  This  value  of  pitch-to-height  ratio 
was  consistently  found  empirically  to  yield  the  greatest  enhancement  of 
heat  transfer  rates  [1].  The  nominal  Reynolds  number  based  on  hydraulic 
diameter  ( Dh  =  45)  and  bulk  velocity  was  Reo  =  20, 000. 

For  simulations  with  heat  transfer,  a  constant  heat  flux,  qw  =  cpprc^urefTr~f » 
was  applied  to  both  the  lower  wall  and  the  upper  wall.  On  the  front,  top, 
and  back  surfaces  of  the  rib,  a  constant  heat  flux,  qw,rib,  was  applied  with 
a  magnitude  that  was  one-third  of  the  heat  flux  on  the  lower  wall,  qw.  Con¬ 
sequently,  the  total  heat  added  to  the  ribbed  channel  was  the  same  as  for 
a  smooth  channel  with  no  ribs  and  wall  heat  flux,  qw.  For  the  simulations 
presented  here,  qw  =  0.002,  and  qw,rib  =  0.000667. 

The  computational  domain  only  contained  one  rib.  This  section  was 
assumed  to  be  embedded  in  a  periodic  array  of  many  ribs  in  a  fully  devel¬ 
oped  flow,  which  permitted  the  use  of  periodic  or  step  periodic  boundary 
conditions  in  the  streamwise  direction. 
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2.1.  NUMERICAL  PROCEDURE 

A  system  of  Favre-filtered  Navier-Stokes  equations  was  solved  using  a  dy¬ 
namic  sub-grid  scale  model.  The  details  can  be  found  in  Dailey’s  Ph.D. 
thesis  [3].  The  simulations  were  primarily  run  with  the  dual  time-stepping 
LU-SGS  scheme  with  the  solution  domain  divided  into  8  blocks  for  the 
coarse  grid,  and  16  blocks  for  the  fine  grid.  The  fine  grid  simulations  were 
run  with  17  processors  (one  for  master  node,  sixteen  for  slave  nodes)  on  the 
IBM-SP2  and  required  about  10  -  12  hours  of  wall  clock  time  per  10,000 
time  steps,  depending  on  the  number  of  subiterations  required  for  each  step 
in  physical  time. 

For  the  solid  walls,  including  the  upper  and  lower  walls  and  rib  surfaces, 
the  no-slip  velocity  and  zero  normal  pressure  gradient  boundary  conditions 
were  enforced.  The  wall  temperature  was  determined  from  the  specified 
heat  flux.  All  solution  variables  were  assumed  to  be  periodic  in  the  z  di¬ 
rection,  the  only  homogeneous  direction  for  this  flow.  In  the  streamwise 
direction,  the  x- moment  urn,  v  and  w  velocities,  and  periodic  component  of 
the  pressure,  were  assumed  to  be  periodic.  The  mean  pressure  gradient 
parameter  was  adjusted  at  each  time  step  to  maintain  the  desired  mass 
flow  rate.  The  temperature  was  assumed  to  be  stepwise  periodic,  with  A Tx 
given  by 


A  Tx  = 


QujL 


X 


2(m/LyLz) 


(1) 


where  Ly  =  2  and  Lz  =  tx. 

After  the  turbulent  flow  was  deemed  be  statistically  stationary,  the  sim¬ 
ulation  was  run  another  10,000  time  steps  to  compute  the  ensemble  aver¬ 
aged  turbulence  statistics. 


2.2.  GRID  AND  RUN  PARAMETERS 

The  dimensions  of  the  computational  domain  were  7.2 h  x  5 h  x  7.85 h,  or 
2.885  x  25  x  7r5,  in  the  ?/,  z  directions,  respectively.  The  coarse  grid  used 
40  x  32  x  24  control  volumes,  with  8  cells  on  each  surface  of  the  rib.  The 
fine  grid  consisted  of  80  x  64  x  48  control  volumes,  with  16  cells  on  each 
surface  of  the  rib.  The  fine  grid  is  shown  in  Fig.l.  The  nondimensional  time 
step  was  0.01. 


3.  Results 

3.1.  MEAN  AND  FLUCTUATING  VELOCITY  PROFILES 

The  mean  streamwise  velocity  profiles,  normalized  by  the  average  bulk  ve¬ 
locity  on  the  top  of  the  rib,  are  depicted  in  Figs.  2  and  3  at  planes  A  and 
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B,  respectively.  Plane  A  was  located  mid-way  between  the  ribs,  and  plane 
B  was  located  on  the  middle  of  the  rib  top  surface.  Both  experimental  data 
and  current  simulation  results  are  shown  to  facilitate  the  comparison.  From 
these  two  figures,  it  can  be  seen  that  both  coarse-grid  results  and  fine-grid 
results  agree  reasonably  well  with  the  experimental  data  in  predicting  av¬ 
eraged  velocity,  although  fine-grid  results  are  slightly  better. 

The  root-mean-square  (rms)  of  the  streamwise  velocity  fluctuations  are 
shown  in  Figs.  4  and  5.  In  the  prediction  of  velocity  fluctuations  in  section 
A,  the  fine-grid  result  shows  much  better  agreement  with  experimental 
data,  even  though  both  results  underestimate  the  velocity  fluctuations  to 
some  extent.  For  section  B,  the  fine-grid  result  captures  precisely  the  peak 
value  near  the  top  of  the  rib,  and  continues  to  be  closer  to  the  experimental 
data  than  the  coarse-grid  result.  It  seems  that  the  fine  grid  is  necessary  to 
calculate  the  turbulent  statistics,  e.g.  velocity  fluctuations,  accurately. 

3.2.  HEAT  TRANSFER  PARAMETERS 

The  local  Nusselt  number  distribution  is  shown  in  Fig.  6,  compared  to 
the  experimental  data  of  Lockett  and  Collins  [7]  at  two  different  Reynolds 
numbers.  The  distance  along  the  lower  wall  of  the  channel,  including  the 
rib  surfaces,  is  represented  by  x,  and  the  location  of  the  lower-front  corner 
of  the  rib  is  xle.  The  normalized  Nusselt  number  distribution,  as  shown  in 
Fig.  7,  used  the  average  Nusselt  number  as  the  normalization  factor,  which 
is  defined  as  below 

1 

Nuo.avg  =  g  JQ  Nllp(s)ds  (2) 

where  S  is  the  distance  along  the  lower  wall,  including  the  rib  surfaces.  The 
LES  prediction  of  Nusselt  number  agrees  quite  well  with  experimental  data. 
It  reproduced  the  overall  streamwise  profile  of  Nup,  with  a  local  maximum 
immediately  upstream  of  the  rib,  a  global  maximum  immediately  adjacent 
to  the  left-upper  corner  of  the  rib,  and  a  local  minimum  immediately  down¬ 
stream  of  the  rib.  The  fine  grid  results  performed  slightly  better  than  coarse 
grid  ones,  in  particular,  in  the  prediction  of  the  peak  values.  In  Fig.  7,  use 
of  the  normalized  Nusselt  number  permits  comparison  of  results  obtained 
from  different  Reynolds  numbers.  The  examination  of  the  profiles  reveals 
that  the  LES  simulation  is  in  very  good  agreement  with  experimental  data, 
except  that  the  maximum  value  of  Nup  is  slightly  underestimated.  Note 
that  there  is  an  increase  of  Nusselt  number  near  the  trailing  edge  of  the  rib 
for  the  experimental  results  (Rep  =  29,870),  probably  due  to  a  recircula¬ 
tion  zone  that  develops  on  top  of  the  rib  at  high  Reynolds  numbers. 
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3.3.  ENSEMBLE  AVERAGED  AND  INSTANTANEOUS  CONTOURS 

Some  ensemble  averaged  and  instantaneous  contours  for  a  rib-roughened 
channel  flow  with  heat  transfer  are  presented  in  this  section. 

Figure  8  shows  mean  velocity  vectors  with  a  ensemble  averaged  con¬ 
tour  of  u  velocity  as  the  background.  This  plot  was  created  based  on  the 
simulation  results  without  heat  transfer  for  the  purpose  of  comparison.  A 
large  recirculation  zone  behind  the  rib  and  a  smaller  recirculation  zone  in 
front  of  the  rib  are  evident.  A  large  fraction  of  the  region  between  the  ribs 
is  in  the  recirculation  zone  for  the  current  pitch-to-height  ratio.  Drain  and 
Martin  [5]  reported  a  reattachment  length  of  4.3h.  The  present  simulation 
gives  a  reattachment  length  of  4.2  —  4.3 h. 

A  3D  geometric  representation  of  this  flow  (instantaneous  u  velocity) 
is  shown  in  Fig.  9.  A  cutting  plane  is  located  midway  in  the  spanwise 
direction.  The  instantaneous  velocity  contours  are  very  irregular  because 
of  the  nature  of  turbulence. 

The  following  figures  show  the  contours  of  a  variety  of  variables  on  two 
cutting  planes,  which  are  located  at  8%  and  92%  channel  height,  respec¬ 
tively,  and  parallel  to  the  top  or  bottom  walls.  Figure  10  reports  the  in¬ 
stantaneous  u  velocity.  On  the  top  cutting  plane,  there  are  streak  patterns, 
which  are  characteristics  for  the  small-scale  turbulent  structure  near  the 
wall.  On  the  bottom  cutting  plane,  no  obvious  streak  pattern  can  be  found 
even  though  there  are  still  some  variations  of  u  velocity.  The  existence  of 
recirculation  area  before  and  after  the  rib  is  thought  to  be  the  reason  for 
this  streak  deterioration. 

The  instantaneous  temperature  is  presented  in  Fig.  11.  The  top  cutting 
plane  is  uniformly  and  moderately  heated.  The  bottom  cutting  plane,  how¬ 
ever,  has  a  large  cool  region  upstream  of  the  rib  and  a  small  hot  region 
downstream  of  the  rib  followed  by  another  cool  region. 

The  magnitude  of  vorticity  is  reported  in  Fig.  12.  There  exist  some 
streak  structures  of  vorticity  on  the  top  cutting  plane,  but  the  vorticity 
is  weak  and  smooth  on  the  bottom  cutting  plane  except  a  narrow  area 
immediately  before  the  front  surface  of  the  rib.  The  recirculation  of  flow  is 
not  conducive  to  the  formation  of  streak  structure  of  vorticity. 

4.  Conclusions 

The  simulation  of  turbulent  flow  and  heat  transfer  of  air  in  a  planar  channel 
with  transverse  square  ribs  on  one  wall  was  attempted.  Very  good  agree¬ 
ment  between  fine  grid  results  and  experimental  data  were  obtained  in 
predicting  velocity  and  velocity  fluctuations.  Coarse  grid  results  agree  well 
with  experimental  data  in  velocity  profiles  but  not  as  well  as  the  fine  grid 
results  in  velocity  fluctuation  profiles.  The  Nusselt  number  profiles  obtained 
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from  the  current  simulation  agree  reasonably  well  with  experimental  data 
which  tends  to  validate  the  current  SGS  model  for  turbulent  heat  transfer. 
The  instantaneous  contours  of  some  important  variables,  e.g.  u  velocity, 
temperature,  and  vorticity,  were  presented  and  analyzed.  It  is  found  that 
the  recirculation  of  flow  has  a  negative  impact  on  the  formation  of  streak 
structure  near  the  wall. 
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Figure  1.  Computational  grid  for 
rib-roughened  channel  flow 


y/H 

Figure  2.  Mean  streamwise  velocity  nor¬ 
malized  by  bulk  velocity  for  Section  A 


y/H 

Figure  3.  Mean  streamwise  velocity  nor¬ 
malized  by  bulk  velocity  for  Section  B 


Figure  4 •  rms  streamwise  velocity  fluctu¬ 
ations  normalized  by  bulk  velocity  for  Sec¬ 
tion  A 


y/H 

Figure  5.  rms  streamwise  velocity  fluctu¬ 
ations  normalized  by  bulk  velocity  for  Sec¬ 
tion  B 


(x  -  xle)  /  h 


Figure  6.  Local  Nusselt  number  compared 
to  experimental  data  of  Lockett  and  Collins 
(1990) 
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Figure  7.  Normalized  Nusselt  number 

compared  to  experimental  data  of  Lockett  Figure  10.  Instantaneous  u  velocity 
and  Collins  (1990) 


Figure  8.  Mean  velocity  vectors 


Figure  11.  Instantaneous  temperature 


Figure  9.  3D  configuration 


Figure  12.  Instantaneous  vorticity 


LARGE  EDDY  SIMULATION  OF  THE  TURBULENT  FLOW 
PAST  A  BACKWARD  FACING  STEP 

Isothermal  flow  and  flows  with  heat  transfer  and  property  variations 


RAVIKANTH  AVANCHA  AND  RICHARD  PLETCHER 
Department  of  Mechanical  Engineering 
Iowa  State  University ,  Ames  I  A  50011 


Abstract 

The  heat  transfer  and  fluid  mechanics  of  a  turbulent  separating  and  reat¬ 
taching  flow  past  a  single-sided  backward- facing  step  are  studied  using 
large  eddy  simulation.  A  fully  coupled,  low  Mach  number  preconditioned, 
collocated-grid,  central  differenced,  compressible,  finite  volume  formulation 
was  developed  to  conduct  the  simulations.  A  sixth-order  compact  filter  was 
used  to  prevent  pressure- velocity  decoupling.  A  compressible  version  of  the 
dynamic  subgrid  scale  model  was  used  to  model  the  effects  of  the  smaller  ed¬ 
dies.  Navier-Stokes  characteristic  boundary  conditions  designed  by  Poinsot 
and  Lele  were  used  to  provide  boundary  conditions.  The  isothermal  tur¬ 
bulent  flow  past  the  step,  at  a  Reynolds  number  of  5,540  (based  on  the 
step  height  and  upstream  centerline  velocity)  and  a  Mach  number  of  0.006, 
was  simulated  to  validate  the  formulation.  Subsequently,  the  bottom  wall 
downstream  of  the  step  was  supplied  with  constant  wall  heat  flux  levels 
of  1.0,  2.0,  and  3.0  kW/m2.  The  viscous  sub- layer  played  a  critical  role 
in  controlling  the  heat  transfer  rate.  Streamwise  and  wall-normal  turbulent 
heat  fluxes  were  of  the  same  order  of  magnitude.  The  Reynolds  analogy  did 
not  hold  in  the  recirculation  region.  However,  the  Stanton  number  profiles 
showed  a  striking  similarity  with  the  fluctuating  skin-friction  profiles. 

1.  Introduction 

Turbulent  flows  with  separation  and  reattachment,  in  the  presence  of  heat 
transfer,  occur  routinely  in  aircraft  propulsion  equipment,  such  as  turbines 
and  combustors,  and  cause  large  variations  of  local  heat  transfer  coefficient 
as  well  as  augmentation  of  overall  heat  transfer.  The  backward  facing  step 
geometry  is  well  suited  for  investigation  into  the  characteristics  of  flow  sep¬ 
aration,  reattachment  and  recovery  in  the  presence  of  an  adverse  pressure 
gradient.  Most  of  the  numerical  calculations  to  date  for  this  flow  regime  with 
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heat  transfer  have  used  two  equation  turbulence  models  like  the  k  -  e  and 
k—uj  models  with  the  Reynolds  averaged  Navier-Stokes  (RANS)  equations. 
Existing  RANS  approaches  have  not  been  successful  in  predicting  all  the 
flow  features  and  heat  transport  mechanisms  for  this  geometry.  A  summary 
of  benchmark  calculations  [1]  noted  that  only  the  results  for  streamwise 
velocity  and  dissipation  agreed  amongst  all  contributors,  but  substantial 
differences  were  noted  for  the  wall-normal  velocity,  skin  friction,  Nusselt 
number,  and  wall  temperatures.  For  the  Nusselt  number  profiles,  none  of 
the  methods  produced  a  shape  similar  to  the  experimental  results  of  [2]. 
There  did  not  appear  to  be  any  consistency  in  the  computed  points  of  max¬ 
imum  Nusselt  number  and  the  reattachment  point  [1].  Many  simulations  in 
this  study  did  not  include  the  effects  of  property  variations  although  large 
heat  flux  levels  were  used.  Since  RANS  methods  rely  to  a  great  extent 
on  the  modeling  aspects,  large  variations  in  the  quality  of  simulations  are 
observed  depending  on  the  model  assumptions.  Little  ad-hoc  modeling  is 
employed  in  large  eddy  simulation  (LES),  where  the  three-dimensional  un¬ 
steady  motion  of  the  larger  eddies  is  computed  and  subgrid-scale  modeling 
is  employed  to  account  for  the  effects  of  the  smaller  eddies.  Thus,  the  large 
eddy  simulations  presented  in  this  work  offer  a  way  to  better  understand 
the  effects  of  the  heat  transfer  and  property  variations  in  separated  flow 
regions  at  low  speeds. 


2.  Governing  Equations  and  Subgrid  Scale  Modeling 


The  Favre- filtered  compressible  Navier-Stokes  (NS)  equations,  and  the  equa¬ 
tion  of  state,  in  their  non-dimensional  form  are  given  as: 


dp  9pUj 

dt  dxj 
dpUi  +  dpuzUj 


dt 


dx. 


im  +  -iripujT) 
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where  the  viscous  stress  tensor  and  heat  conduction  vector  are  given  as, 


p  ( dui  x  du3 


13  ~  Re\dxj  +  dxi  3 dxk 
and  the  subgrid  scale  stress  tensor  and  heat  conduction  vector  are  given  as, 
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The  turbulent  stress  Tij  and  the  turbulent  heat  flux  Qj  have  to  be  modeled 
in  order  to  close  the  system  of  equations.  The  compressible  extension  [3]  to 
the  dynamic  subgrid  scale  model  [4]  employing  the  Smagorinsky  model  as 
the  base  model  has  been  used  in  this  study.  The  compressible  flow  version 
of  the  Smagorinsky  model  is  given  as 

Tij  =  TkkSij  -  2 nT(Sij  -  ^Skk$ij) ;  j.%  =  I  |  (7) 

where  \iT  is  the  eddy- viscosity,  and  Si)  is  the  Favre-filtered  strain  rate  ten¬ 
sor.  Tkk  =  2C/pA2|5|2  is  used  to  model  the  sub-grid  scale  turbulent  kinetic 
energy,  t**,  as  proposed  by  [5].  For  closure,  \iT  is  parameterized  by  equat¬ 
ing  the  sub- grid  scale  energy  production  and  dissipation,  and  the  subgrid 
scale  heat  flux  vector  Qj  is  modeled  using  a  gradient- diffusion  hypothesis, 
to  obtain 


^-A2/^nr  „  PCs  a2|5|  of 

fiT  =  CspA  yzSijSij  ;  Qj  = - — — ^  (8) 

where  Cs  is  a  model  parameter  and  PrT  is  the  turbulent  Prandtl  number 
defined  as  the  ratio  of  eddy- viscosity  vT  to  eddy-diffusivity  aT .  Both  Cs  and 
PrT  are  computed  “dynamically” .  A  is  the  filter  width  which  is  typically 
assumed  to  be  a  function  of  the  grid  resolution,  and  calculated  as  Aav  = 
(. AxAyAz )1/3. 

3.  Numerical  Procedure 

A  coupled  finite  volume  procedure,  in  primitive  variables  [p ,  u ,  v  ,  w ,  T] 
was  used  to  solve  the  filtered  NS  equations.  The  method  was  fully  implicit, 
second  order  accurate  in  time,  with  advective  terms  disretized  using  second 
order  central  differences  and  viscous  terms  with  fourth  order  central  dif¬ 
ferences.  Time  derivative  preconditioning  [6]  was  incorporated  to  alleviate 
the  stiffness  and  convergence  problems  associated  with  the  computation 
of  low  Mach  number  flows  using  traditional  compressible  formulations.  An 
all-speed  strategy  has  thus  evolved  that  enables  the  application  of  the  same 
methodology  to  incompressible  flows  and  compressible  flows  at  low  Mach 
numbers  where  effects  of  property  variations  need  to  be  accounted  for.  Sixth 
order  compact  filtering  [7]  was  used  to  eliminate  the  pressure-velocity  de¬ 
coupling  peculiar  to  collocated-grid  methods.  The  system  of  algebraic  equa¬ 
tions  was  solved  using  the  strongly  implicit  procedure  (SIP)  [8,  9].  A  code 
well  optimized  for  performance  on  the  CRAY  T-90  was  used  to  perform  the 
large  eddy  simulations. 


710 


RAVIKANTH  AVANCHA  AND  RICHARD  PLETCHER 


4.  Simulation  Details  and  Results 

The  computational  domain  for  the  large  eddy  simulations  was  designed  to 
match  the  backward- facing  step  geometry  from  the  particle  tracking  ve- 
locimetry  (PTV)  experiments  [10]  and  is  shown  in  Fig.l.  The  Reynolds 
number,  based  on  the  step  height  and  upstream  centerline  velocity  (which 
was  also  the  reference  velocity)  was  5,540.  Reference  values  of  thermal  con¬ 
ductivity,  density  and  dynamic  viscosity  were  obtained  at  the  reference 
temperature,  Tre/,  of  293  K.  The  grid  resolution  used  for  the  simulations 
was:  (1)  Upstream  of  step:  17  x  31  x  48,  (2)  Downstream  of  step:  72  x  46  x  48 
in  the  streamwise,  wall-normal  and  spanwise  directions  respectively.  Non- 
uniform  grids  were  employed  in  the  wall- normal  (y),  and  streamwise  (#)  di¬ 
rections  as  opposed  to  a  uniform  grid  in  the  spanwise  (z)  direction.  No-slip 
boundary  conditions  were  enforced  at  the  top  and  bottom  solid  walls.  Pe¬ 
riodicity  of  flow  was  assumed  in  the  spanwise  direction.  The  Navier-Stokes 
characteristic  boundary  condition  strategy  [11]  was  employed  at  the  inflow 
and  outflow  boundaries.  Turbulent  inflow  conditions  for  each  time  step  of 
the  simulation  were  provided  by  planes  of  data  stored  from  an  independent 
LES  of  a  channel  flow  with  the  same  Reynolds  number  and  time  step.  For 
the  simulations  with  heat  transfer,  the  bottom  wall  downstream  of  the  step 
was  the  only  one  supplied  with  a  constant  heat  flux.  The  remaining  walls 
were  insulated  (adiabatic  conditions). 

4.1.  ISOTHERMAL  FLOW  CASE 

The  streamwise  (Fig.  3),  wall-normal  (Fig.  4)  and  spanwise  mean  velocity 
distributions,  and  the  respective  root  mean  square  fluctuations  (Figs.  5,  6) 
from  the  simulation  showed  excellent  agreement  with  experimental  results. 
Third  order  moments  also  showed  good  qualitative  agreement  with  the  ex¬ 
periment.  The  mean  reattachment  length  from  the  simulation  was  predicted 
to  be  6.0  x/h,  as  compared  with  6.51  x/h  reported  in  the  experiment.  The 
simulations  captured  the  presence  of  a  smaller  corner  eddy  in  addition  to 
the  large  recirculation  bubble  (Fig.  2).  Details  of  the  isothermal  simulation 
and  results  have  been  presented  in  [12]. 

4.2.  CONSTANT  WALL  HEAT  FLUX  CASES 

Heat  flux  (qw)  levels  of  1.0,  2.0,  and  3.0  kW/m2  corresponding  to  normal¬ 
ized  heat  flux,  Q+  (=  W PrefUrefCpTref)  levels  of  0.0014,  0.0028,  0.0042 
were  supplied  to  the  surface  downstream  of  the  step,  yielding  maximum 
Twaii/Tbuik  ratios  of  about  1.7,  2.3,  and  2.9,  respectively.  The  bulk  tem¬ 
perature  profiles  (Fig.  7)  were  in  good  agreement  with  analytical  estimates 
based  on  an  overall  energy  balance  for  the  uniform  heat  flux  condition.  The 
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wall  temperatures  (Fig.  8)  showed  a  dramatic  increase  downstream  of  the 
step,  and  reached  their  peak  values  in  the  neighborhood  of  the  streamwise 
distance  of  x/h  ~  2.  This  increase  in  temperature  is  accompanied  by  a 
decrease  in  convective  heat  transfer  (as  evidenced  by  the  Stanton  number 
profiles  in  Fig.  9)  and  suggests  that  the  air  in  this  zone  is  almost  in  a  “stag¬ 
nant”  state.  The  Stanton  number,  St  (=  h/ prefUrefCp)  is  a  modified  Nus- 
selt  number  (St  =  Nu/RePr ),  where  Nu  =  hLy/kb,  Ly  is  the  step  height, 
h  is  the  convective  heat  transfer  coefficient,  and  kb  is  the  bulk  thermal 
conductivity.  The  Stanton  number  attains  a  maximum  slightly  upstream  of 
reattachment,  which  is  in  agreement  with  [13],  as  opposed  to  results  from 
several  other  studies  that  have  indicated  the  location  of  the  peak  Stan¬ 
ton  (or  Nusselt  number)  to  coincide  with  the  mean  reattachment  point.  In 
the  region  of  reattachment,  the  impinging  shear  layer  is  responsible  for  the 
depression  in  the  wall  temperature  around  reattachment.  Downstream  of 
reattachment,  linear  increase  of  the  wall  temperature  and  the  monotonic 
decrease  in  the  mean  Stanton  number  profiles  is  consistent  with  the  growth 
of  the  thermal  boundary  layer  following  reattachment. 

The  Reynolds  analogy  does  not  hold  in  the  mean  sense,  *.e.,  the  mean 
Stanton  number  profiles  (Fig.  9)  do  not  correlate  with  the  mean  skin  friction 
profiles  (Fig.  10).  However,  it  is  interesting  to  note  that  the  mean  Stanton 
number  profiles  show  a  more  striking  similarity  with  the  fluctuating  skin- 
friction  profiles  (Fig.  11)  than  they  do  with  the  profiles  of  the  average 
absolute  skin-friction  (Fig.  12),  or  the  mean  skin  friction.  The  high  degree 
of  correlation  between  the  fluctuating  skin-friction  coefficient  and  Stanton 
number  suggests  that  the  correct  velocity  scale  governing  the  strength  of 
convective  effects  in  the  reattachment  zone  must  be  related  to  the  velocity 
fluctuations  rather  than  the  mean  velocity  [13]. 

The  bottom  wall  skin- friction  coefficient  (Fig.  10),  in  terms  of  normal¬ 
ized  quantities  can  be  written  as  Cj  =  (2 /Re)  [((J>/p)  du/dy]w.  The  influ¬ 
ence  of  the  wall  temperatures  for  the  three  heat  flux  cases  on  the  skin- 
friction  coefficient  is  through  the  density  and  viscosity  evaluated  at  the 
wall. 

It  is  indicated  in  [13]  that  the  streamwise  turbulent  heat  flux  is  negligible 
as  compared  to  the  wall-normal  turbulent  heat  flux.  However,  we  show  that 
the  streamwise  turbulent  heat  flux  (Fig.  13),  and  the  wall- normal  turbulent 
heat  flux  (Fig.  14)  are  of  the  same  order  of  magnitude.  Probable  reasons  for 
their  observation  of  negligible  streamwise  heat  flux  are  that  the  heat  flux 
levels  in  their  work  are  an  order  of  magnitude  smaller  and  the  Reynolds 
numbers  are  three  to  five  times  greater  than  the  ones  in  this  study. 

Root  mean  square  density  fluctuations  of  up  to  20  %  were  observed.  At 
the  peak  wall  temperatures  for  the  three  heat  flux  cases,  the  viscosity  and 
thermal  conductivity  are  roughly  about  20%,  40%  and  60%  greater  than 
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the  values  at  the  inlet,  which  are  at  the  reference  temperature  of  293  K, 
thus  demonstrating  the  need  for  property  variations  to  be  considered  in 
calculations  involving  high  heat  fluxes. 

5.  Concluding  Remarks 

Large  eddy  simulations  to  study  the  heat  transfer  and  fluid  dynamics  of 
the  turbulent  reattaching  flow  past  a  backward-facing  step  have  been  suc¬ 
cessfully  conducted.  The  choice  of  the  formulation  enabled  the  inclusion 
of  property  variations,  and  facilitated  the  study  at  low  Mach  numbers. 
An  increase  in  heat  flux  supplied  to  the  bottom  wall  downstream  of  the 
step  results  in  the  heat  transfer  rate  starting  to  be  dominated  by  conduc¬ 
tion  as  opposed  to  convection.  Large  variation  in  the  wall  temperature  is 
observed,  and  the  wall  temperature  attains  a  maximum  close  to  the  step 
face.  The  peak  heat  transfer  rate  occurs  slightly  upstream  of  reattachment. 
Streamwise  and  wall-normal  turbulent  heat  fluxes  are  of  the  same  order  of 
magnitude.  The  Stanton  number  profiles  correlate  strongly  with  the  fluctu¬ 
ating  skin-friction  profiles,  and  this  observation  underscores  the  importance 
of  the  near- wall  region  in  determining  the  heat  transfer  rate. 
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Figure  3.  Mean  streamwise  velocity  Figure  4 •  Mean  wall-normal  velocity 
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ations  tuations 
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Figure  9.  Stanton  number 


Figure  10.  Skin- friction  coefficient 


Figure  11.  Fluctuating  skin-friction  AveraSe  of  absolute 


Figure  13.  Streamwise  turbulent  heat  flux  Figure  14 ■  Vertical  turbulent  heat  flux 
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Abstract 

A  need  has  arisen  for  the  development  of  RANS  models  for  the 
prediction  of  scalar  fluctuations  and  turbulent  transport  in  the  high  speed  flow 
regime.  These  models  will  have  application,  for  example,  in  scramjet 
combustors  and  missile  exhaust  plume  signature  analyses  and  other  important 
areas.  However,  in  the  high  speed  flow  regime,  experimentally  derived  scalar 
fluctuation  validation  data  is  not  readily  available  due  to  the  inability  of  relevant 
experimental  measurement  techniques  (e.g.  hot  wires)  to  cope  with  this  flowfield 
environment.  Consequently,  model  development  in  this  flow  regime  is  difficult. 
To  address  this  issue,  a  two  part  program  has  been  initiated  to  fill  the  data  gap 
and  thus  facilitate  model  development.  Part  I  of  this  program  involves  the 
collection  of  LES  data  over  a  wide  range  of  conditions.  Part  II  involves  the  use 
of  these  data  to  evaluate  and  develop  RANS  tools  to  improve  predictive 
capabilities.  This  paper  presents  results  and  preliminary  finding  of  Part  I  of  this 
program;  the  collection  of  LES  data  regarding  scalar  transport  in  planar  shear 
layers.  The  findings  of  this  study  elucidate  the  effects  of  compressibility  on  the 
character  of  mean  scalar  profiles,  variations  in  turbulent  Prandtl  number,  and  on 
scalar  rms  fluctuations. 

1.  Introduction 

The  ability  of  LES  methodology  to  predict  scalar  variance  properties  for 
both  hot  and  variable  composition  jets  and  free  shear  layers  at  subsonic 
conditions  has  been  amply  demonstrated,  as  exemplified  by  a  number  of 
comparisons  with  the  Brown  and  Roshko  Nitrogen/Helium  shear  layer  density 
variance  data  of  Konrad  (see,  e.g.  Ref.  1).  The  time-averaged  statistics  from 
these  type  of  simulations,  in  combination  with  available  subsonic  hot  jet  and 
helium  jet  data,  have  served  as  the  basis  for  RANS  (Reynolds  Average  Navier- 
Stokes)  scalar  variance  model  equation  calibration  [2],  which  are  in  turn  utilized 
for  both  variable  turbulent  Prandtl  (Prt)  and  Schmidt  (Sct)  number  modeling  [3] 
and  for  PDF-based  turbulent  combustion  modeling  [4]. 
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For  supersonic  flows  with  high  convective  Mach  numbers, 
compressibility  effects  reduce  the  rate  of  mixing  and  turbulent  fluctuation  levels. 
However,  while  significant  data  is  available  for  Favre  averaged  velocity 
fluctuations  at  high  convective  numbers,  there  is  a  lack  of  comparable  data  for 
scalar  correlations.  The  lack  of  data  in  this  flow  regime  makes  the  calibration 
and  application  of  RANS  scalar  fluctuation  models  difficult.  Recently,  Calhoon 
[4]  found  that  a  RANS  scalar  fluctuation  model,  which  had  been  calibrated  using 
available  low  speed  data,  overpredicted  fluctuation  levels  leading  to  substantive 
errors  in  missile  exhaust  plume  flows.  This  failure  of  RANS  modeling  resulted 
from  a  lack  of  adequate  data  which  could  provide  an  understanding  of  the  effects 
of  compressibility  on  scalar  fluctuations.  Available  experimental  data  for  scalar 
fluctuations  in  this  high  speed  flow  regime  are  not  readily  available. 

LES  provides  the  opportunity  to  investigate  compressibility  effects  on 
scalar  fluctuations  in  the  high  speed  flow  regime  where  experimental  data  are 
difficult  to  obtain.  Data  from  LES  in  this  regime  could  also  be  used  to  develop 
and  calibrate  RANS  models  to  be  applied  to  large  scale  problems  such  as 
scramjet  combustors,  rocket  plume  signatures  and  missile  sensor  window  aero- 
optics.  Proper  understanding  of  scalar  fluctuations  in  the  high  speed  regime  is  a 
prerequisite  to  the  development  of  reliable  turbulent-combustion  models  for 
scramjet  and  rocket  propulsive  applications. 

With  these  points  in  mind,  the  objective  of  this  overall  study  is  to 
investigate  compressibility  effects  on  scalar  fluctuations  and  evaluate  RANS 
modeling  for  the  prediction  of  these  fluctuations.  This  will  be  accomplished  by 
conducting  LES  simulations  of  hot  shear  layers  at  varying  degrees  of 
compressibility.  The  primary  scalar  fluctuations  of  interest  will  be  those  of 
temperature.  Analysis  of  the  simulation  results  will  enable  the  assessment  of 
compressibility  effects  on  fluctuation  levels  and  the  effect  of  variable  turbulent 
Prandtl  number  in  these  flows.  Time-averaged  statistics  will  also  be  used  to 
evaluate  and  calibrate  RANS  models  for  temperature  fluctuations  and  variable 
Prt. 

This  study  has  been  broken  into  two  parts.  Part  I  deals  with  the 
collection  of  LES  data  for  shear  layers  at  varying  degrees  of  compressibility. 
Part  II  deals  with  the  analysis  and  use  of  these  data  for  the  development  of 
RANS  models  for  the  prediction  of  scalar  fluctuations,  and  turbulent 
Prandtl  and  Schmidt  numbers,  which  accurately  characterize 
compressibility  effects.  This  paper  concerns  Part  I  of  this  study  and 
presents  a  summary  of  the  LES  data  that  has  been  collected  thus  far. 
Though  not  complete,  the  data  collected  so  far  does  reveal  some 
interesting  aspects  of  compressibility  effects  on  free  shear  layer 
development  and  scalar  fluctuations. 
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The  following  section  briefly  describes  the  computational  methodology 
used  for  the  LES  simulations.  Next,  a  description  of  the  simulations  carried  out 
for  Part  I  is  presented,  followed  by  the  presentation  and  discussion  of  the  results 
and  analysis.  Concluding  remarks  follow. 

2.  Computational  Methodology 

The  simulations  for  this  study  were  carried  out  using  the  CRAFT  NS 
code  [5,6].  CRAFT  is  a  structured,  finite-volume  code  applicable  to 
compressible,  reacting,  multi-phase  flows.  For  LES  applications,  the  code  is 
implemented  with  an  upwind-biased,  Roe-flux-extrapolation  procedure  extended 
to  fifth  order  [7]  and  fourth  order  central  differencing  for  the  inviscid  and 
viscous  spatial  schemes,  respectively.  Temporally,  the  code  includes  both  a 
fourth  order  Runga-Kutta  scheme  and  second  order  three-factor  Approximate 
Factorization  (AF)  implicit  scheme.  For  this  study,  the  AF  scheme  was  used  and 
applied  with  sub-iterations  to  remove  the  splitting  error.  Regarding  subgrid 
modeling,  the  code  includes  a  compressible  version  of  the  algebraic 
Smagorinsky  model  as  well  as  the  compressible,  one  equation  model  of  Menon 
[8],  The  one  equation  model  solves  a  transport  equation  for  subgrid  turbulent 
kinetic  energy,  ksgs.  The  subgrid-scale  stresses  are  then  modeled  using  an  eddy 
viscosity  approach  based  on  ksgs. 

For  high  speed  applications  where  shock  waves  are  present,  the  higher 
order  numerical  scheme  requires  modification  for  stability.  Shock  capturing 
options  for  higher  order  schemes  range  from  standard  limiting  approaches  to 
WENO  schemes  (e.g.,  Ref.  [10]).  An  alternative  approach  was  used  in  this 
study.  In  order  to  stabilize  the  code  in  the  vicinity  of  strong  gradients,  such  as 
shock  waves,  a  modification  of  the  classic  Jameson,  et  al.  [11]  2-4  dissipation 
scheme  was  used.  In  the  original  scheme,  a  fourth  order  dissipation  term  was 
employed  to  stabilize  the  central  difference  scheme  in  smooth,  high  cell 
Reynolds  number  regions  of  the  flow.  In  the  vicinity  of  shocks,  a  pressure  based 
switch  was  used  to  deactivate  the  fourth  order  dissipation  and  turn  on  a  second 
order  dissipation  term.  In  the  present  context,  the  fourth  order  dissipation  term 
is  not  required  and  is  discarded.  The  second  order  dissipation  term  is  retained  to 
provide  sufficient  stability  for  the  fifth  order  code  in  the  vicinity  of  shock  waves. 
The  original  Jameson  second  order  dissipation  term,  including  the  calibration 
constant,  was  used  with  only  the  following  modification.  The  pressure  based 
switch  was  modified  to  also  include  temperature  to  prevent  instabilities  along 
slip  lines.  Also,  both  the  pressure  and  temperature  switches  were  threshold  to 
allow  the  dissipation  to  be  tuned  for  shock  waves,  to  ensure  no  dissipation  is 
added  elsewhere.  The  following  form  of  the  second  order  dissipation  switch,  v, 
was  used, 


v=  max(vp,vr) 


(1) 
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where, 


\pM~2Pi  +  Pi- ,1 

IPi+il  +  l^/K  |Pm| 


and  vT  = 


2  T:  +T: 


M+N 


with  p  and  T  being  the 


pressure  and  temperature,  respectively.  These  values  were  then  threshold  as  vp  — 
0  if  vp<  vPi0  and  vT  =  0  if  VT<  Vt,o •  Values  of  the  threshold  cuts-offs  in 
numerical  tests  were  vPto  =  0.2  and  Vj,o  —  0.3.  Tests  of  the  scheme  were  carried 
out  for  vortex  convection,  a  shock-vortex  interaction,  wave  propagation,  and  a 
supersonic  flat  plate  boundary  layer.  These  tests  demonstrated  the  second  order 
dissipation  to  be  isolated  around  shock  waves  and  to  have  no  impact  on  the 
development  of  unsteady  flow  features  elsewhere. 


3,0  LES  Shear  Layer  Simulation 

Sandham  and  Reynolds  [9]  found  three  distinct  flow  regimes  for 
compressible  mixing  layers  using  linear  stability  analysis  and  DNS.  These  flow 
regimes  are  characterized  by  the  convective  Mach  number,  Mc ,  which  may  be 
defined  as, 


(2) 


where  u,  M,  p  and  yare  the  velocity,  Mach  number,  density  and  ratio  of  specific 
heats,  respectively,  for  the  high  speed  (subscript  1)  and  low  speed  (subscript  2) 
sides.  For  0  <  Mc  <  0.6,  two-dimensional  instabilities  are  amplified  most 
rapidly  so  that  the  shear  layer  is  dominated  by  large  scale  2-D  spanwise 
structures.  For  0.6  <  Mc  <  1.0,  oblique  (three-dimensional)  instability  modes 
become  dominant  while  2-D  instabilities  are  still  significantly  amplified 
resulting  in  a  shear  layer  which  is  composed  of  both  strong  2-D  and  3-D 
structures.  For  Mc  >  1.0,  2-D  instabilities  are  amplified  by  a  factor  of  five  less 
than  3-D  modes  resulting  in  a  flow  dominated  by  3-D  large  scale  structures  with 
little  or  no  organized  2-D  structures. 

To  characterize  compressibility  effects  on  the  evolution  of  shear  layer 
scalar  fluctuations,  simulations  for  Part  I  of  this  study  must  be  carried  out  in 
each  of  these  flow  regimes.  Convective  Mach  numbers  chosen  for  the  study 
were  Mc  =  0.27,  0.8  and  1.3.  Additionally,  all  the  simulations  were  for  spatially 
evolving  shear  layers,  as  opposed  to  temporally  evolving  layers.  Other 
numerical  studies  of  spatially  evolving  compressible  shear  layers  have  been 
undertaken  (e.g.,  Lou  et  al.  [12],  Ameur  and  Chollet  [13],  and  Nelson  [14]). 
However,  this  study  considers  a  wider  range  of  convective  Mach  numbers  for  a 
fixed  set  of  velocity  and  density  ratios,  so  as  to  isolate  compressibility  effects. 
The  velocity  and  density  ratios  for  each  case  was  specified  as  u2/iii  =  .164  and 
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p2/p}  =  3.33.  This  density  ratio  corresponds  to  temperatures  of  Tj  =  1000  K  and 
T2  -  300  K  at  atmospheric  conditions.  For  the  high  convective  Mach  number 
case,  Mj  -  2.41  and  M2  =  .72.  The  Mach  numbers  and  temperature  for  this  case 
roughly  approximate  the  conditions  of  a  nearfield  missile  exhaust  plume  shear 
layer  for  a  low  altitude  trajectory  condition.  This  high  Mc  case  has  been 
specifically  chosen  to  approximate  a  missile  plume  to  facilitate  the  development 
of  RANS  models  for  scalar  fluctuations.  These  RANS  models  may  then  be  used, 
for  example,  to  make  more  reliable  missile  exhaust  plumes  predictions,  as 
previously  mentioned. 

Progress  toward  the  completion  of  the  LES  simulations  for  Part  I  of  this 
study  is  currently  limited  to  only  the  Mc  =  0.27  and  1.3  cases.  The  Mc  =  0.8  case 
has  not  yet  been  undertaken.  For  the  Mc  =  1 .3  case,  a  full  3-D  simulation  has 
been  completed.  However,  for  the  Mc  =  0.27  case,  only  a  2-D  simulation  has 
been  completed  thus  far.  The  lack  of  a  full,  3-D  simulation  for  the  low  speed 
case  should  not  significantly  degrade  a  preliminary  assessment  of 
compressibility  effects  because  this  case  should  be  dominated  by  strong  2-D 
spanwise  structures,  with  little  contribution  from  3-D  effects  to  the  mean  scalar 
fluctuations.  For  example,  several  researchers  have  accurately  reproduced  the 
density  fluctuations  measured  by  Konrad  for  the  Brown  and  Roshko  [16]  N2/He 
shear  layer  using  2-D  LES  methodology. 

The  computational  set-up  for  the  Mc  =  0.27  and  1.3  cases  were  different 
due  to  the  Mach  numbers  involved.  The  low  speed  case  used  a  rectangular 
domain  .6  m  in  length  along  the  streamwise  coordinate.  The  computational 
domain  was  discretized  using  a  551x241  grid.  At  the  inflow  boundary, 
hyperbolic  tangent  mean  velocity  and  temperature  profiles  were  specified  using 
a  characteristic  subsonic  boundary  condition  given  the  total  temperature  and 
mass  flow  rate.  These  profiles  had  a  vorticity  thickness  of  7.3  x  10 3  m.  The 
mean  inflow  profiles  were  also  perturbed  with  sinusoidal  streamwise  velocity 
fluctuations  at  a  0.5  kHz  frequency.  For  the  high  speed  case,  an  additional 
upstream  domain  was  added  on  the  subsonic  side  to  which  total  temperature  and 
mass  flow  rate  boundary  conditions  were  applied.  The  multi-block  grid  for  this 
case  was  (551x100x65,  28x47x65).  On  the  supersonic  side,  the  mean  velocity 
and  temperature  profiles  were  specified  using  a  hyperbolic  tangent  profile  with 
the  same  vorticity  thickness.  Sinusoidal  forcing  was  applied  to  the  transverse 
and  spanwise  velocity  components  at  frequencies  of  50,  100  and  200  kHz  with 
phase  angles  that  varied  in  the  transverse  direction  and  in  time.  A  random 
component  was  also  added  to  these  velocity  fluctuations. 

4.0  Results  and  Discussion 

Figure  1  presents  contours  of  spanwise  vorticity  for  both  the  low  and 
high  speed  shear  layer  simulations.  For  the  low  speed  case  (Figure  1(a)),  strong 
coherent  structures  are  evident  which  pair  and  result  in  rapid  shear  layer  growth. 
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These  distinct  structures  are  what  may  be  expected  for  low  speed  shear  layers  as 
observed  in  the  Brown  and  Roshko  [16]  N2/He  shear  layer  experiment.  Also 
evident  from  this  figure  is  the  generation  of  vorticity  due  to  baroclinic  torque 
effects,  which  results  from  nonaligned  density  and  pressure  gradients.  This  may 
be  seen  by  the  large  positive  vorticity  values  primarily  around  the  outer  edges  of 
the  organized  structures.  For  the  high  speed  case  (Figure  1  (b))  the  contours  are 
quite  different.  As  discussed  by  Sandham  and  Reynolds  [9],  at  this  high 
convective  Mach  number  little  or  no  coherent  spanwise  structures  are  readily 
apparent.  This  case  shows  a  large  amount  of  fine  scale  structure,  which  grows 
linearly  in  the  downstream  direction,  as  expected.  From  Figure  1(b),  no  well 
defined  braid  structures  are  apparent  as  seen  in  Figure  1(a).  However,  toward 
the  end  of  the  domain,  there  does  appear  to  be  the  beginnings  of  large  scale 
spanwise  rotation  of  the  fine  scale  structures,  possibly  resulting  from  the  long 
delayed  growth  of  the  2-D,  spanwise  modes. 

For  the  high  convective  Mach  number  case,  the  flow  is  highly  3-D  as 
seen  in  Figure  2,  which  presents  a  contour  plot  of  the  spanwise  vorticity  along 
several  streamwise  planes.  This  figure  displays  a  flow  rich  in  both  small  and 
large  scale  3-D  structure.  The  streamwise  vorticity  (Figure  3)  also  shows  similar 
complexity.  The  3-D  structures  seen  in  these  figures  were  found  to  grow  rapidly 
starting  just  shortly  downstream  of  the  shear  layer  origin.  This  is  in  agreement 
with  the  findings  of  linear  stability  analysis  [9]  for  high  convective  Mach 
numbers  that  predicts  3-D  modes  to  be  amplified  by  a  factor  of  five  greater  than 
2-D  modes. 

The  strong  vortical  features  seen  in  Figures  1-3  result  in  complex  scalar 
mixing  patterns  as  seen  in  Figure  4.  This  figure  presents  temperature  contours 
for  both  the  low  (Figure  4(a))  and  high  speed  (Figure  4(b))  cases.  For  the  low 
speed  case,  strong  coherent  structures  with  well  defined  braid  regions  (seen  in 
Figure  1(a))  result  in  the  penetration  of  hot  fluid  from  the  high  speed  side  deep 
into  the  layer.  The  high  speed  case,  with  the  lack  of  these  well  defined  2-D 
structures,  exhibits  a  very  different  character.  Large  amounts  of  hot  unmixed 
fluid  are  unable  to  traverse  the  layer  before  being  mixed  with  surrounding  fluid 
by  the  action  of  the  fine  scale  structures.  The  highly  complex  mixing  pattern 
associated  with  these  fine  scale  3-D  structures  may  also  be  seen  in  Figure  5, 
which  is  a  plot  of  temperature  contours  in  several  streamwise  planes.  Here  again 
the  highly  complex  mixing  pattern  is  clearly  evident.  From  both  Figures  4  and  5, 
temperature  overshoots  above  1000  K  on  the  high  speed  side  are  evident.  These 
excess  temperature  regions  result  from  compression  waves,  which  move 
downstream  with  the  vortical  structures  seen  in  Figure  1(b).  These  compression 
waves,  and  resulting  temperature  overshoots,  are  seen  to  persist  the  entire  length 
of  the  layer,  starting  just  downstream  of  the  weak  shock  emanating  from  the 
inflow  boundary.  To  facilitate  direct  comparison  with  Favre  average  RANS 
models,  the  LES  data  for  these  simulations  are  Favre  time  averaged  assuming  the 
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contribution  from  the  subgrid  is  small.  With  these  averaged  data,  relevant  fluid 
dynamic  quantities  may  be  calculated,  such  as  the  streamwise  evolution  of  the 
vorticity  thickness  (JJ. 

Figure  6  presents  a  comparison  of  the  vorticity  thickness  evolution  for 
both  cases.  From  this  figure,  both  cases  exhibit  a  linear  growth  regime 
downstream  of  ~  x  =  0. 1  m.  The  asymptotic  growth  rate  for  the  high  speed  case 
is  substantially  lower  than  for  the  low  speed  case.  This  strong  growth  rate 
reduction  is  expected  from  the  well  known  reduction  of  turbulent  transport 
phenomenon  with  increasing  compressibility.  Within  this  linear  region,  the 
mean  flow  variable  profiles  are  self-similar.  For  example,  Figure  7  presents  the 
Favre-averaged  mean  streamwise  velocity  profiles  for  both  cases.  The  profiles 
in  this  figure  are  plotted  against  the  transverse  distance  divided  by  the  vorticity 
thickness.  This  is  done  to  remove  the  growth  rate  difference  seen  in  Figure  6. 
From  Figure  7,  there  is  clearly  a  shape  change  in  the  mean  velocity  with  Mc.  The 
high  speed  profiles  have  an  anti-symmetric,  hyperbolic  tangent  like  profile.  The 
low  speed  case,  however,  is  not  anti-symmetric  and  has  a  higher  curvature  on  the 
high  speed  side.  The  source  of  this  feature  is  unclear,  but  may  be  related  to  the 
baroclinic  torque  features  seen  in  Figure  1(a). 

Regarding  the  scalar  property  profiles,  Figure  8  presents  the  Favre  mean 
temperature  in  the  linear  growth  regime.  From  this  plot,  first  notice  the  ‘hump’ 
in  the  mean  profile  for  the  low  speed  case.  This  feature  is  characteristic  of  low 
speed,  planar  shear  layers  as  observed  by  Friedler  [15].  He  suggested  this 
feature  was  a  result  of  the  entrainment  process  associated  with  coherent,  large 
scale  spanwise  structure  characteristic  of  the  low  speed  flow  regime.  As 
compressibility  is  increased  and  these  spanwise  structures  disappear  (Figure  1), 
this  hump  feature  also  disappears  as  seen  for  the  high  speed  case.  Figure  8 
supports  the  suggestion  that  this  hump  feature  is  a  result  of  the  spanwise 
structures.  Currently  available  RANS  scalar  transport  models  cannot  capture 
this  feature.  Neither  can  the  transition  regarding  compressibility  be  captured  by 
current  models.  Time  averaged  transport  data  from  these  calculations  will  be 
used  in  Part  II  of  this  study  to  evaluate  and  improve  RANS  models  for  scalar 
transport  to  capture  these  features. 

A  further  examination  of  Figure  8  suggest  a  dependence  of  turbulent 
Prandtl  number  on  compressibility.  Notice  the  low  speed  profile  is  considerably 
broader  than  for  the  high  speed  case.  This  difference  is  not  a  result  of  the 
growth  rate  difference  between  the  two  cases  because  this  variation  has  been 
removed  by  normalization  using  the  vorticity  thickness.  This  difference  suggests 
an  increase  in  Prt  with  increasing  compressibility.  To  make  a  preliminary 
assessment  of  this  hypothesis,  an  estimate  for  Prt  was  made  using  the  gradient 
hypothesis  assumption,  analogous  to  the  eddy-viscosity,  i.e., 

(3) 


Vf  ~-<  uv  >  fid  < u  >  fdy) 
a?  =  Vt  I  Pr,  =  -<  TV  >  f(d<  T>  fdy) 


(4) 
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where  the  brackets  (<  >)  represent  Favre  averaged  quantities.  Using  Equations 
(3)  and  (4),  Pr,  was  constructed  from  the  Favre  average  LES  data.  Figure  9 
presents  a  plot  of  Pr,  across  the  layer  of  both  cases.  For  the  low  speed  case,  Pr, 
shows  large  variations  and  significantly  lower  values  than  for  the  high  speed 
case  over  most  of  the  layer.  This  drop  in  Pr,  implies  a  higher  transport  of 
temperature  and  hence  a  thicker  temperature  layer  as  seen  in  Figure  8.  A  similar 
observation  was  inferred  by  Sinha,  et  al.  [6]  for  low  speed  jets.  The  high  speed 
case,  however,  is  more  or  less  uniform  across  the  layer  with  a  value  approaching 
the  classic  value  of  .9.  This  analysis  supports  the  assertion  that  Pr,  increases 
with  increased  compressibility.  This  seems  to  be  a  significant  finding  regarding 
RANS  modeling.  However,  this  represents  only  a  preliminary  analysis  and  that 
will  need  to  be  borne  out  with  further  investigation. 

Finally,  Figure  10  presents  the  variation  of  rms  temperature  fluctuation 
intensity  across  the  layer  for  the  low  and  high  speed  cases.  For  the  low  speed 
case,  the  self-similar  profile  exhibits  a  double  peak  structure,  while  at  high 
speeds  the  profile  does  not.  This  double  peak  structure  for  scalar  fluctuations 
has  been  observed  in  the  plane  shear  layer  experiments  of  Friedler  [15]  and 
Brown  and  Roshko  [16].  This  feature  is  a  common  characteristic  of  low  speed 
flows  and  results  from  the  entrainment  process  involved  with  the  large  scale 
spanwise  structures.  Since  the  high  speed  case  does  not  contain  these  structures, 
the  profile  only  exhibits  a  single  peak.  This  high  speed  profile  is  also  thinner 
owing  to  the  turbulent  Prandtl  number  variation  seen  in  Figure  9.  Also  observe 
the  drop  in  peak  intensity  value  as  Mc  is  increased.  The  peak  intensity  drops  by 
a  factor  of  -  .6  for  the  high  speed  case. 

This  reduction  in  peak  intensity  with  increased  compressibility  is  an 
interesting  point  in  the  context  of  the  missile  exhaust  plume  study  of  Calhoon 
and  Kenzakowski  [4],  In  that  study,  a  turbulent  combustion  model  for  RANS 
application  was  evaluated  for  the  prediction  of  missile  exhaust  plume  signatures. 
The  combustion  model  used  was  strongly  dependent  on  the  prediction  of 
temperature  fluctuations  from  a  modeled  RANS  transport  equation.  Due  to  the 
lack  of  available  high  speed  data,  this  transport  equation  was  calibrated  based  on 
available  low  speed  data.  Calhoon  and  Kenzakowski  found  this  calibration  to 
produce  unrealistic  results  in  the  context  of  high  speed  missile  exhaust  plumes. 
To  address  this  issue,  the  production  coefficient  in  the  temperature  fluctuation 
transport  equation  was  reduced  to  produce  signatures  consistent  with  flight  data. 
This  ad-hoc  modification  resulted  in  a  reduction  of  the  peak  predicted 
temperature  intensity  values  by  a  factor  of  -  .75  below  the  low  speed  calibrated 
values.  It  seems  remarkable  that  this  required  reduction  in  predicted 
temperature  intensity  is  in  reasonable  agreement  with  the  reduction  seen  in 
Figure  10  resulting  from  compressibility  effects.  The  modeled  fluctuation 
equation  used  by  Calhoon  and  Kenzakowski  did  not  include  any  validated  model 
for  compressibility,  suggesting  that  the  lack  a  compressibility  correction  was 
responsible  for  the  observed  error.  This  illustrates  how  LES  may  be  used  for  the 
development  of  models  to  improve  the  prediction  of  production  level  codes.  As 
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discussed  earlier,  Part  II  of  this  study  will  focus  on  the  evaluation  and 
development  of  RANS  methodologies  through  the  use  of  this  LES  data. 

5.0  Conclusions 

LES  of  hot  planar  shear  layers  have  been  carried  out  over  a  wide  range 
of  convective  Mach  numbers  in  order  to  assess  the  impact  of  compressibility 
effects  on  scalar  fluctuations  and  turbulent  transport.  Simulations  were 
completed  for  both  low  speed  (Mc  =  .27)  and  high  speed  cases  (Mc  -  1.3). 
Analysis  of  the  results  leads  to  the  following  conclusions.  In  agreement  with 
previous  linear  stability  analysis,  shear  layer  development  from  low 
compressibility  to  high  compressibility  is  characterized  by  a  transition  from  a 
flow  dominated  by  coherent  2-D  structures  to  one  in  which  3-D  features 
dominate.  This  transition,  or  loss  of  2-D  structure,  results  in  an  evolution  of 
mean  scalar  profiles  that  eliminates  the  ‘hump’  feature  observed  in  low  speed 
shear  layer  experiments.  This  transition  also  was  found  to  modify  the 
distribution  of  turbulent  Prandtl  number  from  a  nonuniform  profile  at  low  speeds 
to  an  approximately  uniform  profile  at  high  speed.  This  resulted  in  a  smaller 
ratio  of  mean  temperature  profile  width  to  vorticity  thickness  for  the  high  speed 
case  than  for  the  low  speed  case.  Also,  the  compressibility  increase  was  found 
to  modify  the  shape  of  the  scalar  fluctuation  variation  across  the  shear  layer  from 
a  low  speed  two  peak  structure  to  a  high  speed  single  peak  structure.  This  again 
is  due  to  the  reduction  of  2-D  structures  in  high  speed  shear  layers.  Finally,  the 
identified  reduction  in  peak  temperature  fluctuation  values  as  compressibility 
was  increased  was  found  to  be  a  credible  explanation  for  the  deficiencies  of  a 
RANS  temperature  fluctuation  model  applied  to  missile  exhaust  plume  signature 
predictions  in  the  study  of  Calhoon  and  Kenzakowski  [4]. 
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Fig.  1.  Spanwise  vorticity  contours  for  (a)  Mc  =  .27  and  (b)  Mc  =  1 .3.  Flow  is 

from  left  to  right. 
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.  2.  Span  wise  vorticity  contours  in  streamwise  planes  for  the  Mc  =  1.3  case. 


ig.  3.  Streamwise  vorticity  contours  in  streamwise  planes  for  the  Mc  =  1 .3 

case. 


Fig.  5.  Temperature  contours  for  Mc~  1.3  at  several  streamwise  planes. 
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Fig.  6.  Vorticity  thickness  evolution  as 
function  of  downstream  distance. 


Fig.  7.  Favre  mean  normalized 
streamwise  velocity  in  the  linear  growth 
rate  regime  for  the  low  and  high  speed 
cases. 


Fig.  8.  Favre  mean  normalized 
temperature  profiles  in  the  linear  growth 
rate  regime. 


Fig.  9.  Estimated  turbulent  Prandtl 
number  variation  across  the  shear  layer 
for  the  low  and  high  speed  cases. 


Fig.  10.  Shear  layer  temperature  intensity  variation  for  the  low  and  high  speed  cases. 
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Abstract.  The  instability  of  the  shear  layer  separating  from  a  circular 
cylinder  has  been  investigated  using  large  eddy  simulation  at  two  different 
Reynolds  numbers  of  1600  and  3900  based  on  the  free-stream  velocity  and 
cylinder  diameter.  Two  distinct  types  of  the  shear  layer  instability  are  found 
in  this  study:  one  is  a  completely  three-dimensional  type  and  the  other  is 
a  quasi-two-dimensional  type.  The  instability  of  three-dimensional  type  is 
generated  by  a  strong  counter-rotating  streamwise  vortex  pair  underneath 
the  separating  shear  layer  and  thus  occurs  locally  in  the  spanwise  direction. 
On  the  other  hand,  the  instability  of  quasi- two-dimensional  type  is  associ¬ 
ated  with  the  breakdown  of  the  Karman  vortex  shedding  process  and  thus 
occurs  globally  across  the  cross-stream  direction  as  well  as  the  spanwise  di¬ 
rection,  resulting  in  the  in-phase  shear  layer  instability.  It  is  also  conjectured 
that  at  high  Reynolds  number,  the  instability  of  quasi-two-dimensional  type 
should  be  more  frequent  than  the  instability  of  three-dimensional  type. 


1.  Introduction 

The  separated  shear  layer  is  one  of  the  important  flow  characteristics  in 
the  flow  around  a  circular  cylinder.  Bloor  (1964)  is  the  one  who  first  per¬ 
formed  the  systematic  measurement  of  the  shear  layer  separating  from  a 
circular  cylinder.  She  used  a  hot-wire  probe  to  measure  the  frequency  of 
transition  wave  in  the  shear  layer.  She  concluded  that  the  transition  wave 
exists  for  Re  >  Recru  =  1300  and  suggested  that  the  shear- layer  frequency 
normalized  by  the  primary  vortex-shedding  frequency  (/sl/  Jk)  scales  with 
Re1/2,  where  Re  =  u^djv,  uQ 0  is  the  free-stream  velocity,  d  is  the  cylinder 
diameter,  and  v  is  the  kinematic  viscosity.  After  Bloor’s  (1964)  experiment, 
several  other  researchers  have  investigated  the  shear-layer  instability.  Wei 
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&  Smith  (1986)  found  that  the  transition  wave  of  Bloor  (1964)  is  an  iden¬ 
tical  phenomenon  to  the  roll-up  of  small-scale  secondary  vortices  in  the 
shear  layer.  They  also  reported  that  the  normalized  shear-layer  frequency 
varies  as  Re0-77  from  hot-wire  measurements  and  as  Re0  87  from  flow  visu¬ 
alization,  which  are  contrary  to  the  0.5  power  law  of  Bloor  (1964).  Unal  & 
Rockwell  (1988a)  reported  that  the  instability  could  not  be  perceived  for 
Re  <  1900  from  both  the  hot-film  measurement  and  flow  visualization  and 
pointed  out  the  influence  of  background  disturbances  to  ReCTit ■  Recently, 
Prasad  &  Williamson  (1996,  1997)  showed  that  a  power  law  of  the  form 
Re0  67  accurately  represents  the  Re-variation  of  fsij Ik-  The  effect  of  the 
spanwise  end  condition  on  Recrit  is  also  examined  by  Prasad  &  Williamson 
(1996,  1997).  They  reported  that  Recrit  «  1200  for  parallel  shedding  and 
Recrit  ~  2600  for  oblique  shedding. 

In  this  study,  we  investigate  the  shear-layer  instability  around  a  circular 
cylinder  at  two  different  Reynolds  numbers  of  Re  =  1600  and  3900,  which 
are  higher  than  Recrit  suggested  by  Prasad  &  Williamson  (1996,  1997), 
using  large  eddy  simulation. 

2.  Numerical  method 

Large  eddy  simulations  are  performed  with  the  dynamic  subgrid-scale  model 
(Germano  et  al.  1991;  Lilly  1992)  in  generalized  coordinates.  The  time  inte¬ 
gration  method  is  based  on  a  fully  implicit,  fractional  step  method  (Choi  et 
al.  1992;  Choi  &  Moin  1994).  All  terms  including  cross-derivative  diffusion 
terms  are  advanced  with  the  Crank-Nicolson  method  in  time  and  are  re¬ 
solved  with  the  second-order  central-difference  scheme  in  space.  The  compu¬ 
tational  domain  is  -19d  <  x  <  17  d,  -25  d  <y<  25  d,  where  {x  =  0,y  =  0) 
corresponds  to  the  center  location  of  the  cylinder.  The  spanwise  length  of 
the  cylinder  is  chosen  to  be  nd.  This  spanwise  domain  length  was  used  by 
other  investigators  (Mittal  &  Moin  1997;  Kravchenko  &  Moin  1998).  A  C- 
type  mesh  with  673  x  160  x  64  grid  points  is  used  and  the  computational 
time  step  used  is  Atu^/d  =  0.0095.  With  this  mesh  and  computational 
time  step,  the  maximum  CFL  number  is  about  3.0  for  Re=1600  and  about 
3.4  for  Re=3900.  The  computations  are  performed  using  42  processor  ele¬ 
ments  in  CRAY  T3E.  The  computational  cost  is  about  8  hours  per  vortex 
shedding  period  per  processor  element. 

3.  Result 

We  observe  the  instability  of  the  shear  layer  from  both  vortical  structures 
and  velocity  time  traces.  Figure  1  shows  the  time  traces  of  the  streamwise 
velocity  at  x/d  =  1.0  and  y/d  =  0.8  at  a  few  different  spanwise  loca¬ 
tions  at  Re=1600.  The  same  (x,y)  location  was  also  selected  by  Prasad  & 
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Figure  2.  Contours  of  the  streamwise  velocity  fluctuations  at  x/d  =  1.0  and  y/d  =  0.8 
in  the  t  —  z  plane:  (a)  i?e=1600;  (b)  I?e=3900. 


Williamson  (1996,  1997)  to  observe  the  shear-layer  instability.  It  is  clearly 
seen  from  figure  1  that  the  shear-layer  instability  (packet  of  intermittent 
high  frequency  velocity  fluctuations)  occurs.  The  time  traces  at  i?e=3900 
are  similar  to  those  shown  in  figure  1  (not  shown  here).  It  is  interesting 
to  note  that  there  exist  two  distinct  types  of  the  shear-layer  instability: 
one  is  denoted  by  ‘A’,  whereas  the  other  is  denoted  by  ‘B’  (figure  1).  In 
the  case  of  type  ‘A’  instability,  the  intermittent  velocity  fluctuations  exist 
locally  in  the  spanwise  direction.  That  is,  the  shear-layer  instability  of  this 
type  is  a  completely  three-dimensional  phenomenon.  So  we  call  this  type 


730  JINSUNG  KIM  AND  HAECHEON  CHOI 


Figure  3.  Variation  of  the  normalized  shear-layer  frequency  with  respect  to  the  Reynolds 
number  (fsL-  shear-layer  frequency,  /i<r:  natural-shedding  frequency). 

‘A’  instability  as  a  3-D  instability.  For  the  type  ‘B’  instability,  the  inter¬ 
mittent  velocity  fluctuations  occur  simultaneously  at  all  spanwise  positions 
and  thus  we  call  this  type  as  a  quasi- 2-D  instability. 

The  difference  between  the  3-D  and  quasi- 2-D  instabilities  can  be  seen 
more  clearly  from  figures  2(a)  and  2(b).  All  the  data  from  every  other  grid 
points  in  the  spanwise  direction  are  included  in  figures  2(a)  and  2(b)  where 
the  horizontal  direction  is  the  time  axis  and  the  vertical  direction  is  the 
spanwise  direction.  One  can  see  that  the  3-D  instability  signals  form  an 
‘island’  in  the  t  —  z  plane,  whereas  the  quasi-2-D  instability  appears  as 
vertical  lines.  Figure  2  also  shows  that  the  packets  of  shear-layer  velocity 
fluctuations  occur  more  frequently  at  Re  =  3900  than  at  Re  =  1600,  which 
agrees  with  the  finding  of  Prasad  &  Williamson  (1997)  about  the  Reynolds- 
number  dependence. 

The  frequency  of  the  shear-layer  instability  is  calculated  from  the  stream- 
wise  velocity  time  trace.  The  normalized  shear-layer  frequencies  are  shown 
in  figure  3,  together  with  the  results  of  other  experiments  (from  Prasad  & 
Williamson  1996,  1997).  Two  lines  in  figure  3  are  Re0  5  and  Re0-67  vari¬ 
ations  suggested  by  Bloor  (1964)  and  Prasad  &  Williamson  (1996,  1997), 
respectively.  The  shear-layer  frequencies  of  the  present  study  are  a  little 
higher  than  other  results,  but  the  difference  is  acceptable  considering  the 
discrepancy  between  the  experiments. 

Figure  4  shows  the  vortical  structures  near  the  cylinder  at  Re  =  1600. 
The  vortex-identification  method  by  Jeong  &  Hussain  (1995)  is  used  to 
visualize  the  three-dimensional  vortical  structures,  where  A2  is  the  second 
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Figure  4-  Vortical  structures  at  Re  =  1600  (iso-surfaces  of  A2  =  -10):  (a)  no  shear  layer 
vortex;  (b)  3-D  type  shear-layer  vortices;  (c)  quasi- 2-D  type  shear-layer  vortices. 


largest  eigenvalue  of  S2  +  H2  ( S  and  0  are  the  strain  rate  and  rotation 
rate  tensors,  respectively).  Figure  4(a)  is  instantaneous  vortical  structures 
when  there  is  no  shear-layer  vortex.  On  the  other  hand,  figures  4(b)  and 
4(c)  show  the  spanwise  roll-up  vortices  for  the  cases  of  3-D  and  quasi-2-D 
instabilities,  respectively,  from  which  one  can  easily  figure  out  the  differ¬ 
ence  between  two  instabilities.  In  the  case  of  quasi-2-D  type,  roll-up  of 
shear-layer  vortex  occurs  throughout  the  span,  whereas  the  roll-up  vortices 
exist  locally  in  the  spanwise  direction  in  the  case  of  3-D  type.  Another 
important  difference  between  the  3-D  and  quasi-2-D  type  roll-up  vortices 
is  the  correlation  between  the  upper  and  lower  shear-layer  vortices.  The 
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Figure  5.  3-D  type  shear-layer  vortices  and  streamwise  vortices:  (a)  iso-surface  of  A2  - 

-10;  (b)  iso-surfaces  of  dx  =  +10  (light  color)  and  u>x  =  — 10  (dark  color). 


quasi-2-D  vortices  appear  in-phase  in  the  upper  and  lower  shear  layers  of 
the  cylinder,  but  for  the  3-D  type  there  is  no  correlation  between  the  upper 
and  lower  shear  layers.  Flow  visualization  of  Prasad  Sz  Williamson  (1997) 
shows  the  in-phase  behavior  of  the  shear-layer  instability  that  is  analogous 
to  the  quasi-2-D  instability  of  the  present  study.  Wei  &  Smith  (1986)  used 
the  hydrogen-bubble  flow- visualization  method  and  showed  several  side  and 
top  views.  Some  of  the  top  views  are  similar  to  our  3-D  instability,  although 
their  side  views  show  the  configuration  similar  to  the  in-phase  roll-up.  At 
Re  =  3900,  the  shear- layer  characteristics  are  similar  to  those  at  Re  =  1600, 
although  the  length  scale  of  vortical  structures  is  smaller  at  Re  =  3900. 

Figure  5  shows  an  instantaneous  flow  structure  together  with  the  iso¬ 
surfaces  of  the  streamwise  vorticity,  when  the  3-D  type  vortex  roll-up  oc¬ 
curs.  It  is  clearly  seen  that  a  strong  streamwise  vortex  pair  exists  under¬ 
neath  the  shear  layer  roll-up  vortices  of  3-D  type.  That  is,  the  3-D  insta¬ 
bility  is  locally  stimulated  by  strong  streamwise  vortices  underneath  the 
separated  shear  layer. 

The  quasi-2-D  instability  is  closely  related  to  the  natural  vortex-shedding 
process.  When  the  natural  vortex-shedding  process  is  weakened  or  disor- 
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Figure  6.  Contours  of  the  instantaneous  pressure  in  an  ( x—y )  plane:  (a)  regular  shedding; 
(b)  corrupted  vortex  core;  (c)  quasi-2-D  vortex  roll-up. 


dered  due  to  turbulence,  the  shear  layers  both  in  the  upper  and  lower  sides 
of  the  cylinder  evolve  further  downstream  and  thus  both  the  shear  layers 
become  thinner  and  nearly  symmetric  with  respect  to  each  other.  When  this 
happens,  the  quasi- 2- D  vortex  appears  in  the  shear  layer  and  the  shear-layer 
instability  occurs  at  the  tipper  and  lower  sides  simultaneously  (in-phase). 
This  process  is  shown  in  figure  6.  Figure  6(a)  shows  the  instantaneous  pres¬ 
sure  contours  in  the  case  of  regular  vortex  shedding,  whereas  figure  6(b) 
shows  those  in  the  case  of  breakdown  of  the  Karman  vortex  shedding  pro¬ 
cess,  resulting  in  the  in-phase  roll-up  of  quasi-2-D  shear-layer  vortices  as 
shown  in  figure  6(c). 
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4.  Summary 

In  summary,  two  distinct  types  of  the  shear-layer  instability  are  found  using 
large  eddy  simulation  for  flow  over  a  circular  cylinder  at  Re  =  1600  and 
Re  =  3900.  One  is  the  3-D  type  instability  that  is  generated  locally  by  a 
strong  counter-rotating  streamwise  vortex  pair.  The  other  instability  is  the 
quasi-2-D  type  instability,  characterized  by  vortex  roll-up  occurred  simul¬ 
taneously  along  the  spanwise  direction  as  well  as  at  upper  and  lower  sides 
of  the  cylinder.  This  instability  is  initiated  from  disorder  of  the  Karman 
vortex  shedding  process.  It  is  conjectured  that  when  the  Reynolds  number 
is  higher  than  the  present  ones,  the  shear-layer  thickness  should  become 
smaller  and  the  quasi-2-D  vortex  roll-up  is  more  likely  to  occur  than  the 
3-D  vortex  roll-up. 

This  work  is  supported  by  the  Creative  Research  Initiatives  of  the  Ko¬ 
rean  Ministry  of  Science  and  Technology. 
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LARGE  EDDY  SIMULATION  OF  TURBULENT  FLOW  OVER 
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Abstract.  Large  eddy  simulation  of  turbulent  flow  over  a  sphere  is  con¬ 
ducted  at  two  different  Reynolds  numbers  (Re  —  3700  and  104)  based  on 
the  free-stream  velocity  and  the  sphere  diameter,  in  order  to  investigate 
the  flow  characteristics  over  the  sphere.  The  present  numerical  method  is 
based  on  a  newly  developed  immersed  boundary  method  in  a  cylindrical  co¬ 
ordinate  (Kim  et  al  2001).  Also,  a  hybrid  numerical  method  of  eliminating 
2-A  waves  in  laminar  accelerating  flow  region  and  also  avoiding  numerical 
dissipation  in  turbulent  flow  region  is  newly  proposed  for  large  eddy  simu¬ 
lation  of  turbulent  flow  over  a  bluff  body.  At  Re  =  3700,  the  shear  layer  is 
elongated  in  the  streamwise  direction  to  form  a  cylindrical  vortex  sheet  and 
its  instability  begins  to  appear  at  x  «  2d.  Also,  the  flow  behind  the  sphere 
is  nearly  laminar  at  x  <  d  and  contains  few  vortices.  On  the  other  hand, 
at  Re  =  104,  the  shear  layer  instability  occurs  right  behind  the  sphere  in 
the  form  of  vortex  tube  and  the  flow  becomes  turbulent  in  the  near  wake. 
Therefore,  at  Re  =  104,  the  size  of  the  recirculation  region  is  smaller  and 
the  wake  recovers  more  quickly  than  at  Re  =  3700. 


1.  Introduction 

Flow  behind  a  sphere  shows  completely  unsteady  three-dimensional  phe¬ 
nomena  even  at  low  Reynolds  numbers  (Sakamoto  &  Haniu  1990;  Johnson 
&;  Patel  1999;  Mittal  1999).  Therefore,  flow  over  a  sphere  has  not  been  well 
understood  as  compared  to  that  over  a  circular  cylinder,  even  though  the 
sphere  geometry  is  simple.  Previous  studies  on  flow  over  a  sphere  have  been 
mostly  based  on  experimental  methods,  where  vortical  structures  behind 
the  sphere  were  presented  using  flow  visualization  and  the  high  and  low  fre¬ 
quency  characteristics  in  the  shear  layer,  respectively,  associated  with  the 
shear  layer  instability  and  the  wake  instability  were  investigated  (Sakamoto 


735 


736 


DONGJOO  KIM  AND  HAECHEON  CHOI 


&  Haniu  1990).  When  the  Reynolds  number  exceeds  about  800,  the  wake 
flow  behind  a  sphere  changes  from  laminar  to  turbulent  flow.  In  recent 
years,  a  few  numerical  studies  have  been  made  on  turbulent  flow  over  a 
sphere  (Tomboulides  1993;  Constantinescu  &  Squires  2000).  However,  the 
detailed  quantitative  information  on  the  turbulence  statistics  behind  the 
sphere  is  still  limited  in  the  literature. 

The  objective  of  the  present  study  is  to  investigate  the  characteristics 
of  turbulent  flow  over  a  sphere  using  large  eddy  simulation  at  two  different 
Reynolds  numbers  of  3700  and  104  based  on  the  free-stream  velocity  Uoo 
and  the  sphere  diameter  d. 

2.  Numerical  Method 

The  present  numerical  method  is  based  on  a  newly  developed  immersed 
boundary  method  in  a  cylindrical  coordinate  (Kim  et  al.  2001),  where  the 
sphere  in  the  flow  is  treated  as  momentum  forcing  in  the  Navier-Stokes 
equations.  Therefore,  flow  over  the  sphere  can  be  easily  handled  with  or¬ 
thogonal  (cylindrical)  grids  that  do  not  coincide  with  the  body  surface. 
Numerical  simulations  are  performed  at  two  different  Reynolds  numbers 
of  Re  =  Uood/u  =  3700  and  104.  The  computational  domain  used  is 
—  15 d  <  x  <  15 d,  0  <  r  <  1 5d,  0  <  9  <  27T,  and  the  number  of  grid 
points  is  577(a)  x  141  (r)  x  40(0).  Here,  x,  r  and  0,  respectively,  denote  the 
streamwise,  radial  and  azimuthal  directions.  A  Cartesian  coordinate  system 
(x,y,z)  is  also  defined  in  order  to  present  the  drag  and  lift  forces,  where 
the  y  and  £  coordinates  coincide  with  0  —  0°  and  9  =  90°,  respectively. 

One  of  the  important  issues  for  large  eddy  simulation  of  turbulent  flow 
over  a  bluff  body  at  high  Reynolds  number  is  that  the  second-order  cen¬ 
tral  difference  scheme  produces  serious  dispersion  errors  for  convection- 
dominated  flow,  and  thus  2-A  waves  appear  in  the  region  of  velocity  accel¬ 
eration  (for  example,  at  front  surface  of  a  sphere).  To  resolve  this  problem, 
two  different  approaches  have  been  taken:  One  is  to  apply  a  filtering  pro¬ 
cedure  which  corresponds  to  adding  numerical  dissipation  in  an  ad  hoc 
manner,  and  the  other  is  to  use  upwind  or  upwind-biased  schemes.  In  these 
approaches,  however,  the  numerical  dissipation  becomes  larger  than  the 
dissipation  from  the  subgrid-scale  viscosity  (Beaudan  &  Moin  1994). 

In  this  study,  we  propose  a  hybrid  approach  for  the  spatial  discretiza¬ 
tion  of  the  convection  terms  for  flow  over  a  bluff  body,  where  a  high- 
order  upwind  scheme  is  used  in  the  region  of  laminar  accelerating  flow  and 
the  second-order  central  difference  scheme  is  used  elsewhere.  The  diffusion 
terms  are  discretized  with  the  second-order  central  difference  scheme.  With 
this  approach,  we  can  avoid  possible  contamination  of  solutions  resulting 
from  the  application  of  the  dissipative  schemes  to  the  whole  flow  field. 
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Figure  1.  Contours  of  the  instantaneous  radial  velocity  in  front  of  the  sphere  at  Re  = 
3700:  (a)  second-order  central  difference  scheme  (CD);  (b)  hybrid  scheme  (CUDZ3+CD). 


For  the  high-order  upwind  scheme,  we  use  the  third-order  compact  upwind 
scheme  (CUDZ3)  by  Zhong  (1998),  which  is  stable  and  less  dissipative  than 
the  straightforward  compact  upwind  scheme  using  an  upwind-biased  grid 
stencil  (Tolstykh  1994).  For  the  flow  over  a  sphere,  we  apply  CUDZ3  to  the 
laminar  accelerating  flow  region  (a?  <  0  and  r  <  d) . 

Figure  1  shows  the  contours  of  the  instantaneous  radial  velocity  in  front 
of  the  sphere  at  Re  =  3700  using  two  different  numerical  schemes.  Figure 
1  (a)  is  obtained  from  the  second-order  central  difference  scheme  (CD) 
applied  to  the  whole  flow  field,  whereas  figure  1  (b)  is  from  the  hybrid 
scheme  proposed  in  the  present  study.  It  is  clear  that  the  present  hybrid 
scheme  effectively  removes  the  wiggles  appeared  in  figure  1  (a).  Therefore, 
all  the  following  results  presented  in  this  paper  are  obtained  using  the 
hybrid  scheme. 

3.  Results 

The  simulation  results  are  summarized  in  table  1,  where  time-averaged 
drag  coefficient  (C^),  base  pressure  coefficient  (CPb),  separation  angle  (as), 
recirculation  bubble  size  (Z),  and  Strouhal  number  (St)  associated  with 
the  wake  instability  are  presented  together  with  experimental  and  compu¬ 
tational  data  available.  Here,  LES  and  DES  denote  large  eddy  simulation 
and  detached  eddy  simulation,  respectively,  and  DES  is  a  hybrid  approach 
reducing  to  Reynolds- averaged  Navier-Stokes  (RANS)  near  the  wall  and 
LES  away  from  the  wall.  The  recirculation  bubble  size  (Z)  is  the  distance 
from  the  base  of  the  sphere  to  the  point  where  the  time-averaged  stream- 
wise  velocity  is  zero.  The  drag  coefficient,  base  pressure  coefficient,  Strouhal 
number  and  separation  angle  are  in  reasonably  good  agreement  with  the 
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Re 

cd 

St 

Ol3 

L/d 

Present 

3700 

0.36 

-0.20 

0.22 

90° 

2.60 

104 

0.40 

-0.28 

0.18 

90° 

1.34 

Exp1 

3700 

0.22 

4200 

-0.23 

104 

0.16 

Exp2 

3700 

0.21 

104 

0.18 

Comp1  (LES) 

104 

0.393 

0.195 

84°  -  86° 

(DES) 

104 

0.397 

0.200 

oo 

o 

1 

00 

o 

TABLE  1.  Flow  parameters  of  turbulent  flows  over  a  sphere.  Exp1, 
Kim  k  Durbin  (1988);  Exp2,  Sakamoto  k  Haniu  (1990);  Comp \ 
Constantinescu  k  Squires  (2000).  Here,  Exp  and  Comp  denote  ex¬ 
perimental  and  computational  studies,  respectively. 


previous  results.  Cd  at  Re  =  3700  is  smaller  than  that  at  Re  —  104  in  this 
study,  which  is  closely  related  to  the  fact  that  the  base  pressure  coefficient 
is  larger  at  Re  =  3700.  It  is  interesting  to  note  that  even  though  the  separa¬ 
tion  angle  is  the  same  for  both  Reynolds  numbers,  the  recirculation  bubble 
size  at  Re  =  3700  is  about  twice  that  at  Re  =  104.  This  is  closely  associated 
with  the  characteristics  of  the  separating  shear  layer,  which  is  explained  in 
the  following. 

Figure  2  shows  the  contours  of  the  instantaneous  azimuthal  vorticity  at 
Re  =  3700  and  104  on  the  (s,  </)-plane.  At  Re  =  3700,  the  separating  shear 
layer  is  elongated  in  the  streamwise  direction  to  form  a  cylindrical  vortex 
sheet  and  its  instability  begins  to  appear  at  x  «  2d.  On  the  other  hand,  at 
Re  =  104,  the  shear  layer  instability  appears  right  behind  the  sphere.  Note 
that  the  flow  behind  the  sphere  (x  <  d)  at  Re  =  3700  contains  few  vortices, 
whereas  at  Re  =  104  many  small-scale  vortices  exist  right  behind  the  sphere. 
Therefore,  at  Re  =  3700,  the  base  pressure  is  higher  and  the  drag  coefficient 
is  smaller  than  at  Re  =  104.  Because  strong  vortical  motion  exists  at  x  ~  2d 
for  Re  =  3700,  the  lift  fluctuations  are  much  smaller  than  those  at  Re  = 
104.  Due  to  early  onset  of  the  shear  layer  instability  and  strong  vortical 
motions  in  the  near  wake  at  Re  =  104,  the  size  of  the  recirculation  region 
at  Re  =  104  is  much  smaller  than  that  at  Re  =  3700. 

For  clear  understanding  of  the  three-dimensional  structures  in  the  near 
wake,  vortical  structures  are  drawn  in  two  different  ways  in  figure  3,  where 
vortical  surfaces  are  identified  using  the  method  of  Jeong  &  Hussain  (1995). 
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Figure  4 •  Streamwise  velocity  averaged  in  time  and  azimuthal  direction:  (a)  xjd  —  0.2, 

(b)  xjd  =  1.6;  (c)  x/d  =  3.0;  (d)  x/d  =  4.0. - ,  Re  =  3700  (present  study); - , 

Re  =  104  (present  study);  •,  Re  =  3700  (Kim  h  Durbin  1988). 

That  is,  top  figures  are  the  projection  of  vortical  surfaces  on  the  (x,  y)- 
plane,  whereas  in  bottom  figures  the  vortical  surfaces  are  unfolded  in  the 
azimuthal  direction.  At  Re  =  3700,  the  vortex  sheet  of  the  shear  layer  is 
broken  away  locally  in  the  azimuthal  direction.  However,  at  Re  =  104,  the 
vortex  sheet  is  broken  away  along  the  azimuthal  direction  to  form  vortex 
tubes.  The  term  of  vortex  tube  was  defined  by  Sakamoto  &  Haniu  (1990)  as 
the  cylindrical  vortex  shed  from  the  vortex  sheet  separated  from  the  sphere 
surface. 

Figure  4  shows  the  streamwise  velocities  averaged  in  time  and  azimuthal 
direction  at  Re  =  3700  and  104.  The  present  results  at  Re  =  3700  are  in 
good  agreement  with  those  of  single-wire  measurements  by  Kim  &  Durbin 
(1988)  at  x/d  =  0.2,  1.6  and  3.0.  A  difference  is  observed  at  x  =  3.0d  be¬ 
cause  the  measurement  error  of  a  single-wire  probe  becomes  large  near  the 
end  of  the  recirculation  region,  where  the  magnitude  of  the  radial  velocity 
is  comparable  to  that  of  the  streamwise  velocity  and  thus  the  flow  angle 
approaching  the  wire  is  not  small.  It  is  clear  that  the  wake  at  Re  =  10 
recovers  more  quickly  than  that  at  Re  =  3700.  _ 

Figures  5  shows  the  contours  of  the  Reynolds  shear  stresses  (-«/u^) 
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x/d 

(a) 


x/d 

(b) 


Figure  5.  Contours  of  the  Reynolds  shear  stress  (—u’xu'r /u^)  in  the  near  wake:  (a)  Re 
=  3700;  (b)  Re  =  104. 


in  the  near  wake  at  Re  =  3700  and  104,  where  the  shear  stress  is  averaged 
in  time  and  azimuthal  direction.  The  Reynolds  shear  stress  as  well  as  the 
normal  stresses  (not  shown  here)  are  zero  up  to  the  separation  point  (as  = 
90°)  for  both  Reynolds  numbers,  showing  that  the  boundary  layer  flow 
before  separation  is  laminar.  It  is  clear  that  the  transition  of  the  wake  to 
turbulence  occurs  right  behind  the  sphere  at  Re  =  104,  whereas  at  Re  = 
3700  the  transition  occurs  far  downstream  (x  «  2d).  This  phenomenon  is 
closely  related  to  different  onset  of  the  shear  layer  instability  between  two 
Reynolds  numbers. 

4.  Summary 

In  summary,  the  flow  characteristics  between  two  Reynolds  numbers  of 
Re  =  3700  and  104  are  quite  different.  At  Re  —  3700,  the  shear  layer  is 
elongated  in  the  streamwise  direction  to  form  a  cylindrical  vortex  sheet 
and  its  instability  begins  to  appear  at  x  «  2d.  On  the  other  hand,  at  Re  = 
104,  the  shear  layer  instability  occurs  right  behind  the  sphere  in  the  form 
of  vortex  tube  and  the  flow  becomes  turbulent  in  the  near  wake.  Note  that 
the  flow  behind  the  sphere  (x  <  d)  at  Re  =  3700  is  nearly  laminar  and 
contains  few  vortices.  Therefore,  at  Re  =  3700,  the  base  pressure  is  higher 
and  the  drag  coefficient  is  smaller  than  at  Re  =  104.  Because  the  vortices 
exist  at  x  ~  2d  for  Re  =  3700,  the  lift  fluctuations  are  much  smaller  than 
those  at  Re  =  104.  At  Re  =  104,  mixing  in  the  near  wake  is  much  stronger 
than  that  at  Re  =  3700,  and  thus  the  wake  recovers  more  quickly. 
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LARGE  EDDY  SIMULATION  OF  TRANSONIC  TURBULENT  FLOW  OVER 
AN  AIRFOIL  USING  A  SHOCK  CAPTURING  SCHEME  WITH  ZONAL 
EMBEDDED  MESH 


ICHIRO  NAKAMORI  AND  TOSHIAKI IKOHAGI 
Institute  of  Fluid  Science 
Tohoku  University,  Sendai,  Japan 


Abstract 

In  this  study,  large  eddy  simulation(LES)  of  transonic  flow  around  the  NACA  0012  airfoil  is 
performed  accounting  for  the  Leonard  stress  terms,  the  cross-stress  terms  and  the  subgrid- 
scale(SGS)  Reynolds  stress  terms  as  the  scale-similarity  model  at  a  free  stream  Mach  num¬ 
ber  of  0.8,  a  Reynolds  number  of  9x10°  and  an  angle  of  attack  of  2.26°.  An  upwind  finite 
volume  formulation  is  used  for  the  discretization  of  compressible  spatial-filtered  Navier- 
Stokes  equations.  To  exclude  excessive  numerical  damping  due  to  the  shock-capturing 
scheme,  a  hybrid  method  which  uses  linear  combination  of  the  third-order  upwind  scheme 
and  the  TVD  scheme  is  employed.  To  reduce  the  total  number  of  grid  points,  zonal  em¬ 
bedded  mesh  is  employed  in  the  present  LES  analysis,  in  which  a  computational  domain 
is  decomposed  near  the  wall-boundary.  In  the  case  represented  here,  it  is  shown  that  the 
statistical  values  in  the  turbulent  boundary  layer  with  shock/turbulence  interaction  is  able 
to  be  estimated,  and  characteristics  are  clarified  on  the  statistic  of  the  turbulence. 

1.  Introduction 

The  analyses  of  unsteady  flow  on  aircraft  and  fluid  machinery  in  the  transonic  speed  region 
will  be  required  in  future.  With  the  recent  development  of  the  super-computer,  LES  will 
be  used  for  such  complicated  flow  field  in  future.  Since  the  present  LES  analysis  needs  a 
shock-capturing  scheme  in  the  transonic  region,  it  is  required  to  investigate  the  effect  of  the 
inherent  numerical  dissipation  on  LES.  Referring  to  third-order  accurate  shock-capturing 
scheme,  the  third  order  numerical  viscosity  is  dominant  in  the  smooth  region,  whereas 
the  first-order  viscosity  is  dominant  in  the  region  where  the  discontinuity  appears.  The 
numerical  dissipation  due  to  the  third-order  numerical  viscosity  is  investigated  by  applying 
the  fourth-order  central  scheme  with  the  third-order  numerical  viscosity  to  the  turbulent 
channel  flow.  As  the  results,  the  third-order  viscosity  with  appropriate  coefficient  is  found 
to  be  substituted  in  the  Smagorinsky  model  on  its  SGS  dissipation  rate.  Then,  in  this  study, 
eddy  viscosity  SGS  model  is  not  used  explicitly,  and  the  third-order  accurate  scheme  is 
used  to  substitute  the  SGS  dissipation  with  the  appropriate  artificial  viscosity  coefficient. 
The  analysis  is  carried  out  taking  the  sum  of  the  Leonard  stress  terms,  the  cross-stress 
terms,  and  the  SGS  Reynolds  stress  terms  as  the  scale-similarity  model  into  account  on 
the  curvilinear  coordinates.  Still,  the  inviscid  numerical  flux  is  estimated  by  combining 
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the  third-order  scheme  with  the  TVD  scheme  in  order  to  stabilize  the  solution  near  the 
discontinuities. 

A  single  structured  grid  is  not  suitable  for  LES  at  flight  Reynolds  numbers,  since  the 
viscous  sublayer  needs  the  very  fine  resolution  in  all  directions(Chapman,  1979);  As  the 
result,  the  structured  grid  has  numerous  grid  points  throughout  the  domain.  On  the  other 
hand,  the  unstructured  grid  is  efficient  to  avoid  the  unnecessarily  grid  resolution  for  much 
of  the  computational  domain( Jansen,  1999).  The  reduction  of  total  number  of  grid  points 
can  be  realized  by  the  embedded  mesh  system.  In  this  study,  we  have  chosen  the  embedded 
mesh  system  to  solve,  because  of  the  following  points:  1)  the  number  of  grid  points  can 
be  reduced  in  the  spanwise  and  streamwise  direction,  2)  the  computational  efficiency  is 
almost  the  same  per  unit  cell  in  comparison  with  the  efficiency  in  a  single  structured  mesh 
system,  and  3)  it  is  comparatively  effortless  to  improve  the  spatial  accuracy. 


2.  LES  Methodology 

In  this  section,  we  summarize  the  LES  methodology,  including  governing  equations,  SGS 
model,  descritizing  formula  and  numerical  implementation. 


2.1.  GOVERNING  EQUATIONS 


The  governing  equations  are  the  spatially  filtered  compressible  Navier-Stokes  equations. 
The  spatial  filtering  removes  the  small-scale  components  of  the  fluid  motion,  retaining  the 
unsteadiness  associated  with  the  large-scale  turbulent  motion.  For  an  arbitrary  function 
/,  /  represents  space-filtered  variable.  For  compressible  flows,  it  is  expedient  to  define 
the  Favre  filtered  variable  /.  Applying  these  definitions  to  the  compressible  Navier-Stokes 
equations,  we  obtain  the  filtered  governing  equations 


dp  ,  _  q 

dt  dxi 


(1) 


dpUi  d(pUjiij  +  Sjjp  -  <Jjj)  _  drjj 
~&T+  dxj  ~  Xj  ' 


(2) 


de  d(e  +  p)Uj  -  <7 ijit(  -  _  a(gj  +  dj) 

dt  +  dxj  Xj  ’ 


-  P~  2  P 
e--u2--T«, 


(4) 


where  represents  the  Cartesian  coordinates (i=l,  2,  3),  p  is  the  mean  density,  ik  are  the 
Cartesian  components  of  the  filtered  velocity,  p  is  the  mean  pressure,  is  the  subgrid 
scale  stress  tensor,  <7^  is  the  molecular  stress  tensor,  e  is  the  filtered  total  energy  per  unit 
volume,  qj  is  the  subgrid  heat  flux,  and  dj  is  the  energy  diffusion  by  the  subgrid  stresses. 
We  neglect  the  summation  term  tu  in  the  equation  of  state,  which  would  be  very  small 
compared  to  the  thermodynamic  pressure  p. 


2.2.  DESCRITIZATION 

The  governing  equations  can  be  descritized  in  finite  volume  method  for  a  control  volume 
V  with  surface  dV : 

77-  [  QdV  +  f  (Ei nn  +  £"2^12  +  Ean\a)dA  =  0,  (5) 

dt  Jv  Jdv 
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where 


P 

pui 

Q  = 

m 

,  Et  = 

pUill-j  -f~  &ijP  &ij  "4*  Tij 

e 

_  puiht  -  -  VijUi  +  qi  +  di 

(nn,ni2,ni3)*  denotes  the  normal  vector  to  each  cell-interface.  The  explicit  Runge  Kutta 
method  is  employed  for  the  time  integration.  The  third-order  numerical  inviscid  flux 
is  estimated  by  using  the  fourth-order  central  scheme  and  the  additional  third-order 
dissipation. 


f(Hrd)  _ 
Ji+l/2  ~ 

fi+l/2  +  ^4(-R|A|)i+1/2(Q!j+3/2  “  2ai+i/2  +  1/2)1 

(7) 

f(*tk) 

Ji+ 1/2  _ 

fi+1/2' Wh 1/2’  ^i+i/2)’ 

(8) 

ai+ 1/2  = 

1  /2 

0) 

where  R  and  A  represent  the  diagonalization  matrix  of  the  right  eigenvectors  and  the 
diagonal  matrix  of  the  eigenvalues,  respectively.  The  values  of  each  variables  on  either  side 
of  (;ell  interfaces  are 

Qi+ 1/2  —  Qi  +  +  6Ai+1/2Q  -  Ai+3/2Q), 

1/2  =  Qi  ~  Y2^i+1/2^  ”  ^i-3/2Q)*  (10) 

The  values  of  artificial  viscosity  coefficient  e\  is  calibrated  at  1  /256  in  the  airfoil  simulation. 

The  method  mentioned  above  cannot  treat  the  transonic  flow,  since  the  shock  wave 
appears.  Then,  the  numerical  flux  is  differently  prepared  by  using  a  finite  difference 

splitting(Roe,  1981)  and  extrapolated  variables  Qfli/ 2  with  a  slope-limiter(Daiguji  et 
al. ,  1997).  To  exclude  excessive  numerical  damping  due  to  the  limiter,  we  employ  self- 
adjusting  hybrid,  that  uses  linear  conbination  of  the  third-order  upwind  scheme  and  the 
TVD  scheme,  the  numerical  flux  fi+ 1/2  is  blended  as  follows: 

fw/2  =  (1  -  0)/i+l/2(3rrf)  +  (11) 


2.3.  SGS  MODEL 


i-i 


<0.01 
>  0.01 


SGS  stresses  can  be  decomposed  into  the  following  terms  (Leonard,  1974): 


(12) 


Tij  =  Lij  +  Cij  +  Rij ,  (13) 

the  Leonard  stress  terms,  Lij  —  p(uiUj—UiUj)\  the  cross-stress  terms,  Cy  =  p^u'+ujuj); 
and  the  SGS  Reynolds  stress  terms,  Rij  =  puju'-.  Present  study  follows  the  hypothesis  that 
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the  SGS  energy  dissipation  would  be  substituted  in  the  numerical  dissipation  due  to  the 
inherent  artificial  viscosity  of  the  shock-capturing  scheme.  Consequently,  the  eddy  viscosity 
model  was  not  employed  in  the  present  LES  analyses.  However,  a  scale-similarity  model  is 
taken  into  account.  They  can  be  estimated  using  Taylor  expansion.  To  eliminate  the  terms 
which  violate  the  Galilean  invariance (Speziale,  1985),  these  terms  are  sumrnated  with  the 
Bardina  model(Bardina  et  al.,  1980)  being  applied  to  the  cross-stress  terms  and  the  SGS 
Reynolds  stress  terms. 


Lij  T 


p  2  duj  duj 
12  k  dxk  dxk 


0(*t) 


For  the  SGS  terms  qj  and  dj  in  energy  equation,  the  following  models  are  employed 
by  approximating  Uj  =  ilj  and  T  —  T. 


qj  =  Cpp(ujT  -  UjT)  =  Cpp(ujT  -  ti3f) 

-lai£S+0(ii)' 


dj  =  ^p{u2Uj  -  u2Uj) 


L A2 +  JLaI  —  ^ 

24  kdxkdxk  J  '  24  k dxk  dxk 


i^  +  0(A}), 


where  a  perfect  gas  with  a  constant  specific  heat  capacity  Cp  is  assumed. 


(15) 

(16) 


3.  Results  and  Discussion 
3.1.  CODE  VALIDATION 

A  validation  test  for  the  shock-capturing  is  performed  for  the  shock  tube  problem(Shu  et 
al, ,  1989),  which  has  several  extrema  in  the  smooth  region.  Figure  1  shows  the  solution 
via  the  present  method  with  400  cells.  For  the  comparison,  we  have  included  the  line  of 
solution  via  the  8th-order  ENO  scheme(Harten,  1989)  with  1600  cells.  Note  that  there  is 
no  serious  overshooting  or  undershooting  neat  the  discontinuity.  This  fact  shows  that  the 
present  method  is  suitable  for  LES  with  strong  discontinuities. 

A  validation  test  for  large  eddy  simulation  is  carried  out  by  applying  the  present 
method  to  the  channel  flow.  The  analyses  are  performed  for  the  turbulent  plane  Couette 
flow  of  8.0flx2.0/ix4.0/i  at  i?c(£l^)  =  1300  and  the  Mach  number  M(^)  =  0.3.  The 
number  of  cells  is  (64,64,32)  withlihe  size  of  cells  in  the  wall  coordinate  varying  from  1 
to  1.4  wall  units.  Figure  2  shows  the  mean  velocity  profiles  via  the  TVD  scheme  and  the 
present  method.  The  ensemble  data  are  obtained  from  the  averaged  flow  over  100000  time 
steps.  We  have  included  incompressible  DNS  results(Bech  et  al .,  1995)  for  the  comparison. 
The  artificial  coefficient  £4  is  calibrated  at  1/256,  that  is  also  used  in  the  present  aiifoil 
simulation.  In  this  case,  the  hybridization  of  the  scheme  is  absolutely  necessary  since 
the  inherent  numerical  dissipation  due  to  the  flux-limiter  of  the  TVD— scheme  becomes 
dominant. 

In  Fig.  3  we  show  the  mean  velocity  profiles  with  and  without  the  SGS  models  for 
the  same  channel  flow.  We  have  included  the  root  mean  square  (rms)  of  the  velocity 
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components  in  Fig.  4.  The  predictions  in  all  rms  quantities,  especially  the  streamwise 
component,  are  of  great  improvement  by  using  the  present  SGS  models,  although  a  little 
bit  greater  artificial  coefficient  £4  of  1/128  is  taken  to  produce  more  dissipative  solution 
compared  to  the  DNS  results. 

3.2.  AIRFOIL  SIMULATION 

The  flow  configuration  is  that  of  experiments  (Harris,  1981)  at  a  Reynolds  number  based 
on  chord  Re  =  9  x  106,  a  free-stream  Mach  number  M  =  0.8.  and  an  angle  of  attack 
a  =  2.26°.  A  single  structured  grid  system  makes  it  difficult  to  perform  LES  for  the  flow 
of  the  present  Reynolds  number.  The  use  of  embedded  mesh  reduces  the  computational 
memory  and  the  CPU  to  some  extent.  The  mesh  size  is  refined  near  the  wall  and  the  mesh 
system  is  replaced  6  times  toward  the  wall  surface  regarding  the  streamwise  direction 
and  the  spanwise  direction  so  that  the  large  eddy  can  be  resolved,  as  shown  in  Fig.  5. 
The  extent  of  spanwise  direction  is  chosen  as  Lz  =  0.04c.  Current  simulation  employs 
approximately  11  million  cells. 

Figure  6  shows  the  instantaneous  Mach  number  distribution  in  the  mid-span  plane. 
On  the  suction  side,  the  shock  wave  appears  at  about  60%  of  the  chord  length  from  the 
leading  edge.  It  is  found  that  there  is  no  serious  numerical  oscillation  near  the  shock  wave. 
Figure  7  shows  the  isosurfaces  of  instantaneous  spanwise  velocity  w  on  the  suction  side. 
Weak  three  dimensionalization  occurs,  and  secondary  flow  is  formed  (Fig.  8).  It  is  also 
shown  that  the  three-dimensionalized  structure  becomes  larger,  as  it  goes  to  the  trailing 
edge,  as  shown  in  Fig.  9.  The  increase  of  the  friction  coefficient  can  be  also  confirmed  with 
the  relation  to  the  three-dimensionalization.  In  Fig.  10,  we  show  the  friction  cocficient, 
which  increases  at  about  5%  of  the  chord  length  from  the  leading  edge  on  the  suction  side 
where  the  transition  takes  place  naturally. 

Figure  11  shows  mean  wall  pressure  distribution,  which  almost  agrees  with  the  ex¬ 
perimental  result,  however  there  is  a  little  discrepancy  of  the  shock  position  between  the 
simulation  and  the  experimental  data.  The  aspect  of  the  pressure  distribution  under  the 
influence  of  adverse  pressure  gradient  by  the  shock  wave  is  predicted  so  as  to  produce  the 
B.  L.  separation  more  extensively. 

Figures  12  and  Fig.  13  show  the  turbulence  energy  profiles  on  the  pressure  side  and  the 
suction  side,  respectively.  The  distance  from  the  wall  is  represented  by  rj .  On  the  suction 
side,  the  turbulence  energy  rises  (x/c  =  0.7)  behind  the  shock  wave,  while  it  contrastively 
decreases  downstream  the  position  of  (x/c  =  0.4)  on  the  pressure  side. 

The  spanwise  one  dimensional  energy  spectrum  distribution  is  examined  in  order  to 
understand  whether  it  reproduces  the  energy  cascade  process  in  the  turbulent  boundary 
layer.  The  energy  spectrum  is  defined  as, 

2  r°° 

Ei,i(k)  =  —  /  Ri,i(r)e-lkrdr,  (17) 

7T  JO 

where  Rij  represents  the  correlation  tensor  given  by 

Ri,i(r)  =<  u'^xju'^x  +  r)  >  .  (18) 

u[  is  approximated  by  using  the  grid-scale  differences  Ui~  <Ui  >.  r  is  in  spanwise  direction 
in  this  case.  Figure  14  shows  the  spanwise  one-dimensional  energy  spectra  of  the  velocity 
at  y+  =  10.  It  is  confirmed  that  the  energy  cascade  with  the  close  gradient  of  the  5/3  law 
in  the  sampling  point  (x/c  =  0.4, 0.7)  is  obtained. 
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4.  Conclusions 

The  scale-similarity  models  are  taken  into  account  in  the  generalized  curvilinear  coordinate 
system  in  order  to  represent  the  SGS  effect  which  includes  the  backscatter  in  the  energy 
cascade  in  turbulent  boundary  layer.  To  keep  the  resolution  of  the  near  wall  turbulence, 
the  embedded  mesh  system  is  employed  in  this  study.  Also,  an  highly  accurate  scheme  is 
obtained  in  order  to  capture  generation  of  the  turbulent  boundary  layer  from  the  leading 
edge  and  its  developing  process.  Concurrently,  the  present  hybridization  of  the  scheme 
produces  no  serious  oscillation  near  the  shock  wave  in  the  present  simulation.  As  a  result 
of  applying  the  present  method  to  transonic  turbulent  flow  around  the  airfoil,  it  is  possible 
to  reproduce  the  flow  field  with  large-scale  structure  of  the  turbulent  boundary  layer.  It 
is  found  that  the  qualitative  analysis  is  possible  on  the  turbulent  characteristics,  that 
includes  the  interaction  with  shock  wave  by  the  present  LES  method. 
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Figure  1.  Code  verification  for  the  shock-  cap¬ 
turing 


O  Present  method,  400  cells 


-j - 1 - 1 - 1 - 1 - 1 - r 

-3-2-10123 


Figure  2.  Code  verification  for  the  channel  tur¬ 
bulent  flow 


Figure  3.  Model  verification  for  the  channel 
turbulent  flow 


Figure  4-  Model  verification  for  the  channel 
turbulent  flow 


Figure  5.  Side  view  of  embedded  mesh  around 
the  NACA0012  airfoil 


Figure  6.  Side  view  of  instantaneous  Mach 
number  contours 


Figure  7.  Isosurfaces  of  spanwise  velocity 


Figure  8.  Isosurfaces  of  spanwise  velocity  near 
the  leading  edge 
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Figuiv  9.  Isosurfaccy  of  spanwisc  velocity  near 
the  trailing  edge 
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Figure  12.  Turbulence  energy  profiles  on  the 
suction  side 


0.0  0.2  0.4 


Figure  10.  Skin  friction  distribution 


Figure  13.  Turbulence  energy  profiles  on  the 
pressure  side 
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Abstract 

The  dispersion  of  car  exhaustion  in  street  canyon  is  studied  by  LES  and  unsteady 
RANS.  Both  velocity  field  and  distribution  of  pollutant  concentration  are 
computed.  The  influence  of  the  geometry  of  building  blocks  on  the  pollution  is 
investigated. 

1.  Introduction 

The  prediction  of  the  pollutant  dispersion  is  of  great  significance  for  the  air 
quality  in  urban  area  [1,  2\  The  source  of  the  pollution  comes  from  the 
emission  released  by  the  motor  vehicles  at  the  street  floor.  The  large  eddy 
simulation  is  used  to  predict  the  unsteady  flow  as  well  as  the  dispersion  of 
pollutants  in  the  street  canyon.  Unsteady  RANS,  so-called  VLES  is  also 
applied  to  this  flow  and  the  results  show  that  LES  and  VLES  give  similar 
results  in  2D  cases  and  they  are  acceptable  for  the  environmental  problem. 


2.  The  governing  equation 

The  governing  equations  for  LES  can  be  written  as 


3m,  1  dp  ^  32m,-  _ 3 x jj 

3 1  3  Xj  pdxi  3.*.3x,  3  Xj 


(1) 

(2) 


3c  +  _  3 c  3 2c  dM j 

3 1  J  d  Xj  dxidxl  3  Xj 


(3) 


in  which  %i}  and  Mf  are  the  subgrid  stress  and  mass  flux  respectively. 
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The  total  shear  stress,  i.e.  the  subgrid  stress  plus  molecular  viscous  stress,  is 
closed  by  the  RNG-based  Smargorinsky  model 131  as  follows 

(4) 

in  which  v =  V  +  v, .  The  effective  viscosity  is  defined  as 

Veff  =v[l  +  w(y52v^/v3  -c)}/3  (5) 

with  Sv=fa,/toj  +SSj/ dxi)/2  ,  vs  ={crngVll3f  pSyS.j  and  H(x)=x  when 

x>0,  H(x)=0  otherwise.  The  V  is  the  grid  volume  and  Crng  =0.157,  C=1.00. 

The  subgrid  mass  flux,  including  the  molecular  diffusion,  is  closed  by  a  gradient 
model  such  that 

M,  =  D,  —■  (6) 

dxt 

where  the  turbulent  diffusion  coefficient  is  defined  as  D,  =vr/,  jSc, ,  in  which 


Sc,  is  the  turbulent  Schmidt  number  and  assumed  to  be  1 .0. 

When  we  use  k-e  model  to  close  the  subgrid  Reynolds  stress  and  mass  flux,  it 
is  so-called  VLES.  The  k-  and  £-equations  with  standard  coefficients  are  ignored 
and  can  be  found  elsewhere  w.  Same  formulae  as  eq.  (6)  is  used  for  average  mass 
flux. 

The  finite  volume  method  is  applied  for  the  numerical  solution  with  QUICK 
scheme  and  the  time  advance  is  second  order  Runge-Kutta  integration. 


3.  The  testing  cases 

3.1  Two  dimensional  street  canyon 

The  geometry  of  the  street  canyon  is  illustrated  in  Figure  l.The  upstream 
wind  speed  which  is  assumed  to  be  varied  with  time  period  of  8  minutes,  i.e. 

(/oo(^>/)=[y0(^)sin(2^f/480).  The  pollutant  is  located  at  the  street  floor  and 

assumed  as  a  constant,  presumably  the  pollutant  concentration  equals  to  1 .0  at  a 
local  spot  and  zero  outside  of  the  spot. 


NUMERICAL  STUDY  ON  POLLUTANT  DISPERSION 


753 


Figure  1  The  illustration  of  the  street  canyon,  •  is  the  spot  of  the 

pollution 

The  computational  domain  and  grid  meshes  are  sketched  in  Figure  2  for 
B/H=  1.  The  mean  velocity  and  Reynolds  stress  profiles  are  given  at  the  inlet  and 
the  fully  developed  flow  condition  is  posed  at  the  outlet.  The  wall  function  is 
used  at  the  solid  walls  and  free  stream  condition  is  given  on  the  upper  boundary. 


Figure  2  The  computational  domain  and  the  grid  meshes 
3.2  Street  canyon  on  the  cross  road 

The  cross  road  is  illustrated  in  Figure  3.  A  symmetrical  condition  is  added  in 
respect  to  the  plane  at  y=0.  The  car  exhaustion  is  simplified  as  a  line  source  in 
the  middle  of  the  street  and  it  located  at  y  axis  at  the  floor  of  street  canyon,  i.e. 
z=0.  The  geometry  and  flow  parameters  of  the  testing  cases  are  listed  in  Table  1 . 


Figure  3  The  plane  layout  of  street  canyon  on  cross  road 
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Table  1  The  geometry  and  flow  parameters 


Case  A1 

Case  A2 

Case  B1 

Case  B2 

B/H 

1 

3 

1 

3 

Reynolds  number 

io5 

io5 

106 

106 

Turbulent  model 

LES 

LES 

k-£ 

k-£ 

3D  cross  road 

yes 

no 

no 

no 

H  (meter) 

30 

30 

30 

30 

4.  The  results 
4.1  Case  A1  and  B1 

The  flow  fields  at  two  typical  time-steps  are  presented  in  Figure  4  and  5.  It 
clearly  shows  a  vortex  in  the  street  canyon  that  transports  the  pollutant  outside  of 
the  canyon.  The  iso-contours  of  concentration  are  shown  in  Figure  6  and  7. 


(a) t=240s  (b) t=480s 

Figure  4  The  flow  field  for  B/H—l  by  k-B model 


(a)  240s  (b)  480s 

Figure  5  The  flow  field  for  B/H—l  by  LES 


Note  that  the  velocity  and  concentration  fields  are  phase  averaged  on  six 
periods  in  LES.  The  flow  patterns  inside  the  street  canyon  are  nearly  same  in 
both  LES  and  VLES,  however  more  vortices  outside  of  the  canyon  in  LES, 
particularly  at  the  corns  of  the  building. 
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Results  of  the  concentration  distributions  are  in  good  agreement  between 
LES  and  VLES  inside  the  street  canyon  and  the  concentration  is  greater  on  the 
lee  side  of  the  front  building  and  smaller  at  the  front  of  the  back  building.  The 
concentration  distributions  are  different  greatly  outside  the  street  canyon  between 
LES  and  VLES,  this  is  due  to  the  different  flow  fields. 


(a)  240s  (b)  480s 

Figure  6  The  iso-contours  of  concentration  for  B/H=l  by  k-8 model 


(a)  240s  (b)  480s 

Figure  7  The  iso-contours  of  concentration  for  B/H=  1  by  LES 

4.2  Case  A2  and  B2 

The  results  for  B/H=  3  are  presented  in  Figure  8  and  Figure  9.  It  is  clearly 
shown  that  the  pollutants  are  transported  more  quickly  out  of  the  street  canyon 
for  the  wider  spacing  of  the  building  block. 

Compared  with  Figure  4  and  5,  Figure  8  and  9  clearly  show  that  the  bigger 
vortices  are  formed  in  the  wider  street  canyon.  It  is  useful  for  transporting  the 
pollutants  outside  of  the  canyon  and  reduced  the  concentration  of  pollution  on 
both  front  and  back  buildings,  as  shown  in  Figure  10  and  1 1 . 

Compared  between  LES  and  VLES  results  it  is  found  that  the  main  large 
vortices  are  nearly  same  inside  the  canyon  but  flow  patterns  are  different  in  the 
outside. 
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(a)  240s  (b)  480s 

Figure  8  The  flow  field  with  B/H= 3  by  k-B  model 


(a)  240s  (b)  480s 

Figure  9  The  flow  field  with  B/H= 3  by  LES 


Larger  differences  between  LES  and  VLES  prediction  of  concentration  occur 
due  to  the  wider  spacing  between  front  and  back  buildings.  We  believe  that  the 
LES  has  better  resolution  and  it  may  be  approximate  to  practical  situation. 


(a)  240s  (b)  480s 

Figure  10  The  iso-contours  of  concentration  for  B/H- 3  by  k-B  model 


(b)  480s 


Figure  11  The  iso-contours  of  concentration  for  B/H= 3  by  LES 
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4.3  Integral  flux 

Integral  flux,  shown  in  Figure  12,  is  a  useful  design  parameter  in  building 
engineering  and  defined  as  the  integration  of  the  vertical  mass  flux. 


(a)  LES  (b)  k-B 

Figure  12  The  integration  flux  Iq w'c'dx 


Both  LES  and  k-e  model  show  the  same  periodicity  as  the  free  stream 
velocity.  On  average  the  agreement  between  LES  and  k-e  model  is  good  but  the 
peak  values  are  different.  It  is  due  to  the  different  flow  and  concentration  fields. 

4.3  Three  dimensional  dispersion  at  cross  road 

The  typical  velocity  and  concentration  fields  are  presented  in  Figure  1 3  and 
14.  The  velocity  fields  are  in  fairly  agreement  between  LES  and  k-e  models, 
however  the  difference  is  obvious  outside  of  the  street  canyon. 


(a)  LES  on  cross  section  at  y=10O  (b)  k-B  on  cross  section  at  y=100 

Figure  13  Velocity  field  by  LES  and  k-B 
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The  similar  situation  appears  in  the  concentration  field  as  shown  in  Figure  14. 
Inside  the  street  canyon  the  concentration  distributions  are  quite  similar  but  big 
difference  occurs  outside  of  the  canyon. 


(a)  LES  at  y=100  (b)  k-B  at  y=100 

Figure  14  Iso-contours  of  concentration  in  3D  street  canyon  by  LES  and  k-B 


5.  Concluding  remarks 

Both  LES  and  VES  give  similar  results  for  flow  and  concentration  fields 
inside  the  street  canyon  in  both  2D  and  3D  cases.  However  LES  has  better 
resolution  in  flow  field  than  VLES  and  is  expected  to  have  better  prediction  for 
more  complicated  street  canyon.  On  the  other  hand  LES  spend  more  computation 
time  than  VLES,  5-8  times  more.  Therefore  the  computational  efficiency  of  LES 
must  be  improved  and  the  models  for  unsteady  RANS  should  be  also  consider  in 
order  to  satisfy  the  complex  3D  flows. 
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Abstract.  MILES  and  traditional  LES  computations  of  a  high  subsonic 
flow  over  a  deep  and  open  cavity  using  wall  function  and  2D-3D  domain  cou¬ 
pling  strategy  have  been  carried  out  (Rei  =  6.7  x  105).  Both  Reynolds  and 
phase  averages  have  been  computed.  Results  show  especially  good  agree¬ 
ment  with  experimental  data. 


1.  Introduction 

High-speed  flow  over  a  cavity  generates  a  complex  flowfield  whose  dynamics 
are  governed  by  various  physical  mechanisms  such  as  shear  layer  instabili¬ 
ties,  acoustic  forcing,  etc.  This  class  of  flows  is  not  only  of  fundamental  in¬ 
terest,  but  also  occurs  in  many  aerodynamic  configurations,  such  as  weapon 
bay  or  wheel  wells,  where  large  pressure  fluctuations  induced  by  this  flow 
are  known  to  result  in  possible  structural  damages.  The  capability  of  nu¬ 
merically  predicting  these  flows  in  a  time-accurate  fashion  is  consequently 
an  important  issue.  In  the  past  twenty  years,  numerous  RANS  computa¬ 
tions,  mostly  supersonic,  have  been  carried  out.  The  increase  of  available 
computational  resources  yet  allows  LES  computations  of  such  configura¬ 
tions. 

The  studied  cavity  has  a  length  L  to  depth  D  ratio  of  0.42,  and  therefore 
belongs  to  the  deep  cavity  category.  There  is  no  reattachment  of  the  flow 
on  the  floor  (open  cavity).  The  Reynolds  number  (based  on  the  inflow 
velocity  UQ 0  and  the  length  L  of  the  cavity)  and  the  Mach  number  are 
6.7  x  105  and  0.8  respectively.  This  configuration  has  been  chosen  because 
of  the  availability  of  an  experimental  data  base  compiled  by  Forestier  et 
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al.[l],  which  was  specially  designed  for  the  accurate  evaluation  of  DNS  and 
LES  computations.  These  data  include  averaged  and  phase  averaged  (20 
phases)  velocity  measurements  in  various  locations  along  the  channel  and 
inside  the  cavity.  According  to  this  experience,  the  flow  is  characterized  by 
a  fundamental  frequency  of  1975  Hz.  Spectrum  exhibits  multiple  harmonics 
of  decaying  SPL  levels  (see  left  part  of  the  figure  4).  The  length  of  a  period  is 
not  constant  (jitter),  the  standard  deviation  being  approximative^  equal  to 
1%  of  the  mean  value.  During  one  period,  shadowgraphs  and  phase  averaged 
velocity  reveal  the  existence  of  three  coherent  vortices  (see  left  part  of  the 
figure  8).  Shadowgraphs  also  show  the  presence  of  strong  pressure  waves. 

2.  Numerical  methods 

Spatial  discretization  is  accomplished  using  a  finite  volume  scheme.  Two 
categories  of  computations  have  been  carried  out.  The  preliminary  results 
were  obtained  without  the  use  of  any  subgrid  model,  an  approach  known 
as  MILES,  introduced  by  Boris  et  al.[2],  and  which  is  based  on  the  idea 
that  an  upwind  scheme  is  able  to  mimic  the  dissipative  behaviour  of  the 
small  structures.  According  to  this  technique,  the  convective  fluxes  are  eval¬ 
uated  by  means  of  an  upwinding  formulation  derived  from  the  AUSM+(P) 
scheme  originally  proposed  by  Edwards  and  Liou[3].  With  the  intention  of 
getting  to  the  root  of  this  study,  a  more  traditional  LES  approach  was  also 
tested,  using  the  mixed-scale  model  of  Sagaut  coupled  with  a  selective  func¬ 
tion  (Sagaut  and  TroIf[4]).  In  that  case,  the  second  order  spatial  scheme  is 
centered  in  order  to  ensure  minimal  numerical  dissipation.  To  prevent  the 
apparition  of  oscillations,  a  detector  proposed  by  Mary [5]  locally  switches 
if  necessary  to  the  former  scheme.  Explicit  temporal  integration  is  achieved 
using  a  third  order  Runge-Kutta  scheme.  In  order  to  greatly  reduce  the 
computational  cost,  an  instantaneous  log  law  is  used  at  the  wall.  Periodic 
boundary  conditions  are  set  in  the  spanwise  direction.  Velocity  profile  is  im¬ 
posed  at  the  entrance  of  the  channel,  with  additional  white  noise  velocity 
fluctuations.  Both  mean  and  fluctuating  velocities  are  adjusted  in  concor¬ 
dance  with  experimental  measurements.  Non-reflective  outflow  boundary 
conditions  are  used  on  the  left  extremity  of  the  channel. 

The  computational  domain  extends  from  -1L  to  5L  in  the  streamwise 
direction  and  from  -2.4L  to  2L  in  the  vertical  direction,  the  origin  being 
set  in  the  leading  edge  of  the  cavity  (see  figure  2  for  a  glimpse  of  the  com¬ 
plete  domain).  The  computation  is  done  on  a  multibloc  structured  mesh, 
with  2D-3D  coupling  strategy.  The  upper  side  of  the  channel,  in  which 
the  flow  is  almost  two-dimensional,  is  discretized  in  the  spanwise  direction 
with  less  cells  than  the  lower  part  of  the  channel.  The  remaining  part  of 
the  computational  domain  (including  the  cavity)  is  fully  3D.  Two  meshes 
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have  been  employed,  a  coarse  one  with  800,000  cells  and  a  fine  one  with 
approximatively  twice  this  number,  obtained  by  multiplying  the  number  of 
cells  in  both  the  streamwise  and  normal  directions  by  1.5,  the  number  of 
cells  in  the  spanwise  direction  remaining  constant.  The  MILES  approach 
was  tested  only  on  the  coarse  mesh.  The  following  table  summarizes  the 
typical  size  of  the  cells  in  wall  unit  for  the  LES  computations. 


Mesh 

streamwise 

spanwise 

_L  to  wall 

Coarse 

150  -  400 

50  -  200 

20-  30 

Fine 

100  -  300 

50  -  200 

15  -  20 

Due  to  the  restrictive  CFL  conditions,  dimensionless  time-steps  of  9.1  x  10-4 
on  the  coarse  mesh  and  7.28  x  10-4  on  the  fine  one  have  been  adopted. 

As  seen  in  figure  1,  the  procedure  used  to  compute  phase  averages  con¬ 
sists  in  splitting  the  interval  between  five  consecutive  peaks  of  filtered  pres¬ 
sure  into  80  sub-intervals.  The  goal  of  such  an  approach  is  to  provide  against 
dephasing  due  to  the  jitter.  For  all  the  computations  the  standard  devia¬ 
tions  of  the  length  of  the  period  were  found  of  the  same  magnitude  as 
the  experimental  one.  Tests  with  experimental  data  have  proved  than  with 
up  to  four  by  four  periods  splitting,  the  effect  of  the  jitter  is  negligible. 
Therefore  this  upper  value  has  been  adopted.  The  averaging  time  for  both 
Reynolds  and  phase  averages  corresponds  to  13  x  4  =  52  cavity  cycles. 

3.  Numerical  results  and  comparison  with  experimental  data 

Figures  2  and  3,  based  on  instantaneous  data  issued  from  the  fine  mesh, 
show  coherent  structures  highlighted  using  Q  criterion  (^u  tensor  2nd  in¬ 
variant)  combined  with  a  pseudo-Schlieren  view.  The  main  characteristics 
of  the  flow  are  recovered,  with  the  existence  of  three  major  structures  (the 
two  vortical  tubes  on  the  left  of  the  figure  3  are  about  to  pair)  and  pressure 
waves  with  similar  shapes  compared  to  the  experimental  shadowgraphs. 

The  experimental  and  computed  spectra  are  shown  in  figure  4.  The 
concordance  is  really  good,  with  an  accurate  prediction  of  both  the  mean 
value  and  peaks  levels  up  to  26000  Hz  (12th  harmonic).  The  frequencies  of 
the  peaks  are  slightly  over-evaluated  (2.5%),  but  it  has  to  be  noticed  that 
the  spectral  resolution  is  about  2.2%  of  the  fundamental  frequency.  This 
spectrum  is  obtained  from  fine  mesh  data.  On  the  coarse  mesh,  the  levels 
are  decaying  faster,  especially  with  the  MILES  computation,  and  only  the 
first  four  peaks  are  present,  with  the  same  levels  as  for  the  fine  mesh. 

The  evolution  of  the  incompressible  momentum  thickness  0  along  the 
shear  layer  is  plotted  in  figure  5.  All  the  three  computed  graphs  are  close 
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of  the  experimental  data,  with  the  exception  of  an  earlier  effect  of  the 
trailing  edge.  MILES  and  LES  computations  on  the  coarse  mesh  give  similar 
results,  with  a  slightly  underestimated  growth  rate  in  the  initial  region 
(5  <xl6r  <  20).  Using  the  fine  mesh,  we  obtain  initially  a  higher  growth 
rate,  but  the  layer  grows  weakly  in  the  region  40  <  x/0r  <  60,  where  the 
flow  is  supposed  to  be  near  to  the  equilibrium.  In  the  first  region,  Forestier 
et  al.[6]  suppose  that  the  fast  growth  may  be  explain  by  an  early  pairing 
of  small  vortical  tubes,  a  mechanism  similar  to  the  “collective  interaction” 
introduced  by  Ho  and  Huang[7].  Therefore  a  plausible  explanation  for  the 
higher  growth  rate  may  be  that  because  of  the  reffinement  of  the  mesh, 
small  structures  in  the  vicinity  of  the  leading  edge  and  their  dynamics  are 
more  accurately  described. 

Figures  6  shows  the  evolution  of  the  vorticity  thickness  5 ,  defined  by: 
S(x)  =  (U+  -  U~)  /  [max*  (§f )] 

where  U+  is  the  velocity  in  the  center  of  the  channel  and  U~  is  the  velocity 
inside  the  cavity,  here  considered  equal  to  0.  Beyond  x/9r  =  25,  computa¬ 
tions  and  experience  are  well  correlated,  especially  when  using  a  subgrid 
model.  Here  again,  there  is  an  earlier  influence  of  the  trailing  wall.  Before 
x/0r  =  25,  the  evaluation  of  the  experimental  values  of  S  is  of  a  poor  accu¬ 
racy  because  of  the  sharp  vertical  velocity  gradient  resulting  from  the  small 
thickness  of  the  shear  layer  and  the  coarse  size  of  the  measure  mesh. 

Figure  7  presents  Reynolds  and  phase  averaged  streamwise  velocity 
and  2D  turbulent  kinetic  energy  profiles  at  a  location  corresponding  to 
x/0r  =  50,  in  the  middle  of  the  self-similarity  growth  region.  Focusing  on 
the  streamwise  velocity,  we  see  that  the  LES  profiles  associated  with  the 
coarse  and  the  fine  meshes  are  almost  indistinguishable.  MILES  profiles 
differ  mainly  inside  the  cavity,  with  smaller  speed.  However  for  each  case 
the  agreement  with  experimental  data  is  good.  If  we  consider  the  turbulent 
kinetic  energy  profiles,  the  two  types  of  LES  calculations  are  still  closely 
connected.  On  Reynolds  average,  MILES  computation  generates  more  tur¬ 
bulent  kinetic  energy.  On  the  contrary,  LES  leads  to  slightly  underestimated 
turbulent  kinetic  energy  peaks,  but  the  shapes  are  correct.  The  two  phases 
selected  show  deficit  in  energy  for  each  case,  when  the  locations  of  the  peaks 
are  well  predicted. 

Figure  8  shows  a  comparison  of  the  loci  of  the  coherent  structures  be¬ 
tween  experimental  data  and  numerical  results  on  the  fine  mesh,  for  four 
different  phases.  The  structures  are  highlighted  using  the  Weiss  criterion 
(equivalent  to  2D  Q  criterion).  If  we  consider  that  the  experimental  mea¬ 
surement  mesh  is  really  coarse  compared  with  the  computing  mesh  and  that 
this  difference  between  the  two  meshes  has  an  important  effect  on  the  com¬ 
putation  of  Vu,  it  stands  to  reason  that  the  overall  agreement  is  excellent. 
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Each  experimental  structure  can  be  linked  to  a  numerical  structure  with 
quite  correct  location  and  size,  except  perhaps  for  the  less  energetic  ones 
(see  structure  3  in  phase  11).  The  results  of  the  computation  on  the  coarse 
mesh  (MILES  and  LES),  which  are  not  shown  here,  are  closely  similar  to 
the  results  on  the  fine  mesh.  As  a  remark,  we  can  notice  that  the  figures  2 
and  3  correspond  to  a  time  which  takes  place  into  the  first  phase. 

4.  Conclusion 

All  the  computations  presented  here  show  good  agreement  with  the  experi¬ 
mental  data.  This  similarity  despite  various  numerical  methods  and  meshes 
may  be  explain  by  the  energetic  predominance  of  the  low  frequencies  (and 
therefore  the  large  structures).  These  simulations  have  then  proved  the 
(MI)LES  techniques  capability  of  studying  this  category  of  cavity  problems, 
and  therefore  the  possibility  to  use  them  to  improve  our  understanding  of 
the  flow  dynamics  inside  and  above  the  cavity. 
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Figure  1.  Procedure  to  compute  phase  averages  :  localization  of  maxima  Pmax  for 
filtered  pressure  fluctuations  and  splitting  of  the  interval  between  P^ax  and  Pmax  into 
80  sub-intervals  with  equal  duration. 
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Figure  2.  View  of  the  computational  domain.  Structures  are  visualized  using  iso-surface 
of  Q  equal  to  10  (-^)2  combined  with  a  Schlieren-like  picture  in  the  background. 
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Figure  4.  Experimental  (left)  and  computed  (right)  spectra.  The  computation  is  done 
on  the  fine  mesh  with  subgrid  model  (LES). 


Figure  5.  Momentum  thickness  6  of  the  mixing  layer  normalized  with  initial  experimental 

momentum  thickness  Qr. . :  MILES  with  coarse  mesh; - :  LES  with  coarse  mesh; 

- :  LES  with  fine  mesh;  o:  experimental  data. 


Figure  6.  Vorticity  thickness  5  of  the  mixing  layer  normalized  with  L. . :  MILES  with 

coarse  mesh; - :  LES  with  coarse  mesh;  - :  LES  with  fine  mesh;  o:  experimental 

data. 


Figure  8.  Phase  averaged  coherent  structures  isolated  using  Weiss  criterion  (levels  from 
1  to  25  by  increment  steps  of  2,  normalized  using  (^f-)2):  experimental  data  (left)  and 
LES  on  fine  mesh  (right)  for  phases  X,  6,  11  and  16. 
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1.  Introduction 

Shock/Boundary  layer  interaction  is  still  an  important  problem  for  super¬ 
sonic  aircraft  designers.  Such  phenomena  play  an  important  role  both  for 
internal  and  external  aerodynamic.  These  interactions  can  lead  to  an  in¬ 
crease  of  drag,  separation,  loss  of  performances.  Moreover,  unsteadiness  of 
the  shock  produces  strong  constrains  on  the  structure,  noise  and  modifies 
local  heat  transfer. 

Since,  for  such  interactions,  results  obtained  with  the  RANS  approach 
are  not  satisfactory  [12],  it  appears  natural  to  assess  the  capacity  of  LES 
to  simulate  such  interaction.  From  a  numerical  point  of  view,  it  necessi¬ 
tates  the  use  of  schemes  designed  to  minimize  the  numerical  dissipation 
in  shock- free  region  of  the  flow  since  it  was  demonstrated  in  [1]  that  the 
numerical  dissipation  of  high-order  shock-capturing  scheme  can  exceed  the 
subgrid-scale  dissipation.  To  satisfy  this  requirement,  we  use  a  strategy  [2] 
built  on  the  mixing  of  the  characteristic  based  filters  [3]  and  a  sensor  [4] 
able  to  distinguish  a  turbulent  fluctuation  from  a  shock.  To  validate  this 
approach,  the  case  of  the  interaction  of  an  oblique  shock  with  a  boundary 
layer  developing  on  a  plane  plate  was  chosen  since  it  has  been  extensively 
studied  experimentally  at  IRPHE  [6]  [7]. 
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2.  Mathematical  model 

In  this  study,  we  have  used  the  system  of  filtered  Navier-Stokes  equations 
proposed  by  Vreman  [8].  Some  terms  are  neglected  as  in  [5].  The  subgrid- 
scale  model  is  the  selective  mixed  scale  model  proposed  by  Sagaut  [9].  This 
model  was  proven  to  behave  particularly  well  for  wall-bounded  flow. 

The  numerical  scheme  is  based  on  non-linear  WENO  filters  defined  in 
Ref.  [2].  Let  Un  denote  the  vector  of  the  conservative  variables  evaluated  at 
the  time  nAt  and  At  be  the  time  step,  the  vector  of  the  conservative 

variables  after  the  application  of  any  explicit  time  integration  scheme.  This 
vector  is  spatially  filtered  to  give  the  final  state  Un+l  (£/n+1  =  J-(U  n+1  )). 
The  main  point  is  that  the  time  advancement  is  performed  with  a  non- 
dissipative  spatial  operator  (noted  L).  The  filtering  pass  is  decomposed  as 
follows: 

U{n+ 1)  =  F{U{n+l})  =  (Id  +  PA  tLf)(U{n+1])  (1) 

where  Lf  is  any  dissipative  operator,  Id  is  the  identity  and  the  switch  P  is 
defined  as: 

(  (3  =  0  if  #  <  e 

\  £=  1  if*  >  e 

where  #  is  the  sensor  of  Ducros  et  al[ 4]  defined  as: 

#  = _ (dtvHf _  (3) 

(div(  u))2  +  (rof(u))2 

where  u  denotes  the  velocity  vector.  This  sensor  was  demonstrated  to  be 
able  to  distinguish  a  turbulent  fluctuation  from  a  shock  in  Refs.  [4]  and  [2]. 

In  this  study,  the  time  integration  is  performed  by  means  of  a  third-order 
accurate  TVD  Runge-Kutta  method  proposed  by  Shu  and  Osher  [10]:  Note 
that  L  is  referred  to  as  ’’base  scheme”  and  can  be  any  gth  order  accurate 
finite  volume  or  finite  difference  non-dissipative  scheme. 

As  mentioned  by  Yee  et  at.  [3],  Lf  can  be  the  dissipative  part  of  any 
shock-capturing  scheme.  Here,  such  operator  is  derived  of  ENO  schemes. 
The  dissipative  part  of  ENO  scheme  is  extracted  easily  by  subtracting  a 
centered  scheme  to  the  ENO  one. 

In  this  study,  we  have  used  a  combination  of  a  fourth-order  centered 
base  scheme  with  a  fifth-order  accurate  WENO  filter.  The  threshold  e  is 
fixed  to  0.04.  In  practice,  this  method  limits  the  computation  of  the  filter 
to  about  20  percents  of  the  total  number  of  grid  points. 

Viscous  fluxes  are  discretized  by  means  of  a  second  order  accurate  cen¬ 
tered  scheme.  The  CFL  number  is  fixed  to  0.5. 
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Interaction  zone  Sponge  zone 


Figure  1.  Computational  domain 


3.  Description  of  the  configuration 

The  shock  is  generated  by  a  corner  fixed  to  the  upper  plate  of  the  wind 
tunnel  and  interacts  with  the  turbulent  boundary  layer  which  develops  on 
the  lower  plate  (which  is  assumed  to  be  adiabatic). 

The  length  of  the  computational  domain  was  restricted  to  the  measure¬ 
ment  zone  (it  begins  at  x  —  252  mm  and  ends  at  x  —  440  mm).  The 
height  of  the  domain  is  70, 7  mm  whereas  the  height  of  the  wind  tunnel  is 
120  mm.  The  computational  domain  is  presented  in  Fig.  1  (note  that  the 
axe  x  denotes  the  longitudinal  direction,  y  the  spanwise  direction  and  z  the 
wall-normal  direction) .  The  width  of  the  computational  domain  is  about 
15  mm  in  the  spanwise  direction  (for  the  test  cases  A,  C  and  D)  whereas 
the  wind  tunnel  is  10  times  larger. 

At  the  inflow  (at  x  —  252  mm),  the  temperature  Te  outside  of  the 
boundary  layer  is  144.6  K,  the  density  is  equal  to  9.66  10-2  kg/m 3  and 
the  Mach  number  is  fixed  to  2.3.  The  Reynolds  number  Re  based  on  the 
displacement  length  =  3.535  mm  is  equal  to  19132.  Periodic  boundary 
conditions  are  applied  in  the  spanwise  direction  y.  Non  reflective  conditions 
are  applied  on  the  upper  frontier.  At  the  outflow,  a  13  mm  long  sponge 
zone  ensures  the  damping  of  turbulent  fluctuations  which  are  evacuated  by 
means  of  non-reflective  conditions.  No-slip  and  adiabaticity  conditions  are 
applied  on  the  wall. 

In  this  study,  four  simulations  have  been  carried  out  in  order  to  check 
the  sensitivity  of  the  results  to  computational  details.  The  characteristics  of 
these  simulations  are  reported  in  Table  1.  The  number  of  grid  points  (Nx, 
Ny)  Nz)  in  each  direction  are  mentioned  and  the  size  of  the  computational 
meshes  (A+,  A+,  A+)  are  given  in  wall  units.  We  precise  that  these  wall 
units  are  based  on  a  experimentally  measured  friction  velocity  of  24.75m/s 
at  x  =  260  mm.  Test  case  A  is  the  base  case.  In  test  case  B,  the  influence 
of  a  doubling  of  the  domain  size  in  the  spanwise  direction  is  investigated. 
The  effect  of  a  refined  grid  in  the  longitudinal  direction  is  studied  using 
case  C  and  case  D  is  devoted  to  the  investigation  of  the  importance  of  a 
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Nx 

Nv 

Nz 

A+ 

At  (min) 

SGS  Model 

Case  A 

255 

55 

151 

50 

18 

1 

yes 

Case  B 

255 

110 

151 

50 

18 

1 

yes 

Case  (T 

510 

55 

151 

25 

18 

1 

yes 

Case  D 

255 

55 

151 

50 

18 

1 

no 

SGS  model. 

The  generation  of  realistic  inflow  conditions  is  a  very  important  issue 
in  LES.  In  this  study,  we  follow  the  methodology  introduced  by  Lund  et 
al.  [11]  and  extended  to  compressible  flow  by  Urbin  et  al.  [13].  This  strategy 
prevents  the  thickening  of  the  boundary  layer  using  an  ad  hoc  re-scaling. 
The  loss  of  self-similarity  induced  by  the  shock  requires  the  Lund  procedure 
to  be  applied  on  a  second  simulation  of  time-developing  canonical  turbulent 
boundary  layer.  A  x  =  cste  plane  of  this  second  simulation  is  extracted  and 
introduced  in  the  shock/turbulence  LES  inflow  plane  at  each  time  step. 

4.  Analysis  of  the  results 

First,  iso-values  of  the  mean  pressure  are  presented  in  Fig.  2.  The  incident 
shock  (which  would  impact  near  x  =  336  mm  in  absence  of  boundary  layer) 
curves  penetrating  the  boundary  layer  (thick  of  11  mm  at  the  inflow)  and 
reflects  on  the  sonic  line  (also  represented  on  the  picture)  as  an  expansion 
fan.  The  compression  related  to  the  rising  of  pressure  waves  in  the  subsonic 
part  of  the  boundary  layer  focuses  to  form  a  reflected  shock  (whom  the 
trace  begins  in  the  vicinity  of  the  position  x  =  290  mm  at  the  wall).  The 
continuation  of  this  shock  would  impact  on  the  wall  near  x  =  275  mm  and 
marks  the  beginning  of  the  interaction  zone. 

Iso- values  of  longitudinal  velocity  fluctuations  are  shown  in  Fig.  3.  Up¬ 
stream  the  interaction,  these  fluctuations  are  strong  in  the  near  wall  region. 
One  can  observe  that  the  fluctuations  are  amplified  by  a  factor  two  under 
the  reflected  shock  (near  x  =  290  mm).  The  explanation  given  by  Laurent 
[7]  to  explain  this  amplification  of  the  fluctuations  is  a  linear  effect  by  rapid 
distorsion.  The  zone  concerned  by  a  high  level  of  fluctuation  spreads  above 
the  separated  zone  (near  x  =  320  mm).  In  agreement  with  experimental 
observations,  one  can  notice  an  alignment  of  the  isovalue  lines  of  the  fluc¬ 
tuations  with  the  reflected  shock  just  downstream  of  this  one.  Downstream 
of  the  interaction  zone,  longitudinal  and  vertical  (not  shown)  fluctuations 
are  maximum  in  the  middle  of  the  boundary  layer  (z/S  0,6).  However, 
one  can  observe  a  second  extremum  of  longitudinal  fluctuations  in  the  near 
wall  region  close  to  the  outflow,  this  an  evidence  of  a  (slow)  return  toward 
an  equilibrium  state.  A  particular  attention  must  be  paid  to  the  interpre- 
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Figure  2.  Iso- values  of  the  mean  pressure  and  sonic  line  (in  black) 


Figure  3.  Iso-values  of  the  mean  longitudinal  velocity  fluctuations 


tation  of  data  concerning  the  fluctuations  in  the  interaction  zone  since  the 
unsteadiness  of  the  shocks  and  of  the  recirculation  bubble  can  be  at  the  ori¬ 
gin  of  a  part  of  the  fluctuations  (it  is  then  not  possible  to  consider  turbulent 
fluctuations). 

Longitudinal  evolution  of  the  displacement  thickness  is  displayed  in 
Fig.  4.  The  computation  of  this  integral  quantity  is  not  trivial  since  the 
external  velocity  Ue(x)  varies  in  the  longitudinal  direction.  The  potential 
flow  is  supposed  to  be  reached  when  the  Ducros  sensor  value  exceeds  0.1. 
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Figure  4.  Longitudinal  evolution  of  the  displacement  thickness 
Case  A _ ,  Case  B  A,  Case  C - ,  Case  D  O,  HWA  O 


This  method  gives  results  coherent  with  measurement  since  the  value  of 
Si  at  the  inflow  of  the  computational  domain  is  correctly  predicted  (at 
x  =  260  mm)  after  a  short  transient.  The  evolution  of  Si  in  the  interaction 
zone  (290  mm  <  x  <  340  mm)  will  not  be  commented  in  absence  of  corre¬ 
sponding  experimental  data.  Looking  at  figure  4,  one  can  observe  that  the 
displacement  thickness  is  multiplied  by  a  ratio  larger  than  two  during  the 
interaction.  This  amplification  rate  is  well  predicted  by  computations  and 
during  the  relaxation  phase  where  $1  decreases,  the  discrepancies  do  not 
exceed  10  %. 

The  longitudinal  evolution  of  the  friction  coefficient  Cf  is  presented  in 
Fig.  5  for  the  four  cases  and  compared  with  Hot  Wire  Anemometry  (HWA) 
data  [7].  At  the  inflow,  the  discrepancies  on  the  Cf  between  computations 
and  experience  is  lower  than  10  %  for  cases  A  and  B.  (such  kind  of  under¬ 
estimation  is  classical  with  LES  [14]).  Cases  C  (with  the  best  resolution) 
and  D  give  levels  of  Cf  very  close  to  the  experiment.  The  flow  is  seen  to 
be  separated  for  cases  A,  B  and  C  between  x  =  290  mm  and  x  =  340  mm. 
The  quasi  totality  of  the  interaction  zone  is  concerned  by  the  separation. 
For  the  case  D  (without  SGS  model),  the  velocity  fluctuations  in  the  near 
wall  zone  are  stronger  and  the  flow  separates  latter  (near  x  =  305  mm). 
Just  after  the  interaction  zone  (x  =  340  mm),  experimental  evaluations 
based  on  hypothesis  of  the  existence  of  a  logarithmic  zone  lead  to  a  friction 
coefficient  clearly  positive  at  the  opposite  of  the  computations.  In  the  re¬ 
laxation  zone,  the  increase  of  Cf  between  computations  and  experiment  is 
very  similar  and,  at  the  outflow,  the  discrepancies  are  comparable  to  those 
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Figure  5.  Longitudinal  evolution  of  friction  coefficient 

Case  A _ ,  Case  B  A,  Case  C - ,  Case  D  O,  HWA  Q 


observed  at  the  inflow  (about  10  %).  The  results  quality  is  clearly  supe¬ 
rior  to  the  one  obtained  with  RANS  computations  (see  [12])  in  the  same 
configuration  (but  at  =  2.9). 

Independently  of  the  analysis  of  the  results  concerning  physical  vari¬ 
ables,  we  verify  in  Fig.  6  that  the  Ducros  sensor  applies  nearly  exclusively 
in  the  zone  where  we  have  noticed  in  Fig.  2  the  presence  of  shock  or  ex¬ 
pansion.  Consequently,  the  SGS  model  is  effective  (his  effect  is  not  masked 
by  numerical  dissipation)  in  the  most  part  of  the  boundary  layer.  Never¬ 
theless,  one  can  observe  low  values  of  the  sensor  on  the  upper  limit  of  the 
boundary  layer  where  the  adaptation  of  the  inflow  conditions  may  not  be 
perfect.  Even  if  this  strategy  of  minimization  of  the  numerical  dissipation 
would  merit  other  validation  (see  also  [2])  on  different  test  cases,  results 
presented  here  allows  to  be  confident  with  this  concept. 


5.  Conclusion 

Bidimensional  interaction  an  oblique  shock  with  a  plane  plate  has  been 
studied  numerically  using  LES  and  compared  with  experimental  data.  Nu¬ 
merical  results  are  in  quantitative  agreement  with  experimental  results  and 
LES  can  now  be  considered  as  a  predictive  tool  for  such  physically  complex 
flow.  The  separated  zone  is  correctly  described.  The  effects  of  the  size  of 
the  domain  in  the  spanwise  direction,  of  the  resolution  in  the  longitudinal 
direction  and  the  presence  of  a  SGS  model  do  not  appear  to  be  deciding. 
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Figure  6 .  Iso- values  of  the  mean  PDF  of  Ducros  sensor 
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Abstract.  Two  large  eddy  simulations  of  the  flow  past  a  bus- like  vehicle 
body  were  made  and  the  results  are  compared  with  experimental  data  [3]. 
The  effect  of  the  near  wall  resolution  and  the  modeling  of  the  unresolved  co¬ 
herent  structures  in  the  near  wall  flow  were  studied.  It  was  determined  that, 
although  the  wall  functions  are  inadequate  to  represent  the  thin  vortices 
close  to  the  wall,  their  use  leads  to  results  in  a  near  wake  region  that  are 
similar  to  those  in  the  simulation  with  a  sufficient  wall  normal  resolution. 
This  study  indicates  that  the  wall  normal  resolution  has  little  influence  on 
the  pressure  coefficient  at  the  rear  face. 


1.  Introduction 

The  drag  forces  of  importance  to  the  vehicle  designer  are  dominated  pri¬ 
mary  by  the  wake  forces.  Thus  the  prediction  of  the  pressure  coefficient  at 
the  rear  of  the  vehicle  is  of  great  importance.  Although  the  RANS  simu¬ 
lations  have  been  successful  in  predicting  many  parts  of  the  flow  around 
vehicles,  they  have  failed  to  predict  the  effects  of  the  unsteady  wake  on  the 
body.  It  is  believed  than  an  unsteady  simulation  such  as  large  eddy  simula¬ 
tion  (LES)  will  have  greater  success  than  RANS  in  predicting  the  pressure 
at  the  rear  of  the  vehicles  and  give  better  insight  into  the  flow  around  these 
bodies.  Large  eddy  simulation  has  already  been  applied  to  various  bluff 
body  flows.  Early  bluff  body  LES  were  made  of  the  flow  around  a  surface- 
mounted  cube  and  a  rectangular  cylinder.  These  flows  are  characterized  by 
the  separations  defined  by  the  sharp  edges  of  the  obstacle.  Breuer  [2]  made 
LES  of  the  flow  around  a  circular  cylinder  at  Reynolds  number  140000 
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based  on  the  free  stream  velocity  and  cylinder  diameter.  This  flow  involves 
transition  and  a  very  thin  separation  shear  layer,  which  makes  LES  very 
challenging.  While  the  drag  generation  on  the  two-dimensional  cylinders 
is  dominated  by  the  regular  shedding  of  intense  vortices,  the  flow  around 
highly  three-dimensional  vehicles  is  highly  irregular  [1].  The  cylinders  stud¬ 
ied  in  these  LES  were  isolated  (i.e.  not  in  the  vicinity  of  the  ground  plane) 
and  the  cube  was  mounted  on  the  ground,  whereas  the  vehicle  body  is  in 
the  vicinity  of  the  ground.  The  vicinity  of  the  ground  forces  the  stagnation 
point  away  from  the  center  of  the  front  face  towards  the  bottom  of  the 
body,  which  produces  different  flows  on  the  top  and  bottom  surfaces  and 
thus  generates  a  lift  force  [1].  All  these  factors  make  these  LES  of  limited 
relevance  to  flow  past  a  vehicle.  Krajnovic  and  Davidson  [5]  recently  pre¬ 
sented  LES  of  the  flow  around  a  bus-like  body  where  they  modeled  the 
coherent  structures  near  the  wall  with  wall  functions.  The  shape  and  the 
ground  clearance  of  this  body  are  similar  to  the  shape  and  clearance  of  the 
buses.  This  makes  it  an  excellent  test  case  for  investigation  of  the  applica¬ 
bility  of  LES  in  vehicle  aerodynamics. 

The  long  term  goal  of  this  study  is  to  develop  a  LES  that  is  able  to 
simulate  the  flow  around  a  vehicle.  The  main  obstacle  of  a  LES  of  this  kind 
is  the  near  wall  resolution  required  to  represent  the  vortex  structures  in  the 
shear  layer.  The  purpose  of  this  paper  is  to  present  LES  of  the  flow  around 
a  bus-like  bluff  body  at  Re  =  210000.  We  compare  two  LES  in  which  the 
near  wall  region  was  treated  in  different  ways. 

2.  Subgrid-scale  modeling  and  numerical  method 

The  effect  of  the  small  scales,  which  appears  in  the  subgrid-scale  stress  ten¬ 
sor  in  the  filtered  Navier-Stokes  equations,  is  modeled  using  the  Smagorin- 
sky  model.  The  Smagorinsky  constant,  Cs,  equal  to  0.1  is  used  in  this  work 
and  the  Van  Driest  damping  function  was  used  only  in  the  LES 2  simula¬ 
tion.  The  formation  of  a  turbulent  boundary  layer  in  the  experiment  was 
ensured  with  boundary  layer  trip  wires  mounted  at  the  front  of  the  model. 
Because  of  this  there  is  no  laminar  boundary  layer  on  the  body  and  the 
assumption  of  non  zero  SGS  stresses  used  in  our  LES  is  thus  correct.  In 
the  case  of  transition  from  laminar  to  turbulent  flow  on  the  body,  some 
correction  is  needed  to  force  SGS  stresses  to  zero  in  the  laminar  region.  An 
alternative  is  to  use  a  different  SGS  model,  e.g.  the  dynamic  eddy  viscosity 
model,  in  which  the  eddy  viscosity  vanishes  in  laminar  flows. 

Calculations  are  made  with  the  CALC-BFC  code.  This  is  based  on 
a  3-D  finite  volume  method  for  solving  the  incompressible  Navier-Stokes 
equations  using  a  collocated  grid  arrangement.  Both  convective  and  viscous 
fluxes  are  approximated  by  central  differences  of  second  order  accuracy.  A 
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Crank-Nicolson  second  order  scheme  was  used  for  time  integration.  The 
SIMPLEC  algorithm  was  used  for  the  pressure- velocity  coupling.  The  code 
is  parallelized  with  block  decomposition  and  the  PVM  and  MPI  message 
passing  systems  [6]. 

3.  Description  of  the  geometry  and  numerical  details 

The  geometry  of  the  computational  domain  is  given  in  Fig.l.  A  domain  with 
an  upstream  length  of  x \ /H  =  8,  a  downstream  length  of  X2/H  =  16  and 
a  span-wise  width  of  B  —  5.92 H  was  used  for  the  simulation.  The  values 
of  other  geometrical  quantities  are  L  —  0.46  m,  H  —  0.125  m,  W  —  0.125 
m,  S  =  0.3075  m,  R  =  0.019  m,  r  =  0.0127  m,  c  =  0.01  m  and  C  =  0.5 
m.  The  ground  clearance  of  c/H  =  0.08  is  similar  to  the  clearance  ratio  of 
buses.  The  Reynolds  number  Re  =  UooHjv  was  210000  on  the  basis  of  the 
incoming  mean  velocity,  Uqo ,  and  the  vehicle  height,  H.  In  the  experimental 
set-up,  the  location  of  the  front  side  relative  to  the  inlet  was  0.564  m  and  the 
distance  from  the  test  section  exit  to  the  back  wall  perpendicular  to  the  flow 
was  1.854  m.  A  moving  ground  belt  and  boundary  layer  scoop  were  used 
to  simulate  the  floor  boundary  condition  and  to  minimize  boundary  layer 
effects.  The  cross-section  of  the  tunnel  test  section,  the  ground  clearance 
and  the  position  of  the  model’s  cross-section  with  respect  to  the  tunnel 
were  identical  in  LES  and  the  experimental  set-up. 

In  the  experiments  of  Duell  and  George  [3],  the  inlet  mean  velocity  was 
uniform  within  1%  and  the  average  turbulent  intensity  was  0.3%.  A  uni¬ 
form  velocity  profile  constant  in  time  was  thus  used  as  the  inlet  boundary 
condition  in  this  work.  The  convective  boundary  condition  =  0 

was  used  at  the  downstream  boundary.  Here,  Uc  was  set  equal  to  the  in¬ 
coming  mean  velocity,  Uoo-  To  simulate  the  moving  ground,  the  velocity  of 
the  lower  wall  was  set  equal  to  U0 c.  The  lateral  surfaces  were  treated  as 
slip  surfaces  using  symmetry  conditions  =  w  =  0.  The  wall  func¬ 

tions  based  on  the  ’instantaneous  logarithmic  law’  are  used  at  all  walls  in 
simulation  LES  1.  We  refer  to  Ref.  [5]  for  the  details  of  the  implementation 
of  the  wall  functions.  In  the  LES2  simulation,  no-slip  boundary  conditions 
were  used  on  the  wall.  The  homogeneous  Neumann  condition  was  used  for 
the  pressure  at  all  boundaries. 

The  topology  of  the  mesh  consists  of  24  blocks  where  one  block  forms 
an  O  grid.  An  additional  larger  bus  surface  was  made  for  the  outer  surface 
of  the  O  grid.  The  O  grid  with  a  thickness  of  0.005  m  was  made  between 
this  surface  and  the  surface  of  the  vehicle  body.  The  number  of  cells  in  the 
wall  normal  direction  in  the  O  grid  was  10  in  simulation  LES  1  and  30  in 
simulation  LES 2.  The  rest  of  the  mesh  was  the  same  in  both  simulations. 
Meshes  of  1.8  million  and  2.1  million  nodes  were  used  in  simulations  LESl 
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and  LES2 ,  respectively.  The  time  step  was  2  x  10  4  in  LES 1  and  1  x  10  4 
in  LES2,  giving  a  maximal  CFL  number  of  approximately  4.5.  The  CFL 
number  was  smaller  than  one  in  98%  of  the  cells.  The  averaging  time  in  the 
simulation  was  tUoo/H  =  48  (30000  time  steps  in  LES  1  and  60000  time 
steps  in  LES2).  The  computational  cost  using  24  SGI  R10000  CPUs  was 
~  600  hours  (elapsed  time)  for  LESl  and  1200  hours  for  LES2. 


4.  Results 

4.1.  THE  MEAN  FLOW 


1  /  2 

Time-averaged  velocities  Veff  =  ^(w)*2  -+*  (v)t2^j  are  compared  with  hot 

wire  anemometry  experimental  data  in  Fig.  2.  Here,  {u)t  and  (v)t  are  time- 
averaged  resolved  velocity  components  in  the  x  and  y  directions  obtained 
from  LES.  The  agreement  of  LES  results  with  experimental  data  is  rela¬ 
tively  good,  and  all  the  peaks  and  trends  of  the  experimental  profile  are 
represented  in  the  LES  results.  Although  the  two  LES  gave  very  similar 
velocity  profiles,  there  are  some  differences,  especially  at  position  x/H  — 
0.32.  The  velocity  profile  in  simulation  LES  1  is  in  better  agreement  at 
this  location  with  the  experimental  data  than  is  the  one  in  LES 2.  In  the 
experiments  of  Duell  and  George  [3],  the  free  stagnation  point  was  assumed 
to  be  at  y  -  0.  They  plotted  Vc///#oo  along  the  z-axis  and  used  the  local 
minimum  as  the  indication  of  the  free  stagnation  point.  The  distribution  of 
the  mean  velocity  components,  ( u)t/Uoo  and  V’e///J70oj  at  y  =  0  observed 
in  our  LES  are  plotted  in  Fig  3a.  The  recirculation  length  was  found  to  be 
Xr  =  1MH  in  LESl  and  Xr  =  1.39 H  in  LES2  using  the  local  minimum 
of  Veff/Uoo.  Using  the  intersection  of  (fi)*/#oo  with  the  tf-axis,  we  found 
Xr  =  1.44#  in  LES  1  and  Xr  =  1.41#  in  LES2.  This  is  larger  than 
the  Xr  =  1.1#  measured  in  Duell  and  George’s  experiment  [3].  The  local 
minimum  of  Fe///#oo  hi  Fig.  3a  is  larger  than  zero,  which  indicates  that 
the  free  stagnation  point  is  not  fixed.  This  finding  agrees  with  experimental 
result  [3] 

The  pressure  coefficient  at  the  rear  face,  CPbase  =  (p-Poo)/(0.5pt&), 
in  LES  is  computed  and  compared  with  the  experimental  data  in  Fig.  3b. 
It  can  be  seen  that  the  shape  of  the  profile  is  the  same  as  in  the  experi¬ 
ment,  while  the  level  of  CPbaae  is  over-predicted  in  both  simulations.  The 
integrated  value  of  CPbase  over  the  rear  surface,  CPbase,  was  -0.216  in  the 
LES  1  simulation  and  -0.224  in  the  LES2  simulation  as  compared  to  the 
experimental  value  of  —0.286. 
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4.2.  THE  INSTANTANEOUS  FLOW 

The  CPbase  signal  was  Fourier  transformed  and  a  peak  is  found  in  the  spec¬ 
trum.  The  Strouhal  number,  St  =  fH/U0 c,  of  this  periodic  component  sig¬ 
nal  was  0.069  in  simulation  LES 1,  whereas  two  peaks  were  found  in  simula¬ 
tion  LES 2  corresponding  to  the  non-dimensional  frequencies  of  St  =  0.055 
and  St  =  0.195.  This  can  be  compared  to  the  experimental  value  of  0.073. 

The  velocity  signals  for  two  points  in  the  near  wake  were  sampled  and 
turbulent  energy  spectra  computed.  The  selected  points  are  located  in  the 
upper  shear  layer  of  the  recirculation  region  and  in  the  wake  region  close  to 
the  free  stagnation  point.  The  same  points  were  chosen  for  the  velocity  sig¬ 
nal  sampling  in  the  experiments  of  Duell  and  George  [3].  The  energy  spectra 
of  these  signals  exposed  several  dominant  frequencies.  Distinct  peaks  cor¬ 
responding  to  the  non  dimensional  frequencies  of  St  =  0.032,  St  =  0.21 
and  St  =  0.29  in  simulation  LES1  and  0.517,  1.079  and  1.323  in  simula¬ 
tion  LES2  were  measured  near  the  separation  point.  In  the  experiment, 
Duell  and  George  [3]  measured  St  =  1.155  at  this  position.  The  power  den¬ 
sity  spectrum  at  the  second  point  close  to  the  free  stagnation  point  has  a 
peak  at  St  =  0.11  in  LES  1  and  St  =  0.472  in  LES2  as  compared  to  the 
experimental  value  of  St  =  0.155. 

4.3.  THE  FLOW  STRUCTURES 

The  coherent  structures  were  visualized  and  compared  with  the  experimen¬ 
tal  observations.  Simulation  LES2  was  found  to  be  superior  to  LESl  in 
resolving  the  flow  structures  around  the  bus.  The  reason  is  that  the  near 
wall  resolution  of  one  wall  unit  in  LES2  makes  it  possible  to  resolve  these 
structures,  whereas  the  wall  functions  used  in  LES  1  are  not  able  to  repro¬ 
duce  the  re-attachments  and  separations.  The  flow  separates  at  the  rounded 
leading  edge  in  simulation  LES 2,  similar  to  experimental  observations,  and 
forms  the  vortex  on  the  roof  (R)  and  two  vortices  on  the  lateral  sides  of  the 
bus  (L).  These  vortices  can  be  seen  in  Figs.  4  and  5a.  We  calculated  vortex 
cores  using  EnSight  post-processing  software  and  according  to  algorithms 
based  on  techniques  outlined  by  Sujudi  and  Haimes  [7].  Core  segments  are 
then  used  as  emitters  for  the  streamlines  shown  in  Fig.  5a.  This  figure  shows 
that  the  roof  vortex  (R)  and  the  lateral  vortices  (L)  end  at  the  surface  of 
the  body  and  that  they  are  connected  with  smaller  vortices  in  between,  over 
the  rounded  edges.  This  satisfies  Helmholtz’s  second  vortex  theorem,  which 
states  that  the  vortices  must  end  at  a  solid  boundary,  extend  to  infinity  or 
be  connected  to  each  other.  The  trailing  vortices  (T)  were  predicted  in  both 
simulations  (see  Fig.  5  and  Ref.  [5]).  The  vortex  shedding  from  the  sharp 
rear  edges  of  the  model  forms  four  straight  vortices  shown  in  Figs.  5b,  6b 
and  7b.  Similar  vortices  were  found  in  a  study  of  the  shedding  from  the 
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separation  lines  of  discs  and  square  plates  [4].  Figures  6a  and  7a  show  that 
the  LES1  simulation  failed  to  predict  these  vortices,  again  showing  that 
wall  functions  are  unable  to  deal  with  these  coherent  structures. 

The  experimental  observation  [3]  of  the  strong  ring-type  vortex  (W) 
was  confirmed  in  LES1[5]  and  is  shown  in  Fig.  5b  in  LES2.  Although  both 
simulations  show  two  wake  vortices,  in  agreement  with  experimental  obser¬ 
vations,  there  are  evident  differences  in  their  size  and  the  position  of  the 
foci  (FI  and  F2)  and  saddle  point  (SP).  In  agreement  with  experiments,  the 
lower  vortex  is  smaller  than  the  upper  one.  Figure  6  shows  that  the  position 
of  the  stagnation  point  on  the  rear  face  of  the  model  is  different  between 
the  two  simulations.  Similar  differences  between  the  two  simulations  were 
observed  in  plane  y  =  0  in  Fig.  7.  Asymmetry  in  the  flow  behind  the  body 
in  Fig.  7  indicates  strong  vortex  interaction  in  the  spanwise  direction,  which 
increases  the  requirement  of  longer  time  averaging. 
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Figure  3.  a)  Distribution  of  the  mean  velocity  component,  (u)t/Uoo,  LES 1  (1);  LES 2 
(2)  and  the  mean  velocity,  Veff/Uoo ,  LES  1  (3);  LES 2  (4)  along  the  :r-axis  at  y  =  0, 
z  =  0.  b)  Distribution  of  the  CPbase  along  the  y-axis.  Experimental  data  (symbols);  LES2 
(solid  line);  LES  1  (dashed  line). 
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Figure  4 ■  Simulation  LES 2.  a)  Time-averaged  streamlines  projected  onto  the  symmetry 
plane,  z  =  0,  of  the  bus.  b)  Time-averaged  streamlines  projected  onto  the  symmetry 
plane,  y  =  0,  of  the  bus. 


782 


SINISA  KRAJNOVIC  AND  LARS  DAVIDSON 


R  BC 


Figure  5.  Simulation  LES2.  a)  Streamlines  emitted  from  the  vortex  cores  on  the  roof 
(R),  lateral  sides  (L)  of  the  bus  and  trailing  vortices  (T).  b)  View  of  the  rear  face  of  the 
bus.  The  ring-type  vortex  (W)  visualized  with  isosurface  of  pressure  p  =  —0.21  and  its 
vortex  core.  BC  and  SC  are  thin  corner  vortices  behind  the  rear  face  of  the  model. 


Figure  6.  Time-averaged  streamlines  projected  onto  the  symmetry  plane,  z  —  0,  of  the 
bus.  FI  and  F2  are  foci  of  vortices  and  SP  is  saddle  point,  a)  LES 1;  b)  LES 2. 


Figure  7.  Time-averaged  streamlines  projected  onto  the  symmetry  plane,  y  =  0,  of  the 
bus.  F3  and  F4  are  foci  of  vortices  and  P  is  free  stagnation  point,  a)  LES  1;  b)  LES2. 
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Abstract 

Large  Eddy  Simulation  methods  were  implemented  in  a  hexahedral  based 
unstructured  grid  flow  solver  and  tested  for  the  analysis  of  transonic  flow  over  an 
open  cavity.  This  approach  was  developed  for  efficient  application  of  Computa¬ 
tional  Fluid  Dynamics  methods  to  the  highly  unsteady  flows  in  a  geometrically 
complex  weapons  bay.  A  compressible  sub  grid  scale  model  was  implemented. 
The  compressible  flow  solver  uses  an  upwind  flux  difference  splitting  scheme.  A 
Mach  1.2  flow  over  an  open  cavity  was  simulated.  Comparisons  of  computed  and 
experimental  spectra  of  the  sound  pressure  level  at  several  locations  in  the  cavity 
are  presented.  Good  agreements  between  the  simulations  and  test  were  obtained. 

1.  Introduction 

Weapons  bay  flowfields  present  significant  design  challenges  for  tactical  aircraft. 
Unsteady  resonant  phenomena  in  an  open  bay  can  result  in  unsteady  pressure 
levels  above  170  dB.  The  aircraft  structure,  weapons  bay  doors  and  internally 
carried  stores  can  be  damaged  by  loads  of  this  magnitude.  Accurate  prediction  of 
these  loads  is  important  for  the  structural  design  of  the  aircraft,  determination  of 
suitability  of  stores  for  the  weapons  bay  environment,  and  assessment  of  devices 
used  for  control  and  suppression  of  acoustic  loads.  Computational  methods  for 
predicting  these  loads  will  be  useful  in  reducing  the  significant  testing  cost  and 
design  cycle  time  required  for  bay  design  and  weapons  integration. 

A  typical  weapons  bay  geometry  is  highly  complex  and  includes  bulkheads, 
irregularly  shaped  doors,  loaded  stores  with  fins,  and  launchers.  Generation  of  a 
structured  mesh  for  this  type  of  complex  geometry  is  impractical  because  of  the 
large  number  of  man  hours  required.  For  simulation,  unsteady  Reynolds  aver¬ 
aged  Navier-Stokes  methods  have  proven  to  be  excessively  diffusive  for  cavity 
simulation.  Several  studies  have  demonstrated  the  use  of  structured  grid  methods 
with  Large  Eddy  Simulation  (LES)  for  simple  cavity  flows.1  In  this  work,  LES 
methods  implemented  in  the  Lockheed  Martin  Aeronautics  Splitflow  unstruc¬ 
tured  grid  solver  are  applied  to  a  simple  cavity  flow  to  assess  the  accuracy  of  the 
methodology. 
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The  Splitflow  code  includes  two  grid  generation  approaches,  both  of  which  are 
used  in  this  work.  The  LES  method  implemented  in  Splitflow  includes  filter 
length  smoothing  required  by  the  unique  nature  of  Splitflow  grids.  The  strong, 
moving  shockwaves  generated  in  a  cavity  flow  are  the  motivation  for  the  use  of 
an  upwind  flow  solver  for  the  cavity  simulations.  Background  information  on 
Splitflow  is  available  in  the  paper  by  Domel  and  Karman. 

2.1  Grid  Generation  Two  grid  generation  options  are  available  in  Splitflow. 
The  first,  “cut  grid”  method,  is  a  tree  based  splitting  method  for  Cartesian  cells. 
Cells  aligned  with  the  Cartesian  axes  are  refined  by  splitting  into  two,  four  or 
eight  cells.  A  triangulated  surface  mesh  is  used  to  define  solid  boundaries.  Where 
Cartesian  cells  are  cut  by  the  triangulated  surfaces,  irregularly  shaped  cells  result. 
Cells  can  be  refined  to  flowfield  gradients  and  structures  in  the  course  of  a  run  by 
subdividing  and  recombining  cells.  The  refinement  process  does  not  require  re¬ 
generation  of  the  entire  mesh,  and  is  therefore  highly  efficient.  In  the  second, 
“body  conforming”  method,  cells  cut  by  boundary  surfaces  are  deleted,  and  new 
body  conforming  cells  are  created  by  extrapolating  from  the  inner  cell  faces  to 
the  surface.  The  resulting  grid  is  then  smoothed  to  improve  grid  quality.  In  this 
approach,  the  resulting  grid  is  not  aligned  with  the  coordinate  axes,  and  grid  gen¬ 
eration  requires  more  computer  time  to  complete  than  in  the  “cut  grid”  approach. 

Both  approaches  are  highly  automated  and  require  very  few  man  hours  to  de¬ 
velop  computational  grids  for  complex  configurations.  The  “cut  grid”  method  is 
best  suited  to  applications  where  high  fidelity  boundary  layer  resolution  is  not 
required,  or  where  walls  are  aligned  with  Cartesian  axes.  The  “boundary  con¬ 
forming”  approach  is  best  suited  to  problems  requiring  high  fidelity  simulation  of 
turbulent  boundary  layers. 

Because  of  the  cell  splitting  approach,  both  types  of  Splitflow  grids  are  ex¬ 
tremely  well  suited  to  LES.  Near  no  slip  walls,  the  computational  mesh  can  be 
refined  in  normal,  lateral  and  streamwise  directions,  while  coarser  grids  can  be 
used  in  all  three  directions  away  from  the  wall. 

2.2  LES  Methods  A  compressible  form  of  the  Smagorinsky  model  was  used. 
The  sub  grid  scale  stresses  are  represented  by  a  Favre  mass  averaged  Bousinesq 
approximation  using  the  mean  velocities.  The  eddy  viscosity  is 

H,  =  p  I2|S| .  where  |s|  =  ^2S~S~j 

and  Sij  =  V4@Ui/3xj  +  311/3x0  is  the  strain  tensor.  The  mixing  length,  /,  is  the 
product  of  the  Smagorinsky  constant,  Cs,  and  the  filter  length,  A.  The  constant  Cs 
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is  set  to  0.1  for  this  study.  Initially  the  filter  length  is  set  A  =  (cell  volume) 1/3. 
However,  unlike  a  structured  grid,  neighboring  Splitflow  cells  can  vary  in  vol¬ 
ume  by  a  factor  of  8,  resulting  in  a  doubling  of  the  filter  length  across  a  cell  face. 
This  is  inconsistent  with  sub  grid  scale  filtering  assumptions.  To  alleviate  this 
problem,  the  filter  length  at  each  cell  is  smoothed  in  multiple  passes  through  a 
smoothing  routine  that  sets  the  filter  length  equal  to  the  average  of  the  maximum 
of  the  filter  length  for  the  current  cell  and  all  of  its  immediate  neighbors, 

A<+'=^I>ax(A',A:,) 

N~\ 

where  N  is  the  number  of  neighboring  cells,  and  p  is  the  sweep  index.  This  ap¬ 
proach  provides  a  smoother  variation  in  the  filter  length  through  the  flowfield. 
Regions  of  locally  fine  mesh  effectively  have  a  larger  value  of  eddy  viscosity.  As 
a  result,  the  numerical  accuracy  of  the  flow  solver  is  improved  by  reduction  in 
truncation  error,  but  the  level  of  the  sub  grid  scale  stresses  in  regions  of  locally 
fine  mesh  is  higher  than  it  would  be  if  the  mesh  were  more  uniformly  fine. 

2.3  Flow  Solver  Methods  The  flow  domain  is  segmented  into  multiple  subdo¬ 
mains  and  solved  in  parallel  using  PVM.  The  convective  terms  are  evaluated  us¬ 
ing  a  third  order  accurate,  finite  volume  upwind  scheme.  The  primitive  variables, 
(p,  u,  v,  w,  T)  are  extrapolated  to  the  left  and  right  sides  of  each  cell  face  using 
the  cell  center  gradients  of  the  primitive  variables  on  each  side  of  the  cell  face. 
The  resulting  left  and  right  states  are  the  basis  for  the  upwind  diffusion  term. 
This  approach  is  formally  third  order  accurate  where  cells  are  evenly  spaced,  and 
second  order  accurate  where  cell  division  creates  local  variations  is  cell  size.  In 
regions  of  the  flow  field  with  strong  shock  waves,  a  flux  limiter  is  employed. 

Because  the  cavity  application  has  strong  shocks,  a  compressible  solution  algo¬ 
rithm  including  the  Roe  upwind  flux  difference  split  scheme  is  employed.4  This 
scheme  is  considerably  less  diffusive  in  low  speed  and  wall  boundary  layer  re¬ 
gions  than  flux  vector  split  algorithms.  Nevertheless,  the  scheme  tends  to  damp 
unsteady  flow  structures  in  wall  boundary  layers,  particularly  when  the  local 
flow  velocity  is  not  aligned  with  the  grid  direction.  The  diffusion  term  was  re¬ 
duced  by  multiplying  it  by  a  function  of  the  ratio  of  the  contravarient  velocity  to 
the  local  velocity  magnitude.  This  approach  significantly  reduces  the  damping  of 
unsteady  structures  while  providing  sufficient  upwind  influence  for  numerical 
stability. 

The  solution  is  advanced  in  time  using  a  pointwise  block  implicit  algorithm.  In 
order  to  obtain  second  order  accuracy  in  time,  multiple  sub-iterations  are  em¬ 
ployed  to  converge  the  solution  at  each  time  step.  This  approach  allows  local 
CFL  numbers  significantly  larger  than  one  to  be  used.  For  compressible  flow 


786  BRIAN  R.  SMITH 

simulations  with  fine  grid  spacing  normal  to  the  wall,  the  acoustic  wave  speed 
can  severely  limit  the  allowable  time  step. 

3.  Cavity  Flow  Application 

A  cavity  flow  from  the  Weapons  Internal  Carriage  and  Stores  test  was  used  to 
evaluate  the  code’s  accuracy.5  The  geometry  tested  was  a  simple  rectangular 
cavity  in  a  model  with  a  sharp  leading  edge.  The  model  has  a  1 5  inch  long,  1 6.5 
inch  wide  flat  plate  in  front  of  the  cavity.  The  LxWxD  of  the  cavity  is 
1 8”x4”x4”.  The  Mach  number  for  the  demonstration  case  is  1 .2,  the  Reynolds 
number  per  foot  of  the  flow  is  1.0x10s.  The  diagram  of  the  cavity  in  Figure  1 
includes  relevant  sensor  locations. 

3.1  Simulation  Approach  To  reduce  the  computational  requirements,  a  turbu¬ 
lent  channel  flow  was  used  to  generate  a  turbulent  boundary  layer  for  the  inflow 
boundary  condition  for  the  cavity  flow  simulation.  The  channel  flow  domain  is 
two  inches  long,  one  inch  wide  and  its  height  is  0.56  inches,  twice  the  incoming 
boundary  layer  thickness  of  the  cavity  flow.  The  Reynolds  number  for  the  chan¬ 
nel  based  on  half  the  channel  height  is  19,000.  Periodic  boundary  conditions  are 
applied  in  the  lateral  and  streamwise  directions.  Flow  pressure,  momentum  and 
total  enthalpy  are  adjusted  between  the  inflow  and  outflow  periodic  boundaries 
to  account  for  compressibility  effects.  A  cut  grid  mesh  containing  138,000  cells 
was  generated.  Figure  2  shows  a  cross  section  view  of  the  channel  grid.  The  near 
wall  spacing  was  Az+  =  1.7,  Ay+  =  29,  Ax+  =  58.  The  channel  outflow  solution 
was  repeated  across  the  lateral  ‘V”  direction  to  span  the  cavity  inflow.  The  cha  n- 
nel  and  cavity  solutions  were  run  simultaneously,  and  information  was  passed  at 
each  iteration  from  the  channel  to  the  cavity  flow  solution. 

The  cavity  grid  was  generated  using  the  body  conforming  approach.  The  grid 
contains  614,000  cells.  The  grid  is  most  highly  resolved  in  the  shear  layer  near 
the  leading  edge  of  the  cavity.  Figure  3  shows  a  centerline  view  of  the  cavity 
grid. 

The  solutions  were  performed  using  a  time  step  of  5xl0"7  second.  Over  60,000  it¬ 
erations  were  completed.  Figure  4  shows  instantaneous  velocity  contours  along 
the  centerline  of  the  cavity.  Figure  5  shows  instantaneous  velocity  contours  2, 10 
and  16  inches  downstream  of  the  leading  edge  of  the  cavity.  Vortical  structures  at 
the  edge  of  the  cavity  near  the  trailing  edge  are  clearly  visible.  The  shear  layer 
disturbances  are  much  smaller  near  the  cavity  leading  edge. 

Sound  pressure  level  spectra  from  test  and  simulation  at  four  locations  in  the  cav¬ 
ity  are  shown  in  Figure  6.  The  simulation  clearly  captures  most  of  the  resonant 
tones  in  the  cavity.  In  addition,  the  levels  are  predicted  with  reasonable  accuracy. 
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The  significant  variations  in  the  SPL  between  the  front  and  back  wall  of  the  cav¬ 
ity  are  also  predicted  well. 
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Figure  1  Diagram  of  cavity  geometry  including  pressure  sensor  locations 


Figure  3  Centerline  view  of  cavity  grid 
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Figure  4  Contours  of  instantaneous  stream  wise  velocity  on  cavity  center¬ 
line. 


2”  from  L.  E 

Figure  5  Contours  of  instantaneous  stream  wise  velocity  2”,  10”  and  16” 
from  cavity  leading  edge. 
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K5,  Front  Wall  of  Cavity 
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Figure  6  Test  and  simulation  spectra  of  sound  pressure  level  at  pressure 
sensor  locations. 
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Abstract.  The  characteristics  of  the  hypersonic  flow  around  an  elliptical- 
cross  section  cone  and  the  computational  code  to  perform  large-eddy  sim¬ 
ulations  of  this  flow  are  described.  Preliminary  results  of  the  Lagrangian 
implementation  used  to  compute  the  subgrid-scale  terms  are  presented. 


1.  Introduction 

Many  aspects  of  transitional  and  turbulent  flows  are  not  fully  understood. 
This  is  especially  true  in  the  hypersonic  regime,  where  examples  of  un¬ 
resolved  issues  include  the  effect  of  freestream  disturbances  and  three- 
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dimensionality.  In  the  absence  of  detailed  experimental  or  computational 
databases  to  better  understand  these  physical  phenomena,  we  are  left  with 
excessive  design  conservatism  and  unrefined  conceptual  designs. 

When  investigating  these  phenomena  via  CFD,  direct  numerical  simu¬ 
lations  (DNS)  are  not  affordable.  Turbulence  models  provide  a  wide  range 
of  accuracy  in  predicting  turbulent  flows  of  engineering  interest.  Depend¬ 
ing  on  the  level  of  detail  required,  one  may  choose  the  Reynolds-averaged 
Navier-Stokes  (RANS)  models  or  the  state  of  the  art  subgrid  scale  (SGS) 
models  in  a  large-eddy  simulation  (LES)  to  obtain  a  more  refined  predic¬ 
tion.  The  study  of  fundamental  physical  phenomena  must  be  done  using 
the  finest  possible  prediction,  namely  LES.  However,  one  must  keep  in  mind 
that  a  key  feature  of  the  prediction  is  the  validation  with  experiments. 

Using  the  most  recent  laser  and  camera  technologies,  Huntley1  and 
Huntley  et  al2  present  the  first  detailed  flow  visualization  of  natural  tran¬ 
sition  on  an  elliptical  cross-section  cone  at  Mach  8.  Mean  flow  features  and 
details  about  the  unstable  modes  in  the  boundary  layer  for  the  same  con¬ 
figuration  are  given  by  Kimmel  et  a/.3,4  and  Poggie  et  a/.,5  respectively.  Be¬ 
cause  this  flow  is  being  extensively  documented  experimentally  and  because 
the  geometric  configuration  resembles  that  of  the  forebody  of  a  hypersonic 
vehicle,  this  database  is  ideal  to  test  the  state  of  the  art  SGS  models  and 
LES  methodology  for  hypersonic  flows. 

The  present  work  is  an  ongoing  effort  to  provide  detailed  flow  simula¬ 
tions  of  unsteady,  hypersonic,  transitional  or  turbulent  flows.  In  Martin  et 
al  (2000a)  we  develop  and  test  SGS  models  for  compressible  LES  using  the 
apriori  test  in  compressible,  isotropic  turbulent  flow.  In  Martin  et  al.  (2001) 
we  validate  the  LES  methodology  against  the  DNS  of  supersonic  boundary 
layers,  and  in  Martin  et  al.  (2000b)  we  extend  the  LES  code  to  general¬ 
ized  curvilinear  coordinates  and  validate  the  implementation  in  supersonic 
turbulent  boundary  layer  flow.  In  this  paper,  we  present  preliminary  LES 
results  of  the  flow  around  a  section  of  an  elliptical  cross-section  cone  away 
from  the  tip  of  the  cone.  The  flow  conditions,  simulation  procedure,  prelim¬ 
inary  flow  assessments,  and  future  work  are  given  in  the  following  sections. 

2.  Geometry  and  flow  conditions 

Following  the  experimental  configuration  of  Huntley  et  a/.,2  the  lifting  body 
geometry  is  a  sharp-nosed,  elliptical  cross-section  cone.  The  nominal  radius 
of  the  experimental  model  is  less  than  200  /i m.  In  our  simulations,  we  use  an 
ellipsoidal  nose  with  an  80  /im  diameter  of  nose  ellipsoid  measured  on  the 
major  axis.  The  afterbody  is  an  elliptical  cross-section  cone  of  4:1  aspect 
ratio,  17.5  degrees  half-angle  in  the  major  axis,  and  0.242  m  in  length, 
resulting  in  base  dimensions  of  0.152  m  across  the  major  axis  and  0.038  m 
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across  the  minor  axis. 

The  freestream  flow  conditions  are  Re oq  =  14  x  106  /ra,  =  8, 

=  0.5,  and  =  58  K.  For  these  conditions,  the  boundary  layer  is  fully 
turbulent  at  position  x=17.5  cm  from  the  nose.1  The  wall-temperature 
condition  is  prescribed  to  450  K,  which  is  nearly  adiabatic.  As  in  the  ex¬ 
periments,  air  is  the  working  fluid. 

The  Mach  8  flow  around  the  4:1  elliptical  cross-section  cone  at  zero  angle 
of  attack  is  highly  compressed  behind  the  shock.  The  difference  in  shock 
strength  between  the  major  and  minor  axis  causes  a  higher  compression 
at  the  leading  edge  producing  a  cross  flow  from  the  leading  edge  to  the 
centerline  of  the  cone.  This  is  illustrated  in  Fig.  la.  At  the  centerline  the 
cross-flow  velocities  are  zero  and  mass  conservation  induces  a  bulge,  see 
Fig.  lb,  where  the  boundary  layer  is  twice  as  thick  as  the  boundary  layer 
in  the  off-center  region.1  Experiments  show  that  transition  occurs  first  on 
the  centerline.1 

3.  Grid  resolution 

We  estimate  the  resolution  requirements  by  considering  the  dimensions  of 
the  turbulence  structure  and  the  data  provided  by  the  experiments.  From 
the  experimental  data1,  the  estimated  wall  unit  is  7.5  x  10-5  m  and  the 
boundary  layer  along  the  centerline  is  laminar  at  x  =  9  cm,  late-transitional 
at  11.4  cm,  and  fully  turbulent  at  17.5  cm  from  the  nose.  See  Figure  2.  The 
turbulent  boundary  layer  at  the  center  line  is  5  to  6  mm  thick.  Note  that 
the  shock-standoff  distance  is  0S  =  1.2 0C,  where  9S  and  0C  are  the  shock 
and  cone  angles,  respectively.  The  turbulence  structures  on  a  flat  plate 
boundary  layer  extend  about  100  wall  units  in  the  spanwise  direction  and 
a  few  boundary  layer  thicknesses  in  the  streamwise  direction. 

In  the  spanwise  direction  we  use  a  uniform  grid  spacing  of  22  wall  units. 
This  estimate  is  based  on  the  grid  resolution  used  in  previous  LES  of  a 
supersonic  boundary  layer.7  For  the  conditions  chosen,  the  boundary  layer 
at  the  leadingedge  is  laminar.1  Since  the  flow  is  supersonic  and  the  cone  is 
at  zero  angle  of  attack,  the  flow  around  the  top  of  the  cone  is  not  affected 
by  the  flow  on  the  bottom.  Thus  only  the  top  of  the  cone  is  simulated.  In 
the  streamwise  direction,  the  flow  is  laminar  at  x  =  9  cm  from  the  nose. 
Thus,  the  resolution  requirements  up  to  9  cm  from  the  nose  are  given  by 
the  grid  convergence  studies  of  the  laminar  flow  at  the  nose.  From  x  =  9 
cm  to  the  base  of  the  cone  we  require  that  the  maximum  grid  spacing 
on  the  surface  is  33  wall  units.  In  the  wall-normal  direction  the  grid  is 
exponentially  stretched,  we  require  0.3  and  wall  units  for  the  minimum 
and  maximum  grid  spacings  within  the  boundary  layer,7  where  £+  =  8/ zT 
is  about  70  for  the  turbulence  case.  The  computational  domain  is  large 
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enough  to  include  the  standoff  shock  wave. 

4.  Simulation  procedure 

For  the  LES,  we  use  a  third-order  accurate  WENO9  to  compute  the  convec¬ 
tive  fluxes.  This  scheme  has  low  dissipation  properties,  and  was  designed 
to  perform  DNS  and  LES  of  compressible  flows.  The  time  advancement 
technique  is  based  on  the  DPLU  relaxation  method  of  Candler  et.  a/10  and 
was  extended  to  second-order  accuracy  by  Olejniczak  and  Candler.11  The 
viscous  fluxes  are  evaluated  using  fourth-order  central  differences.  Finally, 
the  transformation  metrics  are  evaluated  using  fourth-order  central  differ¬ 
ences  so  that  the  inaccuracy  of  the  numerical  evaluation  of  the  metrics 
coefficients  is  less  than  the  inaccuracy  of  the  convected  fluxes. 

The  initial  condition  will  be  a  superposition  of  laminar  flow  and  a  pre¬ 
scribed  freestream  energy  disturbance  spectrum.  To  generate  the  laminar 
solution  we  use  a  finite  volume  code,12  where  we  only  compute  90  degrees 
of  the  cone  geometry  and  use  bilateral  symmetry  to  reflect  the  resulting 
solution  across  the  centerline  and  generate  the  full  180  degrees.  We  then 
interpolate  the  laminar  solution  from  the  finite-volume  cell  centers  to  the 
finite-difference  grid  points  using  tri-linear  interpolation. 

The  required  SGS  terms  and  the  model  representations  are  given  in 
Martin  et  al  (2000a,  2000b).  To  evaluate  the  model  coefficients  we  use  the 
Lagrangian-averaging  operation,  where  the  averaging  is  performed  along  a 
fluid  particle  pathline.  A  full  description  of  the  Lagrangian- average  proce¬ 
dure  can  be  found  in  Meneveau  et  al  (1996). 

5.  Preliminary  flow  assessments  and  future  work 

In  this  section  we  present  a  brief  progress  report  in  performing  the  LES. 
A  portion  of  the  cone  has  been  initialized  using  the  interpolated  laminar 
solution  to  test  the  Lagrangian  implementation  of  the  SGS  models.  To 
minimize  the  complexity  of  this  test,  the  disturbances  introduced  by  the 
tri-linear  interpolation  are  used  as  initial  disturbances.  Figures  3  through  5 
show  contours  of  the  SGS  terms  at  the  exit  plane  of  the  cone  on  spanwise 
wall-normal  planes.  These  figures  include  a  quarter  of  the  computational 
domain  (centered  about  the  centerline)  in  the  spanwise  direction,  and  about 
ten  boundary  layer  thickness  in  the  wall  normal  direction,  the  boundary 
layer  thickness  along  the  centerline  is  about  2  mm,  three  times  smaller 
than  the  turbulent  boundary  layer.  Figures  3  through  5  show  that  the  SGS 
terms  are  dominant  in  the  bulge  region.  This  would  not  be  the  case  if  the 
model  coefficients  were  calculated  using  the  ensemble  average  procedure. 

The  magnitude  of  the  initial  disturbances  is  very  small  and  do  not  grow 
significantly  in  time.  Future  work  includes  imposing  a  prescribed  distur- 
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bance  energy  spectrum  and  running  the  LES  to  gather  sufficient  statistical 
data  to  assess  the  effect  of  freestream  disturbance  and  study  the  transition 
and  turbulence  phenomena. 

Computer  time  was  provided  by  NASA  Ames  Research  Center.  This 
work  was  supported  in  part  by  the  Air  Force  Office  of  Scientific  Research 
under  grant  AF/F49620-01-1-0060. 
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Laminar  at  9  cm 
Late  transitional  at  11.4  cm 

Fully  turbulent  at  17.5  cm 


!  Shock  stand-off  distance 
0.314  cm 

Shock  stand-off  distance 

1.62  cm  =  3.24 5  (using  6  —  5  mm  and  09  =  1.2 6C) 


Figure  2.  Model  dimensions  and  key  flow  features  required  to  determine  the  grid  reso¬ 
lution  and  computational  domain  size. 


Figure  3.  SGS  stress  contours  on  the  exit  plane,  the  flow  is  into  the  page. 
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Figure  4.  SGS  heat  flux  contours  on  the  exit  plane,  the  flow  is  into  the  page. 


Figure  5. 
the  page. 


Contours  of  SGS  turbulent  kinetic  energy  on  the  exit  plane,  the  flow  is  into 
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Abstract 

Large  eddy  simulations  are  performed  to  study  the  flow  physics  and  heat 
transfer  for  the  film-cooling  of  gas  turbine  blade  surface.  The  coolant  jet  issues 
out  from  a  cylindrical  delivery  tube  into  the  mainflow  at  an  inclination  angle  of 
35°.  The  Reynolds  number  based  on  the  jet  velocity  and  the  diameter  of  the 
delivery  tube  is  approximately  11100.  The  jet  to  mainflow  velocity  ratio  is  0.5. 
Heat  transfer  calculations  are  also  performed  simultaneously  to  study  the  mixing 
of  the  passive  scalar  with  the  mainflow,  evaluate  film-cooling  effectiveness  and 
heat  transfer  predictions  on  the  blade  surface.  The  parameters  in  the  simulation 
correspond  to  the  experiments  performed  at  UTRC  (Lavrich  and  Chiappetta, 
1990) 

1.  Introduction 

Advanced  gas  turbines  are  designed  to  operate  at  high  turbine  inlet 
temperatures.  Increased  temperatures  improve  the  second  law  efficiency  as  well 
as  the  specific  thrust  obtained  by  the  turbines.  This  poses  a  challenge  to  design 
better  and  efficient  cooling  methodology  for  gas  turbine  blades  in  the  stages  after 
the  combustor.  Film-cooling  is  used  to  maintain  the  turbine  blade  temperature 
below  their  melting  point  for  the  increased  blade  life.  In  film-cooling,  coolant 
jets  are  injected  at  an  angle  into  the  hot  mainflow  that  deflects  these  coolant  jets 
over  the  blade  surface  to  provide  a  coolant  film  coverage.  However,  the 
increased  amount  of  coolant  injection  can  deteriorate  the  aerodynamic 
performance  and  the  gas  path  temperature  drastically.  Therefore,  the  amount  of 
coolant  should  be  optimal. 

There  is  enormous  amount  of  literature  on  the  numerical  studies  done  for 
a  jet-in-crossflow  configuration  (Acharya  et  al,  2001).  Most  of  the  studies 
employed  two-equation  turbulence  models  with  varied  degree  of  success  in 
predicting  the  flow  field  and  heat  transfer.  Earlier  LES  studies  of  jet-in-crossflow 
flow  situations  (Jones  and  Wille,  1996,  Yuan  et  al.,  1999,  Tyagi  and  Acharya, 
1999)  were  performed  for  normal  injections  and  high  blowing  ratios.  In  this 
study,  a  computational  domain  was  chosen  that  represented  the  experiments 
conducted  at  UTRC.  In  general,  the  RANS  calculations  under-predict  the  lateral 
spread  and  mixing  of  the  jet  while  they  over-predict  the  vertical  penetration  of 
the  coolant  jet.  In  figure  1,  predictions  of  the  transverse  shear  stress  component 
u  *w  ’  that  is  responsible  for  the  lateral  spread  are  shown  for  Reynolds  Averaged 
Navier  Stokes  (RANS)  calculations  using  two-equation  turbulence  model, 
second  moment  closure  model  and  previous  LES  studies  for  a  square  jet  injected 
normally  into  the  crossflow  (Walters  and  Leylek,  1997,  Tyagi  and  Acharya, 
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1999).  Clearly,  RANS  modeling  either  at  two-equation  level  or  at  the  second 
moment  level  is  inaccurate  for  this  stress  component  while  LES  can  capture  the 
flow  physics  well. 


Figure  1  Transverse  shear  stress  («W)  along  Z/D  -  -0.5.  RANS  vs  LES 
predictions.  The  experimental  data  is  from  Ajersch  et  al  (1995). 


2.  Governing  Equations  and  Computational  Method 

The  non-dimensional  governing  equations  for  conservation  of  mass,  momentum 
and  energy  for  an  incompressible  Newtonian  fluid  in  LES  methodology  are  as 
follows 
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immersed  solid  surfaces,  ©  = - -  where  7}  is  the  coolant  jet  temperature  and 

T: — t: 


Too  is  the  mainflow  temperature,  A  is  the  ratio  of  thermal  diffusivity  of  the 
immersed  solid  to  thermal  diffusivity  of  the  fluid  and  <£  is  the  indicator  function 
for  solving  the  solving  the  unsteady  diffusion  problem  in  the  immersed  solid. 
The  indicator  function  is  1  inside  the  solid  and  zero  everywhere  else.  The 
SubGrid  Scale  (SGS)  stress  tensor  and  SGS  scalar  flux  vector  are  given  by  'ey  and 
qs  respectively.  In  this  study.  Dynamic  Mixed  Model  (DMM)  is  used  to  model 
these  SGS  stress  tensor  and  scalar  flux  vector  (Moin  et  al.,  1991,  Vreman  et  al., 
1994).  The  box  filters  are  used  in  the  Germano  identity  for  the  calculation  of 
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dynamic  coefficient  and  for  the  calculation  of  Leonard  stresses.  The  dynamic 
coefficient  is  test  filtered  to  avoid  numerical  instabilities. 

The  momentum  equations  are  solved  using  projection  method.  The 
temporal  scheme  is  explicit  second  order  accurate  Adams-Bashforth  scheme.  The 
spatial  descretization  is  done  using  fourth  order  central  finite-difference  schemes 


for  all  the  terms  except  the  convective  term 


WgUg  ' 


that  is  upwind- 


differenced  with  a  third  accurate  scheme.  The  pressure-Poisson  equation  is 
solved  using  a  direct  solver  based  on  matrix  diagonalization.  The  Laplacian 
operator  is  approximated  using  4-2  formaulation  i.e.  the  gradient  operator  is 
fourth  order  central  difference  operator  and  the  divergence  operator  is  second 
order  accurate  central  difference  operator.  All  the  terms  in  energy  equation  are 
fourth  order  centrally  differenced. 


3.  Problem  Description 

A  uniform  grid  of  172x102x42  is  used  to  model  the  computational 
domain  of  size  17Dx5Dx4D,  where  D  is  the  diameter  of  the  coolant  jet  delivery 
tube.  The  film-cooled  surface  is  placed  at  1.5D  from  the  bottom  of  the 
computational  domain.  The  center  of  the  jet  injection  hole  at  the  film-cooled 
surface  is  5D  downstream  from  the  inlet  plane.  The  jet  delivery  tube  is  simulated 
as  a  cylindrical  surface  inclined  at  35°  in  the  streamwise  direction  (X)  using 
Immersed  Boundary  Method.  A  crossflow-stagnation  type  plenum  is  simulated  in 
this  study  for  the  coolant  supply.  The  top  wall  for  the  plenum  is  placed  at  0.5D 
from  the  bottom  of  the  computational  domain.  The  bottom  plane  of  the 
computational  domain  is  treated  using  symmetry  boundary  conditions.  Top 
boundary  of  the  computational  domain  is  treated  as  freestream  boundary.  At  the 
inlet,  fully  developed  turbulent  profile  is  specified.  At  the  outflow,  a  convective 
boundary  condition  is  used  where  the  convection  speed  is  obtained  from  the  mass 
flux  balance.  The  spanwise  direction  (Z)  is  assumed  to  be  periodic. 


Plenum  Inflow  2 

Plenum  Inflow  1 


Figure  2  Schematic  of  the  computational  domain 
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4.  Results  and  Discussion 

The  experiments  were  conducted  with  a  large  tube-length  (approx.  5.5D) 
and  a  can-type  plenum.  However,  in  this  study,  the  plenum  is  simulated  as  a 
stagnation  flow  field  below  the  jet-delivery  tube.  The  mass  flow  rate  into  the 
plenum  is  such  that  the  velocity  ratio  of  0.5  is  achieved  at  the  coolant  hole  exit. 
The  jet-delivery  tube  is  short  (approx.  1.74D).  These  changes  are  made  to 
simulate  a  reasonable  computational  domain  that  retains  all  the  essential  physics. 
Such  discrepancies  are  not  expected  to  change  the  flow  field  dynamics  and  heat 
transfer  in  this  flow  situation  drastically. 

FLOW  FIELD  DESCRIPTION 

There  is  a  recirculation  region  inside  the  tube  at  the  leeward  surface 
(Figure  3a).  This  effect  has  been  reported  in  earlier  RANS  studied  (Walters  and 
Leylek,  1997).  The  stagnation  flow  field  below  the  jet  delivery  tube  as  well  as 
the  recirculation  regions  in  the  tube  are  observed  in  figure  3b.  The  development 
of  the  vorticity  field  inside  the  delivery  tube  leads  to  complex  internal  structure 
to  the  counter-rotating  vortex  pair  (CVP)  or  the  kidney  vortex  in  this  flow 
situation  (Fric  and  Roshko,  1994,  Andreopoulos  and  Rodi,  1984).  The 
recirculation  region  behind  the  jet  on  the  wall  is  also  noted. 


Figure  3  Details  of  the  velocity  field  inside  the  coolant  jet  delivery  tube 

In  figure  4a-c,  the  instantaneous  vorticity  field  components  are  presented 
on  the  jet-centerplane  (Z/D  =  0.0).  The  streamwise  component  of  vorticity,  cox 
indicates  the  location  of  the  lobes  of  CVP  and  the  intertwining  of  this  vorticity 
component  is  an  indicator  of  crossplane  mixing.  The  contours  of  ©y  correspond 
to  the  upright  wake  vortices  that  are  shed  into  the  wake  of  the  deflected  jet.  The 
contours  of  0)z  show  the  vorticity  generated  inside  the  tube  around  the 
recirculation  region  near  the  plenum,  is  shed  along  with  the  vorticity  generated  at 
the  leeward  edge  of  the  coolant  jet.  The  interaction  of  the  vorticity  generated  at 
windward  edge  of  the  coolant  jet  inside  the  delivery  tube  and  the  oncoming 
boundary  layer  vorticity  is  also  observed.  The  delivery  tube  vorticity  dynamics 
gives  rise  to  complex  and  unsteady  CVP. 
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c)©* 

Figure  4  Instantaneous  vorticity  field  components  (a-c)  on  the  jet-centerplane. 

In  figure  5 a-c,  the  instantaneous  vorticity  field  components  are  presented 
over  the  film-cooled  surface  (Y/D  =  1.5).  The  streamwise  component  of 
vorticity,  C0x  around  the  periphery  of  the  injection-hole  shows  the  origin  of  the 
CVP.  The  contours  of  0)x  are  aligned  with  the  streaks  formed  due  to  the 
entrainment  of  the  crossflow  into  the  wake  region.  The  contours  of  COy  show  a 
complicated  structure  of  the  coolant  jet  inside  the  injection  hole.  The  upright 
wake  vortices  are  shed  from  the  edges  of  the  coolant  jet  due  to  the  interaction 
with  the  crossflow,  entrained  into  the  wake  region  and  convected  downstream. 
The  contours  of  spanwise  vorticity  component,  cOz  show  the  vorticity  generated 
along  the  delivery  tube  walls.  This  component  plays  an  important  role  in 
changing  the  structure  of  CVP  in  the  near  field  of  the  jet. 


a)  0)x 
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c)C0z 

Figure  4  Instantaneous  vorticity  field  components  (a-c)  on  the  film-cooled  wall 
surface. 


PASSIVE  SCALAR  (TEMPERATURE)  FIELD  DESCRIPTION 

The  details  of  instantaneous  temperature  field  are  given  at  several  section 
of  the  computational  domain  (figure  6).  The  centerplane  corresponds  to  Z/D  = 
0.0  and  shows  the  mixing  of  the  mainflow  and  the  coolant  jet.  The  coolant  jet 
temperature  drops  in  the  downstream  direction,  however  the  coherent  structures 
in  the  wake  region  retain  their  scalar  value  further  (Fig.  6a).  The  temperature 
distribution  corresponding  to  adiabatic  wall  boundary  conditions  corresponds  to 
film-cooling  effectiveness  too  (fig.  6b).  The  coolant  jet  provides  good  coverage 
immediately  downstream  of  the  injection  hole,  however  the  film-cooling 
effectiveness  decreases  monotonically  in  the  wake  region  along  the  centerplane. 
The  development  of  the  coolant  jet  along  the  streamwise  direction  is  shown  at 
three  different  X/D  locations  (fig  6c-e).  The  coolant  jet  is  observed  to  have  a  well 
defined  kidney  shaped  structure  (Andreopoulos  and  Rodi,  1984,  Fric  and 
Roshko,  1994).  The  crossplane  mixing  of  scalar  leads  to  the  decrease  in  scalar 
value  in  the  core  of  coolant  jet  at  downstream  stations.  Moreover,  the  jet  is 
attached  to  the  surface  near  the  centerplane  but  is  lifted  off  below  the  lobes  of  the 
kidney  vortex. 
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a)  Z/D  =  0.0 


c)  X/D  =  0.0  d)  X/D  =  2.5  e)  X/D  =  5.0 


Figure  6  Instantaneous  temperature  field  at  different  computational  domain 
sections. 

5.  Conclusion 

Large  eddy  simulations  were  performed  for  a  simplified  geometry 
representing  film-cooling  of  a  gas  turbine  blade  surface.  The  heat  transfer 
calculations  were  performed  in  a  conjugate  heat  transfer  mode  to  study  the  heat 
transfer  on  the  film-cooled  wall.  The  plenum  was  simulated  by  a  stagnation  flow 
field.  The  unsteady  dynamics  inside  the  coolant  jet  delivery  tube  showed 
complex  internal  structure  of  the  CVP.  The  coherent  vortices  observed  were  in 
agreement  with  the  experiments  conducted  by  various  researchers  (Kelso  et  al., 
1996,  Haven  and  Kurosaka,  1997,  Fric  and  Roshko,  1994).  The  heat  transfer 
results  showed  the  unsteady  mixing  of  the  coolant  with  crossflow  and  the 
instantaneous  film-cooling  effectiveness.  The  detailed  comparison  of  film¬ 
cooling  effectiveness,  mean  flow  field  and  the  turbulence  statistics  will  be 
presented  in  the  future. 
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Abstract 

Large  Eddy  Simulations  (LES)  were  performed  to  study  the  flow  physics  and 
heat  transfer  in  a  rotating  ribbed  duct.  This  numerical  study  is  simulating  the 
experiments  conducted  to  investigate  the  effects  of  buoyancy  and  Coriolis  forces 
on  heat  transfer  in  a  turbine  blade  internal  coolant  passages  (Wagner  et  al., 
1992).  The  computations  were  performed  at  a  Reynolds  number  (Re)  of  12,500 
based  on  average  velocity  in  the  duct  and  the  hydraulic  diameter  of  the  square 
duct.  The  rotation  number  ( Ro )  is  0.12  and  the  inlet  coolant-to-wall  density  ratio 
(Ap/p)  is  0.13.  The  rib  height-to-hydraulic  diameter  ratio  (e/D)  is  0.1  and  the  rib 
pitch-to-height  ratio  (P/e)  is  10.  The  ribs  are  square  in  cross-section  and  are 
placed  transverse  to  the  flow  in  the  duct.  A  direct  method  of  computing  a  source 
term  due  to  unsteady  calculation  of  uniform  wall  temperature  case  in  periodic 
geometries  is  presented.  The  details  of  flow  field  and  the  temperature  field  are 
presented  and  analyzed. 

1.  Introduction 

Modern  gas  turbines  operate  at  very  high  turbine  inlet  temperatures  for 
better  second  law  efficiency  and  specific  thrust.  However,  such  increased  thermal 
loads  can  deteriorate  the  blade  life  in  a  rotating  environment.  These  blades  are 
internally  cooled  by  using  the  serpentine  channels  with  turbulators  inside  the 
blade  to  enhance  the  heat  transfer  (Morris,  1981).  The  increment  in  heat  transfer 
due  to  rib  turbulators  as  compared  to  the  increased  pressure  drop  in  the  channel  is 
a  crucial  design  parameter.  The  problem  is  complicated  further  due  to  the 
interplay  of  Coriolis  forces  and  buoyancy  forces.  Several  experimental 
investigations  to  study  the  effect  of  centrifugal  buoyancy,  rotation  number  and 
Reynolds  number  have  been  performed  (Wagner  et  al.,  1992).  However,  a 
numerical  study  can  provide  much  more  detailed  information  on  flow  physics  as 
well  as  heat  transfer  in  such  situations.  The  secondary  flow  in  non-circular  duct 
without  rotation  is  generated  due  to  the  anisotropy  in  turbulent  stresses.  In 
rotating  ducts,  the  Coriolis  forces  give  rise  to  secondary  flow  as  well.  Again, 
buoyancy  forces  can  generate  secondary  flow  field  to  enhance  the  crossplane 
mixing.  Low-level  turbulence  modeling  using  two-equation  models  is  incapable 
of  capturing  essential  physics  due  to  isotropic  nature  of  modeled  turbulent 
stresses  (Hermanson  et  al.,  2001).  Second  moment  closure  has  some  promise  in 
that  direction  (Jang  et  al.,  2001).  To  understand  the  unsteady  dynamics  of  various 
flow  structures  on  the  heat  transfer,  it  is  inevitable  to  use  LES  (Murata  et  al., 
2000  and  2001). 
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2.  Governing  Equations 

The  non-dimensional  governing  equations  for  conservation  of  mass,  momentum 
and  energy  for  an  incompressible  Newtonian  fluid  in  LES  methodology  are  as 
follows 
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temperature  and  T/  ,  T2  are  yet  undefined  reference  temperatures.  The  mean 
pressure  gradient  in  flow  direction  is  dP/dz.  Therefore,  p  is  the  periodic 
component  of  the  pressure  field.  8y  is  the  Kronecker  delta  tensor.  £yk  is  the 
alternating  tensor.  The  distance  vector  can  be  written  as  rx  —  RmSi3  +  xi ,  where 
Rtn  is  the  mean  radius  of  the  periodic  module  from  the  rotation  axis.  The 
important  parameters  for  such  flows  are  Reynolds  number  (Re  =UmDi/v), 
rotation^  .number  JRo,  jQ  vD^/f/wX 2  and  centrifugal  buoyancy  number 
=  P(T-Tin)£l2KDl 7 a  Y  v  =  R^l_)  .  The  SubGrid  Scale  (SGS) 

stress  tensor  artd^SGS  sca^r^^glr  ar^gR^n  by  Xy  and  respectively.  In 
this  study,  Dynamic  Mixed  Model  (DMM)  is  used  to  model  these  SGS  stress 
tensor  and  scalar  flux  vector  (Moin  et  al.,  1991,  Vreman  et  al.,  1994).  The  box 
filters  are  used  in  the  Germano  identity  for  the  calculation  of  dynamic  coefficient 
and  for  the  calculation  of  Leonard  stresses.  The  dynamic  coefficient  is  test 
filtered  to  avoid  numerical  instabilities.  Treatment  of  the  non-dimensional 
temperature  in  the  periodic  direction  needs  special  attention.  Patankar  et  al. 
(1977)  described  a  method  to  solve  the  uniform  heat  flux  (UHF)  and  uniform 
wall  temperature  (UHT)  problems  in  the  ducts  with  periodic  cross-sections  for 
steady  situations.  Wang  and  Vanka  (1989)  presented  an  iterative  procedure  to 
calculate  X,  However,  this  parameter  can  be  calculated  directly  for  explicit 
schemes.  Most  of  the  simulations  were  performed  using  non-dimensionalization 
with  respect  to  friction  velocity  and  uniform  heat  flux  case.  As  it  will  be 
explained  later,  that  renders  the  sink  terms  in  momentum  and  energy  equations, 
i.e.  dP/dz  and  A,,  constant.  In  experiments,  usually  the  mass  flow  rate  and  wall 
temperatures  are  control  parameters,  therefore  reference  velocity  should  be  the 

average  velocity  and  X  is  no  more  constant. 

Boundary  conditions  for  non-dimensional  temperature  in  the  periodic 

direction  is  written  as 

0° 

©2 


0 
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where  superscript  indicates  the  z-location  and  subscript  b  denotes  the  bulk 
non-dimensional  temperature.  Differentiating  the  periodic  boundary  condition 
in  the  wall-normal  direction  we  get 


©H ax  \  l J 

This  is  equivalent  to  enforcing  periodicity  on  the  Nusselt  number  in  a  periodic 
geometry. 


Uniform  Heat  Flux  (UHF)  case: 


ae°  W30L 

drj  ]  I  077 


Clearly,  setting  T2  to  Th  will  render  the  denominator  as  a  constant.  Moreover,  the 
independence  of  non-dimensional  bulk  temperature  from  periodic  direction 
implies  that  T}  is  equal  to  Th.  Therefore,  the  scaling  at  the  inlet  plane  and 
periodicity  of  Nusselt  number  can  uniquely  determine  the  non- 
dimensionalization  and  the  sink  term  in  the  energy  equation. 

Uniform  Wall  Temperature  (UWT)  case: 


From  the  energy  balance,  one  can  write 

pc pUavg{TbL  -f:\Ac  =\\qjs 
s 

=  Y^q.dS + £(<z°  +  qt}~Y 


PCpU^-tM-^ k-to-Tfr  iff  WlHg)  | 

,n\  I M  V 

Here  r\  is  the  wall  normal  direction  and  dS  is  the  differential  area  element  on  the 
wall. 

For  the  square  channel,  we  use  Nusselt  number  periodicity  to  define  the  flux  at 
the  inlet  in  terms  of  the  flux  at  the  exit  as 

'30  j1  _  ©£/30'r' 

0° 

Using  these  relations  in  the  energy  balance,  we  get 
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To  enforce  the  validity  of  scaling  relation  up  to  the  wall,  we  choose  Tj  equal  to 
Tw .  Therefore,  the  non-dimensional  temperature  is  zero  at  the  wall  and  the 
scaling  ensures  the  periodicity  of  the  Nusselt  number  in  the  periodic  geometries. 

3.  Problem  Description  and  Computational  Method 

The  computations  were  performed  at  a  Reynolds  number  (Re)  of  12,500 
based  on  average  velocity  in  the  duct  and  the  hydraulic  diameter  of  the  square 
duct.  The  rotation  number  (Ro)  is  0.12  and  the  inlet  coolant-to-wall  density  ratio 
(Ap/p)  is  0.13.  The  rib  height-to-hydraulic  diameter  ratio  (e/D)  is  0.1  and  the  rib 
pitch-to-height  ratio  (P/e)  is  10.  The  ribs  are  square  in  cross-section  and  are 
placed  transverse  to  the  flow  in  the  duct.  This  numerical  study  is  simulating  the 
experiments  conducted  to  study  the  effects  of  buoyancy  and  Coriolis  forces  on 
heat  transfer  in  turbine  blade  internal  coolant  passages  (Wagner  et  al.,  1992). 


Figure  1  Schematic  of  the  computational  domain 

4.  Results  and  Discussion 

The  three-dimensional  spectrum  of  the  instantaneous  flow  field  is  shown 
in  figure  2a.  The  grid  resolution  is  sufficient  to  capture  the  energy  producing 
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events  as  well  as  the  portion  of  the  inertial  subrange.  A  peak  in  energy  spectrum 
is  also  observed  around  the  wave  number  corresponding  to  a  length  scale  l/D  = 
0. 1 6.  Clearly,  this  can  be  attributed  to  the  energy  production  by  vortex  shedding 
behind  the  ribs  (e/D  =  0.1).  To  maintain  the  flow  rate,  the  mean  pressure  gradient 
is  applied.  However,  this  pressure  gradient  is  subjected  to  temporal  variations 
corresponding  to  the  Strouhal  frequency  of  vortex  shedding  due  to  ribs.  This 
pulsation  causes  the  flow  rate  to  vary  with  the  same  frequency  (figure  2b).  The 
average  flow  rate  is  maintained  at  1 .0  as  desired. 


Figure  2  (a)  Three  dimensional  energy  spectrum  of  the  flow  field  (b)  Flow  rate  vs 
time. 

FLOW  FIELD  DESCRIPTION 

The  instantaneous  snapshots  of  the  streamwise  component  of  vorticity 
field  at  three  different  streamwise  stations  (z/D  =  0.25,  0.50  and  0.75)  depict  the 
complex  flow  field  in  the  duct  (figure  3).  At  z/D  =  0.25,  the  rib  is  placed  on  the 
leading  wall  and  sheds  vortices  into  the  mainflow  with  significant  streamwise 
vorticity.  The  boundary  layer  on  the  trailing  wall  is  highly  turbulent  and 
intensified.  The  local  increase  in  velocity  magnitude  near  the  trailing  wall  is  due 
to  decrease  in  cross-sectional  area  as  well  as  body  forces.  At  the  streamwise 
centerplane  z/D  =  0.50,  the  recirculation  region  behind  the  rib  on  the  leading  wall 
contains  intense  vortices  along  the  flow.  The  trailing  wall  vortices  are  gathered 
towards  the  center  of  the  duct  due  to  secondary  flow  in  the  crossplane  of  the 
duct.  At  z/D  =  0.75,  the  rib  is  placed  on  the  trailing  wall  and  interacts  with  the 
oncoming  turbulent  boundary  layer  vortices.  In  this  snapshot,  the  vortices  are 
pushed  towards  the  center  of  duct  by  the  rib  as  well  as  the  secondary  flow.  The 
leading  wall  boundary  layer  shows  a  lot  of  activity  too.  The  vortices  at  the  front 
and  the  back  wall  do  not  penetrate  into  the  core  flow  to  the  similar  extent  as  the 
leading  and  trailing  wall  vortices. 
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z/D  =  0.25 


z/D  =  0.50 


z/D  =  0.75 


Figure  3  Streamwise  component  of  instantaneous  vorticity  C0z  at  three  XY  planes 


Time-averaged  velocity  field  shows  the  skewed  profile  (Figure  4).  The 
boundary  layer  on  the  trailing  wall  (unstable)  is  much  steeper  than  on  the  leading 
wall  (stable).  The  details  near  the  ribs  show  the  difference  in  the  size  of 
recirculation  regions  in  front  and  behind  the  ribs.  The  flow  attaches  over  the  top 
of  the  rib  B  (on  the  trailing  wall)  while  it  remains  detached  on  the  top  face  of  rib 
A  (on  the  leading  edge).  The  impingement  of  the  oncoming  flow  on  the  front  of 
the  ribs  results  in  high  heat  transfer  rates.  The  recirculation  behind  the  ribs 
accompanied  with  enhanced  crossplane  mixing  will  result  in  the  increased  heat 
transfer  rates. 


Rib  A 


Time-averaged  Velocity  Vectors  at  Y/D  =  0.5  Rib  B 


Figure  4  Time-averaged  velocity  vectors  and  details  of  flow  field  near  the 
ribs  at  the  Y/D  =  0.5 
HEAT  TRANSFER  RESULTS 
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Instantaneous  non-dimensional  temperature  field  is  shown  at  the  first  cell 
node  over  the  corresponding  walls.  There  is  more  coolant  accumulation  on  the 
trailing  wall  as  compared  to  the  leading  wall  (note  the  difference  in  the  range). 
The  heat  transfer  is  enhanced  on  the  trailing  wall  by  a  factor  of  two 
approximately.  The  temperature  field  show  streaks  correlated  with  the 
streamwise  component  of  vorticity  on  these  walls.  The  coolant  fluid  in  front  of 
the  ribs  increases  heat  transfer  in  the  stagnation  (front  recirculation)  region.  In 
the  leeward  recirculation  regions,  the  non-dimensional  temperature  is  close  to 
wall  temperature.  The  temperature  distribution  on  the  front  and  back  wall  is 
similar.  However,  there  is  more  coolant  near  the  back  wall  as  compared  to  front 
wall  (and  it  is  observed  through  out  the  computational  duration).  This  might  be 
caused  by  a  low  frequency  mode  in  the  coreflow.  Again,  the  temperature  field 
correlates  with  the  streamwise  streaks  of  coolant  fluid  on  these  walls. 


z 


z 


c)  Back  wall 


d)  Front  wall 


Figure  5  Instantaneous  temperature  field  on  the  walls  of  the  duct  a)  Trailing  wall, 
b)  Leading  wall,  c)  Back  wall  and  d)  Front  wall. 

5.  Conclusion 

Large  eddy  simulations  were  performed  for  a  rotating  square  duct  with 
normal  rib  turbulators  to  enhance  the  heat  transfer.  The  Coriolis  force  as  well  as 
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centrifugal  buoyancy  parameter  has  been  included  in  this  study.  A  direct 
approach  is  presented  for  the  unsteady  calculation  of  non-dimensional 
temperature  field  in  periodic  domains.  The  complex  flow  field  shows  dominant 
secondary  flow  vortices  that  enhance  the  mixing  of  the  thermal  boundary  layers 
on  the  duct  walls  with  the  coolant  fluid  in  the  core.  The  temperature  field  is 
highly  unsteady  and  may  contain  low  frequency  mode  that  allows  the  coolant  to 
adhere  to  either  front  or  the  back  wall  of  the  duct.  In  the  future,  the  assessment  of 
heat  transfer  enhancement  with  respect  to  increased  pressure  loss  will  be 
presented. 
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Abstract.  We  present  LES  results  of  the  evolution  of  a  decaying  magneto¬ 
hydrodynamic  (MHD)  mixing  layer  using  dynamic  eddy-viscosity  subgrid 
scale  models.  The  LES  results  are  obtained  using  a  spectral  code  with  a 
323  resolution  and  are  compared  to  a  direct  numerical  simulation  (DNS) 
with  1283  Fourier  modes.  The  evolution  of  the  kinetic  and  magnetic  en¬ 
ergies  is  presented  and  their  profiles  along  the  inhomogeneous  direction  is 
also  discussed. 


1.  Introduction 

MHD  is  recognized  as  a  valid  approximation  in  various  problems  of  plasma 
physics  such  as  nuclear  fusion,  astrophysics,  geophysics,  ...  In  many  cases, 
highly  turbulent  processes  are  encountered  and  the  magnetic  Reynolds 
number  Rm  characterizing  the  magnetic  turbulence  can  reach  values  rang¬ 
ing  from  108  to  1012.  For  such  values,  the  use  of  DNS  for  investigating 
the  MHD  turbulence  is  inappropriate.  In  this  context,  developing  the  LES 
technique,  which  has  been  already  widely  used  in  fluid  mechanics,  appears 
to  be  an  elegant  solution  for  solving  the  incompressible  MHD  equations: 

dtUi  =  ~~dj(ujUi  -  bjbi)  +  uS/2Ui  -  dip  (1) 

dtbi  =  —dj(ujbi  -  bjUi)  4-  rjW2bi  (2) 

where  bi  —  Bij  ^fpp^  denotes  the  components  of  the  reduced  magnetic  field, 
p  is  the  constant  density  and  p  represents  the  sum  of  the  hydrodynamic 
and  magnetic  pressure  bibi/2  usually  evaluated  by  enforcing  the  incom¬ 
pressibility  condition  (diUi  =  0).  The  parameters  v  and  p  are  the  kinematic 
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viscosity  and  the  magnetic  diffusivity,  respectively.  Although  LES  has  al¬ 
ready  been  adapted  to  MHD  (Theobald  et  al.,  1994;  Agullo  et  al.,  2001, 
Muller  and  Carati,  2001),  its  use  has  been  limited  to  homogeneous  turbu¬ 
lence.  In  this  work,  we  explore  the  capabilities  of  this  technique  for  inho¬ 
mogeneous  flows.  The  particular  case  treated  here  is  the  mixing  layer.  Our 
choice  is  motivated  by  the  fact  that  interactions  between  regions  of  different 
turbulent  activities  are  very  commonly  observed  in  many  geophysical  and 
astrophysical  problems.  Our  choice  is  however  also  motivated  by  practical 
computational  arguments.  Indeed,  the  mixing  layer  can  be  computed  with  a 
spectral  code  (fully  de-aliased)  for  which  the  modelling  issues  do  not  inter¬ 
fere  too  strongly  with  the  numerics.  The  mixing-layer  we  have  considered  is 
the  interface  between  two  regions  of  almost  homogeneous  turbulence  with 
different  mean  energy  and  different  energy  spectra.  In  our  case,  the  direction 
of  inhomogeneity  will  be  oriented  along  the  ?/-axis.  The  Ui  and  b{  fields  are 
initialized  to  resemble  a  magnetohydro  dynamic  mixing  layer  by  adapting 
the  well-documented  hydrodynamic  case  of  Veeravalli  and  Warhaft  (1989) 
(see  also,  Briggs  et  al.,  1996). 

2.  LES  equations 

Within  the  framework  of  LES,  a  filter  kernel  is  applied  to  the  MHD  equa¬ 
tions  in  order  to  obtain  a  set  of  equations  for  the  resolved  quantities.  Here, 
because  our  code  is  spectral,  we  adopt  the  sharp  fourier  cut-off  for  the 
filtering  operator  and  the  filter  width  is  noted  by  A.  The  filtered  MHD 
equations  thus  read: 

dm  =  -djiWfOl  -  bjbi)  +  vV2Ui  -  dip  -  djr^  (3) 

dtbi  =  -dj(ujbi  -  bjUi)  +  rjV2bi  -  djf\3  (4) 

In  contrast  with  traditional  notations,  we  have  explicitly  expressed  that  the 
non-linear  term  is  filtered  since  our  code  is  fully  de-aliased.  Also,  we  have 
explicitly  written  the  filtering  operator  on  the  subgrid-scale  stress  tensors 
rfj  =  (uiuJ-Wi W])  -  (bibj  —  bib j)  and  =  (uibj  -ufij)  -  (ujbi -ujbi)  for 
two  reasons.  First,  this  might  avoid  some  confusion  because  the  notation 
T{j  usually  refers  in  the  Navier-Stokes  case  to  the  term  U{Uj  —UiUj.  Second, 
since  Tij  has  to  be  computed  on  the  LES  grid,  it  is  unavoidably  a  filtered 
quantity.  Those  terms  account  for  the  effects  of  the  small  scales  on  the 
large  scales  and  cannot  be  computed  directly  from  the  resolved  quantities. 
Therefore,  in  order  to  close  the  equation  (3)  and  (4)  ,  we  need  to  model 
them. 

The  model  proposed  here  is  based  on  the  eddy-viscosity  assumption 
and  is  referred  to  as  the  Kolmogorov  model  (Agullo  et  al.,  2001).  One 
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uses  therefore  a  MHD-generalization  of  the  Smagorinsky  model  with  Kol¬ 
mogorov  scaling  for  the  eddy-diffusivities: 

Tij  «  -2G\A4/3Sy  (5) 

«  -2C2A4/3TTy  (6) 

where  Sij  is  the  symmetric  part  of  the  filtered  velocity  gradients  and  W{j 
is  the  anti-symmetric  part  of  the  filtered  magnetic  field  gradients.  We  have 
adopted  the  MHD-extension  of  the  dynamic  procedure  (Germano  et  al., 
1991;  Lilly,  1992)  for  computing  the  parameters  C\  and  C2.  To  that  end, 
we  introduce  a  second  filter  referred  to  as  the  test-filter  and  whose  action 
is  noted  by  ~  .  The  test  filter  is  also  a  Fourier  cut-off  with  A  =  2A. 
Because  of  the  properties  of  the  Fourier  cut-off  filters,  the  following  relation 
~  =  —  can  be  used  to  simplify  the  notation.  The  application  of  the 
filter  —  to  the  MHD  equations  introduces  two  additional  unknown  stress 
tensors,  2JJ-  and  T\-.  They  will  be  referred  to  as  the  subtest-stress  tensors 
and  their  definitions  are  similar  to  and  for  test-level  quantities.  They 
are  assumed  to  be  modeled  as  follows: 

Ttu}  «  -2CiA4'3Sij  (7) 

2%  «  -2C2A4l3Wij.  (8) 

The  Germano  identities  obtained  for  the  stresses  t  and  T  thus  read: 

n-%  =  %  (9) 

T\i-%  =  %  (10) 

where  Lfj  =  (uiUj  —  UiUj)  —  (bj)j  —  btbj)  and  =  (uibj  —  U{bj)  -  (biuj  — 

biUj).  These  expressions  can  be  used  to  evaluate  C\  and  C2  if  we  assume 
that  C\  and  C2  are  independent  of  the  filter  width.  Here,  C\  and  C2  are  also 
assumed  to  be  function  of  the  inhomogeneous  direction,  i.e.  the  ^-direction, 
and  are  chosen  to  minimize  the  errors  defined  as 

Qv(y)  =  m-%-Llf)xz 
Q2(y)  =  {(f^i-ujL^j)2)xz, 
where  ( )xz  represents  the  average  over  the  rrz-plan. 

3.  Initial  Conditions 

The  velocity  and  magnetic  fields  are  initialized  using  the  same  procedure. 
We  will  thus  discuss  this  procedure  for  a  generic  field  denoted  c.  In  the 


(11) 
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following,  both  the  three-dimensional  c(kx ,  ky,kz)  and  the  two-dimensional 
c(kx^y^kz)  Fourier  transforms  of  this  field  are  used.  For  isotropic  turbu¬ 
lence,  the  averaged  amplitude  of  c(kx ,  ky ,  kz)  only  depends  on  the  norm  of 
the  wave  vector  k  =v/jfcfT :  (\c(kx,  ky,  kz)\2)  =  A2(k).  Also,  the  aver¬ 
aged  amplitude  of  c(kX)y ,  kz)  only  depends  on  the  norm  of  the  wave  vector 
perpendicular  to  the  y- axis  k±  =<v/fcl+fcf  :  (\c(kx,  y,  kz)\2)  =  H2(/cjl).  The 
relation  between  these  two  amplitudes  is  readily  derived  from  the  Parseval 
theorem: 


We  also  know  that  for  isotropic  turbulence,  the  field  amplitude  A2(k)  is 
related  to  the  energy  spectrum  E(k)  =  2i xk2A2{k).  Hence,  if  the  statistical 
properties  of  the  field  slowly  vary  along  the  axis  y,  we  can  assume,  in  a  first 
approximation,  that: 


In  our  case,  the  energy  spectrum  will  be  given  by 

£4e-fc2/<*2 

E(kiy)  =  ^^4  _j_  £4)17/12  ’ 

The  y- dependence  is  controlled  through  the  parameters:  A  —  A(y), 
a  =  a(y)  and  q  =  q{y).  The  values  of  these  parameters  have  been  chosen 
so  that  the  initial  conditions  mimick  the  experimental  fields  produced  by 
Veeravalli  and  Warhaft  (1989)  using  the  3:1  grid.  They  are  constant  in 
the  two  regions  corresponding  to  the  quasi-homogeneous  layers  and  vary 
continuously  in  the  mixing  layer  in  order  to  connect  smoothly  the  two 
quasi-homogeneous  layers.  They  are  chosen  so  that  the  ratio  of  turbulence 
intensities  is  about  6  while  the  ratio  of  typical  lengths  (corresponding  to 
the  spectral  energy  peak)  is  about  3. 

The  velocity  and  magnetic  field  are  initially  uncorrelated.  However,  tur¬ 
bulent  phases  are  build  using  hundred  time  steps  for  which  both  Ui  and  bi 
are  advanced  in  time  and  then  rescaled  to  the  desired  amplitudes  B2(k± ,  y). 

4.  Results 

In  order  to  assess  the  LES  results,  we  have  performed  a  1283  DNS  in  which 
the  Ui  and  bi  fields  are  initialized  with  the  procedure  described  in  the  pre¬ 
vious  section.  The  same  spectra  and  the  same  set  of  parameters  as  in  (15) 
have  been  chosen  for  the  velocity  and  magnetic  fields.  The  kinematic  vis¬ 
cosity  and  the  magnetic  diffusivity  are  identical  (u  =  r\  =  4.10~3)  so  that 
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Figure  1.  Evolution  of  the  kinetic  (top)  and  magnetic  (bottom)  energies  as  a  function  of 
time  using  the  K-K  model  (dashed  line),  the  K-NO  model  (dotted  line)  and  the  NO-NO 
model  (dot-dashed  line).  The  DNS  filtered  to  32s  modes  is  represented  by  the  symbol  o. 


the  Prandtl  number=l.  We  present  results  for  three  types  of  LES.  The 
first  one,  hereafter  referred  to  as  the  K-K  model,  uses  the  Kolmogorov  scal¬ 
ing  (5)  in  both  the  equations  for  ui  and  6*.  It  was  however  realized  that 
this  model  is  too  strongly  dissipative  as  long  as  the  magnetic  energy  is 
concerned.  This  has  motivated  the  used  of  the  Kolmogorov  model  for  the 
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Figure  2.  Profile  of  the  kinetic  (top)  and  magnetic  (bottom)  energies  along  the  inho¬ 
mogeneous  y-direction  at  t  =  1.1.  The  DNS  filtered  to  323  modes  is  represented  by  the 
solid  line. 


velocity  equation  only,  while  neglecting  the  effect  of  the  subgrid-scale  in  the 
equation  for  5*.  This  model  is  referred  to  as  the  K-NO  model.  Finally,  in 
order  to  emphasize  the  importance  of  the  model,  results  obtained  without 
any  model  (referred  to  as  the  NO-NO  model)  are  also  presented.  Figure  1 
shows  the  decay  of  the  volume  averaged  kinetic  and  magnetic  energies  as  a 
function  of  time. 
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Figure  3.  Kinetic  (top)  and  magnetic  (bottom)  energy  spectra  at  t  =  1.1.  Symbols  are 
the  same  as  in  Fig.  1. 


We  can  see  that  the  K-K  model  predictions  agree  reasonably  well  with 
the  filtered  DNS  as  long  as  the  kinetic  energy  is  concerned.  However,  this 
model  appears  to  dissipate  too  much  magnetic  energy.  The  K-NO  model  has 
a  much  reasonable  behavior  for  the  magnetic  energy  and  it  even  improves 
slightly  the  prediction  of  the  kinetic  energy. 

Figure  2  shows  the  profile  of  the  energies  along  the  anisotropic  direction 
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at  time  t  =  1.1  for  which  about  50%  of  the  initial  energy  has  been  dissi¬ 
pated.  We  observe  the  same  trends  as  in  Figure  1,  i.e.  the  kinetic  energy 
profile  predicted  by  the  K-K  model  is  quite  close  from  the  filtered  DNS 
results,  while  the  magnetic  energy  profile  is  significantly  below  the  DNS 
filtered  results.  Again,  using  the  K-NO  model  significantly  improves  the 
agreement  with  DNS  data  for  both  the  energy  profiles. 

We  also  present  the  energy  spectra  at  the  same  time  which  are  quantities 
rather  sensitive  to  the  modeling  (Figure  3).  Indeed,  for  the  NO-NO  model, 
the  expected  piling  up  of  the  energy  in  the  high  wave  vector  modes  is 
observed  for  both  the  kinetic  and  magnetic  energies.  Here  also  the  best 
performances  are  obtained  when  using  the  K-NO  model. 


5.  conclusion 

We  have  performed  a  preliminary  study  of  a  magnetohydrodynamic  mixing- 
layer  LES.  We  have  proposed  the  use  of  the  Kolmogorov  model  for  which  the 
parameters  were  computed  by  the  MHD-extended  dynamic  procedure  with 
an  explicit  dependence  of  the  parameters  on  the  inhomogeneity  direction. 

The  results  clearly  show  that  the  K-NO  model  outperforms  significantly 
the  other  models.  This  seems  to  indicate  that  the  modelling  of  the  subgrid- 
scales  in  much  more  important  for  the  velocity  than  for  the  magnetic  field. 
Our  preliminary  results  seem  also  to  demonstrate  that  the  effects  of  the 
subgrid-scales  in  the  magnetic  field  equation  cannot  be  appropriately  mod¬ 
elled  in  terms  of  a  simple  eddy  magnetic  diffusivity. 
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Abstract 

Turbulent  channel  flow  is  used  to  study  energy-containing-range  modeling  using  a 
hybrid  RANS/LES  approach.  The  hybrid  model  relates  the  mean  component  of  an 
LES-type  subgrid  diffusivity  to  the  turbulence  diffusivity  from  RANS  via  a 
transfer  function.  Details  of  this  transfer  function  in  the  energy-containing-range  of 
the  turbulence  are  shown  to  be  very  important  when  modeling  coarsely  resolved 
flows.  Three  transfer  function  models  are  compared.  One  interpolates  the 
turbulence  diffusivity  between  the  LES  and  RANS  limits  using  an  algebraic 
blending.  The  second  uses  von  Karman’s  empirical  fit  to  the  turbulent  kinetic 
energy  spectrum  to  diagnose  energy-containing-range  structure.  The  third  uses  a 
modified  Smagorinsky  subgrid  model  corrected  to  have  the  proper  mean  time  scale 
as  diagnosed  from  RANS.  Our  Reynolds  number  is  640,  based  on  the  channel  half 
height  and  on  the  friction  velocity.  Comparison  of  mean-field  and  root-mean- 
square  statistics  to  other  studies  clearly  identify  the  mean  time-scale  model  as  the 
best  performer. 

1.  Introduction 

Reynolds-Averaged  Navier-Stokes  (RANS)  modeling  is  the  contemporary 
workhorse  for  CFD.  The  demands  on  a  RANS  model  can  be  severe,  since  it  must 
accommodate  the  geometric  scales  of  a  flow  under  complicated  conditions.  Most 
RANS  models  perform  well  for  flows  similar  to  the  ones  for  which  they  are  tuned 
but  fail,  often  severely,  for  other  flows.  Large-eddy  simulation  (LES),  as  an 
alternate  technology,  resolves  the  geometric  scale  of  a  flow  modeling  only  the 
effects  of  the  inertial  range  scales.  The  cost  of  a  LES  can  be  quite  high  because  of 
high  grid  density  and  the  need  to  collect  statistics  from  instantaneous  solutions. 

Recent  work  proposes  a  middle  ground  between  RANS  and  LES.  Spalart,  et  al. 
(1997)  and  Speziale  (1998)  have  shown  that  a  RANS  code  can  be  used  to  give 
LES-like  solutions  if  the  RANS  eddy  diffusivity  is  decremented  appropriately 
using  a  grid-resolution-dependent  transfer  function.  It  is  constructed  so  that  in  the 
coarse-grid  limit,  when  no  turbulence  fluctuations  are  resolved,  the  model 
becomes  RANS.  Similarly  when  the  energy-containing-range  scales  are  resolved, 
the  model  becomes  a  Smagorin sky-type  LES.  Peltier,  Zajaczkowski,  and 
Wyngaard  (2000)  implemented  a  hybrid  RANS/LES  model  based  on  that  idea. 
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We  evaluate  three  candidate  transfer  functions  and  select  from  them  a  “best” 
choice.  Fully-developed  channel  flow  at  Reynolds  number  640,  based  on  channel 
half  height  and  on  friction  velocity,  is  used  as  the  test  case,  since  the  expected 
results  are  well  known  from  the  literature. 


2.  Mathematical  formulation 

2.1  The  Transport  Budgets 

The  filtered,  incompressible  Navier-Stokes  equations  are  solved  for  the  resolvable 
scales  of  fully-developed  turbulent  channel  flow.  The  flow  is  divergence  free  to 
enforce  continuity.  The  equations  are 


=-p: -ftf  -1  and 


ur. 


=  0. 


(1) 


The  superscript  “r”  refers  to  “resolvable  scale”.  The  capping  tilde  is  used  to  denote 
a  variable  with  both  mean  and  fluctuating  parts.  The  “-1”  on  the  right  side  is  the 
mean  pressure  gradient  nondimensionalized  on  the  channel  half-height  and  on  the 
friction  velocity.  The  pressure  gradient  term  on  the  right  side  of  (1)  is  the  deviation 
from  the  mean  gradient.  Ret  is  the  appropriate  Reynolds  number.  Noslip 
conditions  are  enforced  at  the  lower  and  upper  walls  of  the  channel.  Wall  functions 
are  not  used.  The  streamwise  and  cross-stream  directions  are  periodic. 


2.2  The  Suberid  Model 

We  use  an  eddy  diffusion  model  for  the  subgrid  stress  in  (1):  =  -2vT  , 

where  Sjj  =  (u[j  +  «',)/  2  is  the  resolvable-scale  strain-rate  tensor. 
Contributions  to  the  eddy  diffusivity  are  from  direct  interactions  with  the  mean 
flow  and  interactions  within  the  fluctuating  field,  VjGS  =  v7MS  +  vfL .  Peltier  and 
Zajaczkowski  (Reg.  Paper  #81  of  this  conference)  show  that  v/1  »  v"S  in  the 
fine-grid  limit  (LES).  Traditional  LES  subgrid  models  (like  the  Smagorinsky 
model)  already  perform  well  for  filter  scales  in  the  inertial  range,  so  no  additional 

work  must  be  done  to  identify  a  suitable  model  for  Pj.  .In  the  coarse  grid  limit, 
<<  v"s  (Peltier  and  Zajaczkowski,  Reg.  Paper  #81),  so  direct  interactions 
with  the  mean  straining  field  are  of  primary  importance.  can  be  inferred  from 
RANS: 

vtms  =T(£,A,rjWrS  ■  (2) 

T(£,A,Jj)  is  an  appropriate  grid-resolution-dependent  transfer. 

A  diffusivity  is  the  product  of  the  characteristic  length  and  velocity  scales  for  the 
subgrid  turbulence.  For  RANS,  v*ANS  =  q£,  where  £  is  the  dissipation  length  and 
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q  is  the  square  root  of  the  turbulence  kinetic  energy.  Note:  the  familiar  coefficient, 
C fi  —  0.09 ,  and  any  viscous  damping  function  are  absorbed  in  our  definition  of  L 
Similarly,  for  a  partially  resolved  flow  field  with  characteristic  length  and  velocity 
scales,  A  and  v,  the  mean  diffusivity  is  VjS  =  v  A  giving 

r(/,A,»7)  =  -4  (3) 

for  the  transfer  function.  Again,  coefficients  like  the  Smagorinsky  constant, 
Cv  =  0.065 ,  and  damping  functions  are  absorbed  in  A,  a  filter  scale  proportional 

to  the  characteristic  length  of  a  local  grid-cell  volume.  The  velocity  scale,  v,  is  the 
square  root  of  the  subgrid  turbulence  kinetic  energy.  Dependence  of  (3)  on  the 
Kolmogorov  scale,  r|,  arises  because  of  the  viscous  cutoff  scale  for  turbulence  near 
R 

We  use  the  traditional  Smagorinsky  eddy-diffusivity  closure  of  LES  whose 
velocity  scale  is  inferred  from  the  strain-rate  invariant,  v  =  A  •  S .  The 
Smagorinsky  model  breaks  down  under  coarse  resolution,  apparently  because  this 
velocity  scale  is  inappropriate  in  the  energy  containing  range.  Our  modeling  effort 
seeks  to  correct  the  Smagorinsky  closure  by  defining  a  more  appropriate  energy- 
containing-range  velocity  scale: 

vTsas  =  vtsmag  +  T(£,  A,  7)  [vtrans  -  V T  )  (4) 

where  v7',fV  =  A  (a  S ) ,  the  Smagorinsky  model  applied  to  the  mean  flow. 

S  =  (U;j  +  U jj)/ 2  is  the  mean-field  strain-rate  invariant  (from  RANS).  Three 

models  for  are  evaluated  in  this  study. 


Model  1 

Following  Peltier  et  al.  (2000),  we  diagnose  v  by  integrating  the  inertial-range 
form  for  the  turbulence  kinetic  energy  spectrum,  E(k)  =  | e2^fc'5^  between  the 

filter-scale  wavenumber,  Ka  =  2k j  A ,  and  a  dissipation-range  cutoff 
wavenumber,  KT)~2KjArf,  where  A^-0.1  Tj  (see  Hinze,  1975,  p.  224). 

Denoting  the  inertial-range  form  of  the  transfer  function  7(4  A,  7),  we  blend 
between  the  inertial  range  and  RANS  via: 


T(7,A,77) 


/(l,A,7)2  1V2 


(5) 


The  power  of  2  used  in  the  blending  function  comes  from  Peltier  et  al.’s  (2000) 
preliminary  optimization  of  the  model. 
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Model  2  . 

By  integrating  von  Karman’s  empirical  fit  to  the  turbulence  kinetic  energy 

spectrum  from  K \  to  Kn,  we  can  compute  T(£,A,Jj)  directly.  Von  Karman’s 


spectrum  is  given  by  (Hinze,  1975,  p.  244): 


E{k)  =  C 


(*•/*■.  )4 


vK 


m 


The  coefficient  CvK  and  the  wavenumber  fQ  are  set  by  requiring  (6)  to  have  the 
proper  inertial  range  amplitude,  £2^3 ,  in  the  limit  of  very  large  wavenumbers  and 

by  requiring  the  spectrum  to  integrate  to  the  turbulent  kinetic  energy,  q  ;  the 
dissipation  rate,  £,  and  the  turbulent  velocity  scale,  q ,  are  provided  by  RANS. 
One  drawback  to  using  (6)  is  that  an  inertial  range  will  be  imposed  for  all 
Reynolds  numbers,  even  very  low  Reynolds  numbers  for  which  an  inertial  range 
does  not  exist. 


Model  3 

Our  final  model  adopts  the  Smagorinsky  length  scale  for  A  but  replaces  the 
incorrect  time  scale  in  (4),  S  1 ,  with  the  turbulence  time  scale  from  RANS,  q  . 


rtf,  a,  i/) 


(7) 


3.  Numerical  Method 

A  finite  difference  discretization  of  Eq.  (1)  with  discretized  boundary  conditions 
and  turbulence  modeling  is  solved.  The  solution  procedure  follows  the  fractional 
step  approach  outlined  by  Rai  and  Moin  (1991);  however,  a  linear  blending  of 
second-order  accurate  weighted-average  central  differencing  with  first-order 
accurate  upwind  differencing  is  used  for  the  nonlinear  advection  terms  for  values 
of  the  transfer  function  greater  than  0.9.  This  range  was  chosen  by  numerical 
experiment  emphasizing  the  need  to  support  turbulence  scales  of  motion  while 
retaining  stability  for  very  coarse  grids.  Explicit  dependence  of  the  blending  on 
cell  Peclet  number  was  not  used.  The  code  was  validated  based  on  the  previous 
study  by  Peltier  et  al.  (2000)  and  based  on  comparisons  to  other  experimental  and 
numerical  data. 

4.  Numerical  Results 

We  use  fully  developed  channel  flow  at  Re=640  based  on  the  friction  velocity  and 
on  the  channel  half  height  as  our  test  problem  because  this  case  is  common  in  the 
literature  and  is  a  simple  flow  field  that  emphasizes  all  of  the  difficulties  inherent 
in  modeling  wall  bounded  flows.  The  domain  size  is  2<7TX7rx  2  ,  similar  to  cases 


ENERGY-CONTAINING-RANGE  MODELING 


827 


studied  by  Moin  &  Kim  (1982),  and 
our  grid  resolution  is  42x23x65. 
The  wall-normal  direction  is  aligned 
with  our  z  coordinate,  which  uses 
hyperbolic  tangent  stretching  toward 
the  solid  boundaries.  The  near-wall 

spacing  is  prescribed  to  give  y+  =  1 
for  the  second  grid  point.  Four  cases 
are  compared:  our  three  transfer 
functions  and  a  baseline  case  using  a 
traditional  Smagorinsky  subgrid 
model.  Since  the  RANS  statistics  are 
stationary,  the  RANS  input  data  is 
computed  apriori. 


Figure  1  T(£,A,T])  vs  Aft 


Figure  1  presents  the  three 
candidates  for  T(£,A,r/)  plotted 

as  a  function  of  Aft .  The  Peltier 
et  al.  (2000)  and  von  Karman 
formulations  transition  to  RANS 
much  slower  than  the  mean  time 
scale  model  (Model  3).  For  grid 
resolutions  giving  Aft  =  1,  the 


mean  time-scale  model  becomes 

RANS,  whereas,  the  Peltier  et  al.  ^ 
(2000)  and  von  Karman  models  | 
use  only  40%  and  60%  of  the  f  15 

RANS  diffusivity.  «  10 

1  5 

.  Spstdinf  Trojilt 

- 42x21x65  .  Smagorimtky 

. —  42x23x65  -  PtltUr  ti  ml 

- 42x21x65  -  Mtan  Tim *  ScaU 

Mean-field  statistics  are  0 

10’  10'  1& 

presented  in  Figs.  2  and  3.  The 

Spalding  profile  is  included  in  Fieure2  Mean  velolcitv  profiles  plotted  aeainst 

Fig.  2  for  reference.  The 

Smagorinsky  baseline  case  overshoots  the  Spalding  profile  in  the  buffer  layer  but 
recovers  a  log-law  slope  in  the  logarithmic  layer.  The  Peltier  et  al.  (2000)  and  von 
Karman  models  also  overshoot  the  Spalding  Profile  in  the  buffer  layer,  then 
recover  toward  the  channel  core.  The  mean  time  scale  model  tracks  the  Spalding 
Profile  well  across  the  domain  though  a  mild  undershoot  is  apparent  in  the  buffer 
layer. 
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The  peak  values  of  our  root-mean-square  (rms)  statistics  (Fig.  3)  agree  well  with 
observations  from  Moin  &  Kim  (1982):  2.4,  1.3,  and  0.9  for  the  longitudinal, 
cross-stream,  and  wall-normal  rms  velocities.  Moin  &  Kim  (1982)  show  that  the 
horizontal  velocity  rms  values  peaks  near  y+  ~  30  in  agreement  with  our  mean 
time-scale  model.  The  peak  location  for  the  transfer  functions  based  on  Peltier  et 
al.  (2000)  and  the  von  Karman  spectrum  occurs  near  y+  ~  20 .  Moin  &  Kim 
show  that  the  cross-stream  and  wall-normal  velocity  rms  peak  locations  occur  near 
y+  ~  120 ,  similar  to  our  results.  Only  the  mean  time-scale  model  yields  an  rms 

value  for  the  horizontal  velocity  at  the  peak  near  the  2.4  presented  by  Moin  &  Kim 
(1982).  Each  of  the  other  models  at  our  grid  resolution  overshoot  the  target  value 
by  between  58%  to  83%.  It  is  difficult  to  distinguish  significant  quantitative 
differences  for  the  other  rms  components. 

5.  Conclusions 

Three  transfer  functions  relating  the  mean  turbulence  diffusion  from  direct 
interactions  with  the  mean  straining  field  to  the  eddy  diffusivity  from  RANS  were 
evaluated.  They  represent  1)  a  simple  blending  to  interpolate  between  the  RANS 
and  LES  limits,  2)  use  of  von  Karman’ s  spectrum  to  diagnosis  the  proper  velocity 
scale,  and  3)  a  correction  of  the  mean  time  scale  from  the  Smagorinsky  model 
using  the  turbulence  time  scale  from  RANS.  Our  results  showed  clearly  that  Model 
3  agreed  best  with  accepted  physics.  We  recommend  that  Model  3  be  used  for 
future  work  using  this  hybrid  RANS/LES  approach. 
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Abstract 

Hybrid  RANS/LES  modeling  of  near-wall  turbulence  is  investigated  for  fully- 
developed  turbulent  channel  flow  under  very  coarse  resolution,  a  resolution  not 
resolving  the  longitudinal  eddies  of  the  buffer  layer  in  near-wall  flow  but  not 
coarse  enough  to  encompass  an  “effective”  ensemble  of  eddies  to  give  RANS. 
Without  bursting  from  the  buffer  layer,  the  partially-resolved  turbulence  is 
suppressed.  We  model  the  effects  of  the  buffer-layer  eddies  using  a  field  of  white 
noise  and  show  that  the  core  flow  is  able  to  extract  energy  from  these  artificial 
fluctuations  to  organize  turbulence  eddies  that  maintain  a  physical  turbulence 
mixing.  Results  for  Re^  640,  based  on  the  channel  half-height  and  on  the 
friction  velocity,  are  presented.  Mean-velocity  and  root-mean-square  statistics 
are  compared  to  results  from  higher  resolution  simulations. 

1.  Introduction 

Reynolds-Averaged  Navier-Stokes  modeling  (RANS)  and  large-eddy  simulation 
(LES)  are  the  contemporary  tools  for  modeling/simulating  high-Reynolds- 
number  flows.  RANS,  as  a  statistical  approach,  is  particularly  efficient  for 
predicting  mean  velocity  statistic  and  basic  turbulence  information.  RANS 
models  perform  especially  well  near  solid  boundaries,  since  the  underlying 
parameterizations  are  tuned  for  that  class  of  flows.  Unfortunately,  RANS  models 
do  not  generalize  well  for  modeling  the  geometry-dependent  scales.  Large-eddy 
simulation,  as  a  quasi-exact  technique,  is  capable  of  simulating  with  fidelity  the 
geometry-dependent  scales  of  motion,  so  long  as  the  LES  filter  scale  lies  in  the 
inertial-range  of  the  turbulence.  For  high-Reynolds-number  flows,  maintaining 
an  inertial -range  filter  scale  becomes  difficult,  particularly  near  walls  where 
kinematic  constraints  restrict  the  energy-containing-range  of  the  turbulence  to 
progressively  higher  wavenumbers. 

The  apparent  synergy  between  strengths  of  RANS  and  LES  has  been  recognized 
by  a  number  of  authors.  Speziale  (1998)  motivated  their  connection  by 
recognizing  that  the  RANS  equations  belong  to  a  superclass  of  filtered  Navier- 
Stokes  equations.  He  proposed  relating  the  subgrid  turbulence  diffusivity  to  the 
RANS  eddy  diffusivity  using  an  appropriate  transfer  function.  The  RANS 
solution  then  becomes  part  of  the  subgrid  model.  Spalart,  Jou,  Strelets,  and 
Allmaras  (1997)  outlined  such  a  model  which  they  called  detached-eddy 
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simulation  (DES).  Their  work  and  follow-on  work  by  Nikitin  et  al.  (2000)  and 
Strelets  (2001)  shows  that  DES  is  able  to  yield  good  mean-field  statistics  and 
higher-order  turbulence  statistics  as  well. 

Peltier,  Zajaczkowski,  and  Wyngaard  (2000)  noted  that  the  formal  connection 
between  RANS  and  LES  is  the  convergence  of  an  ensemble  average  (filtered 
over  a  characteristic  volume)  and  a  volume  average  of  a  flow  field  for  averaging 
volumes  that  are  large  relative  to  the  energy-containing-range  length  scale  of  the 
turbulence.  They  proposed  a  related  hybrid  RANS/LES  technique  that  populates 
a  stationary  RANS  field  with  turbulence  scales. 

Baggett  (1998)  concluded  hybrid  RANS/LES  models  are  unlikely  to  work  in 
near-wall  regions  of  a  flow  because  they  cannot  maintain  a  physical  near-wall 
cycle  for  the  turbulence.  Similarly,  Nikitin  et  al.  (2000)  describe  “a  danger  zone 
in  which  hybrid  RANS/LES  modeling  of  the  near-wall  flow  cannot  support 
turbulence.  This  work  is  a  preliminary  investigation  of  these  observations  using  a 
modified  version  of  the  hybrid  RANS/LES  model  proposed  by  Peltier  et  al. 
(2000). 


2.  Governing  Equations 

2.1  The  Transport  Budgets 

The  filtered,  incompressible  Navier-Stokes  equations  are  solved  for  the 
resolvable  scales  of  fully-developed  turbulent  channel  flow.  The  flow  is 
divergence  free  to  enforce  continuity.  The  equations  are 


),y  =-?.:+ 


i 

- u 

Re.  ''u 


zSGS  i 
TV.J  ~l 


and 


(1) 


The  superscript  “r”  refers  to  “resolvable  scale”.  The  capping  tilde  is  used  to 
denote  a  variable  with  both  mean  and  fluctuating  parts.  The  “-1”  on  the  right  side 
is  the  mean  pressure  gradient  nondimensionalized  on  the  channel  half-height  and 
on  the  friction  velocity.  The  pressure  gradient  term  on  the  right  side  of  (1)  is  the 
deviation  from  the  mean  gradient.  Ret  is  the  appropriate  Reynolds  number. 
Noslip  conditions  are  enforced  at  the  lower  and  upper  walls  of  the  channel.  Wall 
functions  are  not  used.  The  streamwise  and  cross-stream  directions  are  periodic. 


2.2  Turbulence  modeling 

The  deviatoric  part  of  the  subgrid  stress  is  modeled  using  eddy-diffusion, 


?SGS 

*9 


-vT2s[j  • 


(2) 


A  modified  Smagorinsky  formulation  is  used  to  define  the  eddy  diffusivity,  V ,  . 
The  eddy  diffusivity  is  the  product  of  the  characteristic  velocity  scale  and  the 
characteristic  length  scale  of  the  turbulent  flow.  When  the  filter  scale  of  a 
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computational  model  is  suitably  coarse,  RANS  modeling  provides  the 
appropriate  diffusivity.  Using  £  and  q  =  ^ juiui  to  denote  the  RANS  length  and 
velocity  scales,  one  writes 

V™"3  ~iq .  (3) 

The  overbar  denotes  an  ensemble-mean  value  and  ux  is  the  fluctuating  part  of  u{ . 
Note,  we  have  absorbed  the  familiar  coefficient  c ■  =  0.09  in  our  definition  of  £ 

and  have  embedded  the  standard  damping  coefficient  in  £  as  well.  For  filter 
widths  in  the  inertial  range  of  the  turbulence,  one  can  define  the  characteristic 
scales  A  and  v  to  write 

vT  =  Av  .  (4) 

The  Smagorinsky  subgrid  model  has  been  used  extensively  for  inertial-range 
modeling.  It  relates  v  to  the  strain-rate  invariant  of  the  resolved  flow,  v  =  AS 

where  S  =  2 Js.rs'  ,  and  uses  the  characteristic  linear  dimension  of  the  local 

V  tf  v 

grid-cell  volume  to  define  A.  Again,  our  notation  absorbs  the  Smagorinsky 
coefficient,  cs  =  0.065 ,  and  near-wall  damping  terms  in  A.  Equations  (3)  and 

(4)  define  the  limits  of  our  hybrid  RANS/LES  model.  We  propose  a  simple 
blending  between  them  to  accommodate  energy-containing-range  modeling. 


2.3  Energv-Containing-Range  Modeling 

The  contraction  defining  the  resolvable-scale  strain-rate  invariant  has  two 
components, 

=  9+s9s9,  (5) 

a  mean  strain-rate  contribution,  Sijt  and  a  contribution  from  the  fluctuating 


strain-rate,  s{j.  The  mean-strain-rate  part  scales  with  the  RANS  length  and 


velocity  scales,  so 


S2  =SijSii 


J 


(6) 


Inertial -range  arguments  for  A  «  £  show 

x  .  X-4/  /  \2  _ 

,  so  SySq  «  SySy  for  A  «  £  .  (7) 

Equation  (7)  says  that  when  a  flow  field  is  resolved  well,  the  mean  strain-rate 
contributes  minimally  to  the  mean  eddy  diffusivity.  Direct  interactions  with  the 
mean  flow  are  weak  and  the  fluctuating  field  maintains  the  turbulence  diffusion. 


Similar  scaling,  considering  VT  to  be  a  property  of  a  turbulent  fluid,  shows  that 
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turbulence  diffusion  by  the  largest  scales  is  dominated  by  direct  interactions  with 
the  mean-strain-rate  field, 

ff]  -  80  S‘jS‘j  »  for  A  » 1  ■  (8) 

vV  vv  . 

Results  (7)  and  (8)  have  important  implications  to  modeling.  The  fine-gnd  limit 
is  insensitive  to  the  mean  flow  but  requires  reasonable  modeling  of  turbulence 
fluctuations.  No  additional  modeling  is  needed  for  this  range,  since  traditional 
LES  subgrid  models  are  already  adequate.  The  coarse  mesh  limit  is  sensitive  to 
mean-flow  parameterizations  though  insensitive  to  details  of  the  evolving 
fluctuations.  We  infer  that  the  well  known  failure  of  the  Smagorinsky  model  in 
the  coarse  mesh  limit  comes  from  its  interaction  with  the  mean  flow. 
Zajaczkowski  and  Peltier  (Reg.  Paper  #68  of  these  proceedings)  propose  a 
correction  to  the  Smagorinsky  model  based  on  accommodating  the  RANS 
prediction  of  the  mean  time  scale.  We  use  their  corrected  Smagorinsky  model: 

VT  =VtSMAG  +T(i, A,7j)(V^  -V/)  where  v/  =  (< :,A)2(2^ (9) 

v/  represents  the  incorrect  part  of  the  Smagorinsky  model,  it’s  application  to 
the  mean  flow,  that  is  replaced  by  a  correction  from  RANS.  The  correction 
imposes  the  proper  time  scale.  The  transfer  function  is  T{£ ,  A,  77)  =  {A/£ )  . 

3.  Numerical  Method 

A  finite  difference  discretization  of  Eq.  (1)  with  discretized  boundary  conditions 
and  turbulence  modeling  is  solved.  The  solution  procedure  follows  the  fractional 
step  approach  outlined  by  Rai  and  Moin  (1991);  however,  a  linear  blending  of 
second-order  accurate  weighted-average  central  differencing  with  first-order 
accurate  upwind  differencing  is  used  for  the  nonlinear  advection  terms  for  values 
of  the  transfer  function  greater  than  0.9.  This  range  was  chosen  by  numerical 
experiment  emphasizing  the  need  to  support  turbulence  scales  of  motion  while 
retaining  stability  for  very  coarse  grids.  Explicit  dependence  of  the  blending  on 
cell  Peclet  number  was  not  used.  The  code  was  validated  based  on  the  previous 
study  by  Peltier  et  al.  (2000)  and  based  on  comparisons  to  other  experimental  and 
numerical  data. 

4.  Numerical  Results 

Our  test  problem  is  fully-developed  channel  flow  at  Re  =  640 ,  based  on  the 
friction  velocity  and  on  the  channel  half  height.  This  configuration  is  a  common 
test  case  because  of  its  geometric  and  flow  condition  simplicity;  however,  it 
imposes  all  of  the  difficulties  associated  with  modeling  near-wall  flows.  Our 
domain  size  is  271X71X2  ,  similar  to  cases  studied  by  Moin  &  Kim  (1982).  Our 
grid  resolution  is  varied  from  fine,  42  x  23  x  65 ,  to  coarse,  14x7x17. 
Intermediate  resolutions  are  14x23x33,  14x23x17,  14x15x17,  and 
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14x7x33.  Hyperbolic  tangent  stretching  is  used  in  the  wall-normal  direction, 
our  z  coordinate.  The  near-wall  spacing  is  prescribed  to  give  y+  =1  at  the 
second  grid  point.  Equal  spacing  is  used  in  the  streamwise  (x)  and  cross-stream 
directions  (y).  The  mean  statistics  for  this  case  are  stationary,  so  the  RANS  input 
to  (9)  is  sampled  apriori  to  increase  code  efficiency. 


Our  parametric  variations  of  grid  resolution  in  the  streamwise  and  wall-normal 

directions  show  that  the  accuracy  of  our  predictions  is  affected  by  resolution, 

however,  turbulence  fluctuations  are  supported  for  cross-stream  resolutions 

greater  than  7.  Considering  the  cross-stream  resolutions,  one  sees  that  the 

dimensionless  grid  spacing  in  the 

cross-stream  direction  of  the  fine  |  f  :  :  ,  ; 

resolution  case  is  0.14,  a  value  that  can  |  £ » •  -  i-  1 

support  turbulence  based  on  |  J  “  ft r— feSSa  !  \ 

observations  bv  Nikitin  et  al.  (2000),  t  ^  1  \  “ 

c  *«  0-s  l  IS  * 

while  the  cross-stream  spacing  of  |  f - - — — - — - ;  j 

coarse  resolution  case  is  0.45,  well  f  ” 141  to! !  i 
within  the  ‘danger  zone”  outlined  by  |  f  “  V  r  ~T.f  ”  r  J  r  r ;  !  j 

Nikitin  et  al.  (2000)  for  which  |  1  ;♦ 

turbulence  cannot  be  supported.  2  |  “f6*#  'tTP ;  1  •li-^4ax4J  1 


Figure  1  shows  that  without  special 
intervention,  turbulence  in  our  coarse 
resolution  case  is  suppressed,  as 
expected,  leading  to  a  nonphysical 
bulge  in  the  mean  velocity  profile  and 
zero  turbulence  fluctuations. 


Figure  1  Mean  velocity  and  rms  profiles 
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Since  the  buffer  layer  is  predominantly 
decoupled  from  the  core  flow  with  the 

exception  of  isolated  bursting  events,  - 

we  postulate  that  the  effects  of  an  Figure  2  White  noise  applied  to  buffer 
under-resolved  buffer-layer  can  be  layer,  10%  turbulence  intensity, 

modeled  using  white  noise  of  sufficient 

intensity.  Figure  2  presents  a  white  noise  field  used  in  this  study.  Ten  percent 
turbulence  intensity  is  arbitrarily  chosen.  The  core  flow  responded  with 
organized  large-scale  structures  correcting  the  lost  turbulence  diffusion.  Figure  1 
shows  that  the  mean-velocity  profile  computed  from  the  coarse  resolution  case 
forced  by  buffer-layer  noise  recovers  the  Spalding  profile  as  hoped. 
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5.  Conclusions 

The  results  of  this  work  independently  confirm  the  observations  of  Nikitin  et  al. 
(2000)  that  a  ‘danger  zone”  easts  in  hybrid  RANS/LES  modelin  g.  Our  hybrid 
model  is  markedly  different  than  the  DES  they  used  showing  that  this  ‘danger 
zone”  is  general.  We  show  that  a  simple  model  bursting  events  from  the 
underresolved  buffer  layer  is  able  to  sustain  turbulence  in  the  core  flow.  This 
result  provides  one  route  for  constructing  an  hybrid  RANS/LES  modeling 
capability  that  is  truly  insensitive  to  grid  resolution. 

Future  work  will  involve  estimating  bounds  for  the  required  turbulence  intensity 
needed  to  model  under-resolved  buffer  layer  events. 
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University  of  Texas  at  Arlington,  Arlington,  Texas,  USA 
August  5-9,  2001 


A.  PANEL  DISCUSSION 

Chairman: 

Dr.  Chaoqun  Liu,  UTA 
Panel  Members: 

Dr.  Shuhyi  Chern  (Lockheed-Martin) 

Dr.  Massimo  Germano  (Politecnico  di  Torino,  Italy) 

Dr.  Ronald  Joslin  (Penn  State) 

Dr.  Foluso  Ladeinde  (Aerospace  Research  Corp.,  LI) 

Dr.  Ugo  Piomelli  (U.  of  Maryland) 

Dr.  David  Pruett  (James  Madison  University) 

Dr.  Pierre  Sagaut  (ONERA,  France) 

Dr.  Brian  Smith  (Lockheed-Martin) 

Discussion  Topics: 

1 )  The  needs  for  DNS/LES  from  science  research  and  engineering  applications 

2)  The  capability  of  current  DNS/LES  methods 

3)  The  critical  problems  with  current  DNS/LES  methods 

4)  The  critical  experimental  data  required  to  advance  or  validate  LES  simulations 

5)  The  perspective  of  future  development  of  DNS/LES 

Time:  4:40-5:40,  pm,  August  8th,  2001 
Place:  Engineering  Auditorium,  UTA 

Chaoqun  Liu  (UTA):  Good  evening,  ladies  and  gentlemen.  I  hope  you  do  not 
feel  too  tired  with  this  busy  day  today.  This  is  the  last  session  for  today  before 
the  banquet.  I  know  the  time  is  too  short  for  this  discussion.  We  have  five 
questions,  but  only  have  one  hour  of  time.  It  is  very  difficult  to  cover  all  topics 
and  let  people  give  more  complete  answers,  but  we  will  try  to  do  our  best.  I 
would  like  to  run  the  session  in  the  following  way.  I  will  first  raise  the  questions 
one  by  one  and  invite  some  panel  members  to  give  answers  first  and  then  let  the 
audience  to  ask  the  questions  or  give  the  answers.  I  have  to  limit  each  speaker  to 
have  2-3  minutes  and  limit  to  have  2-3  speakers  from  the  audience  for  each 
question.  I  want  to  take  recording  for  the  discussion.  I  will  edit  the  recording  and 
send  to  all  speakers  for  the  final  approval  before  the  publication.  You  can  make 
corrections  or  ask  me  to  remove  your  talk  if  you  want.  I  also  request  each 
speaker  can  give  your  name,  organization,  and  your  country  at  the  beginning  of 
your  talk.  Let  me  first  introduce  the  panel  members  one  by  one,  . . .  My  name  is 
Chaoqun  Liu  from  University  of  Texas  at  Arlington.  I  am  a  local  person.  Let  me 
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raise  the  first  question  why  we  need  DNS/LES?  I  want  to  get  some  opinion  from 
industry.  We  have  three  people  from  industry  join  the  panel  today.  Who  wants  to 
be  the  first  speaker? 

Foluso  Ladeinde  (Aerospace  Research  Corp.,  LI):  It  is  obvious  that  we  need 
to  calculate  realistic  engineering  systems.  Existing  procedures  are  not  general. 
One  of  the  problems  with  RANS  is  that  the  model  is  not  robust  enough.  When 
you  change  the  problem,  you  almost  have  to  change  the  model.  LES  promises  to 
avoid  such  a  problem  on  the  assumption  that  the  small-scale  problem  (and  its 
model)  is  universal,  from  application  to  application.  The  large-scale  features  are 
problem-dependent  but  are  presumed  understood  and  are  easier  and  cheaper  to 
calculate.  Therefore,  there  is  some  hope  that  LES  will  represent  a  universal 
procedure  for  acceptably-accurate  calculations,  even  for  realistic  systems.  That  is 
why  I  think  we  should  look  up  to  it  for  realistic  calculations.  For  DNS,  I  don’t 
think  the  industry  has  any  plans  to  use  it  for  calculations  intended  to  generate 
design  data  for  either  components  or  systems.  It  is  simply  too  expensive  for  the 
parameter  range  of  interest  in  engineering. 

Brian  Smith  (Lockheed-Martin):  I  think  in  this  conference  people  come  from 
two  different  places  when  they  make  their  presentations.  One  group  comes  from 
a  very  theoretical  viewpoint.  They  are  looking  at  theory,  numerical  methods,  and 
models.  The  other  group  is  trying  to  use  and  apply  LES  to  real  problems.  Among 
people  applying  LES  some  users  do  not  use  an  LES  model  at  all  and  just  use 
second  order  accurate  methods  for  their  calculations  with  complex  geometry  and 
use  numerical  diffusion  as  a  sub  grid  scale  model.  I  think  what  we  need  to  do  is 
to  move  to  an  area  between  these  two  groups  and  focus  the  theoretical  work  on 
what  improvements  we  can  do.  We  need  to  address  real  problems.  I  have  another 
thought  here  about  where  we  are  and  where  we  need  to  go.  I  have  been  working 
at  Lockheed  and  General  Dynamics  for  15  years.  When  I  started  15  years  ago  we 
were  in  about  the  same  place  with  RANS,  e.g.  steady  state  3-D  calculations  that 
we  are  now  with  LES  for  unsteady  flow.  We  can  make  a  lot  of  nice  pictures  and 
animations,  but  we  really  need  to  be  cautious  about  the  simulation  accuracy.  I 
know  the  channel  flow  is  the  beginning  point,  but  we  need  to  get  beyond  the 
channel  flow.  Looking  at  the  development  history  for  3-D  RANS  may  provide 
some  guidance  for  development  needs  for  LES.  The  goal  should  be  to  accelerate 
the  development  cycle  required  to  obtain  useful  engineering  methods  based  on 
LES. 

Shuhyi  Chern  (Lockheed-Martin):  I  got  some  examples  in  the  transparences, 
so  I  do  not  have  to  talk  (showing  several  transparencies).  There  are  some 
examples  we  need  more  accurate  calculations.  Here  is  a  launch  of  vehicles.  Upon 
ignition  of  a  large  solid  rocket  motor  exhausting  into  a  launch  duct  deflector, 
combustion  gases  enter  the  launch  duct  at  high  velocity.  This  piston-like  action 
causes  the  blast-like  overpressure  and  acoustic  wave  propagation.  The  ignition 
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induced  overpressure  and  acoustic  waves  have  the  potential  of  causing  damage  to 
the  vehicle.  If  we  have  many  pressure  spikes,  they  will  affect  the  structure  of 
vehicle.  This  is  very  sensitive  for  the  vehicle  structure  responding  to  the  impulse 
forces  caused  by  over-pressured  and  acoustic  waves.  It  will  have  10%  to  20% 
pressure  difference.  Then  the  structure  need  to  redesign.  The  calculation  has  to 
be  very  accurate.  I  give  another  example.  We  have  problems  to  calculate  the 
basic  flow  accurately.  Why  is  it  so  important?  Because  the  pressure  distribution 
in  the  nozzle  surfaces  of  base  region  are  affected  by  the  re-circulation  flow,  the 
freestream  and  nozzle  plume  interaction  causes  the  re-circulation.  The  pressure 
distribution  is  so  strong  that  can  causes  different  temperature  distribution.  If  the 
temperature  is  too  high,  we  need  to  put  more  insulation  material,  which  will 
increase  the  weight  of  the  launch  vehicle.  We  really  need  to  predict  more 
precious  pressure  distribution,  but  RANS  may  not  get  accurate  prediction.  That  is 
why  we  look  for  more  accurate  calculations.  Besides,  we  also  have  the  acoustic 
propagation  problem  created  by  plume  of  the  motor  nozzles.  Also  the  re¬ 
circulation  flow  between  the  vehicle  and  rocket  boosters  causes  acoustic  spread 
in  this  region.  We  need  accurate  prediction  for  the  acoustics,  but  it  is  very 
difficult  to  predict  the  acoustics.  That  is  why  industry  needs  more  accurate  way 
for  flow  prediction. 

Chisachi  Kato  (University  of  Tokyo,  Japan):  As  far  as  engineering 
applications  of  LES  are  concerned,  I  think  that  there  are  two  major  areas  of 
applications  of  LES  as  I  presented  in  my  talk.  One  is  the  simulation  of  unsteady 
flow  fields,  which  possibly  lead  to  generation  of  aerodynamic  noise  and/or 
vibrations  of  the  machines.  The  other  is  the  simulation  of  flow  fields  with  large- 
scale  separations.  For  both  types  of  simulations,  I  think  that  LES  can  do  better 
job  than  RANS  model  does  in  general. 

Chaoqun  Liu  (UTA):  Let  us  switch  to  the  second  question.  What  is  the 
capability  of  the  current  DNS/LES  methods.  I  would  like  to  invite  Dr.  Germano 
to  give  his  opinion  first. 

Massimo  Germano  (Italy):  If  we  look  at  the  presentations  in  this  conference, 
the  capability  of  LES  is  really  high.  We  saw  the  wake-boundary  layer  interaction, 
wall  boundary  flows,  cavity  flows,  acoustics,  roughness,  flow  around  complex 
body,  so  on.  It  is  clear  to  me  that  the  capability  is  increased  so  much  from  one 
year  to  another.  But  the  problem,  in  my  opinion,  is  with  the  role  of  modeling 
which  is  not  so  clear.  That  is  a  big  problem.  In  many  cases  it  is  not  easy  to 
evaluate  it  more  precisely.  This  is  my  opinion.  The  capability  is  really  increased, 
but  it  is  not  easy  to  understand  which  one  is  the  real  merit. 

Pierre  Sagaut  (ONERA,  France):  We  can  make  some  comments  on  the 
capability  of  current  DNS/LES  methods  to  see  what  we  can  use,  where  we  do  use, 
and  what  we  truly  use.  First,  we  can  think  about  different  research  activities.  If 
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we  are  looking  for  fundamental  research  and  fundamental  results,  we  already  use 
DNS/LES.  People  are  dealing  with  acoustics,  stability,  etc,  you  can  see 
DNS/LES  are  already  used  and  are  matured.  Now  we  want  to  deal  with  general 
engineering  applications.  We  are  all  appealing  to  get  funding  to  do  some 
engineering  applications.  We  know  it  works  for  fundamental  problems,  but  we 
also  know  it  will  not  work  for  engineering  in  a  few  days.  From  what  presented  in 
this  workshop  around  the  room,  we  can  see  a  lot  of  impressive  work  on  complex 
flow.  Professor  Kato  gave  very  nice  demonstration  that  LES  is  an  efficient 
method  which  can  really  be  used  for  complex  flow.  I  can  take  an  example  from 
our  latest  computation  that  the  second  order  method  with  wall  model  has  very 
little  dissipation.  My  computation  can  predict  the  vortex  breakdown  location  and 
the  mean  velocity  profile  well.  From  these  kinds  of  simulation,  we  may  not  need 
to  improve  much.  The  fundamental  results  are  there  already.  I  want  to  go  back  to 
Professor  Kato’s  conclusion  for  the  attached  boundary  layer  flow.  If  we  want  to 
go  to  very  high  Reynolds  number,  we  meet  a  very  big  problem,  because  many 
applications  with  boundary  layer  get  transition,  separation,  etc.  I  know  many 
people  use  wall  model  but  are  unable  to  recover  transition  as  well  as  separation 
and  reattachment.  Many  times  we  can  see  people  focus  on  a  simple  geometry  on 
a  basic  problem,  forgetting  the  complex  geometry,  but  we  insist  things  are 
coupled.  For  example,  for  the  A-profile  wing,  if  you  do  not  get  the  transition,  you 
lose  the  separation.  You  have  to  deal  with  coupled  geometry  with  realistic 
Reynolds  number.  For  this  kind  of  computation,  we  have  to  make  more  progress. 
That  is  a  comment  made  by  Professor  Germano.  I  do  agree  with  him.  I  think 
most  improvements  for  results  come  from  coupling  LES  with  multiple  domains 
with  mesh  refinement.  Yesterday,  we  saw  a  good  example.  For  the  future 
improvement,  we  need  this  kind  of  coupling  including  moving  grids  with  time 
dependent  feature. 

Ronald  Joslin  (Penn  State):  Most  of  my  background  is  in  spatial  DNS,  so 
pretty  much  every  time  I  hear  a  talk,  I  try  to  relate  the  information  to  the  spatial 
problem.  It  appears  that  a  lot  of  tools  are  available  for  channel  flows,  which  is 
pretty  obvious  from  the  talks  over  the  past  few  days.  I  spent  a  lot  of  time  trying 
to  understand  inflow  and  outflow  boundary  conditions.  That  is  a  very  important 
issue  for  spatial  DNS  and  external  flow  problems.  If  I  couple  my  comment  with 
question  No.  5,  that  is  one  area  we  need  to  pay  attention  to,  for  example  for  the 
external  flow  in  particular,  perhaps  some  kind  of  meeting  between  the  stability 
theory  and  random  noise  based  on  what  we  know  from  the  mean  flow  properties 
may  be  a  logically  correct  approach.  That  is  what  I  am  going  to  try;  this  meeting 
of  instability  theory  with  randomness  may  produce  a  more  logical  inflow 
boundary  condition.  I  think  that  a  shortcoming  of  DNS  in  the  near  term  is  how  do 
we  generate  inflow  boundary  conditions.  I  spent  a  lot  of  time  over  the  past  few 
months  on  outflow  boundary  conditions.  There  is  always  a  reflection  at  the 
outflow  boundary,  albeit  small.  That  is  unless  you  add  some  artificial  dissipation, 
there  is  always  some  kind  of  reflection.  I  don’t  have  good  feelings  yet  about  how 
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important  it  is  for  subsonic  flow  or  incompressible  flow,  but  it  is  an  important 
issue. 

Foluso  Ladeinde  (Aerospace  Research  Corp.,  LI):  I  believe  the  majority  of  the 
people  in  the  audience  might  want  to  hear  the  answer  to  a  question  I  want  to  ask. 
If  I  were  a  company  executive  or  a  program  manager  trying  to  make  a  funding 
decision,  I  will  particularly  want  an  answer  to  the  following  question.  Since  the 
1999  Rutgers’  meeting,  besides  the  impressive  "Power  Point"  presentations  we 
have  seen  in  this  meeting,  how  much  progress  have  we  made  on  LES,  especially 
from  the  standpoint  of  application  to  realistic  systems?  I  would  like  to  have  one 
of  my  colleagues  here  answer  this  question. 

David  Pruett  (James  Madison  University):  Recently,  several  researchers, 
myself  included,  have  raised  a  number  of  mathematical  issues  about  LES.  I  am 
frankly  quite  impressed  with  this  conference  that  many  of  the  mathematical 
issues  are  being  addressed  and  that  there  is  convergence  toward  a  common 
understanding.  Understanding  about  things  such  as  model-filter  consistency,  I 
think,  will  help  LES  in  many  ways.  I  am  actually  encouraged  that  there  has  been 
much  progress. 

Chaoqun  Liu  (UTA):  Foluso,  does  he  answer  your  question? 

Foluso  Ladeinde  (Aerospace  Research  Corp.,  LI):  I  agree  with  Dave,  although 
he  addressed  only  one  half  of  the  issue.  He  talked  from  mathematical  viewpoint, 
but  I  am  also  looking  for  something  for  the  industry.  Are  we  ready  to  forgo  the 
Spalart-Allmaras  or  the  Baldwin-Lomax  models  and  switch  to  LES?  What  he 
said  is  correct.  I  agree  with  him  one  hundred  percent.  But  from  defense 
application  standpoint,  are  we  now  more  capable  of  solving  more  complicated 
problems  since  1999,  based  on  the  funding  that  we  have  received  in  this  field? 

Chaoqun  Liu  (UTA):  Anyone  wants  to  answer  his  question? 

Pierre  Sagaut  (ONERA,  France):  I  have  good  answers,  but  have  not  enough 
research  funds. 

Chaoqun  Liu  (UTA):  You  need  more  money  (the  audience  were  laughing)? 

Pierre  Sagaut  (ONERA,  France):  Two  years  ago  in  1999,  everybody  in  Europe 
was  asking  what  kind  of  engineering  application  we  can  do  using  LES?  There  is 
a  big  chance  for  the  European  industry  during  the  past  two  years,  e.g.  Airbus, 
NATO  Aircraft.  We  definitely  need  something  like  RANS  for  applications,  but 
our  job  now  is  to  promote  LES  to  deal  with  these  applications,  e.g.  aero-acoustics, 
instability,  especially  for  flow  separation  and  active  flow  controls.  You  will  need 
high  order  accuracy  and  more  accurate  solutions  for  these  problems.  You  can  use 
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LES  and  coarse  grid  DNS  which  we  need.  We  also  know  these  are  very  useful 
even  for  people  who  are  designing.  We  know  we  may  not  be  able  to  get 
favorable  coefficients.  These  could  be  a  design  tool  for  active  flow  control  which 
RANS  cannot  be.  These  are  what  we  are  looking  for  now. 

Shuhyi  Chern  (Lockheed-Martin):  We  know  DNS/LES  are  accurate.  My 
question  is  how  complicated  geometry  we  can  use  them  to  do  calculations.  Does 
anyone  have  ideas? 

Dimitri  Mavriplis  (ICASE):  I  don’t  think  it  is  necessarily  the  geometric 
complexity,  but  more  the  issue  with  disparate  scales.  For  example,  external 
aerodynamics  has  such  a  wide  range  of  scales,  particularly  the  very  small  scales 
in  the  boundary  layer  regions,  that  it  will  be  pretty  hard  to  treat  with  LES  in  the 
near  future.  However,  something  like  flow  in  a  combustor,  or  some  internal  flow 
with  low  Reynolds  number  is  going  to  benefit  much  earlier  from  LES  in  spite  of 
the  added  geometric  complexity. 

Brian  Smith  (Lockheed-Martin):  Geometric  complexity  pushes  you  towards 
unstructured  grid  formulation.  There  is  a  lot  of  work  to  do  in  this  area  in  terms  of 
making  LES  methods  accurate  This  is  not  nearly  mature.  I  agree  with  you  with 
that  exception. 

Shuhyi  Chern  (Lockheed-Martin):  Which  method  is  more  accurate  comparing 
structured  grid  with  unstructured  grid? 

Brian  Smith  (Lockheed-Martin):  It  is  much  easier  to  achieve  high-order 
accuracy  for  LES  using  structured  grids,  especially  for  Cartesian  grids. 

Chgaoqun  Liu  (UTA):  That  is  much  easier  for  structured  grid,  especially  for 
rectangular  grids,  to  achieve  high-order  accuracy  that  DNS/LES  require. 

Shuhyi  Chern  (Lockheed-Martin):  Do  you  mean  the  unstructured  grid  code  is 
not  as  accurate  as  the  structured  grid  code? 

Brian  Smith  (Lockheed-Martin):  Correct  -  unstructured  grids  are  not  as 
accurate. 

Chaoqun  Liu  (UTA):  Especially  for  high-order  scheme.  Because  of  the  time 
limit,  we  have  to  switch  to  the  third  question.  What  is  the  critical  problem  with 
the  DNS/LES  methods?  Can  we  directly  use  DNS/LES  methods  for  engineering 
application  now?  If  that  was  the  case,  we  would  not  need  to  sit  here.  That  means 
we  still  have  serious  problems  with  the  current  DNS/LES  methods.  What  is  the 
most  critical  problem  with  the  current  DNS/LES  methods? 
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David  Pruett  (James  Madison):  I’m  now  at  James  Madison  University,  a 
teaching  institution.  I’m  not  doing  DNS  as  much  as  I  used  to,  but  I  was  heavily 
involved  in  DNS  from  about  1984-1996.  I  then  saw  CFD  as  divided  into  two 
very  different  camps.  One  camp  was  interested  in  applied  aerodynamics,  for 
example,  in  the  flow  over  a  Boeing  747.  They  had  to  contend  with  shocks,  and, 
of  course,  had  to  use  dissipative  numerical  methods.  In  another  camp  were  those 
like  myself  doing  more  basic  work  (e.g.,  laminar-turbulent  transition)  with  the 
numerical  tool  of  DNS.  Simulating  wave  propagation  requires  non-dissipative 
numerical  methods.  For  me,  the  Holy  Grail  of  CFD  has  always  been  the  search 
for  a  single  scheme  that  could  capture  shocks  and  accurately  predict  instability 
waves.  Quite  frankly,  I  was  not  certain  that  was  possible.  I  am  actually  pleasantly 
surprised  by  some  of  the  talks  I’ve  heard  here  to  realize  that  there  now  exist 
several  schemes  that  apparently  can  do  both.  We  saw  Dr.  Nikolaus  Adams’ 
presentation  today  of  shock  boundary-layer  interaction.  Certainly,  we  saw  shocks 
co-existing  with  very  small-scale  instability  waves.  We  have  heard  a  talk  by  Prof. 
Shu  of  Brown  U.  on  the  weighted  ENO  (WENO)  method.  From  UTA,  we  have 
seen  a  beautiful  presentation  of  a  weighted  compact  scheme  that  appeared  to 
capture  shocks  quite  well.  And  HC  Yee  of  NASA  Ames  has  proposed  high-order 
schemes  in  which  wavelets  are  used  to  detect  shocks  and  to  impose  dissipation 
locally,  just  where  needed.  Frankly,  I  am  quite  amazed  that  we  have  made  so 
much  progress.  This  does  not  mean  that  DNS  is  now  applicable  to  all  types  of 
problems.  No,  because  the  computational  cost  of  fully  resolved  DNS  scales  as 
the  cube  of  Reynolds  number.  We  need  3  or  4  decades  before  DNS  can  do 
realistic  engineering  simulations,  but  I  think  DNS  can  move  gradually  toward 
more  complex  geometries.  I  would  like  to  suggest  that  the  most  appropriate  use 
of  DNS  is  still  for  prototypical  flows-what  Tom  Gatski  calls  unit  problems-for 
example,  compression  ramps  or  wake  flows.  To  my  mind,  the  best  use  of  DNS  is 
for  understanding  basic  phenomena  and  for  validating  LES  (or  other 
methodologies),  which  can  now  be  used  as  either  a  research  tool  or  an 
engineering  tool. 

Ugo  Piomelli  (U.  of  Maryland):  David  and  I  decided  to  split  the  subject.  I  think 
there  are  several  critical  areas  for  LES  that  need  to  be  advanced.  Some  of  them 
have  been  addressed  in  this  conference,  some  of  them  not.  There  are  several 
issues.  First,  numerics,  e.g.  the  shock  capturing  schemes  for  LES,  that  David 
mentioned  also.  Some  of  the  numerical  issues  were  mentioned  by  Dave  Pruett  in 
his  presentation;  other  people  also  talked  about  consistency  between  modeling 
and  filtering.  Very  important,  in  my  opinion,  are  the  conservation  properties  of 
the  scheme,  something  that  was  discussed  by  Felton  and  Lund  as  well  as  by 
Verstappen.  A  lot  of  progress  has  been  made  in  LES  application  in  curvilinear 
coordinates,  and  people  start  to  worry  about  filtering  for  unstructured  meshes,  an 
issue  that  has  not  been  fully  transferred  from  the  mathematical  formulation  step 
to  the  implementation  in  a  code.  Another  critical  problem  is  the  definition  of  the 
inflow  condition.  Typically,  when  we  perform  a  large  eddy  simulation,  we  want 
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to  compare  it  with  some  experiments.  If  the  inflow  condition  is  not  trivial 
(periodic  boundary  condition  for  channel  flow,  for  instance),  it  can  affect  the 
comparison  very  significantly,  to  first  order  typically.  In  an  experiment,  the 
inflow  conditions  are  usually  not  fully  documented.  In  real  problems,  the  inflow 
condition  may  be  not  fully  documented,  but  also  uncertain.  One  cannot  expect  to 
be  able  to  compare  the  large  eddy  simulation  or  direct  numerical  simulation  with 
experimental  data  unless  the  boundary  conditions  are  matched  very  precisely. 
From  the  point  of  view  of  validation  that  is  a  problem.  Second,  from  the  point  of 
view  of  prediction  that  also  presents  a  problem.  The  presentation  by  George 
Karniadakis  today  was  addressing  this  very  important  issue.  I  think  the  last  main 
issue  for  LES  is  to  apply  it  to  the  high  Reynolds  number  wall-bounded  flow, 
which  is  known  as  the  wall  modeling.  I  am  not  very  happy  with  any  of  the 
approximation  for  the  wall  boundary  conditions  or  wall  functions  used  right  now, 
even  though  I  have  developed  several  ones  by  myself.  Right  now,  the  approach 
is  accurate  only  if  we  are  not  interested  in  what  happens  near  the  wall,  for 
instance  in  separated  flows  with  large  scale  structures  affecting  the  physics.  If  we 
are  interested  in  what  is  happening  at  the  wall,  we  are  still  limited.  I  did  not 
mention  the  subgrid  modeling  because  we  have  several  models  that  are 
satisfactory.  It  is  always  good  to  have  better  models,  but  I  think  the  priority  now 
should  be  on  the  other  issues  I  mentioned.  Of  course,  that  is  just  my  personal 
opinion. 

Chaoqun  Liu  (UTA):  Any  questions? 

Liqiu  Wang  (U.  of  Hong  Kong):  Turbulence  is  a  typical  multi-scale  problem.  It 
seems  very  important  in  understanding  and  controlling  turbulence  to  understand 
the  interaction  among  transport  phenomena  at  different  scales  including  mass, 
momentum,  energy  and  entropy  transfer.  My  question  is:  what  is  the  way  and  the 
best  way  for  us  to  understand  such  the  interaction? 

Chaoqun  Liu  (UTA):  Who  can  answer  this  question?  No  one?  I  think  people 
may  not  understand  your  question  fully.  Can  you  repeat  your  question? 

Liqiu  Wang  (U.  of  Hong  Kong):  My  question  is  not  only  for  DNS  or  LES,  but 
also  for  the  turbulence  in  whole.  The  question  is  regarding  the  interaction  among 
transport  phenomena  including  the  mass,  momentum,  energy  and  entropy 
transport  at  different  spatial  and  temporal  scales.  To  understand  the  nonlinear 
interaction  among  transport  processes  at  different  scales  is  quite  critical  for  us  to 
understand  turbulence.  What  is  the  way  to  understand  such  the  interaction? 

Chaoqun  Liu  (UTA):  You  mean  the  transport  phenomena  among  different 
length  scales  are  very  important?  Who  can  answer  that  question? 
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Pierre  Sagaut  (ONERA,  France):  Physical  or  mathematical  models  are  really 
getting  deeper.  Putting  new  problems  into  your  computation  for  modeling,  you 
always  find  new  questions.  Then  you  have  do  DNS  to  understand.  However,  it 
will  be  limited  if  you  look  at  the  Reynolds  number.  You  may  trust  for  what  you 
see  in  DNS  just  for  numerics. 

Liqiu  Wang  (U.  of  Hong  Kong):  How  about  the  future,  next  ten  years  or  so,  of 
turbulence  study?  Should  we  focus  on  analytical,  numerical  or  experimental 
work  to  understand  turbulence? 

Chaoqun  Liu  (UTA):  That  is  the  question  No.  5  when  we  talk  about  the  future 
for  next  ten  years. 

Chisachi  Kato  (Japan):  Professor  Piomelli,  I  just  want  to  know  how  much  time 
do  you  think  we’ll  need  or  you’ll  need  to  develop  an  appropriate  wall  model  for 
LES.  I  am  pretty  sure  that  industry  needs  that  for  practical  applications  of  LES. 
Also,  in  which  direction  should  we  go  in  developing  wall  models  for  use  in  LES? 

Ugo  Piomelli  (U.  of  Maryland):  That  is  two  questions.  First  is  how  much  time 
we  need  to  develop  wall  model.  I  don't  know.  The  other  question  is  which  way 
we  should  go?  I  think,  first  of  all,  we  should  forget  wall  modeling  if  we  deal 
with  the  problems  in  which  the  inner  layer  drives  the  outer  layer.  We  have  some 
hope  if  the  outer  layer  drives  the  inner  layer.  In  these  cases,  most  approaches 
have  been  averaged  methods,  either  the  Schumann-type  boundary  conditions  or 
the  two  layer  model  or  Spalart's  DES.  All  of  these  models  perform  RANS  in  the 
inner  layer  and  LES  in  the  outer  layer.  There  are  two  problems  with  these 
approaches.  First  of  all,  even  if  the  RANS  model  is  accurate  for  particular  inner 
layer  physics,  there  is  no  assurance  that  the  inner  layer  predicted  by  RANS  is 
going  to  match  the  outer  layer  predicted  by  LES.  Typically,  it  is  shown  in  the 
channel  flow  that  mismatching  in  the  log  law.  Therefore,  the  physics  of  the 
transition  between  RANS  and  LES  are  quite  critical  to  the  wall  modeling. 
Another  tool  that  has  been  successful  are  based  on  Linear  Stochastic  Estimation 
and  require  the  two-point  correlation  tensor  to  be  known,  so  that  it  is  not 
predictive  unless  one  can  use  some  sort  of  scaling  on  two-point  correlations 
taken  from  known  flows.  For  a  more  extended  discussion  (begin  commercial) 
you  have  to  wait  until  my  article  in  the  next  issue  of  the  Annual  Review  (end 
commercial). 

Nobuyuki  Taniguchi  (Japan):  I  agree  with  Prof.  Piomelli  that  the  inflow 
condition  is  important.  I  have  another  question  how  to  apply  initial  condition  for 
the  time-marching  problem?  How  to  make  appropriate  initial  conditions? 

Ugo  Piomelli  (U.  of  Maryland):  Let  us  go  to  your  first  question.  How  do  you 
apply  or  how  do  you  develop? 
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Nobuyuki  Taniguchi  (Japan):  How  to  make  the  initial  condition? 

Ugo  Piomelli  (U.  of  Maryland):  There  have  been  several  methods.  We  saw  the 
recycling  method  proposed  by  Lund  with  the  modification  by  Kaltenbach.  That  is 
a  possible  way.  However,  it  is  another  tough  problem  and  most  successful 
simulation  so  far  have  assumed  a  detailed  knowledge  of  the  flow  state  for  the 
inflow  (which  was,  for  example  a  boundary  layer).  If  you  have  much  more 
complicated  flow,  inflow  to  compressor  for  example,  it  is  going  to  be  very 
difficult.  One  probably  needs  combination  of  experiment  and  RANS  and  some 
smart  way  to  generate  fluctuation.  It  could  take,  for  example,  the  experimental 
distribution  of  turbulence  kinetic  energy  to  manufacture  the  spectrum  and  some 
phases  as  much  as  possible.  For  complex  flows,  it  is  going  to  be  very  significant 
issue. 

Chaoqun  Liu  (UTA):  Because  of  the  time  limit,  I  have  to  move  to  the  question 
No.  4.  What  is  the  critical  experimental  data  to  advance  and  validate  the  LES 
simulation.  This  question  is  raised  by  Dr.  Tom  Beutner,  the  AFOSR  Program 
Manager.  I  think  it  is  very  important. 

Pierre  Sagaut  (ONERA,  France):  Once  again,  you  want  to  get  the  European 
point  of  view.  I  cannot  talk  if  French  government  should  fund  it,  but  we  really 
think  about  it  because  it  appears  as  a  critical  issue  if  you  really  want  to  go  further 
to  develop  new  model  and  codes.  We  usually  compare  LES  with  the  data  base 
which  have  been  developed  for  RANS  during  the  past  ten  years.  It  appears  that 
most  times  we  cannot  get  conclusion  with  the  simulation  because  there  is  always 
something  unknown  in  the  experimental  data.  It  may  be  inflow  data,  wind  tunnel 
boundary  conditions,  so  on.  Also  the  data  was  got  through  post-processing 
during  the  experiment.  It  was  run  for  validation,  but  did  not  treat  the  unsteady 
data  or  something  linking  with  unsteady  flow.  We  need  LES  to  know  something 
about  the  coherent  structure,  spectrum,  and  two  point  correlation.  We  need  this 
kind  of  information  to  develop  models  or  validate  LES.  It  is  now  our  obligation 
to  develop  next  generation  of  data  to  validate  all  of  these  things.  We  know  it  is 
expensive.  Tomorrow,  Larcheveque  will  give  an  example  of  many  applications 
with  the  cavity  flow,  e.g.  acoustic,  etc.  We  have  been  thinking  about  that  we  need 
to  develop  a  unique  data  base.  It  was  a  one  million  dollar  experiment.  With  that 
we  can  do  comparison  of  LES  with  that  data  base.  That  is  the  only  data  base  we 
can  do  some  comparison.  If  we  cannot  validate  the  simulation  and  compare  it 
with  experimental  data,  how  for  the  design  people  to  use  these  simulations.  There 
would  be  a  real  problem. 

Chaoqun  Liu  (UTA):  I  have  a  question.  If  you  are  the  program  manager,  what 
kind  of  data  base  you  would  like  to  set  up? 
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Pierre  Sagaut  (ORNEA,  France):  I  have  a  list  of  things  to  consider. 

Ugo  Piomelli  (U.  of  Maryland):  I  agree  with  these  comments  regarding  the 
documentation  of  the  experimental  data.  I  would  like  to  distinguish  between  the 
large  eddy  simulation  validation  and  model  development.  For  validation  of  LES, 
the  inflow  condition,  the  boundary  condition,  and  the  way  data  were  obtained 
need  to  be  documented  much  better  than  they  have  been  so  far.  There  have  been 
several  cases  in  which  discrepancies  between  numerical  results  and  experimental 
were  observed,  and  new  experiments  that  matched  the  conditions  of  the 
calculation  were  performed  resulting  in  a  better  agreement.  The  other  thing  we 
can  do  with  experiments  is  to  help  develop  models,  playing  the  role  that  DNS  has 
filled,  with  PIV  measurement  and  multiple  point  measurement,  especially  at 
higher  Reynolds  numbers  than  DNS. 

Chaoqun  Liu  (UTA):  Do  you  have  any  idea  what  kind  of  examples  which  we 
should  set  for  validating  the  LES  results. 

Ugo  Piomelli  (U.  of  Maryland):  I  think  the  experiment  needs  to  have  a 
geometry  that  should  be  easy  for  gridding.  A  very  simple  geometry  with  some 
complex  physics  is  appropriate.  I  think  in  more  complex  geometry  it  is  hard  to 
separate  the  numerical  errors,  truncation  errors,  local  commutation  errors.  The 
ideal  example  should  use  Cartesian  meshes. 

Chaoqun  Liu  (UTA):  Any  other  ideas  about  what  kind  of  data  base  we  should 
set  for  validation? 

Pierre  Sagaut  (ONER A,  France):  You  have  to  do  validation  for  homogeneous 
turbulent  flow,  channel  flow,  etc. 

Ugo  Piomelli  (U.  of  Maryland):  You  have  to  do  additional  computation  to 
match  the  inflow  condition  with  the  data  base. 

Chaoqun  Liu  (UTA):  Any  other  problems? 

Foluso  Ladeinde  (Aerospace  Research  Corp.,  LI):  I  think  we  should  deal  with 
realistic  engineering  problems.  Otherwise,  we  are  out  of  business.  One  problem  I 
would  like  to  hear  us  discuss  is  the  speed  of  DNS/LES  calculation.  How  can  we 
make  the  calculations  go  faster?  Validation  data  is  crucial.  However,  even  if  we 
have  all  the  validation  data  that  we  need,  I  think  we  will  still  not  be  able  to 
calculate  realistic  systems  with  LES.  Also,  how  do  we  post-process  the  data,  with 
the  number  of  data  points  in  the  billions? 

Chaoqun  Liu  (UTA):  This  is  the  problem  with  DNS/LES,  but  our  topic  now  is 
what  kind  of  experimental  data  we  should  set  to  check  the  LES  results. 
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Foluso  Ladeinde  (Aerospace  Research  Corp.,  LI):  Yes,  but  it  seems  as  if  we 
are  going  to  have  to  address  this  issue  if  we  have  any  plans  to  use  our  procedures 
to  benefit  engineering  analysis  and  design  calculations. 

Chaoqun  Liu  (UTA):  That  is  all  right.  Any  other  proposal  or  we  just  accept  the 
examples  proposed  by  the  above  two  people  to  check  the  LES  results?  No?  We 
may  need  to  move  to  the  last  question,  what  is  the  future  of  DNS/LES?  Any 
ideas  on  the  perspective  of  DNS/LES? 

Foluso  Ladeinde  (Aerospace  Research  Corp.,  LI):  Speed,  speed. 

Chaoqun  Liu  (UTA):  Is  it  the  only  one?  Let  me  invite  Dr.  Germano  to  give  his 
opinion. 

Massimo  Germano  (Italy):  Sorry.  I  am  supposed  to  speak  about  the  perspective 
of  LES  future  development,  but  I  can  just  speak  about  perspective  of  modeling. 
Well,  you  may  say  we  have  good  models  and  that  this  point  is  not  so  critical. 
Probably,  you  are  right.  However,  also  in  this  meeting  we  continue  to  see  a  big 
number  of  models  that  continue  to  go  like  airplanes  in  the  first  years  of  aviation, 
monoplanes,  biplanes,  triplanes,  etc.  We  have  not  a  mature  situation  with  the 
models.  This  is  very  bad.  Today,  we  still  need  for  modeling  more  physics,  and 
first  of  all  good  ideas,  and  cooperation,  because  without  cooperation  good  ideas 
may  not  work,  and  we  have  not  good  results  if  we  do  not  have  a  big  cooperation 
between  people.  We  saw  dynamic  models,  dynamic  modeling  variants,  and  very 
interesting  new  ideas  about  probability  distribution  models.  I  think  that  is  a  good 
work  to  look  at  no  models.  We  have  seen  a  lot  of  calculations  and  results  without 
models.  These  are  very  interesting  and  we  should  understand  why  they  work. 
This  is  very  important.  I  have  only  one  suggestion,  that  it  is  very  important  to 
continue  seeing  to  the  physics.  By  doing  LES,  we  are  also  understanding 
turbulence.  We  are  writing  equations,  and  we  have  to  separate  the  equations  from 
the  numerics.  They  are  different  things.  This  is  very  important,  in  my  opinion,  for 
future  development. 

David  Pruett  (James  Madison  University):  My  comments  are  just  on 
theoretical  developments  for  the  future.  I  hope  someone  else  will  jump  in  to 
address  applications.  Two  of  the  early  speakers  in  this  conference,  Prof. 
Germano  and  Tom  Gatski,  suggested  that  we  look  at  RANS,  LES,  and  DNS  as  a 
spectrum  of  numerical  technologies.  I  agree.  I  like  to  think  that  perhaps  1 0  years 
down  the  road,  maybe  15,  a  single  computational  code  will  exist  with  a  “knob,” 
that  is,  a  parameter — the  filter  width— that  can  be  varied  from  zero  to  infinity. 
With  the  filter  width  set  to  zero,  the  code  performs  DNS;  with  it  set  to  something 
finite,  it  does  LES.  With  the  knob  set  to  infinity,  the  code  accomplishes  RANS. 
Such  a  code  would  be  a  valuable  tool  in  its  own  right,  but  I  think  more  valuable 
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is  the  theoretical  connection  between  RANS,  LES,  and  DNS,  that  would  have  to 
be  firmly  established  to  develop  such  a  code.  Personally,  I  am  a  lot  more 
comfortable  with  DNS  than  I  am  with  either  LES  or  RANS,  because  it  seems  to 
me  that  both  LES  and  RANS  have  implemented  many  ad  hoc  methodologies  that 
are  not  necessarily  theoretically  sound.  As  we  try  to  bridge  the  gap  between 
RANS,  LES,  and  DNS,  the  theoretical  weaknesses  of  LES  and  RANS  methods 
will  be  exposed,  which  is  a  good  thing.  Both  technologies  will  shed  light  on  one 
another.  Finally,  as  we  try  to  bridge  the  DNS,  LES,  RANS  gap,  I  suggest  that,  if 
possible,  the  supporting  analysis  should  be  done  in  Fourier  space,  where  the 
essence  of  the  connections  resides. 

Ronald  Joslin  (Penn  State):  I  am  pretty  impressed  by  some  of  the  talks  that 
focus  on  the  numerics  in  turbulent  flows.  Some  numerical  work  advocated 
second  order,  fourth  order,  or  high  order,  depending  on  who  was  speaking.  One 
of  speakers  talked  about  an  unconditional  stable  approach;  the  results  were  pretty 
impressive  even  with  very  coarse  grids.  That  is  a  good  thing.  David  Pruett  said 
the  shock-boundary  layer  interaction  is  pretty  impressive  work  as  well  with  ENO 
schemes.  I  do  not  know  where  we  will  end  up  in  the  2004  conference.  Let  me 
make  a  motion  that  nothing  is  going  to  happen  unless  we  drink  and  eat;  therefore 
let  us  adjourn  to  the  food  and  drink  (audience  were  laughing). 

Nobuyuki  Taniguchi  (Japan):  I  think  we  need  a  solver  which  is  at  least  an 
order  faster  than  current  solvers  to  solve  the  complex  flow  such  as  the  boundary 
flow,  spray,  combustion,  and  other  applications,  which  is  even  not  clear  with  the 
governing  system  yet. 

Chaoqun  Liu  (UTA):  Anyone  else?  Audience?  No.  Ok,  let  us  just  stop  here.  I 
am  sorry  to  keep  you  staying  for  so  long  time  and  keep  you  being  hungry.  So,  I 
hope  you  will  enjoy  the  dinner.  Thank  you!  (Long  time  applause) 


■The  End 
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This  book  is  a  collection  of  papers  presented  in  the  Third  AFOSR  Intematiemil  conference  Oil 
Direct  Numerical  Simulation  and  Large  Hddy  Simulation  (TAICDL),  University'  of  Texas  at 
Arlington.  Arlington.  Texas,  USA,  August  5-9.  2001,  The  conference  attracted  104  participants 
from  15  countries  and  regions.  The  book  includes  18  invited  papers  and  71  contributed  papers 
which  co\  cr  a  broad  range  of  topics  related  to  DNS  and  LES  including  the  LES  nutllodoKogy  and 
mathematical  foundation,  advanced  numerical  methods,  high-order  schemes  for  shock  capturing  in 
particular.  DNS  and  LES  applications  toward  understanding  fundamental  flow  physics,  flow 
instability  and  transition,  aeroacoustics,  flow  control,  combustion,  complex  flow  and  some  real 
engineering  applications,  etc.  A  panel  discussion  on  the  DNS/LES  demands,  capability,  critical 
problems,  validation,  and  future  development  is  also  documented. 
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